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Sensorless Reaction Force Estimation of the End Effector of a Dual-arm
Robot Manipulator Using Sliding Mode Control with a Sliding Perturba-
tion Observer
Karam Dad Kallu, Wang Jie, and Min Cheol Lee*

Abstract: We estimated the reaction force for assembly work with a three-link dual-arm robot manipulator using
sliding mode control with a sliding perturbation observer (SMCSPO) without using a force sensor. The sliding
perturbation observer (SPO) is used to estimate the reaction force of the end effector without using any sensor. The
SPO estimates the perturbation, which consists of the parameter uncertainties, nonlinear terms, and disturbances
such as the reaction force. During assembly, the most effective perturbation term is close to the reaction force, so we
assumed that the estimated perturbation is the same as the reaction force. The estimated perturbation was compared
with the reaction force from the dynamics of the manipulator using a simulation with the SimMechanics toolbox of
MATLAB/SIMULINK. The simulation results show the performance of the SMCSPO and that the reaction force
can be estimated using the SPO without any sensor. The method can improve the structural reduction of link
manipulator robots and decrease costs.
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1. INTRODUCTION

Estimation of the reaction force of the end effector of
a link manipulator can be useful in many robotic appli-
cations that involve physical contact between the robot
and environment without using any sensors. Estimating
the reaction force can reduce the costs needed for sensors.
Many robotic tasks require the end effector of the robot to
establish and maintain contact with the environment, such
as deburring, welding, grinding, precision assembly, and
various industrial processes. For successful execution of
such tasks, both force control and position control of the
robot manipulator must be performed simultaneously.

However, force control is not popular in industrial ap-
plications due to the high price of the sensors and the lack
of appropriate control algorithms. Moreover, a force sen-
sor cannot be used when the robot manipulator is affected
by environmental uncertainties, such as high temperature
and high noise. Several force estimation methods have
been reported to overcome these problems [1–4].

Force estimation for robotic manipulators has been a
topic of interest since the early 1990s. An approach
based on a decoupled disturbance observer was proposed
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[5]. Hacksel and Salcudean presented a coupled-force ob-
server based on accurate knowledge of the robot’s dynam-
ics [6]. Both observer-based approaches demonstrated
good results with direct drive manipulators with negligi-
ble friction dynamics. Dynamic learning has been used
in force estimation. One study used a neural network
to learn the entire dynamical model of a 3-degree-of-
freedom (DOF) haptic device offline [7]. Their system
had little friction. Another study demonstrated force-
sensorless hybrid force/position control [8]. They used a
simplified model of the robot dynamics, which consisted
of a gravity term and learned friction terms. Adaptive neu-
ral networks were used for online friction learning, but
adaptation of the modeled dynamics was not performed.

Motor current was used to estimate external forces for
robots with harmonic drive gearing [9]. To determine the
estimated external torque, the approach involved subtract-
ing the modeled dynamics from the motor torque, which is
assumed to be proportional to the motor current. The es-
timated torque contained significant unmodeled position-
dependent friction. Filtering the estimated external torque
in the position domain greatly improved the estimates.
However, the filtering was done offline, and the entire po-
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sition history of the estimated external torque was known.
Another approach performed end effector force estima-

tion based on noisy actuator torque measurements [10].
Two methods were presented, and the first one uses a fil-
tered dynamic model and a recursive least-squares esti-
mation with exponential forgetting to estimate the force.
The second estimation approach is based on a general-
ized momentum-based disturbance observer. Experiments
were performed using a 2-DOF manipulator with pneu-
matic muscle actuators. The end effector forces in the x
and y directions were estimated successfully in a range of
within forces between ±6 N, despite of despite the noise.

Another study proposed real-time estimation of the con-
tact location and contact force along a planar joint robot
manipulator without using external sensory systems [11].
To estimate the contact location and contact force based on
external joint torques, global optimization and local op-
timization were combined [12]. An algorithm was used
to estimate external forces exerted on the end effector of
a robot manipulator using information from joint torque
sensors [13]. A novel algorithm was presented for simul-
taneous force estimation and friction compensation of the
constrained motion of robot manipulators [14]. Another
study proposed a non-linear observer to estimate the state
(position and velocity) of links and external forces exerted
by the robot during friction stir welding [15].

A force estimator was introduced for force-sensorless
robotic manipulators [16]. The algorithm is based on
knowledge of the dynamics of the robotic device, but the
mass of the load is typically unknown. A method was de-
veloped to estimate the reaction force of a surgical robot
instrument without sensors, and a state observer control
algorithm was used [17]. An SPO-based reaction force
estimation method was used to extract the pure reaction
force on a surgical robot instrument including Coulomb
friction due to the operation of a cable-pulley structure
[18].

A robust force estimation algorithm was proposed for
estimating the 3D contact force acting on a three-link
robot manipulator [19]. The algorithm was developed
by combining an extended Kalman filter with an adaptive
law for non-linear stochastic systems with unknown in-
puts. To test the theory, simulations were performed, and
the joint positions and velocities of a three-link manipu-
lator are used as measurements. Variable-structure sliding
mode control (SMC) has been used extensively use since
the paper by Utkin [20]. In this control method, the states
of the system are directed to reach a predefined sliding
surface, where they are maintained by means of a sliding
motion. While sliding, the system is insensitive to param-
eter variations and external disturbances. Due to the ro-
bust behavior of SMC, it has many applications in indus-
try, such as robotic manipulator control [21, 22], control
of mobile robots [23, 24], process control [25], and flight
control [26].

Output feedback-based distributed adaptive consensus
control was developed for multi-agent systems with Lip-
schitz non-linear dynamics [27]. New control approaches
were presented for synchronization of master and slave
chaotic systems by means of novel coupled chaotic syn-
chronous observers and coupled chaotic adaptive syn-
chronous observers [28]. A method requiring less com-
putational effort was also proposed for solving matrix in-
equalities to obtain the observer and controller gain ma-
trices using a decoupling technique. An observer based
controller design was presented for a class of nonlinear
systems with time-varying parametric uncertainties and
norm-bounded disturbances [29]. Observer-based con-
troller design was described for one-sided Lipschitz non-
linear systems [30]. An observer-based controller design
condition was obtained by the application of Lyapunov
theory.

In the area of robotics, observers can be used to ob-
tain improved position tracking control of manipulators by
providing accurate joint velocity estimates without the use
of tachometers. A nonlinear model-based joint rate ob-
server for serial kinematic mechanisms has been presented
[31]. A model-based observer was used with sliding-
mode control of a robot to show good position trajectory
tracking [32]. Motivated by the need to accurately con-
trol a magnetically levitated wrist for precision assembly
[33, 34], active vibration control [35], and tele-operation
[36]. A model-based approach was also used to design an
angular-velocity observer for rigid body motion [37]. In
order to produce small error, the rigid-body motion veloc-
ity observers developed so far require accurate plant mod-
els. This includes small errors in the mass parameters and
the absence of unmodeled dynamics, environment forces,
and torques. In the case of direct-drive robots, the plant
model can be very accurate, provided that the robot mass
parameters are identified [38].

Dual-arm cooperative robot systems are used in a wide
range of industrial applications. These systems are able
to handle large objects and assemble complex industrial
parts with high precision and reliability, such as in the
production of metal sheet profiles and welding with heavy
machinery on production lines [39–41]. Dual-arm robotic
systems are frequently preferred for hazardous tasks, such
as transportation of active uranium in nuclear power plants
or disposal of explosive ordnance [42]. A dual-arm robot
is more advantageous than single-arm versions due to the
lower joint torque requirement for the same task. A dual-
arm robot manipulator needs vision sensors and a recog-
nition algorithm for tasks such as selection, picking, as-
sembly work, or distinguishing some defects [43]. De-
spite these advantages, robot manipulators cannot assem-
ble parts as well as like humans do. The most important
sense other than vision is touch when a manipulator as-
sembles a part, so force sensors are needed for accurate
operating. But attaching a force sensor to the end effector
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of a manipulator is difficult because of the weight, cost,
and structural problems.

To overcome these problems, this study introduces a
design method to estimate the reaction force on the end
effector of a three-link dual-arm robot without using any
force sensors. SMCSPO is used to control the manipu-
lator, where the SPO computes the quantity of the esti-
mated perturbation, which is a combination of the uncer-
tainties, nonlinear terms, and disturbances such as the re-
action force. During assembly tasks or collisions, the most
effective perturbation term is assumed to be the reaction or
collision force because each joint’s nonlinear dynamics is
going to small due to reduced velocity at contact or col-
lision instant but assembly or collision forces are increas-
ing.

The rest of the paper is organized as follows: Sec-
tion 2 describes the dynamic model of the manipulator
and perturbation derived from the dynamics. In Section 3,
the SPO-based reaction force estimation method is intro-
duced. In Section 4, the estimated reaction force is evalu-
ated through a simulation. In Section 5, the implementa-
tion and experiment results are presented. Section 6 con-
cludes the work.

2. DYNAMIC MODELLING AND
PERTURBATION

The dynamics of a robot describe the relationship be-
tween forces, torques, and motion. The general dynamic
equation of a manipulator in free space is:

T = A(θ) θ̈ +B
(
θ , θ̇

)
+g(θ) , (1)

where θ , A(θ), B(θ , θ̇), g(θ), and T are the vector joint
of the angles, mass/inertia matrix, centrifugal/Coriolis
torque, gravity torque in joint space, and vector of the joint
torques, respectively. The dynamics of the robot is based
on revolute joints. The masses of the links are considered
to be uniformly distributed throughout the entire length.
The mass of each link is concentrated at the geometrical
center. The masses of the links and actuators are denoted
by m1, m2, m3, and l1, l2, l3 denote the lengths of each link.
The joint torques and positions of the robot are defined as
T1, T2, T3 and θ1, θ2, θ3, respectively.

The dynamic equations of robots are developed using
Lagrange’s equation

T1 = A1 +ψ1, (2)

T2 = A2 +ψ2, (3)

T3 = A3 +ψ3, (4)

where A1, A2, and A3 are defined

A1 = [
1
3

m1l2
1 +m2(l2

1 +
1
3

l2
2)+m3(l2

1 + l2
2 +

1
3

l2
3)]θ̈1

Fig. 1. The three-link manipulator.
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(5)
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m2l2
2 +

1
2

m3(2l2
2 +

2
3

l2
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A3 = [
1
3

m3l2
3 ]θ̈1 +[

1
3

m3l2
3 ]θ̈2 +[

1
3

m3l2
3 ]θ̈3. (7)

Perturbation is defined as the combination of all the un-
certainties. The perturbations derived from the dynamics
of the robot are:

ψ1 = [m2l1l2c2 +m3(2l1l2c2 + l1l3c23 + l2l3c3)]θ̈1

+[
1
2

m2l1l2c2

+
1
2

m3(2l1l2c2 + l1l3c23 +2l2l3c3)]θ̈2

+[
1
2

m3(l1l3c23 + l2l3c3)]θ̈3

+[−m2l1l2s2 −m3(2l1l2s2 + l2l3s3)]θ̇1

+[−1
2

m2l1l2s2 +
1
2

m3(−2l1l2s2 −2l2l3s3)]θ̇2

+[−1
2
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1
2

m1gl1c1

+m2g(l1c1 +
1
2

l2c12)

+m3g(l1c1 + l2c12 +
1
2

l3c123), (8)
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+
1
2

m3(2l1l2s2 + l1l3s23)]θ̇1θ̇2

+[
1
2

m3l1l3s23]θ̇1θ̇3 +
1
2

m2gl2c12
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2
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1
2
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1
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+[−1
2
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2
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1
2
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1
2
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2
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+[
1
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1
2
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In these equations, ψ1, ψ2, ψ3are the perturbations of
link1, link2, and link3, respectively. Furthermore, c= cos,
s = sin, c12 = cos(θ1 + θ2), c23 = cos(θ2 + θ3), s23 =
sin(θ2 +θ3), and c123 = cos(θ1 +θ2 +θ3).

3. SLIDING MODE CONTROL WITH SLIDING
PERTURBATION OBSERVER (SMCSPO)

3.1. Design of SMCSPO
The actuators are controlled by SMC, and the reaction

force is estimated by the SPO. The governing equation for
general second-order dynamics with n degrees of freedom
(DoF) is:

ẍ j = f j (x)+∆ f j (x)+
n

∑
i=1

[(b ji (x)+∆b ji (x))ui]

+d j (t) , (11)

where x ≜ [X1...Xn]
T is the state vector, and X j ≜ [x j, ẋ j]

T .
The terms f j (x) and ∆ f j (x) correspond to the nonlinear
driving terms and their uncertainties. The components b ji

and ∆b ji represent the elements of the control gain matrix
and their uncertainties, d j is the external disturbance, and
u j is the control input. The terms f j and b ji are known
continuous functions of the state [44]. The estimated per-
turbation is defined as the combination of all uncertainties.
The estimated and actual sliding functions are:

ŝ = ˙̂e+ cê, (12)

s = ė+ ce, (13)

where c > 0, and ê = θ̂ − θd j is the estimated position
tracking error. e = θ −θd j is the actual position tracking
error. The robustness of the controller is confirmed using
Lyapunov stability theory. The Lyapunov function candi-
date (attractive condition) is defined as follows:

V̇ (ŝ j) = ŝ j ˙̂s j < 0, (14)

where ŝ and ˙̂s are:

ŝ j = θ̂2 j − (k1 j/ε0 j) θ̃1 j − θ̇ jd + c
(
θ̂1 j −θ jd

)
, (15)

˙̂s = α3ūi −
[
k2 j/ε0 j + c(k1 j/ε0 j)− (k1 j/ε0 j)

2
]

θ̃1 j

− (k1 j/ε0 j) θ̃2 j − θ̈ jd + c
(
θ̂2 j − θ̇ jd

)
+ ψ̂i. (16)

The proof is shown in the appendix A.
The control ūi is selected to enforce ˙̂sŝ < 0 outside a

prescribed manifold. The desired ŝ-dynamics is selected
as:

˙̂s =−Ksat(ŝ), (17)

sat(ŝ) =

{
ŝ/ |ŝ| , if |ŝ| ≥ ε,
ŝε, if |ŝ| ≤ ε,

(18)

where ε is the boundary layer of the SMC controller, and
K is the robust control gain. The equations of SPO for
link1, link2, and link3 are derived as follows:

˙̂θ1 j = θ̂2 j − k1 jsat(θ̃1 j), (19)
˙̂θ2 j = α3 jūi − k2 jsat(θ̃1 j)+ ψ̂i, (20)
˙̂θ3 j = α2

3 j(ūi − θ̂3 j +α3 jθ̂2 j), (21)

ψ̂i = α3 j(α3θ̂2 j − θ̂ 3 j), (22)

ūi =
1

α3 j
{−K jsat(ŝ j)}+

1
α3 j

{−(
ki j

ε0 j
)θ̃2 j

+[
k2 j

ε0 j
+ c1 j

k1 j

ε0 j
− (

k1 j

ε0 j
)2]θ̃1 j + θ̈ jd

− c1 j(θ̂2 j − θ̇ jd)− ψ̂i}, (23)

i, j = 1, 2, 3,

where k1 j, k2 j, α3 j are positive numbers, θ̃ = θ̂ −θ is the
estimation error of the measurable state, θ̂ is the estimated
value, and θ is the actual value. ψ̂i is the estimated per-
turbation for link1, link2, and link3. Throughout the text,
“˜” refers to estimation errors, whereas “ˆ” indicates an
estimated quantity.

The actual s-dynamics within the boundary layer |ŝ| ≤
ε0 j becomes

ṡ+
K j

ε0 j
s =

[
k2 j

ε0 j
−
(

k1 j

ε0 j
−

K j

ε0 j

)(
c−

k1 j

ε0 j

)]
θ̃1 j

−
(

c+
K j

ε0 j

)
θ̃2 j − ψ̂i. (24)

Once
∣∣θ̄1 j

∣∣≤ ε0 j and |ŝ| ≤ ε0 j are reached, i.e., the dou-
ble sliding is in effect, the observer and s-dynamics be-
come:

˙̃θ1 j
˙̃θ2 j
˙̃θ3 j

ṡ
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=


−k1 j/ε0 j 1 0 0
−k2 j/ε0 j α2

3 j −α3 j 0
0 α3

3 j −α2
3 j 0

k2 j/εo j

−(c− k1 j/ε0 j)
2 −

(
2c+α2

3 j

)
α3 j −c



×


θ̃1 j

θ̃2 j

θ̃3 j

s

+


0
0
1
0

 ψ̇i/α3 j. (25)

The associated characteristic equation is:

[λ + c]

×
[
λ 3 +(k1 j/ε0 j)λ 2 +(k2 j/ε0 j)λ +α2

3 j (k2 j/ε0 j)
]

= 0. (26)

This leads to the following design solution:

k1 j/ε0 j = 3λd ,

k2 j/k1 j = λd ,

α3 j =
√

λd/3,

c = K j/ε0 j = λd . (27)

3.2. Estimation of reaction force using sliding pertur-
bation observer

Before integrating the SPO into the SMC, it is convenient
to decouple the control variable using the following trans-
formation [45]:

f j (x̂)+
n

∑
i=1

b ji (x̂)ui = α3 jū j, (28)

where α3 jis an arbitrary positive number, and ū jis the new
control variable. The original control vector of general
equation is obtained as:

u = B−1Col[α3 jū j − f j (x̂)], (29)

where u = [u1....un]
T and B = [b ji (x̂)]n×n. This transfor-

mation allows us to write the system dynamics as:

ẍ j = α3 jū j +ψ j. (30)

The state space representation of (30) and correspond-
ing SO structure are:

θ̇1 j = θ2 j,

θ̇2 j = α3 jū j +ψ j, (31)
˙̂θ1 j = θ̂2 j − k1 jsat(θ̃1 j)−α1 jθ̃1 j < (32)
˙̂θ2 j = α3 jūi − k2 jsat(θ̃1 j)−α2 jθ̃1 j. (33)

A new state variable θ3 j is defined in order to focus on
the perturbation estimation aspects.

θ3 j = α3 jθ2 j −Ψ/α3 j. (34)

The time derivative of (35) is:

θ̇3 j = α3 jθ̇2 j − Ψ̇/α3 j. (35)

The new observer error dynamics becomes:

˙̃θ3 j = α2
3 j

(
−θ̃3 j +α3 jθ̃2 j

)
+ Ψ̇/α3 j. (36)

The reaction force can be calculated to estimate the
value of the perturbation using an SPO-based algorithm.
The estimated perturbation includes the external distur-
bance forces, errors in the dynamics, and gravitational
non-liner terms. In assembly work, the motion is usually
slow. If the motion is slow, then nonlinear terms with ve-
locity or acceleration such as inertia and Coriolis terms be-
come zero, so only disturbance remains as the estimated
perturbation. Therefore, the reaction force becomes the
estimated perturbation, which can be found using SPO.

4. SIMMECHANICS-BASED SIMULATION

The reaction force of the end effector using the SPO
algorithm was evaluated through simulation. Simulation
results are provided for the cases below:

I) The estimated perturbation of the end effector with-
out external force and without collision (see Fig. 6).

II) The estimated perturbation of the end effector with
external force but without collision (see Fig. 10).

III) The estimated perturbation of the end effector with
collision (see Fig. 12).

IV) The estimated perturbation of the end effector with
external force in rise and fall condition (see Fig. 15).

4.1. Model of the three-link dual-arm manipulator
A model the manipulator was designed in SolidWorks

and then transferred to the SimMechanics tool box. Sim-
Mechanics allows us to verify model-based control algo-
rithms [46]. The simulation of the manipulator was done
using MATLAB/SIMULINK. Fig. 2 shows a block dia-
gram of the SMCSPO scheme. The model of the manipu-
lator is shown in Fig. 3.

Fig. 2. Block diagram of control algorithm (SMCSPO).
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Fig. 3. Three Link dual arm robot manipulator.

Table 1. Model parameter used in simulation.

Parameters Values
(1) m1,m2,m3 0.343085 kg
(2) l1,l2,l3 0.2m
(3) g 9.81 m/s2

Table 2. Design parameter of SMCSPO.

Parameters Values
(1) K 28
(2) k1 24
(3) k2 192
(4) α3 1.63299
(5) ε0 1
(6) c 8
(7) e 3.5

4.2. Simulation results

The estimated reaction force was evaluated by simula-
tion. The model parameters used in the simulation are
listed in Table 1. Table 2 shows the design parameters of
SMCSPO.

Fig. 4 shows the real and desired trajectories of end ef-
fector without collision. Fig. 5 shows error between tra-
jectories.

Fig. 6 shows the estimated perturbation of the end ef-
fector without external force and without collision. In the
beginning when the input trajectory increases, there is a
very small estimated perturbation observed from the SPO
in the system, but it goes to zero after 8 seconds, when
there is no external force. The reason for this is the ini-
tial error between the real trajectory and desired trajec-
tory when the system starts moving, as shown in Fig. 5.
It is also due to the initial rapid start of the input trajec-
tory, which is almost exponentially increasing from 0 to 8
seconds. Additionally, the system is affected by external

Fig. 4. Input trajectory of end effector.

Fig. 5. Error between trajectories.

Fig. 6. Estimated perturbation of end effector without ex-
ternal force.

disturbance. However, this estimated perturbation (from 0
to 8 seconds) is very small and can be neglected. After 8
seconds, the estimated perturbation is almost equal to the
assumed real perturbation.

Fig. 7 shows the real and desired trajectories and the
error of the trajectories of the end effector with external
force but without collision. External force is generated by
using the joint sensor of the end effector. When the input
trajectory is greater than 36.5 degrees, the external force
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Fig. 7. Real and desired trajectories of end effector.

Fig. 8. Error between trajectories.

is applied. External force is applied at the joint actuator
of the end effector. At the beginning when external force
is applied, the error between the desired and real trajecto-
ries is almost 1.5 degrees. The error becomes zero after 4
seconds of external force (i.e., at 9 seconds), and then the
desired trajectory follows the real trajectory. Fig. 8 shows
the error between trajectories.

To show the effect of additive noise on the performance
of the closed-loop system, we added a random signal
(from a uniform random number block) to our Simulink
model. The uniform random number block generates uni-
formly distributed random numbers over an interval of
0.08 and -0.08. The starting seed for the random num-
ber is zero. The output is repeatable for a given seed. The
time interval between samples is 0.1. The simulation re-
sult with additive noise is shown in Fig. 9, which shows
that the control performance is still very good., and the
desired trajectory is achieved at the same time as in the
case without noise (Fig. 7). Some disturbance in the re-
sponse shows the sensor noise in Fig. 9.

For the first 4 seconds when there is no external force,
the estimated perturbation observed form the SPO is also
very small (near zero). When the external force increases,
the estimated perturbation observed from the SPO also in-

Fig. 9. Real and desired trajectories of end effector.

Fig. 10. Estimated perturbation of end effector without
collision.

creases but with some phase difference. Fig. 10 shows
the estimated perturbation of the end effector with exter-
nal force but without collision. The maximum reaction
force from the observer is 0.035 N*m when the end effec-
tor reaches its desired position.

Fig. 11 shows the real and desired trajectories of the
end effector with collision. The real trajectory changes
when the end effectors collide with each other. The end
effectors of the manipulators cannot go forward after they
collide with each other. After 5 seconds, when the angle is
greater than 37 degrees, the trajectories changed because
of the collision.

The reaction force of the end effector increases when
the external force is increased. Fig. 12 shows the esti-
mated perturbation of the end effector after collision. Af-
ter 5 seconds, when the angle of the desired trajectory is
greater than 37 degrees, oscillation in the external forced
is observed due to the collision of the end effector. How-
ever, after 10 seconds (Fig. 12), the difference between the
estimated perturbation and real perturbation becomes neg-
ligible. The difference is zero because the external force
is zero after 10 seconds (Fig. 12).

Fig. 13 shows the real and desired trajectories and error
of the trajectories of the end effector with external force
in rising and falling conditions. In this case, when the end
effectors collide, the external force is not removed. At the
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Fig. 11. Real and desired trajectories of end effector with
collision.

Fig. 12. Estimated perturbation of end effector with colli-
sion.

Fig. 13. Real and desired trajectories of end effector with
rise and fall condition.

point of collision, the external force is increased (i.e., ris-
ing conditions), which causes the desired trajectory to fol-
low the real trajectory but with some error. At 7 seconds,
the external force is removed (i.e., falling conditions). Af-
ter this, the desired trajectory follows the real trajectory.
Fig. 14 shows the error between trajectories.

Fig. 14. Error between trajectories.

Fig. 15. Estimated perturbation of end effector with rise
and fall condition.

In the rising conditions, when the external force in-
creases, the estimated perturbation also increases and
reaches its maximum value, but with some phase differ-
ence due to the initially applied external force. In the
falling conditions, when the external force decreases, the
estimated perturbation also decreases. The estimated per-
turbation goes to zero when there is no external force ex-
ists. The effect is shown in Fig. 15.

5. IMPLEMENTATION AND EXPERIMENTS

The experiment setup is shown in Fig. 16, which in-
cludes a 3DOF manipulator. Due to the limitation of the
experimental setup, we could only perform experiments
for case IV. The experimental result is provided in Fig. 16,
which matches the simulation result shown in Fig. 15.
The proposed algorithm was implemented on a three-link
hydraulic servo system instead of a three-link dual-arm
manipulator. Previous studies examined the identification
and robust control of a hydraulic servo system [47, 48].
The system consists of two hydraulic cylinders and one
AC servo motor, as shown in Fig. 16.
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Fig. 16. Structure of three link hydraulic servo system.

Fig. 17. Experimental result of real and desired trajecto-
ries of end effector with rise and fall condition.

Fig. 17 shows the experimental result of the real and de-
sired trajectories of the end effector with external force in
rising and falling conditions. The real trajectory is shown
as a green line, and the desired trajectory is shown as a red
line.

Fig. 18 shows the experimental result of the estimated
perturbation of the end effector with external force in ris-
ing and falling conditions. In the rising conditions, when
the external force increases, the estimated perturbation
also increases and reaches its maximum value. In the
falling conditions, when the external force decreases, the
estimated perturbation also decreases. The estimated per-
turbation goes to zero when there is no external force.

Fig. 18. Experimental result of estimated perturbation of
end effector with rise and fall condition.

6. CONLUSION

This research introduced an estimation method of the
reaction force of the end effector of a three-links dual-
arm robot manipulator using SMCSPO without using any
force sensor. The proposed method is based on previ-
ous research [49]. Unlike the previous research, the per-
turbation includes external force, the interactive force of
the manipulator, viscous friction, Coulomb friction, and
model parameter error of the mass, which can affect the
reaction force estimation. The estimated perturbation has
low accuracy compared to the force estimation sensor, and
it is difficult to measure very low reaction force. However,
it is useful to find the reaction force when we cannot use
a sensor, such as in the transportation of active uranium
in nuclear power plants, disposal of explosive ordnance,
remote cutting for dismantling nuclear power plants, de-
burring, welding, and grinding. In future research, other
factors may also be included to improve the accuracy of
force estimation.

APPENDIX A

Perturbation is defined as the combination of all the un-
certainties of (11)

ψ j (x, t) = ∆ f j (x)+
n

∑
i=1

[∆b ji (x)ui]+d j (t) . (A.1)

It is assumed that the perturbations are upper bounded
by a known continuous function of the state (Elmali and
Olgac, 1992)

Γ j (x, t) = Fj (x)+
n

Σ |Φ ji (x)ui|
i=1

+D j (t)> |Ψ j (t)| ,

(A.2)

where Fj > |∆ f j|, Φ ji > |∆b ji| and D j > |d j| represent the
expected upper bounds of the uncertainties. The condi-



1376 Karam Dad Kallu, Wang Jie, and Min Cheol Lee

tions for the existence of sliding mode are:

θ̃2 ≤ k1 +α1θ̃1
(
i f θ̃1 > 0

)
,

θ̃2 ≥−k1 +α1θ̃1
(
i f θ̃1 < 0

)
. (A.3)

The error dynamics take the form of:

˙̃θ2 +
(
k1
/

k2
)

θ̃2 =−Ψ. (A.4)

The stability of the SPO is guaranteed by setting k2 ≥
Γ j (x, t), which assures that

∣∣θ̃2
∣∣ ≤ k1 in steady state, as

can be seen in (A.4). This implies that the sliding condi-
tions (A.3) are also verified. The expression for k2 should
be based on θ̂ . We assume that Γ j (x, t) is also an upper
bound of Ψ, meaning that the uncertainties due to the state
estimation are negligible compared to the modeling uncer-
tainties and external disturbances.

Closed-loop stability is defined using Lyapunov stabil-
ity theory. ˙̂sŝ < 0 is derived as the following equation.

−
[
(k1 j/ε0 j) θ̃1 j + θ̇ jd − θ̂2 j − c

(
θ̂1 j −θ jd

)]
α3ū j

−
[
k2 j/ε0 j − (k1 j/ε0 j)

2 +2c(k1 j/ε0 j)
]

θ̃1 jθ̂2 j

−
[
(k1 j/ε0 j)

3 − k1 jk2 j/(ε0 j)
2 − c(k1 j/ε0 j)

2
](

θ̃1 j
)2

−
[
(k1 j/ε0 j)

2 − k2 j/ε0 j −2c(k1 j/ε0 j)
]

θ̃1 jθ̇ jd

−
[
k2 j/ε0 j − (k1 j/ε0 j)

2 + c(k1 j/ε0 j)
]

cθ̃1 jθ̂1 j

−
[
(k1 j/ε0 j)

2 − k2 j/ε0 j − c(k1 j/ε0 j)
]

θ̃1 jθ jd

−
[
(k1 j/ε0 j) θ̃1 j − θ̂2 j + θ̇ jd + c

(
θ̂1 j −θ jd

)]
×
[
(k1 j/ε0 j) θ̃2 j

]
+ c

(
θ̂2 j

)2
+ c2θ̇ jdθ jd

−
[
2cθ̇ jd − c2θ̂1 j + c2θ jd + θ̈ jd + Ψ̂i

]
θ̂2 j

−
[
cθ̇ jd + θ̈ jd − Ψ̂i

]
cθ̂1 j

+
[
(k1 j/ε0 j) θ̃1 j + θ̇ jd + cθ jd

]
θ̈ jd

−
[
(k1 j/ε0 j) θ̃1 j + θ̇ jd + cθ jd

]
Ψ̂i

< 0. (A.5)

The control ūi is selected to enforce ˙̂sŝ < 0 outside a pre-
scribed manifold.

ūi =
1

α3 j
{−K jsat(ŝ j)}+

1
α3 j

{−(
ki j

ε0 j
)θ̃2 j

+[
k2 j

ε0 j
+ c1 j

k1 j

ε0 j
− (

k1 j

ε0 j
)2]θ̃1 j

+ θ̈ jd − c1 j(θ̂2 j − θ̇ jd)− ψ̂i}. (A.6)

Using the value of ūi in the above equation (e), we ob-
tain:

−
[
(k1 j/ε0 j) θ̃1 j + θ̇ jd − θ̂2 j − c

(
θ̂1 j −θ jd

)]
×
[
−Ksat (ŝ j)+(k1 j/ε0 j) θ̃2 j

+
{

k2 j/ε0 j + c(k1 j/ε0 j)− (k1 j/ε0 j)
2
}

θ̃1 j

+θ̈ jd − c
(
θ̂2 j − θ̇ jd

)
− Ψ̂i

]
−
[
k2 j/ε0 j − (k1 j/ε0 j)

2 +2c(k1 j/ε0 j)
]

θ̃1 jθ̂2 j

−
[
(k1 j/ε0 j)

3 − k1 jk2 j/(ε0 j)
2 − c(k1 j/ε0 j)

2
](

θ̃1 j
)2

−
[
(k1 j/ε0 j)

2 − k2 j/ε0 j −2c(k1 j/ε0 j)
]

θ̃1 jθ̇ jd

−
[
k2 j/ε0 j − (k1 j/ε0 j)

2 + c(k1 j/ε0 j)
]

cθ̃1 jθ̂1 j

−
[
(k1 j/ε0 j)

2 − k2 j/ε0 j − c(k1 j/ε0 j)
]

θ̃1 jθ jd

−
[
(k1 j/ε0 j) θ̃1 j − θ̂2 j + θ̇ jd + c

(
θ̂1 j −θ jd

)]
×
[
(k1 j/ε0 j) θ̃2 j

]
+ c

(
θ̂2 j

)2
+ c2θ̇ jdθ jd

−
[
2cθ̇ jd − c2θ̂1 j + c2θ jd + θ̈ jd + Ψ̂i

]
θ̂2 j

−
[
cθ̇ jd + θ̈ jd − Ψ̂i

]
cθ̂1 j

+
[
(k1 j/ε0 j) θ̃1 j + θ̇ jd + cθ jd

]
θ̈ jd

−
[
(k1 j/ε0 j) θ̃1 j + θ̇ jd + cθ jd

]
Ψ̂i

< 0.

After simplification, we obtain:

−
[
θ̂2 j + c(θ1 j −θ jd)− θ̇ jd − (k1 j/ε0 j) θ̃1 j

]
Ksat (ŝ j)

− c
(
θ̇ jd

)2
+ cθ̂1 j − Ψ̂iθ̂2 j

< 0.
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