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Stable Assist-as-needed Controller Design for a Planar Cable-driven
Robotic System
Hamed Jabbari Asl and Jungwon Yoon*

Abstract: Robot-assisted rehabilitation systems have shown promising advantages over traditional therapist-based
methods. The type of the controller has an important role in the efficiency of such systems. In this regard, this
paper presents a new assist-as-needed (AAN) controller for 4-cable planar robots. The main purpose is to design
a bounded-input AAN controller with an adjustable assistance level and a guaranteed closed-loop stability. The
proposed controller involves the advantages of both the model-based and non-model-based AAN controllers, and in
this way can increase the efficiency of rehabilitation. The controller aims to follow a desired trajectory by allowing
an adjustable tracking error, which enables the human subject to freely move the target limb inside this error area.
This feature of the controller gives an important advantage over the existing model-based controllers. The controller
also compensates for the dynamic modeling uncertainties of the system through an adaptive neural network. The
adaptive term includes a forgetting factor to adjust the assistance level of neural network term. The stability of the
closed-loop system is analysed, and the uniformly ultimately bounded stability is proven. The effectiveness of the
proposed control scheme is validated through simulations conducted for gait rehabilitation.

Keywords: Adaptive control, assist-as-needed control, neural network, parallel robot, rehabilitation.

1. INTRODUCTION

Patients with neurological injuries, which are primarily
caused by stroke, suffer from serious muscle weakness.
Limitation in movement of the both upper and lower limbs
is a prevalent problem in such patients. Physical therapy,
including rehabilitation, has been proven to have signifi-
cant impact on the recovery of these patients. In this re-
gard, intensive training is noted to be a crucial factor to
achieve an effective rehabilitation [1]. Such training usu-
ally includes the repetition of a movement which involves
the muscles affected by the neurological injury. Robotic
training systems have shown great advantages over the tra-
ditional methods, which are performed manually by phys-
iotherapists [2]. These systems can facilitate repetitive
training for longer duration, and provide useful informa-
tion for post-processing and analysis from the attached on-
board sensors. The robotic systems can be applied in as-
sistive, challenge-based, simulation, and coaching strate-
gies [3].

One classification for training robots is done based on
the structure of the robot. In this view, the robots are
classified as either exoskeleton type or end-effector type
[4]. In the first type, the robot covers the target limb
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and applies a force to several segments of it, while in
the end-effector type, there is only a single interface be-
tween the robot and the subject. In another classification,
they are considered as either active, where the robot’s ac-
tive actuators apply a force to move the limb, or passive,
where a human subject moves the limb with passive sup-
port of the robot [5]. Most recent assistive robotic sys-
tems are equipped with actuators, since they are easily
programmable and give versatile functionality to adapt for
different human subjects with various levels of injury. For
example, in [6] a treadmill-based robotic training system
is developed for gait rehabilitation. A similar commercial-
ized system is Lokomat [7]. A cable-driven arm exoskele-
ton is introduced in [4]. Pneu-WREX is another robotic
orthosis for re-training arm movement [8].

Controller design is one of the main challenges of de-
veloping assistive robots. The type of controller plays an
important role in the efficiency of the system in increas-
ing the patient recovery. One approach to deal with this
issue is to design a stiff controller for the robot to follow a
predetermined movement pattern, such that the patient is
not allowed to have active participation to achieve an ap-
propriate pattern. Although this method is effective in the
early stages of treatment for the patients with high level of
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injury, the outcomes of the research in [9] reveal that this
approach, however, is less effective in the next stages com-
paring to the traditional treatments by physiotherapists.

One approach to solve the aforementioned problem is
to allow the patient to attempt for the movement beside
the assistance of the robot. In the literature, this method is
called “assist-as-needed" (AAN), and refers to the control
strategies in which the output of the controller becomes
smaller when the human subject can follow the desired
movement pattern [5, 7, 10–13]. First effort in applying
such algorithm was the use of impedance controller [7].
An AAN controller is also reported in [5] for gait rehabil-
itation. In this research, a virtual wall is defined around
the desired gait pattern and the robot tries to keep the pa-
tient’s foot inside a tunnel defined by the wall. The con-
troller includes a gravity compensation term, and some in-
tuitive terms to generate an adjustable virtual wall, where
the wide of the tunnel defines the level of freedom of the
patient in generating the movement. A similar approach
is tested and validated on mice [12], and followed in [14]
with considering a path control problem.

In order to guarantee the stability of the AAN sys-
tems in the presence of dynamic modeling uncertainties,
[15] has proposed a model-based adaptive AAN con-
troller. This controller includes a proportional-derivative
(PD) impedance controller with an adaptive term to com-
pensate for the unknown parametric uncertainties of the
system, which mainly include the gravity information.
The adaptation law involves a forgetting factor, which de-
creases the imposed assistance by the adaptive term when
the tracking error of the desired gait pattern is small, lead-
ing to an AAN performance. Another adaptive model-
based controller is proposed in [16] for arm rehabilita-
tion. To achieve an AAN property, the controller is de-
signed such that the closed-loop system is uniformly ul-
timately bounded; i.e., the tracking error converges to a
close neighborhood of the origin.

In the above-mentioned model-based controllers, the
PD term usually produces the main output of the con-
troller. This term is zero only when the tracking error is
zero, which generally does not happen in practice, and lin-
early increases, with a slope defined by the control gains,
as the error increases . Consequently, the concept of “free-
dom tunnel", existing in non-model-based approaches, is
not fully satisfied in these model-based controllers. Also,
in these controllers, the regressor matrix is required to de-
rive an adaptive law for parameter estimation. This ma-
trix is usually difficult to determine in practice, and hence,
Gaussian radial basis functions are utilized to estimate it;
however, the estimation error is not taken into account in
the stability analysis. Moreover, the structure of the con-
trollers are not a priori bounded, which means that the
saturation level of the actuators are not considered is the
stability analysis.

Cable-driven parallel robots (CDPRs) are a class of par-

allel robotic manipulators, in which the end-effector is
moved by means of cables. In such systems, the cables
are attached to fixed actuators in one end and to the end-
effector in the other end, which can change the length
of the cables and pose of the end-effector accordingly
[17, 18]. These robots introduce many advantages over
exoskeleton robots for rehabilitation [19]. For example,
they are too much lighter and have low movement inertia
comparing to the exoskeleton robotic systems. In addi-
tion, similar to end-effector-based structures, these robots
move the target limb by directly exerting force to the limb,
instead of actuating the joints [4]. Motivated by these ad-
vantages, many researches have been devoted to the use of
CDPRs for rehabilitation; e.g., [20–23].

In this paper, the problem of AAN controller design
for planar CDPRs is addressed. The main objective is to
develop a theoretical framework for stable bounded-input
AAN controller design to follow a predetermined motion
trajectory in the presence of uncertainties in the dynamic
model of the system. The proposed approach can synthe-
size the advantages of the model-based and non-model-
based AAN controllers in order to achieve a more efficient
and robust rehabilitation system. The controller includes
a bounded PD-like term with dead-zone area, which, anal-
ogous to non-model-based methods, produces a tunnel of
freedom for the motion of the target limb inside the dead-
zone area. The controller also involves an adaptive neu-
ral network (NN) term to compensate for the unknown
dynamics of the system. Similar to the existing adaptive
model-based AAN controllers, the NN term has a forget-
ting factor to decrease its output level for small values of
tracking error. The stability of the closed-loop system is
well studied and the uniformly ultimately bounded stabil-
ity is guaranteed. Simulation results are presented to show
the effectiveness of the controller.

The rest of the paper is organized as follows: Section 2
presents the kinematic and dynamic models of the 4-cable
planar robots. The proposed AAN controller is given in
Section 3, where also the stability of the system is studied.
Section 4 presents simulation results, and finally conclu-
sions are given in Section 5.

2. THE ROBOT AND ITS EQUATIONS OF
MOTION

CDPRs have shown interesting advantages over the
conventional rigid-link robotic systems for rehabilitation
applications. Low mass and inertia are the main motiva-
tions to use them as assitive robots. Therefore, in this pa-
per, AAN controller design is studied for a 4-cable planar
robot, which can be applied for gait rehabilitation [19].

A schematic diagram illustrating the basic concept of
the use of a 4-cable planar parallel robot in treadmill gait
rehabilitation is shown in Fig. 1. In this configuration, the
shank is considered as the end-effector, and its movement
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Fig. 1. A configuration of a cable-deriven parallel robot
with a treadmill for gait rehabilitation.

on sagittal plane is controlled by four cables. This config-
uration can generate all possible three degrees of freedom
movement in the plane for the end-effector, and the leg
accordingly. For the CDPRs, there is a wrench-closure
workspace which is defined as a set of feasible poses for
the robot, which can be balanced by the tension force of
the cables [24]. There is a large literature in extracting
the wrench-closure workspace of the CDPRs; see e.g. [25]
and the references therein. In this paper, in the study of
the controller design for the CDPR, it is assumed that the
robot trajectory is inside the wrench-closure workspace.

To describe the equations of motion, as shown in
Fig. 1, two coordinate frames are considered, i.e., a base
frame A ≜ {Oa,Xa,Ya}, and a end-effector frame B ≜
{Ob,Xb,Yb}. The position and orientation of B with re-
spect to A are respectively expressed by the vector qp ≜
[x y]⊤, and the rotation matrix R : B → A associated to
angle ϕ , which is given by

R =

[
cos(ϕ) −sin(ϕ)
sin(ϕ) cos(ϕ)

]
.

The ith cable is attached to its base at the point Ai ≜
[Aix Aiy]

⊤, and to the end-effector at the point Bi ≜
[Bix Biy]

⊤, both with respect to the A frame. Based on
this notation, the cable length li is defined as the distance
between Ai and Bi. By defining ω as the angular velocity,
the following relation can be obtained for the time deriva-
tives of the cable lengths [26]:

ℓ̇= J[q̇⊤
p ω]⊤,

where ℓ̇≜ [l̇1 · · · l̇4]⊤, and the Jacobian matrix J ∈ ℜ4×3 is
given by

J ≜ [L1/l1 · · · L4/l4]⊤,

where Li ≜ [s⊤i c3]
⊤ ∈ ℜ3×1 for i = 1, · · · ,4, with si ≜

Bi −Ai ∈ ℜ2, and c3 ∈ ℜ denoting the third element of
c ≜ [b⊤

i 0]⊤× [s⊤i 0]⊤ ∈ ℜ3, in which bi ≜ Bi −qp ∈ ℜ2.

Considering q ≜ [x y ϕ ]⊤ ∈ ℜ3 as the generalized coor-
dinates vector for the pose of the end-effector, the dynamic
model of the cable-driven robot can be written as [27]

Mq̈+G+Fd q̇+Fs (q̇)+Td = τs −J⊤τ , (1)

where τ = [τ1 · · ·τ4]
⊤ ∈ ℜ4 denotes the vector of tension

force, τs ∈ ℜ3 is the applied wrench by the subject, Fd ∈
ℜ3×3 is the constant viscous friction coefficient matrix,
Fs (q̇) ∈ ℜ3 is the Coulomb friction, Td ∈ ℜ3 is a time-
varying disturbance term, and M ∈ ℜ3×3 and G ∈ ℜ3 are
respectively the inertia matrix and gravity vector, which
are given by

M ≜

 m 0 0
0 m 0
0 0 I

 , G ≜

 0
mg
0

 ,

where m and I are respectively the mass and inertia of the
end-effector, and g is the gravity acceleration [28]. The
dynamics (1) have the following property.

Property 1: The friction terms can be bounded as

∥Fd q̇+Fs (q̇)∥ ≤ ζ fd ∥q̇∥+ζ fs

where ζ fd ,ζ fs ∈ ℜ are positive constants, and ∥·∥ denotes
the Euclidean norm.

Also the following assumption is considered for the dy-
namic equation (1).

Assumption 1: The unmodeled dynamics and applied
torque by the human subject are bounded such that [29,30]

∥Td (t)∥ ≤ ζd ,

∥τs(t)∥ ≤ ζs,

where ζd ,ζs ∈ ℜ+ are positive constants.

The cables are driven by rotary motors, whose dynam-
ics are usually compensated through high-gain servo loops
to follow the desired torques, having voltage or current as
their input.

3. AAN CONTROLLER

In this section, an AAN controller is proposed. First,
having a desired motion trajectory, error dynamics are de-
veloped, and then an AAN controller is designed to regu-
late these dynamics. The controller utilizes a smooth sat-
urated function with dead-zone area to generate a “free-
dom tunnel" around the desired trajectory, and also the
controller implements an AAN NN to compensate for
unknown dynamics of the system. The stability of the
closed-loop system is studied at the end of this section.

3.1. Open-loop dynamics and NN estimation
To design the controller, the error signal e =

[e1 e2 e3]
⊤ ∈ ℜ3 is defined as e ≜ q−qd , where qd ∈ ℜ3

denotes the vector of desired trajectory. The following
property is assumed for the desired trajectory.
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Assumption 2: The movement pattern of the limb
is such that qd (t), q̇d (t) and q̈d (t) are bounded; i.e.,
qd (t) , q̇d (t) , q̈d (t) ∈ L∞.

By differentiating e for two times, premultiplying by
M, and using (1), the dynamics of the error signal can be
written as

Më=−Fd q̇−Fs (q̇)−G−Td −Mq̈d +τs−J⊤τ . (2)

To aid the controller design, the filtered error r ∈ ℜ3 is
defined as follows:

r ≜ ė+ηe, (3)

where η ∈ ℜ+ is a constant adjustable gain. Now, the
open-loop tracking error system can be developed by com-
puting the time derivative of (3), and using (2) to obtain
the following:

Mṙ = f−Td +τs −J⊤τ , (4)

where the auxiliary function f ∈ ℜ3 is defined as

f ≜ M(η ė− q̈d)−Fd q̇−Fs(q̇)−G. (5)

The expression in (5) can be represented by a single-
layer radial basis function NN (RBFNN) over a compact
set Ω as [31, 32]

f(z) = W⊤σ(z)+ε(z), (6)

where z(t) ∈ ℜN1 , with N1 = 13, is defined as z ≜[
1 e⊤ ė⊤ q̇⊤

d q̈⊤
d

]⊤, W ∈ ℜL×3 is a bounded constant ideal
weight matrix with L denoting the number of neurons,
ε(z) ∈ ℜ3 is the functional reconstruction error, and
σ(z) ∈ ℜL is the vector of activation function, which is
defined as

σ(z)≜ [σ1(z) σ2(z) · · · σL(z)]⊤

with the basis gaussian functions σi(·) for i = 1,2, · · · ,L,
given by σi(z) ≜ ∏N1

k=1 e−(zk−µik)
2/2pik , where zk, µik, and

pik are, respectively, the k-th components of z, the mean
vector µi ∈ ℜN1 , and the corresponding diagonal covari-
ance matrix Pi = diag{pik} ∈ ℜN1×N1 . The following up-
per bound can be considered for the weight matrix over
the compact set Ω [33, 34]

∥W∥2
F ≜ tr

(
W⊤W

)
≤WB,

where WB ∈ ℜ+ is a positive constant, tr(·) denotes the
trace of a matrix, and ∥·∥F denotes the Frobenius norm of
a matrix.

Based on (6), a typical one-layer NN approximation for
the function f is given as [33]:

f̂(z)≜ Ŵ⊤σ(z), (7)

where Ŵ(t)∈ℜL×3 is the subsequently designed estimate
of the ideal weight matrix. Denoting the estimate mis-
match for the ideal weight matrix by W̃(t) ∈ ℜL×3, and
defining it as W̃ ≜ W−Ŵ, one can write the function ap-
proximation error as follows:

f− f̂ = W̃⊤σ(z)+ε(z). (8)

Property 2: The following bound can be considered
for ε(z) over the compact set Ω [33, 35]:

∥ε(z)∥ ≤ εN ,

where εN ∈ ℜ+ is a positive constant.

3.2. Controller design
To implement the AAN idea, in this paper the continu-

ous saturated dead-zone function tanh(γx3), ∀x ∈ ℜ and
γ ∈ ℜ+, will be utilized, where the positive constant γ
can be used to adjust the dead-zone area. As shown in
Fig. 2, when the function is multiplied by a constant pos-
itive gain k, the scale of γ/k can be used in the argument
of the function to achieve almost the same value as in
tanh(γx3) in the small neighborhood of the origin, which
is denoted in the figure by ℏ. In practice, considering the
dead-zone of the actuators, this small boundary can be as-
sumed as “zero" output; i.e., when τi ≤ ℏ (i = 1 · · ·4 for
the studied robot), the corresponding output force is al-
most zero. Therefore, the dead-zone area can be defined
as ΩD ≜

{
x|
∣∣tanh(γx3)

∣∣≤ ℏ
}

. The use of this smooth
dead-zone function in the controller will facilitate to add
a tunnel of freedom around the desired trajectory, where a
subject can arbitrarily move the target limb.

Remark 1: Although the function tanh(γx3) is nonlin-
ear, outside the dead-zone area until reaching the satura-
tion level it can be considered as a quasi-linear function.
Therefore, in the rehabilitation applications, the feeling
of the human subject in interaction with the robot will be
more natural in comparision to the use of nonlinear control
gains as implemented in [16].

For the case of n-dimensional robot, the function
Tanh(γϖ(·)) will be utilized, where the vector function
ϖ(·) is defined as ϖ(x) ≜ x⊙ x⊙ x, ∀x ∈ ℜn, with ⊙
denoting the element-wise vector product, and Tanh(x) is
defined as

Tanh(x)≜ [tanh(x1) · · · tanh(xn)]
⊤ ,

for all x= [x1 · · ·xn]
⊤ ∈ℜn. Inspired from [36], the follow-

ing properties can be derived for the saturated dead-zone
function.

Property 3: ∀x ∈ ℜn and γ ∈ ℜ+, Tanh(γϖ(x)) has
the following properties:

(i) ∥Tanh(γϖ(x))∥ ≤
√

n;
(ii) x⊤Tanh(γϖ(x))> 0, ∀x ̸= 0;
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Fig. 2. Deadzone function k tanh(γx3/k) (for γ = 0.01,
k = 1.5) and its comparison with tanh(x).

(iii) ∥Tanh(γϖ(x))∥ ≤ ∥x∥, ∀γ < γM;
(iv) ∥Tanh(γϖ(x))∥2 ≤ x⊤Tanh(γϖ(x)), ∀γ < γM;
(v)

∫ x
0 Tanh⊤(γϖ(x̄))dx̄ →∞ as ∥x∥→ ∞;

(vi) d
dx tanh(γx3)≤ εM < ∞, ∀x ∈ ℜ;

(vii)
∫ x

0 Tanh⊤(γϖ(x̄))dx̄ ≤ γ1/3

2 ∥x∥2;
(viii) tanh2( γ

n3/2 ∥x∥3)≤ ∥Tanh(γϖ(x))∥2;
(ix) tanh( γ

n3/2 ∥x∥3)∥x∥ ≤ Tanh⊤(γϖ(x))x,

where γM,εM ∈ ℜ+ can be obtained, using numerical so-
lutions, as γM ≃ 2.01, and εM ≃ 1.52γ1/3.

The objective of the controller design is to find the ap-
propriate tension of cables to regulate the dynamics (4) in
an AAN way. For these dynamics, it is necessary to have
a positive tension in all cables. Therefore, to find the ten-
sion vector of the cables, the following general solution is
applied, which follows the internal forces concept [18]:

τ = (Ĵ⊤)†τ0 +αn̄, (9)

where Ĵ⊤ ∈ ℜ3×4 is an estimation of J⊤ by assuming
uncertainty in the precise measurement of this matrix in
practice, α ∈ ℜ is an arbitrary value, which is selected in
a way to yield a positive tension for the cables, n̄ ∈ ℜ4

is the null space of the Ĵ⊤ matrix such that Ĵ⊤n̄ = 0,
and (Ĵ⊤)†τ0 is the particular solution for the tension, in
which (Ĵ⊤)† ∈ℜ4×3 denotes the pseudo-inverse of Ĵ⊤ and,
τ0 ∈ ℜ3 is the applied wrench on the end-effector. With
this definition, the following AAN controller is proposed:

τ0 ≜ KpTanh(γϖ(e))+KdTanh(γϖ(r))+ f̂, (10)

where Kp,Kd ∈ ℜ3×3 are diagonal positive-definite gain
matrices, and f̂ ∈ ℜ3 is defined in (7), which is a bounded
term as it will become clear later. Substituting the con-
troller (10) in (4), considering (8), and adding and sub-
tracting τ0, the closed-loop dynamics can be written as

Mṙ =−KpTanh(γϖ(e))−KdTanh(γϖ(r))

+W̃⊤σ(z)+ε(z)−Td +τs

+
(
I−J⊤(Ĵ⊤)†)τ0 −α

(
J⊤− Ĵ⊤

)
n̄, (11)

where I ∈ ℜ3×3 denotes a 3×3 identity matrix.

Remark 2: Considering the boundedness property
of (10) and assuming that the estimated matrix Ĵ⊤ is
bounded, it is easy to verify that∥∥(I−J⊤(Ĵ⊤)†)τ0

∥∥≤ ζJ1,∥∥α
(
J⊤− Ĵ⊤

)
n̄
∥∥≤ ζJ2,

for some positive values of ζJ1,ζJ2 ∈ ℜ+.

The adaptation law of the NN weight matrix is proposed
as follows:

˙̂W ≜ Proj
(
Γσ(z)r⊤−ρΓŴ

)
, (12)

where Γ ∈ ℜL×L is a symmetric positive-definite constant
matrix, ρ ∈ ℜ+ is a control gain, and Proj(·) is a projec-
tion operator [37, 38], which is applied to ensure that the
estimated weights remain bounded. According to (7), the
boundedness of NN weight matrix guarantees the bound-
edness of f̂.

Remark 3: Similar to the adaptive AAN controllers,
e.g. [15], the positive gain ρ in (12) can be considered as a
forgetting factor to facilitate the AAN performance, which
is primarily used in other robotic applications to give ro-
bustness for the estimation of the weight matrix. To clarify
its forgetting role, consider the case that the tracking error
is small; say r≈ 0. In this condition, according to (12), the
weight matrix will exponentially converge to zero, where
the decaying rate is adjustable through the gain ρ . From
(7), it is obvious that the output level of f̂ will be decreased
for small values of the weight matrix. Consequently, when
a human subject can follow the desired path, the contribu-
tion of this term of controller will be reduced in the gen-
erated output wrench.

Now the following theorem is stated for the stability
result of the controller:

Theorem 1: Consider the open-loop dynamics of the
system defined in (4) with Assumption 1 and 2. For
bounded initial conditions, let the controller be given
through (10) and (7) with the NN weigh update rule de-
fined in (12). The tracking error signals are uniformly ul-
timately bounded provided the control gain Kd satisfies
the following sufficient condition:

λmin(Kd)>
κ2

1

4
(
χxℏ +ψ−1

1 (ρ2ϑ 2)
)2
, (13)

where λmin(·) denotes the minimum eigenvalue of a ma-
trix, ϑ ∈ ℜ+ is defined as ϑ ≜ max{d,∥h(0)∥}, and
κ1,χxℏ ,ψ1(·),d,ρ2 ∈ ℜ and h ∈ ℜ7 are subsequently de-
fined parameters.

Proof: The following continuously differentiable
positive-definite and radially unbounded function is con-
sidered to prove the theorem:

V ≜
∫ e

0
Tanh⊤(γϖ(ē))Kpdē+

1
2

r⊤Mr
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+
1
2

tr{W̃⊤Γ−1W̃}, (14)

where∫ e

0
Tanh⊤(γϖ(ē))Kpdē =

3

∑
i=1

∫ ei

0
tanh(γe3

i )kpi dei

with kpi ∈ ℜ+ denoting the i-th component of the diagonal
of Kp. Knowing the fact that ∀x∈ℜn, 1/2

∫ x
0 x̄⊤dx̄≤ x⊤x,

and using items (iii), (vii), (viii) and (ix) of Property 3, V
can be bounded as

ψ1(∥h∥)≤V ≤ ψ2(∥h∥), (15)

where h ≜ [e⊤ r⊤
∥∥W̃

∥∥
F ]

⊤ ∈ ℜ7, and the functions
ψ1(·),ψ2(·) : ℜ7 → ℜ are strictly increasing and radially
unbounded non-negative functions, defined as

ψ1(∥h∥)≜ ρ1

∫ ∥h∥

0
tanh(

γ
73/2

∥∥h̄
∥∥3
)d
∥∥h̄

∥∥ , ∀γ < γM,

ψ2(∥h∥)≜ ρ2 ∥h∥2 ,

with ρ1,ρ2 ∈ ℜ+ given by

ρ1 ≜ min
{

λmin(Kp),
λmin(M)

4
,

λmin(Γ
−1)

4

}
,

ρ2 ≜ max
{

γ1/3λmax(Kp)

2
,

λmax(M)

2
,

λmax(Γ
−1)

2

}
,

where λmax(·) denotes the maximum eigenvalue.
Using (3) and (11), the time derivative of V can be ob-

tained as

V̇ =−ηTanh⊤(γϖ(e))Kpe

− r⊤KdTanh(γϖ(r))+ r⊤
(
I−J⊤(Ĵ⊤)†)τ0

−αr⊤
(
J⊤− Ĵ⊤

)
n̄+ r⊤ε− r⊤Td + r⊤τs

+ tr{W̃⊤(σ(z)r⊤−Γ−1 ˙̂W)}. (16)

Using item (iv) of Property 3, assuming γ < γM , substitut-
ing (12) into (16), and noting the fact that the projection
operator in (12) will ensure tr{W̃⊤(σ(z)r⊤−Γ−1 ˙̂W)} ≤
tr{ρW̃⊤Ŵ} [39], one can obtain the following upper
bound for V̇ :

V̇ ≤−ηλmin(Kp)∥Tanh(γϖ(e))∥2 + tr{ρW̃⊤Ŵ}

−λmin(Kd)∥Tanh(γϖ(r))∥2 +δ ∥r∥ ,

where δ ≜ εN +ζJ1 +ζJ2 +ζd +ζs. Note that for γ ≥ γM ,
∥Tanh(γϖ(x))∥ will be grater than ∥x∥ in a small sec-
tion of trajectories of x, which results in a better stability
condition. Now, using item (viii) of Property 3, and the
following inequalities:

δ ∥r∥ ≤ κ2
1

4
∥r∥2 +

δ 2

κ2
1
,

tr{ρW̃⊤Ŵ} ≤ ρ
∥∥W̃

∥∥
F ∥W∥F −ρ

∥∥W̃
∥∥2

F

≤−
(

1− 1
2κ2

2

)
ρ
∥∥W̃

∥∥2
F +

1
2

κ2
2 ρ ∥W∥2

F ,

where κ1 ∈ ℜ+ and κ2 >
√

2/2 ∈ ℜ+ are positive con-
stants, one can write the following upper bound for V̇ :

V̇ ≤−ηλmin(Kp) tanh2(
γ

33/2 ∥e∥3)

− tanh2(
γ

33/2 ∥r∥3)
(

λmin(Kd)−
κ2

1 ∥r∥2

4tanh2( γ
33/2 ∥r∥3)

)
−
(

1− 1
2κ2

2

)
ρ
∥∥W̃

∥∥2
F +β1, (17)

where β1 ≜ δ 2

κ2
1
+ 1

2 κ2
2 ρWB is a bounded constant, which is

adjustable through the control gains. If the control gain
Kd satisfies the following condition:

λmin(Kd)>
κ2

1 ∥r∥2

4tanh2( γ
33/2 ∥r∥3)

, (18)

then (17) can be written as

V̇ ≤−ψ3(∥h∥)+β1, (19)

where the strictly increasing non-negative function ψ3(·) :
ℜ7 → ℜ is defined as ψ3(∥h∥) ≜ β2tanh2( γ

73/2 ∥h∥3), in
which β2 ∈ ℜ+ is given by

β2 ≜ min

{
λmin(Kd)−

κ2
1 ∥r∥2

4tanh2( γ
33/2 ∥r∥3)

,

ηλmin(Kp),

(
1− 1

2κ2
2

)
ρ
}
. (20)

To find out a sufficient condition for Kd to satisfy (18),
the outside of the dead-zone area will be considered, while
the inside of this area is not of the interest of stability anal-
ysis. In other words, inside the dead-zone area the func-
tion ψ3(·) might be negative and V can be increasing ac-
cordingly, while outside this area ψ3(·) will be guaranteed
to be non-negative. Therefore, by defining xℏ as a value
which satisfies tanh(γx3

ℏ) = ℏ for some predefined value
of ℏ, the following inequality can be written outside this
area:

∥x∥
tanh( γ

n3/2 ∥x∥3)
≤ χxℏ +∥x∥ , ∀x ∈ ℜn, (21)

where χxℏ ≜
√

nxℏ/ tanh(γx3
ℏ). Thus, from (18) and (21),

a sufficient condition for Kd can be obtained as

λmin(Kd)>
κ2

1

4
(χxℏ +∥h∥)2

for n = 3. The lower bound on V can be utilized from (15)
to state that ∥h∥ ≤ ψ−1

1 (V ). Consequently, a sufficient
condition for Kd can be written as

λmin(Kd)>
κ2

1

4
(
χxℏ +ψ−1

1 (V )
)2
.
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Fig. 3. Block diagram of the proposed control scheme.

Then, similar to the analysis in [40], the final condition for
Kd can be stated as (13).

Now, given (15) and (19), h is uniformly ultimately
bounded in the sense that

∥e(t)∥ ≤ ∥h(t)∥ ≤ d, ∀t ≥ T (d,∥h(0)∥), (22)

where d ∈ ℜ+ defines the radius of a ball containing the
position tracking error, which can be selected according to
[40] as

d >
(
ψ−1

1 ◦ψ2
)(

ψ−1
3 (β1)

)
.

Also, in (22), T ∈ ℜ+ is a constant that states the time to
reach the ball, which is given by

T ≜


0, ∥h(0)∥ ≤

(
ψ−1

2 ◦ψ1
)
(d) ,

ψ2(∥h(0)∥)−ψ1((ψ−1
2 ◦ψ1)(d))

ψ3(ψ−1
2 ◦ψ1)(d)−β1

,

∥h(0)∥>
(
ψ−1

2 ◦ψ1
)
(d) .

□

Remark 4: A different function might be assigned for
ψ1(·) such that its inverse ψ−1

1 (·), required in (13), can
be analytically expressed. An example is ψ1(∥h∥) =
α1 log2(1+α2 ∥h∥3) with α1 ≜ 1/(1+ log(1+

√γ)), and
α2 ≜ log(1+ γ2/3)/n3/2 for all γ ∈ ℜ+. For this example,
one can obtain ∥h∥= ((10

√
ψ1(∥h∥)/α1 −1)/α2)

1/3.

Remark 5: The controller (9) together with (10) pro-
vide a priori bounded command, which allows the user to
select the control gains Kp and Kd such that the stability
of the system is guaranteed by meeting the condition (13)
and upper limit of the actuators. This concept is similar
to many bounded-input controllers in the literature, e.g.
[41]. In addition, according to (19) and (20), large values
of η , Kp and Kd will decrease the tracking error outside

aO
aX

aY

bO

( )3 1,0= -A

( )4 1,1= -A ( )1 1,1=A

( )2 1,0=A

0.2m

0.2m

Fig. 4. Configuration of the studied 4-cable planar parallel
robot.

the dead-zone area, which will result in a stiff control sys-
tem outside this area.

Block diagram of the proposed control scheme is demon-
strated in Fig. 3.

4. SIMULATION RESULTS

In this section, the effectiveness of the proposed AAN
controller is evaluated through simulations. Simulations
are performed in MATLAB 2016a and its Simulink envi-
ronment. The geometrical structure and configuration of
the studied 4-cable planar robot is shown in Fig. 4. The
cross configuration for the cables is utilized in order to
increase the wrench-closure workspace of the robot. Fol-
lowing [27], the dynamics of the robot in (1) is simulated
with the assumption that the Coulomb friction and unmod-
eled dynamics terms are negligible comparing to the other
terms. An NN with 9 neurons is used to estimate the func-
tion f. For this network pi is set at 50 for all activation
function, and the centers µi are evenly spaced in [−7 7].
The value of parameters of the dynamic model, together
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Table 1. Simulation parameters.

Parameter Value Unit
m 6 kg
I 0.05 kgm2

g 9.81 ms−2

Fd diag{0.5,0.5,0.5} kg
s ,

kgm2

s

η 0.4 −
γ 120 −

Kp diag{50,50,0.2} −
Kd diag{150,150,1} −
Γ diag{12, · · · ,12} −

with that of controller gains are given in Table 1.
The desired gait pattern is simulated based on a model

given in [42], which has a gait cycle of three seconds. The
controller is assumed to move the end-effector such that
the shank follows the desired trajectory with an AAN be-
haviour. 2D position information of the end-effector as
well as the orientation of it in the sagittal plane are as-
sumed to be obtained through a visual sensor, as reported
in [43].

In the first simulation, the performance of the controller
is analysed for the case that the human subject cannot ap-
ply the desired wrench, necessary to follow the trajectory.
Here, the navigating input is only exerted by the controller,
while the effect of the subject force is modeled by 10% of
the desired force applied in the opposite direction. The
value of the forgetting factor ρ is set at 0.0001 in this sim-
ulation. Fig. 5 illustrates the desired gait pattern, and the
end-effector trajectory in the XaYa plane. The norm of er-
ror signals for one gaite cycle is shown in Fig. 6. The
applied tension forces in the four cables are illustrated
in Fig. 7. Also, Fig. 8 and Fig. 9 respectively show the
time evolution of the estimation of the function f and the
weight matrix W. The results demonstrate a stable track-
ing performance with a reasonable tracking error, gener-
ated mainly due to the assigned dead-zone area.

In the second simulation, it is assumed that the subject
can exert the required wrench to follow the trajectory with
small deviation. This wrench is generated through the out-
put of controller of another simulated model. To amplify
the AAN property of the RBFNN, the value of ρ is in-
creased in this simulation and set at 0.1. The trajectory of
the end-effector in the XaYa plane is shown in Fig. 10. The
error signals are illustrated in Fig. 11. The time evolution
of the exerted f̂ function is shown in Fig. 13, and Fig. 14
shows the estimation of the weight matrix W. It is obvious
from these figures that the applied forces by the NN term
decrease rapidly toward zero, due to the small tracking er-
ror and high-gain forgetting factor. Also Fig. 12 illustrates
the tension forces of the cables during one gait cycle.

To compare the AAN performance of the proposed con-
troller with the existing ones, in the third simulation the

Fig. 5. Simulation 1: Desired path and end-effector’s tra-
jectory in XaYa plane.

Fig. 6. Simulation 1: Norm of tracking errors in one gait
cycle.

Fig. 7. Simulation 1: Cables’ tension in one gait cycle.

following PD-type controller is utilized:

τ0 = Kpe+Kdr+ f̂, (23)

where the function f̂ is estimated through the proposed
RBFNN in this paper. Similar to the second simulation,
it is assumed that the human subject can apply the de-
sired wrench to follow the gait pattern. The norm of the
wrench generated with this controller, during one gait cy-
cle, is compared in Fig. 15 with that of the proposed one
in this paper. This figure demonstrates higher intervention
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Fig. 8. Simulation 1: Time evolution of the estimation of
f̂ =

[
f̂x f̂y f̂ϕ

]⊤
.

Fig. 9. Simulation 1: Time evolution of norm of estima-
tion of W.

Fig. 10. Simulation 2: Desired path and end-effector’s tra-
jectory in XaYa plane.

of the classic PD AAN controller when the subject can
generate the desired wrench. As a numerical comparison,
the integral of the norm of τ0 is computed for two meth-
ods within one gait cycle, where the results show 230%
higher value for the PD controller. The trajectory of the
end-effector in XaYa plane for the PD controller is also il-
lustrated in Fig. 16, which shows that the higher wrench
is produced even for a smaller position tracking error.

Fig. 11. Simulation 2: Norm of tracking errors in one gait
cycle.

Fig. 12. Simulation 2: Cables’ tension in one gait cycle.

Fig. 13. Simulation 2: Time evolution of the estimation of
f̂.

Fig. 14. Simulation 2: Time evolution of norm of estima-
tion of W.

5. CONCLUSION

The problem of AAN controller design has been stud-
ied in this paper. The proposed control law consists of
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Fig. 15. Simulation 3: Comparison of the norm of τ0 for
the PD AAN controller (23) and the proposed
controller.

Fig. 16. Simulation 3: Desired path and end-effector’s tra-
jectory in XaYa plane for two studied methods.

a bounded AAN impedance term, which provides an ad-
justable tunnel of freedom around the desired trajectory.
The controller also includes an RBFNN to compensate for
the unknown dynamics of the system. This term also pos-
sesses the AAN property with an adjustable level through
a control gain. These features increase the AAN prop-
erty of the existing model-based controllers. Simulation
results of the proposed controller show a clear improve-
ment in the performance, as a satisfactory wrench level is
obtained by the robot when the human subject can follow
the desired movement pattern.

The future work is devoted to test the performance of
the controller in practice on a real robot. Also, it is
intended to verify the effectiveness of the proposed ap-
proach on patients with various levels of injury.
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