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Adaptive Neural Dynamic Surface Control for a General Class of Stochas-
tic Nonlinear Systems with Time Delays and Input Dead-zone

Wen-Jie Si*, Xun-De Dong, and Fei-Fei Yang

Abstract: This paper investigates adaptive tracking control for a more general class of stochastic nonlinear time-
delay systems with unknown input dead-zone. For the considered system, the drift and diffusion terms contain
time-delay state variables. In control design, Lyapunov-Krasovskii functionals are employed to handle unknown
time-delay terms. Then, unknown nonlinear functions are approximated by RBF neural networks, and the dynamic
surface control (DSC) technique is utilized to avoid the problem of explosion of complexity. At last, based on
the Lyapunov stability theory, a robust adaptive controller is designed to guarantee that all closed-loop signals are
bounded in probability and the tracking error converges to a small neighborhood of the origin. The simulation
example is presented to further show the effectiveness of the proposed approach.

Keywords: Dynamic surface control, input dead-zone, neural adaptive control, stochastic nonlinear systems, un-

known time delays.

1. INTRODUCTION

Stochastic disturbance and time delay appear in many
real systems, which may degrade system performance and
even cause instability [1]. To ensure the system stability
and control performance, the control design for stochastic
nonlinear systems with time delays needs to be studied.

Many studies have focused on the control of complex
systems [2,3]. However, these results were only suitable
for nonlinear systems in which the nonlinearities were
known or can be linearly parameterized. For the systems
with unknown nonlinear dynamics, both fuzzy logic sys-
tems (FLSs) and neural networks (NNs) have been proved
to be useful in control design [4-6]. In [7,8], the control of
the time-delay systems was presented via fuzzy logic. Hy-
brid feedback feedforward was presented based on neural
learning control in [9, 10]. The fuzzy H.. control was pre-
sented in [11], and [12] designed an interval type-2 con-
troller for discrete-time fuzzy systems. Stochastic non-
linear systems were considered in [13]. Recently, many
approximation-based control has also been developed to
deal with the control problem for stochastic nonlinear
time-delay systems [14—-16]. The above-mentioned full-
state feedback approaches in [14-16] require that all sys-
tem states are available. When states were unmeasurable,
an adaptive NN output-feedback controller was developed
in [17] for a class of stochastic nonlinear strict-feedback
systems with time delay. An observer-based adaptive con-

trol scheme was proposed in [18] for nonlinear stochastic
systems with full-state time delays.

Howeyver, the above-mentioned results do not consider
the effect of input nonlinearity. In [19, 20], the robust
adaptive control methods were used for nonlinear systems
with parametric uncertainties subject to the input deal-
zone, and the systems must satisfy linear parameterized
condition. Recently, when the knowledge of system func-
tions is unavailable, in order to handle unknown nonlinear
systems with input dead-zone, many adaptive controllers
have been proposed by [21-24]. In [25], adaptive fuzzy
backstepping output feedback tracking control was pre-
sented for multi-input and multi-output (MIMO) stochas-
tic nonlinear systems. The problem of adaptive decentral-
ized NN control was investigated in [26] for large-scale
stochastic nonlinear time-delay systems with input dead-
zone.

During the traditional backstepping design procedure,
repeated differentiations of virtual functions cause the ‘ex-
plosion of complexity’. Recently, to overcome this prob-
lem, a dynamic surface control (DSC) method has been
developed in [27]. Using the DSC technique, [28] pro-
posed a decentralized adaptive controller for a class of
large-scale nonlinear time-delay systems. The work in
[29] considered an adaptive fuzzy output-feedback back-
stepping control approach. The dynamic surface control
was incorporated to stochastic nonlinear systems in [30].
In [31,32], the composite learning was achieved via the
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DSC technique. Furthermore, when the states were un-
measured, in [33], the problem of adaptive neural DSC
method was addressed for nonstrict-feedback stochastic
nonlinear systems.

Motivated by these observations, we investigate the
problem of adaptive neural DSC for a more general class
of stochastic nonlinear systems with time delays and input
dead-zone. The drift and diffusion terms are the functions
of time-delay states and current states, which makes the
control design more difficult. The proposed controller can
guarantee the boundedness of the closed-loop system in
probability.

The main contributions lie in the following:

1) A general class of stochastic nonlinear time-delay sys-
tems is investigated, in which the drift and diffusion
terms are dependent on the states and time-delay states.
A Lyapunov-Krasovskii functional is introduced to
deal with the unknown time delays. The variable sepa-
ration technique and the neural networks approxima-
tion are effectively employed to design an adaptive
controller.

2) By using the DSC technique, the designed control
scheme can overcome the defect of "explosion of com-
plexity’. In addition, the norm of the unknown weight
vector itself is estimated in this paper. Therefore, the
proposed controller can reduce the number of learning
parameters, and reduce the computational burden.

The rest of the paper is organized as follows. In Sec-
tion 2, the preliminaries and problem formulation are pro-
vided. Section 3 presents an adaptive neural controller,
and the stability analysis is provided. Section 4 shows the
simulation example. Finally, this paper is concluded in
Section 5.

2. PRELIMINARY KNOWLEDGE AND SYSTEM
FORMULATION

2.1. Preliminaries
Consider the following stochastic nonlinear system

dx = f(x,t)dt + h(x,t)dw,Vx € R", )

where x € R" is the system state vector, f: R” x Rt — R",
h:R"x RT — R are locally Lipschitz. @ is an r-
dimensional independent standard Brownian motion de-
fined on the complete probability space(Q, F,{F,};>0,P)
with Q being a sample space, F being o—field, {F;};>¢
being a filtration, and P being a probability measure.
Definition 1 [34]: For any given positive function

V(x,t) € C?, associated with system (1), the differential
operator L is defined as:

LWL Y

e - T
5% 3 + axf+2Tr{h 8x2h}, 2)

where Tr(A) denotes A trace.

Lemma 1 (Young’s inequality) [35]: For V(x,y) € R?,
the following inequality holds:

< p| |p+ 1 | |q (3)
X X ,
V= p q€q Y

wheree>0,p>1,¢>1,(p—1)(g—1)=1.

Lemma 2 [36]: For 1 <i<nandt; > 0, define the set
A given by A := {z;||z| < 0.88141;}. Then, for z; ¢ A, the
inequality 1 —4tanh*(%) < 0 is satisfied.

2.2. System representation
Consider the following stochastic nonlinear time-delay
systems

dx; = (xip1 + (%) + filt, %i(2), %t —
+h (t,%(1),%(t — 7))do,
i=1,2,....n—1,
dx, = (u+ @ (x) + fu(t,x(2),x(t — 7)) )dt 0
+hl (t,x(t),x(t — 7,))d @,
u=D(v),
y(t) =x1(1),

where x; € R(i=1,...,n), u € R and y € R are the sys-
tem state variable, system input and output, respectively.
%= rr,eox)T, x =8, 0= [x1,..xT. @) are un-
known smooth nonlinear function. f;(-) and A;(-) are un-
known smooth functions. @ is defined in (1). 7; is the
unknown constant time delay term. u(v) € R is the system
input and the output of the dead zone, and the dead-zone
characteristic is described as D(v) with v being the input.

The main goal is to present an adaptive controller for the
system (4) such that y can track the desired signal y,(t),
and all closed-loop signals remain bounded.

Ti)))dt

Assumption 1: The desired signal y,(¢) and its nth or-
der y () are continuous and bounded.

Assumption 2 [37,38]: For nonlinear functions f; and
h;, there exist nonnegative smooth functions f;;, fi, hi
and A, such that

| fi(%i %i(t — )| < fir (%) + fia(X(t — 7)),
hi (%, X% (f — 7)) | < it (%) + haa ((f — 7). 5

According to Assumption (2), let p > 1, and based on
[39], the following inequalities are obtained as

(&5 — 1)) |” <277 (A () + fE (R — ),
i (%, % — ) [P < 2771 (fy (%) + By (3(e = ). (6)

2.3. Dead-zone characteristic

The dead-zone nonlinearity of the actuator can be de-
scribed as follows [0

hr(v_ br)a v 2 bra
D(v) =10, by <v<b,, @)
]’ll(V7bl), 1% S bl,
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where h,(+), h;(-) are unknown smooth functions.
According to [40], the dead-zone nonlinearity can be
rewritten as

w=D(v) = E()v+d(v), ®)
where Dmin S = S DmaX7 ||d(V)|| S d-.

2.4. RBF neural networks

In this paper, RBF NNs will be used to model any
continuous function f(Z) : R — R over a compact set
Qy C R? for given arbitrary accuracy €* > 0 as follows

f(2)=W*TS(2)+€(2),VZ € Qz, ©)
where W = [wy, wa, -, wl]T € R' is the neural
weight vector with / > 1 being the NN node number.
S(2) = [51(Z),52(Z),--- ,51(Z)]T is the basis function
vector with 5;(Z) = exp [—(Z—&)T(Z—&)/n?], where
& =1&1,&n, - ,&qy]" is the center of the receptive field
and 7 is the width of Gaussian function*!). W denotes
the estimate of W*, with W = W — W*.

3. ADAPTIVE CONTROLLER DESIGN

In this section, an adaptive control design and stabil-
ity analysis will be developed. To simplify the notations,
f[ = f,’(l‘,f,’(l‘),f[(l — Ti)), h; = h,’(f )E,( ) _,( ) For the
time-delay functions, 4;(x(r — 1;)) is denoted as h;(7;) and
filx(t — 7;)) is denoted as fi(T;).

The following coordinate transformation is used.

21 = X1 —Yd,%i = X — 01,5,
ei:ai,l,f—a,',l,i:2,...,n, (10)

where o;_; is the virtual control law, which will be devel-
oped later. e; is the first filter error. o_ y is the filtered
virtual control, we pass ;_; through the following first-
order filter

Bitdiir+ i1 =01, (1)

where f3; is a time constant.
Step 1: Define z; = x; — y,4, and its differential is
H=(ntet+a+¢ +fi—yao)dt+hido.  (12)
To obtain the filtered virtual control oy, we pass @

through a first-order filter, 8,01 f + &t = @, where 3, is
a time constant.

Deﬁne the filter output error e; = &y — 0. One has
0y r = — 2 and its differential is
= ﬁ
() aOC] T
dey =(———loy)dt+ —=—h,do (13)
B2 dy

where
Ja o
Loy :Tx:(xz—“m +f1)+879191
1 0%ay day day
- hYhy 4+ =——y4 + —Va. 14
292 1+ 8ydyd+ Rl (14)

Choose the following Lyapunov function candidate

1 4

vi= g

1

where Vj, is the Lyapunov-Krasovskii function in the fol-
lowing form

Vor =exp(—mt) [ exp(ms)¥i(xi(9)ds.  (16)

Vo1 is given by
Vor =—mVor +¥1(x1 (1))
—exp(—mT)¥i(x1 (t — 1)), (17)
where 7, is a positive constant and ¥ is given later.
Vi =z (2 + e+ o +¢1 +f1 —Ya)

3
+ ZlhThl—l— ( —lOtl)

ﬁz

da
lhTHz 79] 7'L']VQ]

all
+‘I’1(x1)—e‘”‘T"Pl(xl(t—Tl))). (18)
We choose Wi (x;(t — 71)) as
Wi (21 (1= 71)) =4exp(mn) fir(a (=)
+ 1dexp(m 1 )iy (x1 (t — 11)). (19)

Define a new function M,

+5—Vat af.y'd). (20)
Yd Yd

Obviously, M, is a smooth function, which has its maxi-
mum denoted by B;

3 1
< ey +-B (1)

3
—EM
M2 =yety

Define the following functions

Hy(x1) =W1(x1) + 207, (x1) 4+ 21 (x1 (1))

o
+6h11(x1)+462( ayl) + 661, (x1)

1A 2 0)+ G

(22)

+
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Now, choose the virtual control law «; as

o = —kizi — 91ST(Z1)S(ZI)Z? +Ya, (23)

22

where k; and a; are positive constants with the parameter
b being specified later.
Define the adaptive law as follows:

A rib ~
6 = 212‘ A$81(2)81(Z1) — 0161, (24)

where o is a positive constant.

LV, <z (0 + ¢

H](xl) 3 (%) 14
+ +&(—5)+-2
o))t

1 6,
+4BQ +e 2+*91*ﬂ1VQ1. (25)

—ya+321

Define the unknown function Fj (x;):

Fi(x)) = ¢, + —tanh4(ll VH,, (26)

4
where 1; is a positive parameter.

It is shown in (25) the unknown term is not well de-

fined at z; = 0. The hyperbolic tangent functlon tanh($)
is introduced here.
A RBF NN W; TS| is employed to approximate F;

=WTS1(Z) +e(Z), e (Z)] < &, 27
where Z; = [xy, 6, v4)T and €(Z;) is the approximation
error.

The following inequality holds:
b 1 3 1
ah <o '2 A0iSiSi+ Jai+ 33+ et @)
where |W/'||*> = b, 6;. Considering 6; = 6; — 67, one has:
. éZ 9*2
~26,6 < - 2L 4 A (29)
ry 2]‘1 21’1
Considering (29), one yields
3 1 1
Wy < (k=3 )t = (5 = Deb+ 53
16} 6% 1 2l 1 .
— &+ -B
2 2 24" +4 :
—mVor + (1 —4tanh4(l—))H1. (30)
1

Stepi (2 <i<n—1): At this step, similar to (30), we
can obtain a result as

i—1

Vio 1—V1+Z Z+1

1 62+VQ,) (31)

ej+1 +

We have

i—1

=) (k= 4)g

j=2

—Z ——1 )el +iz +Z 3*4

’1692 -1 5.0%2 1 1
J JYj

— = €
2r; S 2r; 3 ,+4 i)

J=1 J=1

3
LV <—(ky — 34)

i—1

+ (fﬂ:jVQjJr(l74tanh4(?))HJ-). (32)

J

~.
Il
-

In the following, we will prove that (32) holds for ith
Lyapunov function defined as follows:

1 -
—67 + Vo, (33)

1 1
V V]"‘ Z+ el+l+2}"il

47 4
where Vjy; is the Lyapunov-Krasovskii function given as
follows:

t
Vi = exp(— ) / exp(765)W: (%:(s) ) ds. (34)
Jt—1;
Then, its time derivative is

VQ,‘ =—mVoi+ lPi()fi(t))
— exp(—mr,-)‘l’i(x,-(t — T,‘))), (35)

where 7; is a positive constant, the positive function ¥, is
defined later to cancel the time-delay terms.

A similar procedure is recursively employed for each
step i, define z; = x; — 1 s, with the first-order filter
0,1 ¢ being defined as the (i — 1)th step. Let the virtual
control law ¢;_; pass through it with time constant f3;, i.e.
[3,’06,',17]0—"- Q1,5 = 01, (X,‘,Lf(()) = 061;1(0), one can ob-
tain that

E\dt + hido.

dzi = (zip1 e + G+ @i+ fi+ B,

(36)

Define the output of this filter as ;1| = ¢ y — ;. It yields
that (xi—lﬁf = —E,‘/ﬁi. Its differential is

i

deir1 = (—eiv1/Bir1 —loy)d Z, (37
where
lai:i%(xj+l+¢j+fj)
j=19%j
+Za% Z{);y‘é;) [<11+1)
+;pi aipg;qh; ‘1+Z aaal e G8)
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Define W;(x;(t — 7;)) in (35) as

Z 8exp(mT; HhJZ(xJ(Tj))H

+ Z 2exp(mT) || £ (x; () |*

j=1
+2exp(mT) f3(%:(T))
+ 6exp(mT) b (%i(T)). (39)

Fori=2,...,n—1, define the following functions

i1 = Z
n Z 804,

oayd

806, aal
xj+1 +¢] + Z

9 »
(J+1+Zaa (le (40)

where M, is a smooth functions, which has its maximum
denoted by Bj, ;.

1
B (41)

34
—e} My < I 1+1+4 il

Define the following nonlinear function H; as

H5) =Wi(5) + ek 273 (5(0) + 60 (5)

3,4 Ba
+Z let+1 xl
J

+ Z6Hhﬂ (xO)I*

+Z z+18 22f41 xj

21,6 8 o 2
+;;4|e5+1]/78xjaxk| . (42)

Design the virtual control function as

0.5T(2)S/(Z)2) — ;— (43)

where k; and qg; are positive constants with b; being a de-
sign parameter defined later.

= —kiz; — a 2

LV; <LV +323(~ (ki — 3)zi +

H;(x;) 1 1
1
+ Z? ) (wH-l + ) I+1+4 t+1
1 0,
+ 4zf‘+1+ 6 — mVy:. (44)

Similar to Step 1, the unknown term E tanh4( {)H; can

be approximated by RBF neural network.
Define the unknown nonlinear function F;(%;):

_ 4 Zi
E(Xl‘) = ?tanh4(?)Hi+¢i, (45)

i

where 1; a positive design parameter.
A RBF NN W:TS; is employed to approximate F;

F=W"8,(2) +&(Z),|a(z)| < €, (46)

where Z; = [X] sy Xiy 0, gy 0, s (Xif]T, Si(Zi) is the ap-
proximation error.

The following inequality holds:

b; 50757 1 3, 1
SF < —=2007STS; 47
7 Za, +2al+4z +4e, , 47
where | W7 ||> = b,;6; .
The adaptive law:
A rib; 64T(7 ~
6,' = 2a 2 lSl ( ,)S,‘(Zi) —6,~6,-. (48)
Considering 0, = é,- — 6/, one has:
Ci ~ A 0,602 0,02
~ 2166, < 200 L 200 (49)
ri 2}”,' 27‘,’
Then, one has
3.4 : 4
LV; < — (ky —3Z)z1 =Y (kj—4)z;
j=2

“ VY (— —De* A S
;(ﬁj+l )ej+1 + 4Zz+1 Z 2Vj

J=1

1 i 69*2 1 1
Ty ,H+J):( 2, T2 4+ 5¢)

Z( TV + 1—4tanh4(l)) H;). (50)
j=1 J

Step n: This is the final step, the actual control u(v)
will be given. Define z, = x, — 0,1 r, and by Ité formula,
we have

Az = (E0)v+d(v) + ¢u(x) + f + %)dt + hydao.
(5D
Take the stochastic Lyapunov function
V=V + 2at b 5824 Vo (52)
4 2r,

where the Lyapunov-Krasovskii function Vyp, is defined as

t
Von = exp(—T,t) / exp(7,s) P, (x(s))ds,  (53)
t—1T,
and its derivative is

VQn = nnVQn + an (-fn (l))
—exp(—m, T, )V (%, (t — 7)), (54)

where 7, is a positive constant and ¥, is defined later.
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Then, by the Ito differentiation formula, it yields

Ly = Wy 1 423 ( (v +d(v >+¢n<x)+fn+;';)

3 1 . x .
+ Ez,%hzhn + 8,0, + Von, (55)

n

S < 202G -T), 656

fz2hTh < Ja 00 (8) + 60 (%t — 7). (57)

The actual controller v is designed as

1 b,
V= ;(_knzn 2 2

6,57 (Z, >s<zn>zi—;—">, (58)

where g, = Duin. kn, b, and a,, are positive constants, and
the adaptive law

A

Tuby,
2 2888(2,)S(2,) — 6,6, (59)

6, =

Considering 6, = é,, — 6,, one has:

O, ~ ~ 0,0? 0,62
—;6,,6,, <-— o T (60)
The following inequality holds
5d(v) = i n+id*4 (61)
The function ¥, (%,,(t — 7,)) in (53) is defined as
W (% (7)) =2exp(TTa) fo (B (7,
+ 6exp(7, T, )ity (% (1)) (62)
Define the following the nonlinear function H,, as
H, =¥, (%,) + 215 (1)) + 6h, (%), (63)
LV, = LV, 1+ 25(— (ka + %)zn +¢n(x) + %)
+ %d*“ — Vo + rién 0,. (64)

Similarly, the unknown term = tanh4( )Hn can be ap-
proximated by neural network.
Define the unknown nonlinear function F,

4 4,%n
Z—3tanh (l—)Hn. (65)

n n

Fy(%,) = @u(x) +
The RBFNN can be used to approximate F, as
Fy =W, S,(Z) + €(Z0), |€(Z0)| < €5, (66)

where Z, = [x1,...,%,, 6,,....6,, ar]", €.(Z,) is is the ap-

proximation error.

The following inequality holds:

1 3, 1
6 T *4
Y 2 2,0,8,Sn +2an+4z —|—4£n , (67)

where ||W||> = b,6;.
Substituting the above inequality into (64), we have

1 1
LV, <LV, | — (k,—3)7' + —a> + —&*

2 n 4 n
1 0,602 0,07
*d*4 o nV y— n%n nn
M (i PR
+(1 —4tanh4(i—"))Hn. (68)

n

Based on (50), (68) and Ito differentiation rule, the fol-
lowing inequality can be obtained

3.4 % 4
LV <-— (k] 31)Z1 - g(k,—4)2,

1 4 < *4 1 *4
= (kn=37)2— Z—l—le—i—z (Bt

L 0,67 02 1
i tVi i -2
+; T QH;( 2 T2
1 < 4/%i
—g 1 —4tanh H; 69
380+ L1 -4 (0)) (69)
Given ¢; > 0(i=1,...,n), ;1 >0 =1,....n—1),
such that
C]=k1—15/4,6’,‘:k,'—4-,l':2,...,n—17
1
o =ky—13/4,1i = ——1,i=1,....n—1.
Bis1
Then, one has
LVS—%V+B+Z(l—4tanh4(%))H,~, (70)
i=1 i
where oy = min{4c,,4l,76,77r,} i=1,....n, B =
n (1a2+ 8*4+ )_|_Zn B*4+ ld*4 For the

last term of (70) the further dlscussmn W111 be given.

Theorem 1: Consider the closed-loop system consist-
ing of plant (4), the controller (58) together with the vir-
tual control signals (23), (43) and adaptive laws (24), (48),
(59) under Assumptions 1, 2. For bounded initial condi-
tions, there exist suitable design parameters c;, I;, ©;, T;
such that all closed-loop signals remain bounded in prob-
ability, and the tracking errors can be arbitrarily small.

Proof: For the last term in (70), it is obvious that it can
be rewritten as follows

n

Y. (1 —4tanh*(3))H,

i=1 Li
=Y - Atanh*(Z))H; + Y ( (1—4tanh*(2))H,;
ZEN; l’ Zi¢A; Li

=&+, (71)
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where
&= (1—4tanh*(Z))H,
ZiEA; li
&E=Y (174tanh4(?))Hi. (72)
Zi¢A; i

For z; ¢ A;, by Lemma 2 and H; > 0, we can get that &; <
0. For z; € A;, |z| < 0.8814v; with 1; being a positive
constant, z; is bounded and &; is also bounded.

Furthermore, there exists a positive constant *, such
that |8 + &;| < B*. Thus, (70) is rearranged as

LV < —ogV + B*. (73)

Thus, from Lemma 2 and (73), all the signals of the
closed-loop system are bounded. g

4. SIMULATION RESULTS

Consider the following second-order stochastic time-
delay system.

dx; = (x +xpe(705%1)

“!‘X%(l — Tl)cos(xlxl (l — Tl)))dl

2
X1

T b
dxy = (u(v) +x13 + all Gl )zxg(t 2_ 2} )dt
1 +x7+x5
+0.6 sin(x% +X%)X1 (l — Tz)Xz(t — Tz)dw,

(74)

where @ is chosen as the one-dimensional Gaussian white
nose with zero mean and variance 1. 7; and 7, are time-
delay terms, with 7, = 3, 7, = 1. u is defined as follows:

1.2(v=1.3), v>1.3,
u=D(v)=<¢ 0, —-06<v<1.3, (75
1.5(v+0.6), v<-0.6.

The system output y tracks the ideal reference signal
ya = 0.8sin(z).

The initial conditions [x;(0),x2(0)]T
[61(0),6:(0)]" = [0,0]".

In the simulation, the design parameters are taken as
follows as: k1 =30, kb, =20, ri =1, =12, a1 =2,
a=2,b1=1,by=1, 60 =0.1, 6o = 0.3. Base on the
control design, we construct the RBF NNs W,'S;(Z;) us-
ing 5° nodes, with the width 1; = 0.95 and W,'S,(Z,) us-
ing 3° nodes, with the width 1, = 1.49

The simulation results are shown in Figs. 1-4. From
the simulation results, all the signals in the closed-loop
system are bounded.
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5.  CONCLUSIONS

In this study, the adaptive neural DSC has been pre-
sented for a more general class of stochastic nonlinear
time-delayed systems with unknown input dead-zone. The
drift and diffusion terms of the controlled system are de-
pendent on the states and time-delay variables. It has been
shown that the proposed controller can guarantee that all
signals in the closed-loop systems are bounded in proba-
bility.
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