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Complex Performance Control Using Sliding Mode Fuzzy Approach for
Discrete-Time Nonlinear Systems via T-S Fuzzy Model with Bilinear Con-
sequent Part
Wen-Jer Chang*, Feng-Ling Hsu, and Cheung-Chieh Ku

Abstract: In this paper, a stabilization problem for the discrete nonlinear system with external disturbance, multi-
plicative noises and multiple constraints has been discussed in accordance with the definition of Lyapunov stability.
Based on fuzzy modeling approach, the overall fuzzy model of a nonlinear plant is transformed into a class of linear
systems. Applying a Sliding Mode Fuzzy Control (SMFC) scheme, the designed controller causes the closed-loop
system converging to the sliding surface and achieving the required control performance. For the control perfor-
mance, the concepts of stability, individual state variance and passivity constraints are introduced for the sliding
mode fuzzy control system. To apply convex optimal programming algorithm, some sufficient conditions derived
in this paper are reduced to Linear Matrix Inequality (LMI) problem. At last, two simulation examples are proposed
to demonstrate the applicability and usefulness of the proposed design method. One of the examples is to discuss
the conservatism of this paper. Another is to show that the discrete truck-trailer system controlled by sliding mode
fuzzy controller can achieve stability constraints, individual state variance constraints and passivity constraints.

Keywords: Individual state variance constraint and passivity constraint, sliding mode fuzzy control, Takagi-Sugeno
fuzzy model.

1. INTRODUCTION

Most of the plants in the industry have severe nonlin-
earity, which makes the researches for nonlinear control
systems possess more practical significance. Model-free
fuzzy control technology can provide an effective and sim-
ple solution to the control of plants that are complex, non-
linear, uncertain, ill-defined, and have available qualitative
knowledge from domain experts for their controller de-
sign. Though the model-free method is useful and practi-
cal, this control technique lacks the mathematics theory to
support it. In recent decades, the famous Takagi-Sugeno
(T-S) fuzzy model [1] in which a linear system is adopted
as the consequent part of a fuzzy rule has been developed.
It is known that the T-S fuzzy model offers an efficient
representation of nonlinear behaviors. Applying the T-S
fuzzy model, the original nonlinear system can be divided
into several local linear subsystems by the membership
functions. In this case, the stabilization, observation and
controller design of nonlinear systems can be simplified.
Therefore, the stability and stabilization methods inspired
from the study of linear control technique have been pro-
posed in [2, 3]. An effective active queue management
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router has been designed for transmission control protocol
network via T-S fuzzy model in [4]. Controller synthesis
of Hénon map has been investigated via fuzzy approach
in [5]. Consensus problem of multi-agent games was dis-
cussed in [6] via fuzzy adaptive programming. Impulsive
synchronization of chaotic systems was researched via T-S
fuzzy model in [7]. Some relaxed stability criteria for T-S
fuzzy models have been developed in [8–10]. Observer
design method for nonlinear descriptor systems has been
developed in [11]. An observer feedback control problem
of affine T-S fuzzy models was discussed in [12]. Esti-
mated state feedback control of discrete nonlinear stochas-
tic systems has been investigated in [13]. Robust observer
control of T-S fuzzy mode was discussed in [14]. A sim-
ple adaptive control for unmanned helicopters has been
discussed in [15] by fuzzy approximation. An adaptive
control of nonlinear hyperbolic systems was investigated
to achieve the predefined performance in [16]. Most of
the proposed results in the literature [2–16] are usually
formulated as an optimization problem under the Linear
Matrix Inequalities (LMIs) constraints. It has been shown
that the LMI problem can be successfully solved by the
convex optimal programming algorithm [17].
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Besides stability issue, another important requirement
for a control system is its robustness. Sliding-mode con-
trol has proven to be an effective robust control strategy
for incompletely modeled or uncertain systems and has re-
ceived a considerable amount of research interests, espe-
cially in the continuous systems. However, with the wide
use of computers, discrete sliding-mode control becomes
a hot researching field. Generally speaking, the main idea
of the normal SMC scheme is to utilize a discontinuous
control law to drive the system trajectories onto a speci-
fied sliding surface. And then, the system trajectories are
kept moving along the sliding surface toward the origin
with desired performance. The survey of sliding mode
control can be referred to [18, 19]. Based on the con-
cept of the sliding mode control, some stability issues of
practical applications have been investigated, such as iner-
tia wheel pendulum system [20], hybrid vehicle [21] and
spacecraft [22, 23]. Sliding-mode control has been exten-
sively studied and successfully applied to control linear
systems, nonlinear systems and complex systems with un-
certain dynamics, unknown system parameters and exter-
nal disturbances [24]. For the nonlinear systems, the slid-
ing mode control is also employed to provide good perfor-
mances for the closed-loop systems [25, 26]. Moreover,
sliding mode control has been applied to nonlinear sys-
tems by using T-S fuzzy model approach [1]. In [27, 28],
a robust adaptive fuzzy sliding mode fuzzy controller de-
sign method has been proposed. Sliding mode fuzzy con-
trol of nonlinear systems was discussed in [29, 30]. Ac-
cording to the T-S fuzzy models, the sliding mode control
has been successfully combined with fuzzy control tech-
nique for the nonlinear systems [31–33]. In this paper,
we start from this point and consider the problem of T-S
fuzzy model-based discrete sliding mode control for the
nonlinear systems.

Referring to [34–36], some stability criteria have been
proposed to deal with control issue of stochastic systems.
Through applying the T-S fuzzy model approach, the sta-
bility analysis of discrete-time nonlinear stochastic sys-
tems has been discussed. Therefore, several controller de-
sign methods have been developed from nonlinear deter-
ministic system to nonlinear stochastic systems, for exam-
ple, covariance control scheme [37], passivity theory [38],
gain-scheduled control [39] and so on. Studying them,
a concept of quadratic optimization has been applied to
achieve the required performance constraints. However,
they can only guarantee that the control system state vec-
tor as a whole functions well. A straightforward controller
design methodology, which is called as covariance control
theory allows the designers to assign state covariance ma-
trix by solving the inverse solution of Lyapunov equation
for the closed-loop stochastic systems. Moreover, the co-
variance matrix is usually expressed as the upper bounds
on the steady-state variances of system states. As a result,
a large number of control methods have been developed

to seek a convenient way to solve the variance constrained
control problem. In literature, the Linear Quadratic Gaus-
sian (LQG) control plays an important role in the mini-
mum variance design methods. However, the LQG con-
trollers minimize a linear quadratic performance index
without guaranteeing the variance constraints with respect
to individual system states. The covariance control the-
ory [30, 31] has provided a more direct methodology for
achieving the individual state variance constraints than
the LQG control approach. It has been shown that the
covariance control approach is capable of solving multi-
objective control design problems [40, 41]. This advan-
tage is based on the fact that several control design objec-
tives can be directly related to the steady-state covariance
of the closed-loop systems. Furthermore, covariance con-
trol methodology for fuzzy systems has been proposed by
[42, 43] to constrain state variance. In the past few years,
the state variance constrained control based on covariance
control approach has received many interests and some re-
sults have been reported in the literature [44]. It should be
pointed out that most of the available literature regarding
covariance control theory has been concerned with linear
and nonlinear stochastic systems with the LMI technique.

For studying the multi-objective control design prob-
lem, the passivity constraint is also included in the pro-
posed fuzzy controller design process in addition to in-
dividual state variance constraint. It is well known that
the passive theory uses the behaviors of energy dissipative
between input and output of systems. The most important
definitions of the passive theory are storage function [45]
and power supply [46] for decision the property of passiv-
ity. In recent years, the passivity constraint has been con-
sidered in the fuzzy controller design for nonlinear sys-
tems [3, 9, 38, 47]. In order to accomplish the combined
multi-objective controller design, some sufficient condi-
tions are derived based on Lyapunov stability theory. Us-
ing the matrix transform technique and Schur complement
[17], these sufficient conditions are transformed into Lin-
ear Matrix Inequality (LMI) problems. Finally, a numer-
ical example is provided to discuss the conservatism of
the proposed design method. Moreover, a control prob-
lem of nonlinear discrete truck-trailer system [48, 49] is
investigated subject to individual state variance constraint
and passivity constraint so as to illustrate the applicability
and efficiency of proposed sliding mode fuzzy controller
design approach. In future, this work will be extended
to deal with stability issues of multi-agent systems [50]
or strict-feedback systems [51]. Moreover, the concept of
this paper can be merged other control technologies, such
as adaptive control [52] or fault-tolerant control [53], to
develop more powerful control scheme.

This paper is organized as follows: In Section 2, a T-S
fuzzy model with external disturbances and multiplicative
noises is used to represent the discrete nonlinear stochastic
systems. The definition of sliding surface is also described
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in this section. In Section 3, reaching conditions and a
switching controller are designed to show that the system
states will converge to the sliding surface. In Section 4,
after reaching the sliding surface, the individual state vari-
ance constraints and passivity constraints can be consid-
ered. Some sufficient conditions are solved by LMI tech-
nique then we can obtain the sliding mode fuzzy controller
in the proposed. In Section 5, two numerical examples
are considered to demonstrate the applicability and effec-
tiveness of proposed sliding mode fuzzy control method.
Lastly, some conclusions are provided in Section 6.

2. SYSTEM DESCRIPTIONS AND
PRELIMINARY KNOWLEDGES

A discrete stochastic nonlinear system represented by a
T-S model is considered as follows:

Rule i:

IF z1 (k) is Mi1 and . . . and znx (k) is Minx

THEN

x(k+1) =

[
A1 +

m

∑
e=1

Qeivei (k)

]
x(k)+Biu(k)

+Kiw(k) , (1a)

y(k) = Cix(k)+Tiw(k) , (1b)

where znx (k) is premise variable, Minx is fuzzy set, i = 1,
2, · · · , r and r is the number of IF-THEN rule, nx is the
premise variable number, Ai ∈ ℜnx×nx , Bi ∈ ℜnx×nu , Ki ∈
ℜnx×nw , Ci ∈ℜny×nx , Ti ∈ℜny×nw and Qei ∈ℜnx×nx are con-
stant matrices, x(k) ∈ ℜnx is the state vector, u(k) ∈ ℜnu

is the input vector, y(k) ∈ ℜny is the output vector, w(k) ∈
ℜnw is the external disturbance input vector which is as-
sumed as a zero mean Gaussian white noise with intensity
W (W > 0), variance one and satisfies ∥w(k)∥< δ , where
δ is a positive scalar, vei (k)∈ℜ is assumed as a zero-mean
Gaussian white noise. Referring to [39], the property of
E {vei (k)x(k)}= E {vei (k)}E {x(k)}= 0 is assumed that
vei (k) and x(k) are mutually independent where E {•} de-
notes the expected value of •. Without loss of generality,
it is assumed that the premise variables of the above T-S
fuzzy model are measurable.

Given the pair (x(k) ,u(k)), an overall fuzzy model can
be described as follows:

x(k+1) =
r

∑
i=1

λi (z(k))

{[
Ai +

m

∑
e=1

Qeivei (k)

]
x(k)

+Biu(k)+Kiw(k)} , (2a)

y(k) =
r

∑
i=1

λi (z(k)){Cix(k)+Tiw(k)} , (2b)

where λi (z(k))=
ωi(z(k))

∑r
i=1 ωi(z(k))

, ωi (z(k))=∏nx
j=1 Mi j (z j (k)),

λi (z(k)) ≥ 0, ∑r
i=1 λi (z(k)) = 1 and Mi j (z j (k)) is the

grade of the membership of z j (k) in Mi j.

In this paper, the following sliding surface function
S (k) is selected corresponding to x(k), where x(k) is the
solution of (1a).

S (k) = J
[
x(k)− Ãx(k−1)

]
, (3)

where

S (k) =
[

s1 (k) s2 (k) · · · snu (k)
]T (4)

Ã =
r

∑
i=1

r

∑
j=1

λi (z(k−1))λ j (z(k−1))

×

(
Ai +BiG j +

m

∑
e=1

Qeivei (k)

)
, (5)

and J∈ℜnu×nx is a constant matrix to be designed such that
JBi is a positive definite matrix.

Remark 1: To choose matrix J, a strict condition
JBi = (JBi)

T > 0 is required that may increase the dif-
ficulty to determine the sliding surface (3). For a case as
B1 =

[
0 1

]
and B2 =

[
0 −1

]
, the matrix J can-

not be designed to satisfy the condition. Thus, the relaxed
study for the condition is still an open problem. And, it
will be discussed in our future work.

In the following section, a switching controller is de-
signed such that the system states will converge to the slid-
ing surface. After switching control, the individual state
variance constraint and passivity constraint can be consid-
ered on the sliding surface.

3. REACHING CONDITIONS AND SWITCHING
CONTROLLER DESIGN

In this section, the reaching conditions and switching
controller design problem is investigated for the sliding
mode fuzzy controllers. It is designed such that the trajec-
tory of the closed-loop system is driven onto the sliding
surface and the reachability is ensured in finite time. Re-
ferring to [54], the sliding mode fuzzy controller can be
chosen as follows:

u(k) = ueq (k)+us (k) , (6)

where us (k) and ueq (k) are respectively switching con-
troller and fuzzy controller. They can be furtherly de-
signed as follows:

ueq (k) =
r

∑
j=1

λ j (z(k))G jx(k) , (7)

us (k) =

(
r

∑
i=1

λi (z(k))JBi

)−1

[S (k)−qT S (k)

−φT sgn(S (k))− τsgn(S (k))] , (8)

where G j ∈ ℜnu×nx is the state feedback gain matrix, T is
the sampling interval, q > 0, φ > 0 and sgn(S (k)) is the
sign function as follows:

sgn(S (k))
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=
[

sgn(s1 (k)) sgn(s2 (k)) · · · sgn(snu (k))
]T

,
(9)

sgn(snu (k)) =


1 if snu (k)> 0,
0 if snu (k) = 0,
−1 if snu (k)< 0.

(10)

Referring to [55], a convenient discrete reaching law
(11) can be chosen as follows according to the sliding sur-
face function S (k) defined in (3).

S (k+1)−S (k) =−qT S (k)−φT sgn(S (k)) . (11)

Multiplying the discrete reaching law on the left by
ST (k), one can obtain the following discrete reaching con-
dition (12).

ST (k) [S (k+1)−S (k)]

=−qT ∥S (k)∥2 −φT (|s1 (k)|+ |s2 (k)|
+ · · ·+ |snu (k)|)< 0. (12)

Based on the above discrete reaching condition (12),
this implies that the states starting from any initial state
will move toward the sliding surface and arrive in finite
time. The conditions for converging to the sliding surface
are introduced in the following theorem.

Theorem 1: For the system (1) controlled by the sliding
mode fuzzy controller (6), the states of the system will
converge to the sliding surface if the following condition
is satisfied.

τ >

∥∥∥∥∥
(

r

∑
i=1

λi (z(k))JKi

)∥∥∥∥∥ · ∥w(k)∥ . (13)

Proof: Considering (3), one has

S (k+1) = J
[
x(k+1)− Ãx(k)

]
. (14)

Substituting (2a) and (5) into (14), one can rewrite (14)
as

S (k+1)

= J

{
r

∑
i=1

λi (z(k)) [Aix(k)+Biu(k)+Kiw(k)

+
m

∑
e=1

Qeivei (k)x(k)

]
−

r

∑
i=1

r

∑
j=1

λi (z(k))λ j (z(k))

×

(
Ai +BiG j +

m

∑
e=1

Qeivei (k)

)
x(k)

}
. (15)

Putting (6) into (15), one can obtain

S (k+1)

= J

{
r

∑
i=1

λi (z(k)) [Aix(k)+Biueq (k)+Bius (k)

+Kiw(k)+
m

∑
e=1

Qeivei (k)x(k)

]
−

r

∑
i=1

r

∑
j=1

λi (z(k))

×λ j (z(k))

(
Ai +BiG j +

m

∑
e=1

Qeivei (k)

)
x(k)

}

=
r

∑
i=1

λi (z(k))JBi ·us (k)+
r

∑
i=1

λi (z(k))JKiw(k) .

(16)

From (8), the following equation can be inferred.

S (k+1) =S (k)−qT S (k)−φT sgn(S (k))

− τsgn(S (k))+
r

∑
i=1

λi (z(k))JKiw(k) .

(17)

According to the above described, one can define

∆S (k) = S (k+1)−S (k)

=−qT S (k)−φT sgn(S (k))

− τsgn(S (k))+
r

∑
i=1

λi (z(k))JKiw(k) . (18)

Multiplying the left-hand side of (18) by ST (k), one can
get the following inequality.

ST (k) [S (k+1)−S (k)]

=−qT ∥S (k)∥2 −φT (|s1 (k)|+ |s2 (k)|
+ · · ·+ |snu (k)|)
− τ (|s1 (k)|+ |s2 (k)|+ · · ·+ |snu (k)|)

+ST (k)
r

∑
i=1

λi (z(k))JKiw(k)

≤−τ (|s1 (k)|+ |s2 (k)|+ · · ·+ |snu (k)|)

+ST (k)
r

∑
i=1

λi (z(k))JKiw(k)

≤−τ (|s1 (k)|+ |s2 (k)|+ · · ·+ |snu (k)|)

+∥S (k)∥

∥∥∥∥∥ r

∑
i=1

λi (z(k))JKi

∥∥∥∥∥∥w(k)∥ . (19)

If we removed both (|s1 (k)|+ |s2 (k)|+ · · ·+ |snu (k)|)
and ∥S (k)∥ terms in (19), the following inequality is also
satisfied due to

|s1 (k)|+ |s2 (k)|+ · · ·+ |snu (k)| ≥ ∥S (k)∥ ,
ST (k) [S (k+1)−S (k)]

≤−τ +

∥∥∥∥∥ r

∑
i=1

λi (z(k))JKi

∥∥∥∥∥∥w(k)∥

≤ 0. (20)

Therefore, if condition (20) holds, the above discrete
reaching conditions (12) are satisfied and the states will
converge to the sliding surface in finite time. □
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In practice, the choice of τ for satisfying the condition
(20) of Theorem 1 is an interesting problem. In the fol-
lowing corollary, the way of choosing τ and a modified
condition for converging to the sliding surface are intro-
duced.

Corollary 1: For the system (1) controlled by the slid-
ing mode fuzzy controller (6), the states of the system will
converge to the sliding surface in finite time if the follow-
ing condition is satisfied.

τ ≥ δ · τ̂, (21)

where δ is defined in (1), i.e., ∥w(k)∥ < δ . Besides, τ̂ is
defined as follows:

τ̂ = max
i∈r

∥JKi∥ . (22)

Proof: Considering (13) of Theorem 1, one has∥∥∥∥∥
(

r

∑
i=1

λi (z(k))JKi

)∥∥∥∥∥
≤ ∥λ1 (z(k))JK1∥+∥λ2 (z(k))JK2∥

+ · · ·+∥λr (z(k))JKr∥
= λ1 (z(k))∥JK1∥+λ2 (z(k))∥JK2∥

+ · · ·+λr (z(k))∥JKr∥
≤ λ1 (z(k)) · τ̂ +λ2 (z(k)) · τ̂ + · · ·+λr (z(k)) · τ̂

= τ̂ ·
r

∑
i=1

λi (z(k))

= τ̂. (23)

Thus, it can be found that if the condition (21) is satis-
fied, then the condition (13) is also satisfied. □

By applying the switching controller (8), the control
performance is not suitable while the chattering may ex-
ist in the system. In order to alleviate the chattering phe-
nomenon on the sliding mode, some researches have been
proposed to smooth the output of switching control in-
put, such as boundary layer control [56, 57], integral slid-
ing mode control [58], second-order sliding-mode control
[59] and exponential law [60]. In case of boundary layer
control, the switching controller (8) can be replaced by the
follows:

us (k) =

(
r

∑
i=1

λi (z(k))JBi

)−1

[S (k)−qT S (k)

−φT ·sat (S (k)/η)− τ · sat (S (k)/η)] ,
(24)

where η is the boundary layer thickness and the sat (S (k))
is the saturation function as follows:

sat (S (k))

=
[

sat (s1 (k)) sat (s2 (k)) · · · sat (snu (k))
]T

,
(25)

sat (snu (k)) =


sgn(snu (k)) , if |snu (k)|> η
snu (k)

η
, if |snu (k)| ≤ η .

(26)

The conditions of switching controller have been de-
veloped in Theorem 1 and Corollary 1. In the following
section, the individual state variance constraint and pas-
sivity constraint are considered in the sliding mode fuzzy
controller design process.

4. SLIDING MODE FUZZY CONTROLLER
DESIGN

Some sufficient conditions are derived in the following
theorem such that the individual state variance constraint
and passivity constraint can be achieved when system con-
verges to the sliding surface.

Substituting (6) and (7) into (2a), one can infer the fol-
lowing equation:

x(k+1) =
r

∑
i=1

r

∑
j=1

λi (z(k))λ j (z(k)){(Ai +BiG j

+
m

∑
e=1

Qeivei (k)

)
x(k)+Bius (k)+Kiw(k)

}
.

(27)

When system states converge to the sliding surface, the
switching control input will approach to 0, i.e., us (k) = 0.
Thus, we have

x(k+1) =
r

∑
i=1

r

∑
j=1

λi (z(k))λ j (z(k)){(Ai +BiG j

+
m

∑
e=1

Qeivei (k)

)
x(k)+Kiw(k) , (28a)

y(k) =
r

∑
i=1

λi (z(k)){Cix(k)+Tiw(k)} . (28b)

Considering each subsystem of the above T-S fuzzy sys-
tem (28), the steady state covariance matrix of the state
vector x(k) has the following form:

Xi = XT
i > 000, (29)

where Xi = lim
t→∞

E
{

x(k)xT (k)
}

is called the common state
covariance matrix for all rules and Xi is the solution of the
following Lyapunov equation [37].

(Ai +BiGi)Xi (Ai +BiGi)
T −Xi +KiWKT

i

+
m

∑
e=1

QeiXiQT
ei = 0, i = 1, 2, ..., r. (30)

Definition 1 [37]: The individual state variance con-
straint considered in this paper is defined as follows:

[Xi]kk ≤ σ 2
k , (31)
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where [·]kk denotes the kth diagonal element of matrix [·]
and σk, k = 1, 2, · · · , nx, denote the root-mean-squared
constraints for the variance of system states.

In addition to the above individual state variance con-
straints (31), the passivity constraint defined in the fol-
lowing definition is also considered in this paper.

Definition 2 [47]: The system (28) with external distur-
bance w(k) and output y(k) is called strictly input passive
if there exists a dissipative rate µ and a positive definite
matrix ΛΛΛ =ΛΛΛT > 0 such that

E

{
2

kp

∑
k=0

yT (k)ΛΛΛw(k)

}
> E

{
kp

∑
k=0

µwT (k)w(k)

}
(32)

for all kp > 0 and w(k) ̸= 0. The kp > 0 is the terminal
time and ΛΛΛ ∈ ℜny×nw is a constant matrix.

Using the proposed design method, the closed-loop sys-
tem (28) can be stabilized under the assigned individual
state variance constraint. Under the constraint, the pas-
sivity constraint can be achieved via satisfying inequality
(32). The purpose of this paper is to design a sliding-
mode fuzzy controller (6) to guarantee the existence of
the sliding mode, and then properly choose the feedback
gain Gi so that the individual state variance constraint (31)
and passivity constraint (32) can be achieved in the sliding
mode.

Theorem 2: If there exists a common positive definite
matrix X̄ > 0, feedback gains Gi, dissipative rate µ and a
positive definite matrix ΛΛΛ =ΛΛΛT > 0 satisfying the follow-
ing sufficient conditions, then the closed-loop T-S fuzzy
system (28) is asymptotically stable, strictly input passive
and [Xi]kk ≤ σ 2

k .[
−X̄+KiWKT

i +∑m
e=1 QeiXiQT

ei ∗(
AiX̄+BiΘΘΘi

)T −X̄

]
< 0, (33)

−X̄ −X̄CT
i ΛΛΛ ∗ ∗ · · · ∗

−ΛΛΛTCiX̄ µI−TT
i ΛΛΛ−ΛΛΛTTi ∗ ∗ · · · ∗(

AiX̄+BiΘΘΘi
)

Ki −X̄ ∗ · · · ∗
Q1iX̄ 0 0 − X̄

m · · · ∗
...

...
...

...
. . .

...
QmiX̄ 0 0 0 · · · − X̄

m


< 0, (34) −X̄ ∗(
(AiX̄+BiΘΘΘ j)+(A jX̄+B jΘΘΘi)

2

)
−X̄

< 0, for i < j,

(35)

X̄−diag
(
σ 2

1 , · · · ,σ 2
nx

)
< 0, (36)

where ∗ denotes the transposed elements or matrices for
the symmetric position, ΦΦΦi j = Ai +BiG j and ΘΘΘi = GiX̄.

Proof: We consider a positive define matrix X̄, where
X̄ = P−1, satisfying the following inequality:

(Ai +BiGi) X̄(Ai +BiGi)
T − X̄+KiWKT

i

+
m

∑
e=1

QeiX̄QT
ei < 0. (37)

Subtracting (30) from (37), one has

(Ai +BiGi)
(
X̄−Xi

)
(Ai +BiGi)

T

−
(
X̄−Xi

)
+

m

∑
e=1

Qei
(
X̄−Xi

)
QT

ei < 0. (38)

Referring to [37], it is known that if (33) and (35) are
satisfied, one can obtain that the closed-loop system (28)
is asymptotically stable. In this case, it can be concluded
that X̄−Xi > 0 via (38). From (36) and X̄ > Xi, one has

[Xi]kk <
[
X̄
]

kk ≤ σ 2
k . (39)

Thus, the individual state variance constraint (31) is sat-
isfied. Now going back and looking at (37), this inequality
can be rewritten from using the Schur complement [17] as
follows:[

−X̄+KiWKT
i +∑m

e=1 QeiX̄QT
ei ∗

ΦΦΦT
ii −X̄−1

]
< 0. (40)

However, inequality (40) is not a standard LMI prob-
lem. Multiplying (40) on the left-hand and right-hand
sides by diag

(
I, X̄
)
, where X̄ = P−1, one can obtain (33).

On the other hand, in order to analyze the attenuating
performance of the closed-loop T-S fuzzy system (28), a
Lyapunov function is chosen as V (x(k)) = xT (k)Px(k),
where P is a positive definite matrix. It is known that the
passivity theory provides a useful and effective tool to de-
sign the controller to achieve the energy constraints for the
closed-loop systems. Considering the passivity constraint
defined in Definition 2, let us define the following perfor-
mance function.

E

{
kp

∑
k=0

µwT (k)w(k)−
kp

∑
k=0

2yT (k)ΛΛΛw(k)

}

= E

{
kp

∑
k=0

{
µwT (k)w(k)−2yT (k)ΛΛΛw(k)

+∆V (x(k))}−V (x(kq +1))

}

≤ E

{
kp

∑
k=0

{
µwT (k)w(k)−2yT (k)ΛΛΛw(k)

+∆V (x(k))}
}

= E {Γ(x,w,k)} , (41)

where ∆V (x(k)) is the first forward difference of V (x(k))
and

Γ(x,w,k) =
kp

∑
k=0

{
µwT (k)w(k)−2yT (k)ΛΛΛw(k)
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+∆V (x(k))} . (42)

Without loss of generality, it is assumed that V (x(0)) =
0. It is obvious that

E {∆V (x(k))}
= E

{
xT (k+1)Px(k+1)− xT (k)Px(k)

}
= E

{
r

∑
i=1

r

∑
k=1

λi (z(k))λk (z(k))

×

((ΦΦΦii +
m

∑
e=1

Qeivei (k)

)
x(k)+Kiw(k)

)T

×P

((
ΦΦΦkk +

m

∑
g=1

Qgkvgk (k)

)
x(k)+Kkw(k)

)

−xT (k)Px(k)
]
+2

r

∑
i< j

r

∑
k<l

λi (z(k))λ j (z(k))λk (z(k))

×λl (z(k)) xT (k)

[(
ΦΦΦi j +ΦΦΦ ji

2

)T

P
(

ΦΦΦkl +ΦΦΦlk

2

)
−P
]

x(k)
}

≤ E

{
r

∑
i=1

λi (z(k))

[((
ΦΦΦii +

m

∑
e=1

Qeivei (k)

)
x(k)

+Kiw(k))T ×P

((
ΦΦΦii +

m

∑
g=1

Qgivgi (k)

)
x(k)

+Kiw(k))− xT (k)Px(k)
]

+2
r

∑
i< j

λi (z(k))λ j (z(k))

×xT (k)

[(
ΦΦΦi j +ΦΦΦ ji

2

)T

P
(

ΦΦΦi j +ΦΦΦ ji

2

)
−P

]
x(k)

}

= E

{
r

∑
i=1

λi (z(k))
[
xT (k)ΦΦΦT

ii PΦΦΦiix(k)− xT (k)Px(k)

+ xT (k)ΦΦΦT
ii PKiw(k)+wT (k)KT

i PΦΦΦiix(k)

+wT (k)KT
i PKiw(k)+

m

∑
e=1

xT (k)vT
ei (k)QT

eiPΦΦΦiix(k)

+
m

∑
g=1

xT (k)ΦΦΦT
ii PQgivgi (k)x(k)

+
m

∑
e=1

xT (k)vT
ei (k)QT

eiPKiw(k)

+
m

∑
g=1

wT (k)KT
i PKgivgi (k)x(k)

+
m

∑
e=1

m

∑
g=1

xT (k)vT
ei (k)QT

eiPQgivgi (k)x(k)

+2
r

∑
i< j

λi (z(k))λ j (z(k))xT (k)

×

[(
ΦΦΦi j +ΦΦΦ ji

2

)T

P
(

ΦΦΦi j +ΦΦΦ ji

2

)
−P

]
x(k)

}
.

(43)

Due to E {x(k)vei (k)} = E {x(k)}E {vei (k)} = 0 and
E {vei (k)vei (k)}= 1 , one has

E {∆V (x(k))}

= E

{
r

∑
i=1

λi (z(k))
[
xT (k)

(
ΦΦΦT

iiPΦii −P
)

x(k)

+ xT (k)ΦΦΦT
iiPKiw(k)+wT (k)KT

i PΦΦΦiix(k)

+wT (k)KT
i PKiw(k) +

m

∑
e=1

m

∑
g=1

xT (k)QT
eiPQgix(k)

]

+2
r

∑
i< j

λi (z(k))λ j (z(k))xT (k)

×

[(
ΦΦΦi j +ΦΦΦ ji

2

)T

P
(

ΦΦΦi j +ΦΦΦ ji

2

)
−P

]
x(k)

}

≤ E

{
r

∑
i=1

λi (z(k))
[
xT (k)

(
ΦΦΦT

iiPΦii −P
)

x(k)

+ xT (k)ΦΦΦT
iiPKiw(k)+wT (k)KT

i PΦΦΦiix(k)

+wT (k)KT
i PKiw(k) +m

m

∑
e=1

xT (k)QT
eiPQeix(k)

]

+2
r

∑
i< j

λi (z(k))λ j (z(k))xT (k)

×

[(
ΦΦΦi j +ΦΦΦ ji

2

)T

P
(

ΦΦΦi j +ΦΦΦ ji

2

)
−P

]
x(k)

}
.

(44)

Substituting (2b) and (44) into (41), one has

E {Γ(x,w,k)}

= E

{
r

∑
i=1

λi (z(k))
[

x(k)
w(k)

]T

×

 ΦΦΦT
iiPΦΦΦii −P+m

m

∑
e=1

QT
eiPQei

KT
i PΦΦΦii −ΛΛΛTCi

∗
KT

i PKi +µI−TT
i ΛΛΛ−ΛΛΛTTi

]
×
[

x(k)
w(k)

]
+2

r

∑
i< j

λi (z(k))λ j (z(k))xT (k)

×

[(
ΦΦΦi j +ΦΦΦ ji

2

)T

P
(

ΦΦΦi j +ΦΦΦ ji

2

)
−P

]
x(k)

}
.

(45)

It is obviously that if the following inequalities (46) and
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(47) hold, then one can obtain Γ(x,w,k)< 0. ΦΦΦT
iiPΦΦΦii −P+m

m

∑
e=1

QT
eiPQei

KT
i PΦΦΦii −ΛΛΛTCi

∗
KT

i PKi +µI−TT
i ΛΛΛ−ΛΛΛTTi

]
< 0,

(46)(
ΦΦΦi j +ΦΦΦ ji

2

)T

P
(

ΦΦΦi j +ΦΦΦ ji

2

)
−P < 0, i < j. (47)

From (41), Γ(x,w,k)< 0 implies

E

{
2

kp

∑
k=0

yT (k)ΛΛΛw(k)

}
> E

{
kp

∑
k=0

µwT (k)w(k)

}
(48)

for all nonzero external disturbance. From Definition 2,
it can be thus concluded that if (46) and (47) are satisfied,
then the closed-loop T-S fuzzy system (28) is strictly input
passive.

Because (46) and (47) are not standard LMI problem,
one can obtain the following inequality by using Schur
complement from (46). −P+m

m

∑
e=1

QT
eiPQei ∗ ∗

−ΛΛΛTCi µI−TT
i ΛΛΛ−ΛΛΛTTi ∗

ΦΦΦii Ki −P−1


< 0 (49)

Multiplying the both sides of (49) with diag
(
X̄,I,I

)
,

where X̄ = P−1, one can obtain the following inequality. −X̄+m
m

∑
e=1

X̄QT
eiPQeiX̄ ∗ ∗

−ΛΛΛTCiX̄ µI −TT
i ΛΛΛ−ΛΛΛTTi ∗

ΦΦΦiiX̄ Ki −X̄


< 0. (50)

Utilizing the Schur complement again, inequality (50)
can be converted into LMI form. Similarly, using the
Schur complement, (47) can be inferred as follows:[

−P ∗(
ΦΦΦi j+ΦΦΦ ji

2

)
−P−1

]
< 0. (51)

Multiplying the both sides of (51) with diag
(
X̄, I
)
, one

can obtain condition (35).
In the above derivation, stability constraints, individual

state variance constraints and passivity constraints can be
reduced to LMI problems. Therefore, the proposed sliding
mode fuzzy controller design problem can be solved by
using the LMI technique. □

Theorem 2 provides some sufficient conditions that can
be used to design sliding mode fuzzy controller such that

the closed-loop system achieves individual state variance
constraint and passivity constraint, simultaneously. Con-
cluding the above design method, the effects of the de-
signed parameters in (6) are described in the following re-
mark.

Remark 2: In this paper, the sliding-mode fuzzy con-
troller (6) is consisted of the fuzzy controller (7) and
switching controller (8). In (8), q > 0, φ > 0 and J are
needed to be assigned to establish switching controller.
Through Theorem 1 and Corollary 1, the main arm of
(8) is to guarantee that the trajectories of the closed-loop
system are driven onto sliding surface (3). Besides, gain
matrices G j are designed to establish fuzzy controller (7)
to achieve individual state covariance and passivity con-
straints.

Remark 3: In this paper, a sliding-mode fuzzy con-
troller design method is proposed to deal with multiple
performance issue of discrete nonlinear stochastic sys-
tems. With the consideration of stochastic behavior, the
issue discussed in this paper is the more general case than
[30–33]. Moreover, the considered control issue is also
more difficult than [30–33] because the multiple perfor-
mance constraint is concerned. Besides, a fuzzy controller
design method was proposed by [61] for discrete nonlin-
ear stochastic systems with considering the similar mul-
tiple performance constraint. However, an extra iteration
process is needed to apply the method of [61]. Thus, the
application of the proposed design method is easier than
[61] by using LMI algorithm.

In the following section, two numerical examples are
provided to show the application of proposed sliding mode
fuzzy control approach.

5. A NUMERICAL EXAMPLE FOR THE
NONLINEAR DISCRETE TRUCK-TRAILER

SYSTEM

In this section, an example is provided to compare with
the method of [61] to discuss the conservatism of the pro-
posed design method. Another example is to discuss the
control problem for a nonlinear discrete truck-trailer sys-
tem.

Example 1: In order to emphasize the contribution of
this paper, the design method in [61] is applied. Referring
to [61], the following T-S fuzzy system is introduced.

x(k+1) =
2

∑
i=1

λi (z(k))

{[
Ai +

2

∑
e=1

Qevei (k)

]
x(k)

+Biu(k)+Kiw(k)

}
, (52a)

y(k) =
2

∑
i=1

λi (z(k)){Cix(k)+Tiw(k)} , (52b)
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Fig. 1. The membership functions.

where A1 =

[
1 0.3

0.6 −0.5

]
, A2 =

[
0 0.3

0.6 −0.5

]
, B1 =

B2 =

[
1
0

]
, Q1 =

[
0.1 0
0 0.05

]
, Q2 =

[
0.05 0

0 0.1

]
,

K1 = K2 =

[
0

0.25

]
, C1 = C2 =

[
1 0

]
and T1 =

T2 = 1.
The membership function of (52) is given as Fig. 1. In

this example, it is only to discuss the conservative issue
of the method of [61] and of the proposed method. The
minimum of individual state constraint is an index for the
comparison. By fixing µ = 0.6 and Λ = 1, the following
feasible solutions of Theorem 2 can be found under the
given values as σ 2

1 = 0.1 and σ 2
2 = 0.1.

X̄ =

[
0.0359 ∗
0.0153 0.0936

]
, (53a)

G1 =
[
−0.6472 −0.5071

]
, (53b)

G2 =
[

0.3528 −0.5071
]
. (53c)

Besides, With the same µ = 0.6 and Λ = 1, the mini-
mum of individual state constraint as σ 2

1 = 0.3 and σ 2
2 =

0.3 can be obtained by using the method of [61]. It is ob-
viously to find that the individual state constraint obtained
by Theorem 2 is smaller than one found by [61]. There-
fore, the proposed design method is less conservative than
the method of [61] in this example. According to the
simulation results, it can be concluded that the proposed
design method provides some improvements for [61] in
stabilizing the complex nonlinear discrete-time stochastic
systems.

Example 2: In this example, the sliding mode fuzzy
control problem for a discrete nonlinear truck-trailer sys-
tem is studied. Referring to [48], the following truck-
trailer model is introduced.

x1 (k+1) =
(

1− vel ·∆t
L2

)
x1 (k)+

vel ·∆t
L1

u(k)

+0.01w(k)+0.003v1 (k)x1 (k)

+0.005v2 (k)x2 (k) , (54a)

x2 (k+1) =
vel ·∆t

L2
x1 (k)+ x2 (k) , (54b)

Fig. 2. The model of reversing a truck-trailer system.

x3 (k+1) = vel ·∆t · sin
(

vel ·∆t
2L2

x1 (k)+ x2 (k)
)

+ x3 (k) , (54c)

where x1 (k) is the angle difference between truck and
trailer, x2 (k) is the angle of trailer, x3 (k) is the vertical
position of rear end of trailer, u(k) is the steering angle,
w(k) is an external disturbance and v(k) is a multiplica-
tive noise. In (54), disturbance w(k) and multiplicative
noise v(k) are employed to represent stochastic behaviors.
In this example, the following parameter values are used
for simulation:

L1 = 2.8(m) , L2 = 5.5(m) , vel =−1.0(m/s)

and ∆t = 0.1(s) ,

where L1 is the length of truck, L2 is the length of trailer,
vel is the constant velocity of backing up, ∆t is the sam-
pling time. The control purpose of this example is to
back up a truck-trailer along the straight line (x3 (k) = 0)
without forward movements as shown in Fig. 1 that is
(x1 (k)→ 0), (x2 (k)→ 0) and (x3 (k)→ 0). In order to
transform the truck-trailer model into a T-S fuzzy model,
we assume that vel·∆t

2L2
x1 (k) + x2 (k) is operated between

±π . Based on the fuzzy modeling technique, the corre-
sponding T-S fuzzy model of the discrete nonlinear truck-
trailer system can be described as follows:

Rule 1:

IF vel·∆t
2L2

x1 (k)+ x2 (k) is about 0

THEN

x(k+1) =

[
A1 +

2

∑
e=1

Qe1ve1 (k)

]
x(k)+B1u(k)

+K1w(k) ,

y(k) = C1x(k)+T1w(k) (55a)

Rule 2:

IF vel·∆t
2L2

x1 (k)+ x2 (k) is about ±π

THEN



1910 Wen-Jer Chang, Feng-Ling Hsu, and Cheung-Chieh Ku

Fig. 3. The membership function of vel·∆t
2L2

x1 (k)+ x2 (k).

x(k+1) =

[
A2 +

2

∑
e=1

Qe2ve2 (k)

]
x(k)+B2u(k)

+K2w(k) ,

y(k) = C2x(k)+T2w(k) (55b)

where ∥w(k)∥ < 1, A1 =

 1− vel·∆t
L2

0 0
vel·∆t

L2
1 0

vel2·∆t2

L2
vel ·∆t 1

,

A2 =

 1− vel·∆t
L2

0 0
vel·∆t

L2
1 0

ε·vel2·∆t2

L2
ε · vel ·∆t 1

, Q11 = Q12 =

 0.003 0 0
0 0 0
0 0 0

, K1 = K2 =

 0.01
0
0

, Q21 = Q22 =

Q23 =

 0 0.005 0
0 0 0
0 0 0

, C1 = C2 =
[

1 0 1
]
,

B1 = B2 =

 vel·∆t
L1

0
0

, T1 = T2 = 1 and ε = 10−2/π .

The membership function for vel·∆t
2L2

x1 (k)+ x2 (k) is given
in Fig. 3.

For the analyzing and designing, let us select the supply
rate µ = 0.6, Λ = 1 and assign the variance constraints as
σ 2

1 = 0.3, σ 2
2 = 0.2 and σ 2

3 = 0.5. By solving the sufficient
conditions of Theorem 2 via LMI algorithm of [17], the
matrix X̄ and Gi can be obtained as follows:

X̄ =

 0.2865 0.0132 −0.0005
0.0132 0.0026 0.001
−0.0005 0.001 0.0009

 , (56)

G1 =
[

33.2495 −282.4629 288.8263
]
, (57a)

G2 =
[

32.9746 −253.354 288.3833
]
. (57b)

Besides, let us choose J=
[
−1 0 0

]
, then one can

obtain τ̂ = 0.01 via (22). From Corollary 1, the parameter
τ can be assigned as τ = 0.1 because τ ≥ δ · τ̂ , where δ = 1
and τ̂ = 0.01. Thus, the sliding mode fuzzy controller can
be obtained as follows:

u(k) =
2

∑
i=1

λi (z(k))Gix(k)+

(
2

∑
i=1

λi (z(k))JBi

)−1

Fig. 4. The responses of state x1 (k) (no boundary layer).

Fig. 5. The responses of state x2 (k) (no boundary layer).

× [S (k)−qT S (k)−φT sgn(S (k))

−τsgn(S (k))] , (58)

where q = 0.01, φ = 0.01, T = 0.1, τ = 0.1. Besides, G1

and G2 are stated in (57a) and (57b), respectively. Ap-
plying the sliding mode fuzzy controller (58) to system
(54), the simulation responses of states and sliding sur-
face function are shown in Figs. 4-7 with initial condition
x(0) =

[
20◦ 10◦ 0.15

]T and 15 seconds of simula-
tion time.

Looking at the Figs. 4-7, the control performance is
not smooth while the chattering may exist in the system.
To tackle these problems considering advantages of the
boundary layer approach [55,56], we can change the slid-
ing mode fuzzy controller (58) into the following equation
by setting the boundary layer thickness η = 0.15 and show
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Fig. 6. The responses of state x3 (k) (no boundary layer).

Fig. 7. The responses of S (k) (no boundary layer).

the simulation responses of states in Figs. 8-11.

u(k) =
2

∑
i=1

λi (z(k))Gix(k)+

(
2

∑
i=1

λi (z(k))JBi

)−1

× [S (k)−qT S (k)−φT · sat (S (k))

−τ · sat (S (k))] . (59)

From the simulation results, the variance of states can
also be calculated in the following.

var (x1) = 0.0293 ≤ σ 2
1 , (60a)

var (x2) = 0.0014 ≤ σ 2
2 , (60b)

var (x3) = 5.8614×10−4 ≤ σ 2
3 , (60c)

where σ 2
1 = 0.3, σ 2

2 = 0.2 and σ 2
3 = 0.5. It is obvious

that the state variances described in (60) satisfy the indi-
vidual state variance constraint (31). Besides, the effect
of the external disturbance on the proposed system can be

Fig. 8. The responses of state x1 (k) (boundary layer thick-
ness is 0.15).

Fig. 9. The responses of state x2 (k) (boundary layer thick-
ness is 0.15).

criticized as follows:

E
{

2∑kp
k=0 yT (k)ΛΛΛw(k)

}
E
{

∑kp
k=0 wT (k)w(k)

} = 1.984, (61)

where ΛΛΛ = 1 for the passivity constraint defined in Defi-
nition 2. The ratio value of (61) is bigger than the deter-
mined dissipation rate µ = 0.6, thus one can find that the
condition (32) of Definition 2 is satisfied.

Remark 4: From Figs. 4-11, the chattering phe-
nomenon on the sliding-mode control extremely affects
control performance in short and long responses. In
Figs. 4-7, the vibration in responses is caused by the chat-
tering phenomenon of switching signal. Through substi-
tuting saturation function sat (S (k)) for sgn(S (k)), the
chattering phenomenon in Figs. 4-7 can be eliminated.
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Fig. 10. The responses of state x3 (k) (boundary layer
thickness is 0.15).

Fig. 11. The responses of S (k) (boundary layer thickness
is 0.15).

And, the state responses with free chattering phenomenon
are shown in Figs. 8-11.

Therefore, the closed-loop discrete nonlinear truck-
trailer system can achieve stability constraint, individual
state variance constraints and strictly input passivity con-
straint by the proposed sliding mode fuzzy controller.

6. CONCLUSIONS

The problem of sliding mode fuzzy control for discrete
nonlinear systems with external disturbance, multiplica-
tive noises and multiple constraints is considered. In order
to combine sliding mode control method and T-S fuzzy
model, we establish the T-S fuzzy model for the system
firstly. Then, a switching function is chosen and a switch-
ing controller is designed such that the states will converge
to the sliding surface in the finite time. Secondly, Using

Lyapunov stability theory, upper bound covariance control
theory, and passivity theory, some sufficient conditions
are derived to find parallel distributed compensation based
fuzzy controllers. Thirdly, the LMI algorithm is employed
in this paper to solve these sufficient conditions. Finally,
the simulation results are proposed to show that the mul-
tiple constraints of the discrete nonlinear truck-trailer sys-
tem can be achieved via the designed sliding mode fuzzy
controller. In future, an open problem as choosing matrix
J will be discussed in future work. Besides, the proposed
design method will be extended to deal with stability is-
sues of complex dynamic systems is future work. More-
over, a more powerful controller design method will be
considered by merging other control technologies.

REFERENCES

[1] T. Takagi and M. Sugeno, “Fuzzy identification of systems
and its applications to modeling and control,” IEEE Trans.
on Systems, Man, and Cybernetics, vol. 15, no. 1, pp. 116-
132, 1985. [click]

[2] J. Dong and G. H. Yang, “Controller synthesis via switched
PDC scheme for discrete-time T-S fuzzy systems,” IEEE
Trans. on Fuzzy Systems, vol. 17, no. 3, pp. 544-555, 2009.
[click]

[3] W. J. Chang, C. C. Ku, and P. H. Huang, “Robust fuzzy
control for uncertain stochastic time-delay Takagi-Sugeno
fuzzy models for achieving passivity,” Fuzzy Sets and Sys-
tems, vol. 161, no. 15, pp. 2012-2032, 2010. [click]

[4] W. J. Chang, Y. T. Meng, and K. H. Tsai, “AQM router de-
sign for TCP network via input constrained fuzzy control
of time-delay affine Takagi-Sugeno fuzzy models,” Inter-
national Journal of Systems Science, vol. 43, no. 12, pp.
2297-2313, 2012. [click]

[5] C. Y. Ho, H. K. Chen, and Z. M. Ge, “Design of PDC con-
trollers by matrix reversibility for synchronization of Yin
and Yang chaotic Takagi-Sugeno fuzzy Henon maps,” Ab-
stract and Applied Analysis, vol. 2012, Article ID 358201,
11 pages, 2012. [click]

[6] H. Zhang, J. Zhang, G. H. Yang, and Y. Luo, “Leader-based
optimal coordination control for the consensus problem of
multiagent differential games via fuzzy adaptive dynamic
programming,” IEEE Trans. on Fuzzy Systems, vol. 23, no.
1, pp. 152-163, 2015. [click]

[7] S. Yang, C. Li, and T. Huang, “Impulsive synchronization
for TS fuzzy model of memristor-based chaotic systems
with parameter mismatches,” International Journal of Con-
trol, Automation and Systems, vol. 14, no. 3, pp. 854-864,
2016. [click]

[8] H. Zhang and X. Xie, “Relaxed stability conditions for
continuous-time T-S fuzzy-control systems via augmented
multi-indexed matrix approach,” IEEE Trans. on Fuzzy
Systems, vol. 19, no. 3, pp. 478-492, 2011. [click]

[9] K. R. Cao, X. Z. Gao, H. K. Lam, A. V. Vasilakos, and
W. Pedrycz, “A new relaxed stability condition for Takagi-
Sugeno fuzzy control systems using quadratic fuzzy Lya-

http://dx.doi.org/10.1109/TSMC.1985.6313399
http://dx.doi.org/10.1109/TFUZZ.2008.924328
http://dx.doi.org/10.1016/j.fss.2009.12.015
http://dx.doi.org/10.1080/00207721.2011.572197
http://dx.doi.org/10.1155/2012/358201
http://dx.doi.org/10.1109/TFUZZ.2014.2310238
http://dx.doi.org/10.1007/s12555-015-0075-2
http://dx.doi.org/10.1109/TFUZZ.2011.2114887


Complex Performance Control Using Sliding Mode Fuzzy Approach for Discrete-Time Nonlinear Systems via ... 1913

punov functions and staircase membership functions,” In-
ternational Journal of Fuzzy Systems, vol. 16, no. 3, pp.
327-337, 2014.

[10] H. K. Lam, L. G. Wu, and Y. B. Zhao, “Linear matrix
inequalities-based membership-function-dependent stabil-
ity analysis for non-parallel distributed compensation
fuzzy-model-based control systems,” IET Control Theory
and Applications, vol. 8, no. 8, pp. 614-625, 2014. [click]

[11] B. Marx, D. Koenig, and J. Ragot, “Design of observers
for Takagi-Sugeno descriptor systems with unknown inputs
and application to fault diagnosis,” IET Control Theory and
Applications, vol. 1, no. 5, pp. 1487-1495, 2007. [click]

[12] W. J. Chang, C. C. Ku, and F. C. Ku, “Observer feed-
back fuzzy control with passivity property for discrete-time
affine Takagi-Sugeno fuzzy models,” Proc. of the Institu-
tion of Mechanical Engineers, Part I: J. Systems and Con-
trol Engineering, vol. 224, no. I4, pp. 387-401, 2010.

[13] W. J. Chang, W. Y. Wu, and C. C. Ku, “Constrained
fuzzy control via state observer feedback for discrete-time
Takagi-Sugeno fuzzy systems with multiplicative noises,”
ISA Trans., vol. 50, no. 1, pp. 37-43, 2011.

[14] M. Chadi and H. R. Karimi, “Robust observer design for
unknown inputs Takagi-Sugeno models,” IEEE Trans. on
Fuzzy Systems, vol. 21, no. 1, pp. 158-164, 2013. [click]

[15] Y. H. Choi and S. J. Yoo, “A simple fuzzy-approximation-
based adaptive control of uncertain unmanned helicopters,”
International Journal Control, Automation and Systems,
vol. 14, no. 1, pp. 340-349, 2016. [click]

[16] L. Liu, Z. S. Wang, Z. J. Huang, and H. G. Zhang, “Adap-
tive predefined performance control for MIMO systems
with unknown direction via generlized fuzzy hyperbolic
model,” IEEE Trans. on Fuzzy Systems, in press, 2016.

[17] S. Boyd, L. E. Ghaoui, E. Feron, and V. Balakrishnan,
Linear Matrix Inequalities in System and Control Theory,
SIAM, Philadelphia, PA, 1994.

[18] A. Pisano and E. Usai, “Sliding mode control: a survey
with applications in math,” Mathematics and Computers in
Simulation, vol. 81, no. 5, pp. 954-979, 2011. [click]

[19] J. Yang, Q. L. Wang, and Y. Li, “Sliding mode variable
structure control theory: a survey,” Proc. of the 31st Chi-
nese Control Conference, Hefei, China, pp. 3197-3202,
2012.

[20] N. Sun, Y. Fang, and H. Chen, “A novel sliding mode con-
trol method for an inertia wheel pendulum system,” Proc.
of 2015 International Workshop on Recent Advances in
Sliding Modes, Istanbul, Turkey, 2015.

[21] S. Delprat and A. F. de Loza, “High order sliding mode
control for hybrid vehicle stability,” International Journal
of Systems Science, vol. 45, no. 5, pp. 1202-1212, 2014.
[click]

[22] H. Alwi, C. Edwards, O. Stroosma, and J. A. Mulder,
“Fault tolerant sliding mode control design with piloted
simulator evaluation,” Journal of Guidance, Control, and
Dynamics, vol. 31, no. 5, pp. 1186-1201, 2008. [click]

[23] B. Cong, X. Liu, and Z. Chen, “Backstepping based adap-
tive sliding mode control for spacecraft attitude maneu-
vers,” Aerospace Science and Technology, vol. 30, no. 1,
pp. 1-7, 2013. [click]

[24] Y. H. Liu, T. G. Jia, Y. G. Niu, and Y. Y. Zou, “Design of
sliding mode control for a class of uncertain switched sys-
tems,” International Journal of Systems Science, vol. 46,
no. 6, pp. 993-1002, 2015. [click]

[25] C. Bonivento, L. Marconi, and R. Zanasi, “Output regu-
lation of nonlinear systems by sliding mode,” Automatica,
vol. 37, no. 4, pp. 535-542, 2001. [click]

[26] L. Yang and J. Yang, “Nonsingular fast terminal sliding-
mode control for nonlinear dynamical systems,” Interna-
tional Journal of Robust and Nonlinear Control, vol. 21,
no. 16, pp. 1865-1879, 2011. [click]

[27] C. L. Hwang, “A novel Takagi-Sugeno-based robust adap-
tive fuzzy sliding-mode controller,” IEEE Trans. on Fuzzy
Systems, vol. 12, no. 5, pp. 676-687, 2004. [click]

[28] K. J. Lin, “Adaptive sliding mode control design for a class
of uncertain singularly perturbed nonlinear systems,” In-
ternational Journal of Control, vol. 87, no. 2, pp. 432-439,
2014. [click]

[29] C. Han, G. Zhang, and L. Wu, “Sliding mode control of T-
S fuzzy descriptor systems with time-delay,” Journal of the
Franklin Institute - Engineering and Applied Mathematics,
vol. 349, no. 4, pp. 1430-1444, 2012.

[30] S. Bououden, M. Chadli ,and H. R. Karimi, “Fuzzy slid-
ing mode controller design using Takagi-Sugeno modelled
nonlinear systems,” Mathematical Problems in Engineer-
ing, vol. 2013, Article ID 734094, 7 pages, 2013. [click]

[31] Q. Gao, L. Liu, G. Feng, Y. Wang, and J. B. Qiu, “Universal
fuzzy integral sliding-mode controllers based on T-S fuzzy
models,” IEEE Trans. on Fuzzy Systems, vol. 22, no. 2, pp.
350-362, 2014. [click]

[32] G. Nadzinski, G. Vladev, and Y. Zheng, “A de-
sign of discrete-time SMC for nonlinear systems
based on fuzzy T-S model,” Intelligent Systems, DOI:
10.1109/IS.2012.6335236, pp. 317-324, 2012.

[33] Y. Zheng, Y. W. Jing, R. D. Hou, and T. Ren, “Discrete-
time fuzzy sliding mode control of nonlinear systems,” In-
telligent Control and Automation, vol. 1, pp. 997-1001,
2006. [click]

[34] J. Liu, P. Ming, and S. Li, “Consensus gain conditions of
stochastic multi-agent systems with communication noise,”
International Journal of Control, Automation and Systems,
vol. 14, no. 5, pp. 1223-1230, 2016.

[35] B. Jiang, C. Gao, and Y. Kao, “Stochastic admissibility
of singular Markovian jump systems with multiple time-
varying delays,” International Journal of Control, Automa-
tion and Systems, vol. 14, no. 5, pp. 1280-1288, 2016.
[click]

[36] X. Gao, L. Lian, and W. Qi, “H∞ control for stochas-
tic time-delayed Markovian switching systems with partly
known transition rates and input saturation,” International
Journal of Control, Automation and Systems, vol. 14, no.
4, pp. 637-646, 2016.

http://dx.doi.org/10.1049/iet-cta.2013.0171
http://dx.doi.org/10.1049/iet-cta:20060412
http://dx.doi.org/10.1109/TFUZZ.2012.2197215
http://dx.doi.org/10.1007/s12555-014-0517-2
http://dx.doi.org/10.1016/j.matcom.2010.10.003
http://dx.doi.org/10.1080/00207721.2012.745241
http://dx.doi.org/10.2514/1.35066
http://dx.doi.org/10.1016/j.ast.2013.05.005
http://dx.doi.org/10.1080/00207721.2013.803635
http://dx.doi.org/10.1016/S0005-1098(00)00184-9
http://dx.doi.org/10.1002/rnc.1666 View/save citation
http://dx.doi.org/10.1109/TFUZZ.2004.834811
http://dx.doi.org/10.1080/00207179.2013.841325
http://dx.doi.org/10.1155/2013/734094
http://dx.doi.org/10.1109/TFUZZ.2013.2254717
http://dx.doi.org/10.1109/WCICA.2006.1712494
http://dx.doi.org/10.1007/s12555-015-0180-2


1914 Wen-Jer Chang, Feng-Ling Hsu, and Cheung-Chieh Ku

[37] W. J. Chang and C. C. Shing, “Discrete fuzzy covariance
control for specified decay rate,” International Journal of
Systems Science, vol. 36, no. 4, pp. 201-208, 2005.

[38] Q. Song, Z. Zhao, and J. Yang, “Passivity and passification
for stochastic Takagi-Sugeno fuzzy systems with mixed
time-varying delays,” Neurocomputing, vol. 122, pp. 330-
337, 2013. [click]

[39] C. C. Ku and G. W. Chen, “Gain-Scheduled Controller
Design for Discrete-Time Linear Parameter Varying Sys-
tems with Multiplicative Noises,” International Journal of
Control, Automation and Systems, vol. 13, no. 6, pp. 1382-
1390, 2015.

[40] R. Skelton, T. Iwasaki, and K. Grigoriadis, A Unified Ap-
proach to Linear Control Design, Taylor & Francis, Lon-
don, UK, 1997.

[41] T. Iwasaki, R. E. Skelton, and M. Corless, “A recur-
sive construction algorithm for covariance control,” IEEE
Trans. on Automatic Control, vol. 43, no. 2, pp. 268-272,
1998. [click]

[42] W. J. Chang and S. M. Wu, “Continuous fuzzy controller
design subject to minimizing control input energy with out-
put variance constraints,” European Journal of Control,
vol. 11, no. 3, pp. 269-277, 2005. [click]

[43] W. J. Chang and S. M. Wu, “Covariance control for fuzzy-
based nonlinear stochastic systems,” International Journal
of Fuzzy Systems, vol. 5, no. 4, pp. 221-228, 2003.

[44] S. Baromand and B. Labibi, “Covariance control for
stochastic uncertain multivariable systems via sliding mode
control strategy,” IET Control Theory and Applications,
vol. 6, no. 3, pp. 349-356, 2012. [click]

[45] O. Kaneko and T. Fujii, “On discrete time nonnegative stor-
age functions and state functions,” Proc. of the 39th IEEE
Conference on Decision and Control, vol. 4, pp. 3169–
3174, 2000.

[46] J. Mohseni, E. Yaz, and K. Olejniczak, “State-dependent
LMI control of discrete-time nonlinear systems,” Proc. of
the 37th IEEE Conference on Decision and Control, vol. 4,
pp. 4626–4627, 1998.

[47] W. J. Chang, F. C. Ku, and C. C. Ku, “Observer-feedback
fuzzy control with passivity property for discrete-time
affine Takagi-Sugeno fuzzy model,” Proceedings of the In-
stitution of Mechanical Engineers, Part I: Journal of Sys-
tems and Control Engineering, vol. 224, no. 4, pp. 387-
401, 2010.

[48] K. Tanaka and M. Sano, “A robust stabilization problem
of fuzzy control systems and its application to backing up
control of a truck-trailer,” IEEE Trans. on Fuzzy Systems,
Vol.2, no. 2, pp. 119-134, 1994. [click]

[49] W. J. Chang and C. C. Shing, “LMI-based fuzzy controller
design with minimum upper bound input energy and state
variance constraints for discrete fuzzy stochastic systems,”
Journal of Intelligent & Fuzzy Systems, vol. 15, no. 2,
pp.115-124, 2004.

[50] S. J. Yoo, “Distributed adaptive containment control of
uncertain nonlinear multi-agent systems in strict-feedback
form,” Automatica, vol. 49, no. 7, pp. 2145-2153, 2013.
[click]

[51] S. J. Yoo, “Distributed consensus tracking for multiple un-
certain nonlinear strict-feedback systems under a directed
graph,” IEEE Trans. on Neural Networks and Learning
Systems, vol. 24, no. 4, pp. 666-672, 2013. [click]

[52] L. Liu, Z. S. Wang, and H. G. Zhang, “Adaptive dynamic
surface error constrained control for MIMO systems with
backlash-like hysteresis via prediction error technique,”
Nonlinear Dynamic, vol. 84, no. 4, pp. 1989-2002, 2016.

[53] L. Liu, Z. Wang, and H. Zhang, “Adaptive fault-tolerant
tracking control for MIMO discrete-time systems via re-
inforcement learning algorithm with less learning param-
eters,” IEEE Trans. on Automation Science and Engineer-
ing, in press, 2016.

[54] H. Li, J. Yu, C. Hilton, and H. Liu, “Adaptive sliding-mode
control for nonlinear actives suspension vehicle systems
using T-S fuzzy approach,” IEEE Trans. on Industrial Elec-
tronics, vol. 60, no. 8, pp. 676-687, 2013.

[55] W. Gao, Y. Wang, and A. Homaifa, “Discrete-time vari-
able structure control systems,” IEEE Trans. on Industrial
Electronics, vol. 42, no. 2, pp. 117-122, 1995. [click]

[56] A. Saghafinia, H. W. Ping, and M. N. Uddin, “Fuzzy
sliding mode control based on boundary layer theory for
chattering-free and robust induction motor drive,” Inter-
national Journal of Advanced Manufacturing Technology,
vol. 71, no. 1-4, pp. 57-68, 2014.

[57] A. Saghafinia, H. W. Ping, M. N. Uddin, and K. S. Gaeid,
“Adaptive fuzzy sliding-mode control into chattering-free
IM drive,” IEEE Trans. on Industry Applications, vol. 51,
no. 1, pp. 692-701, 2015. [click]

[58] M Asad, A. I. Bhatti, S. Iqbal, and Y. Asfia, “A smooth
integral sliding mode controller and disturbance estimator
design,” International Journal of Control, Automation and
Systems, vol. 13, no. 6, pp. 1326-1336, 2015. [click]

[59] J. L. Chang, S. Y. Lin, K. C. Chu, and M. S. Chen, “Lya-
punov stability analysis of second-order sliding-mode con-
trol and its application to chattering reduction,” Interna-
tional Journal of Control, Automation and Systems, vol.
14, no. 3, pp. 691-697, 2016. [click]
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