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Global Finite-time Stabilization for a Class of Switched Nonlinear Sys-

tems via Output Feedback
Junyong Zhai* and Zhibao Song

Abstract: This paper addresses the problem of global finite-time stabilization for a class of uncertain switched non-
linear systems via output feedback under arbitrary switchings. Based on the adding a power integrator approach, we
design a homogeneous observer and controller for the nominal switched system without the perturbing nonlineari-
ties. Then, a scaling gain is introduced into the proposed output feedback stabilizer to implement global finite-time
stability of the closed-loop system. In addition, the proposed approach can be also extended to a class of switched
nonlinear systems with upper-triangular growth condition. Two examples are given to illustrate the effectiveness of

the proposed method.
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1. INTRODUCTION

The problem of global output feedback control for
switched nonlinear systems is one of the most important
problems in the field of nonlinear system control. Com-
pared with the results achieved for non-switched nonlin-
ear systems, for example, the works [1,2] in the past sev-
eral decades, there are fewer results available on design-
ing nonlinear observers and output feedback controllers
for switched nonlinear systems. In this paper, we will
consider the problem of global finite-time stabilization via
output feedback for the following class of switched non-
linear systems described by

i =200+ fiow(t,zu), i=1,---,n—1

Zp = ul” +fn,0‘(1) (I,Z,M),

y=z, ey
where z = (z1,-++,2,)7 € R", u € R, and y € R are the
system state, control input and output, respectively. & ()
is the switching signal taking its values in a finite set M =
{1,---,m} and m is the number of subsystems. For k € M
and i=1,---,n, fix(t,z,u) : RT x R" x R — R are un-
certain continuous function with f;,(¢,0,0) =0, and p; €
R>, 2 {¢ €R | &> 1and{ isaratio of odd integers}.
Moreover, it is assumed that the state of system (1) does
not jump at the switching instants, that is, the trajectory
z(t) is everywhere continuous.

It is well known that switched systems are an important
class of hybrid systems, which have achieved consider-
able attention in [3—15], and the references therein. The

main concerns in study of switched systems are the issues
of stability and stabilization. Many methods have been
proposed in the study of switched systems, for example,
common Lyapunov function, single Lyapunov function,
multiple Lyapunov functions, and so on. The work [16]
investigated output feedback control problem for a class
of switched nonlinear systems with parameter uncertainty
by using single Lyapunov function method. The existence
of a common Lyapunov function for all subsystems was
shown in [6] to be a necessary and sufficient condition for
a switched system to be asymptotically stable under ar-
bitrary switchings. However, a common Lyapunov func-
tion may be usually difficult to find for switched nonlinear
systems. Therefore, attention is transformed to switched
nonlinear systems with special structures, which plays an
important role in the stabilization of switched nonlinear
systems [3,4,6].

On the other hand, due to fast convergence and good
performance on robustness and disturbance rejection,
many researchers have focused on the problem of finite-
time stability, such as the works [17, 19-21] in recent
years. The works [18, 19] provided the Lyapunov the-
ory for finite-time stability of nonlinear systems. The
work [21] presented a design method for global finite-
time state feedback stabilization of a class of nonlinear
systems. Compared with the state feedback case, there
are fewer results dealing with output feedback finite-time
stabilization. The work [22] discussed the finite-time sta-
bilization for a double integrator system. While the work
[23] studied the problem of global finite-time stabilization
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by dynamic output feedback for a class of nonlinear sys-
tems. A recent work [24] discussed global finite-time
output feedback stabilization for a class of non-triangular
nonlinear systems. A global finite-time observer with Lip-
schitz nonlinearity was proposed in [25]. However, the
above results are concerned with non-switching case. In
switched case, Nonlinear control for power integrator tri-
angular systems was investigated in [26] , and the work
[27] considered the problem of global finite-time out-
put feedback stabilization for system (1) with the strict
power order restriction (p; = 1,i = 1,---,n) under linear
growth condition. While global finite-time stabilisation
problem for a class of switched nonlinear systems with
(pi=1,i=1,---,n) was addressed in [28], and subse-
quently the work [29] studied the problem of global finite-
time state feedback stabilization of system (1) in strict
feedback form under linear growth condition. Immedi-
ately, one may raise the following question: Can it be
possible to relax the power order restriction and how can
we construct a finite-time output feedback controller for
switched high-order nonlinear systems (1) under homoge-
neous growth condition?

Motivated by the homogeneous domination approach
described in [30], we will resolve the problem of global
finite-time output feedback stabilization for a class of
switched high-order nonlinear systems under arbitrary
switchings. The main contributions of the paper are high-
lighted as follows: (i) We extend the methodology pre-
viously developed for non-switched nonlinear systems to
switched nonlinear systems. (ii) To overcome unmeasur-
able states, a homogeneous observer is designed by the
homogeneous theory. (iii) To handle uncertain nonlinear-
ities, a scaling gain is introduced, and this makes it more
intricate to construct a common Lyapunov function for all
subsystems. (iv) Lower-triangular homogeneous growth
conditions are extended to upper-triangular homogeneous
growth conditions.

Notations: The following notations will be used
throughout the paper. R™ denotes the set of all non-
negative real numbers, R” denotes the real n-dimensional
space. C' denotes the set of all functions with continuous
ith partial derivatives. /C denotes the set of all functions:
R* — R™*, which are continuous, strictly increasing and
vanishing at zero.

2. PRELIMINARIES

Definition 1 [19]: Consider the following autonomous
system

X:f(X), Withf(O)ZO,XGD, X(O):x(), 2

where f : D — R" is continuous on an open neighborhood
D C R”" of the origin. The zero solution of (2) is finite-
time convergent if there are an open neighborhood U C D

of the origin and a function 7 : U\{0} — (0,%0), such that
Vxo € U, the solution trajectory x(¢,xo) of (2) starting from
the initial point xo € U\{0} is well-defined and unique in
forward time for 7 € [0,7 (x)), and lim, 7 () x(,%0) = 0.
Then, T(xo) is called the settling time. The zero solu-
tion of (2) is finite-time stable if it is Lyapunov stable and
finite-time convergent. When U = D = R”, the zero solu-
tion is said to be globally finite-time stable.

Definition 2 [31]: For real numbers#; >0,i=1,---,n
and fixed coordinates (xp,---,x,) € R™
o the dilation A, (x) is defined by Az (x) = (€"xy, -+, €x,),
Ve > 0, with r; being called as the weights of the co-
ordinates. For simplicity, we define dilation weight
A=(r1, - ,r).
e a function V € C(R",R") is said to be homogeneous of
degree 7 if there is a real number 7 > 0 such that

V(Ae(x)) =€V (xy, - ,x,), Vx € R"\ {0}.

e a homogeneous p—norm is defined as |[[x[[s, =

(Jaci[P/70) l/p,Vx € R, for a constant p > 1. For simplicity,
we choose p = 2 and write ||x||s for ||x]|az-

Theorem 1 [19]: For system (2), the following state-
ments hold:
(i) If there exists a C! function V : D — R, a class K func-
tion ¢(-), real numbers p >0 and A € (0,1), and an open
neighborhood U C D of the origin such that

V(0) =0, a(lx]) <V(x), V(x) < —pV(x)*, x €U,
3)

then the zero solution x(¢) = 0 of system (2) is finite-time

stable.

@ii) If U = D = R" and (3) holds, then the zero solution

x(t) = 0 of system (2) is globally finite-time stable.
Lemma 1 [31]: Suppose V : R" — R is a homoge-

neous function of degree T with respect to A. Then, the

following conclusions hold:

(i) dV /dx; is homogeneous of degree T — r; with r; being

the homogeneous weight of x;;

(ii) there is a constant ¢ such that V (x) < ¢||x|| ;. Moreover,

if V(x) is positive definite, then c||x||x < V(x) with¢c >0

being a constant.

3. MAIN RESULTS

At first, we design an output feedback stabilizer for the
nominal system

G=xl,i=1 n=1 =V y=x, (@)
where x = (x1,- - ,xn)T eR", v eR,yeR are the system

state, control input and output, respectively.

According to the approach proposed in [32], we con-
struct a homogenous output feedback stabilizer for system
(4), which is given in the following lemma.
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) _ 1
Lemma 2: For any constant 7 € (— o ,0),
there exist constants /; > 0,i = 1,---,n—1 and B; >
0,j=1,---,n, such that the following homogeneous out-
put feedback stabilizer
- N ?
M =—0%" %H=Mm+hx)",

Ni=—Lia &, =M+ liakio),

i= 33 Y (5)
1

L L = EWR
V= _B”l (‘f';n + ﬁnm—l (),C\n”:Il +-- +ﬁ23 (‘)622
1
+B7xr)))" ©)
with r;’s (For simplicity, let T = —% with g being a positive

even integer and p being a positive odd integer.) defined
as

ri+T

i

}’1:1, rig1 = Ji:l7"'7n (7)

renders system (4) globally finite-time stable.

Proof: By choosing a Lyapunov function V as

i X x L
V= [t a s
i=17%7
2

|

7
n X; !

ri-1
+ 2y (s770 — (i + lim1ximy))ds,
i=2 Y (Mitli1xiy) Ti-1
(®)
and a set of virtual controllers x7, - - - ,x;; defined by

1 1

* O — 1 8
'xl bl él xl -xl 9 n (9)

i

1
X :—Biflgirily gi:x;i_xi)i’ 1.227...7117

one can obtain the global finite-time stabilization result for
(4), whose proof is similar to the one [32, Theorem1] with
some modifications. For the sake of space, the detailed
proof is omitted here.

From the construction of V, it can be verified that the
Lyapunov function V is positive definite and proper with
respect to

X = [x1, %0, My M) (10)

Under the denoting X, the whole system (4)- (5)-(6) can
be written as

X =F(X)
T
:(x§]7"'7x111)n lavpn7f;l+la"'af2n—l) ) (11)

where fn+1 = 7727fn+2 = 7737' o 7f2l’l—] = ﬁﬂ'
By choosing the dilation weight A as

A:(r]7'“7rn7r17"'7rn—1)7 (12)
——— N ———

Sor xi, % for My M

we can obtain that

i—1
noop(elixg) i iy
+Z/ 2 (Sz"ifl

=2 (€ i €1 ) T

— (SrH ni+ li,18r"’1x,‘,1))ds

n Xi 1 w L
:Z/ (eA)" —ex; 2 righid
i=17%

21
n X; Ti i1

+Z - <£r,-,llzm

i—2J (Mi+li—1xi—y) Ti-1

— (Sr"’] ni+ li,18r"’1xi,1))82_r”'d12
=£?V(X) (13)

is homogeneous of degree 2 with A; = € "is and A, =
£ 2.

Since the whole system (11) is globally finite-time sta-
ble, there is a constant C; > 0 such that

V0 = TV F() < G XIE (14)
12).¢

Combined with the observer and controller established
in Lemma 2, we are ready to use the homogeneous domi-
nation approach to achieve the global finite-time stabiliza-
tion for system (1) under the following assumption.

Assumption 1: There exist constants ¢, > 0 and T €

J— 7] ] — e
( 1+):Z;,‘(p1---m)’0) such thatforke Mandi=1,---,n

15)

e
firtzw) < cu(lz] ™ +]z

where r;’s are defined in (7).

Remark 1: In non-switched case, i.e., k € M = {1},
the condition (15) doesn’t satisfy the structure and growth
conditions or the output feedback form in [33,34]. As we
all know, system (1) satisfying Assumption 1 represents
an important class of nonlinear systems.

Theorem 2: Under Assumption 1, the problem of
global finite-time stabilization via output feedback can be
solved for switched nonlinear system (1).

Proof: The construction of the finite-time output feed-
back stabilizer for (1) is accomplished by introducing a
scaling gain into the output feedback observer (5) and con-
troller (6), respectively. Then, the global finite-time stabil-
ity of the closed-loop system under arbitrary switchings
can be guaranteed by an appropriate choice of the scaling
gain.

Before proceeding, we introduce the change of coordi-
nates

i .
L i=1,--,n,and v =

u
- Lai’ L’ (16)

Xi
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where g, =0, iy = %
determined later.

Under the change of coordinates, system (1) can be
rewritten as

&=Ll f’*"('), i=1,--,n—1
! Lai
R fnk(')
— JyPr ;
X, = LvP" 4 T
y=2Xxi. a7

Next, we construct a homogeneous observer with the
parameter L

M=—LL%', %= (m+hLx)"
N =—LL &, %= (niJFliflei—l)"%U
l:37 )1, (18)
where [; > 0,i=1,--- ;n— 1, are the gains in Lemma 2.

In addition, we design u using the same construction of
(6), that is,

1

= L B (57 4 B (0 B (5
B )™ (19)

With the help of the notation (11), the closed-loop sys-
tem (17)-(18)-(19) becomes

X =LF(X)

furl) foal) o fal) oy
Lo Lo Lin

+( (20)

By choosing the same Lyapunov function V (X) for sys-
tem (20), one has

- IV(X) IV(X)  fix(-) fax(-)
X)=L F(X : .
V(X) 0X (X) + 12).4 (L‘i1 L’
fnk() T
T ,0’...,0)
<—LCy||X|)3FT firl) 21
1113 +Z! 3X qu @y
Noting that ;| p; = r; + T, we can obtain that
1 1
9@ 3 _ +pi , 22)
r T+1 r3 (1+p1)T+1
and recursively
; 1 e pi
gi _ +p1+-+pip2-epica) . 23)

ri  (I4+pi+-Fpip2---pia)t+1

Dueto 7€ (— 1++(pp),0), it follows from (22) and
(23) that
1< B 4 (24)
r r3 ri

This together with (15) and the fact L > 1, leads to

|flk()|

L4

<—(|Lq‘x1 0 +|Lq2x2 B L] )
<CquI r, 41(|x1 r] +‘X2 rz + +|xl r,)

SCk(|x1|T+|X2|T+“'+|xtT)» (25)

where the last inequality holds owing to 7 < 0.
By Lemma 1, dV(X)/dX; is homogeneous of degree
2 —r;. Thus, it can be verified that

J
| ‘a/g() |(Jx1

| ] ) (26)

is homogeneous of degree 2 + 7.
With (25) and (26) in mind, one can find a constant

pix >O0suchthatfori=1,--- ,nandk e M
V(X )ﬁ
12 X U < pualixizr. 27)

Substituting (27) into (21) yields
V(x) < -L(C - L7 ma{ Y pudIXIET. 29)
i=1
Therefore, we can choose the scaling gain L as

1
L> C—maX{Zp,k} (29)

1 k

such that the right-hand side of (28) is negative definite.
Since V(X) is homogeneous of degree 2 with respect to
A, there is a constant ¢; > 0 such that

V(X) <allX|3. (30)
Combining (28) and (30), one has
VX)+kV(X)T <0 31)

for a constant k; > 0, which indicates that the closed-loop
system (1)-(18)-(19) is globally finite-time stable under
arbitrary switchings.

Remark 2: In the control design procedure, if we
choose individual virtual controllers xj, i =1,--- ,n,keM

Ir *l/r,- .

for the kth subsystem, we will obtain & = x; in-

stead of & =x//" —x;'/"

in(9) and Ny = —/;- 11&3" '7 Xi=
(M +z,,1,kx,,1)rf/ff—l instead of 1), = — ;&' & = (i +
L1 %)/ in (5), i =2,--,n, k € M, which leads to
different coordinate transformations and observers for dif-
ferent subsystems. This results in the difficulty of stability
analysis for the closed-loop system. Therefore, this paper
attempts to address the output feedback control problem of

system (1) by the common Lyapunov function approach.
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Finally, an example is given to illustrate the effective-
ness of the proposed method.

Example 1: Consider the following switched nonlin-
ear system:

5
4 =2 + fien(tz,u),
Zz—u-‘ero- (f Z, u)
y =21, (32)

where 0'(t) 1 [0,00) = M = {1 2}, fix=0. 1z sinzj,

f12—05z] , 1 =0, fzz—z2 sinz;. By choosing T =

125, ri =1, and ¢; = 0, we can obtain r, = %, r3 = %
and ¢ = % q3 = % It is clear that Assumption 1 is satis-
fied.

With the help of (16), system (32) becomes

s el
— 3
=Lx; + Ta
f2 ot
=Lv
* L2
y=xj. (33)

By using Theorem 2, we design the following homoge-
nous observer and output feedback controller

(M +0x1) 5,
25 25
£ +B1‘3x1)ﬁ (34)

5
M =—LiLi%;, %Hh=
u=—L By

to globally finite-time stabilize system (32) under arbitrary
switchings.

In the simulation, the gains are chosen as f§; = 1.25,
B, =0.98, 1, =7.8, L =2, which are sufficient to give sat-
isfactory simulation results shown in Fig.1 with the initial
condition (x;(0),x2(0),m2(0))” = (0.5,-0.3,0)7.

Remark 3: It is worth emphasizing that the works
[28,29] focus on state feedback stabilization problem, but
this paper considers output feedback stabilization prob-
lem. In addition, the system under consideration in
[17,24] are non-switched nonlinear system while that of
this paper is switched nonlinear system. Therefore, the
control methods in [17, 24, 28, 29] cannot be applied to
system (1), such as Example 3.1.

4. EXTENSION AND DISCUSSION

In the preceding discussion, it is assumed that the non-
linear terms satisfy lower-triangular homogeneous growth
conditions. In this part, we extend Assumption 1 to the
following upper-triangular form.

Assumption 2: There exist constants dy > 0,k € M
suchthati=1,--- ,n—1

ritt

"i

|f, (IZM|<dk Z |Z]

Jj=i+2

s ) (33)

o -

|
-

System states
Observer state
o

|
-

|
w

i
o
I
ES

™
0.5 /. —
/ N
0 —

-0.5)

|

\_J‘

0

Time(Sec)

o)

Control input
o
Switching signal
— o

0 2 4 6 0 2 4 6
Time(Sec) Time(Sec)

Fig. 1. The response of the closed-loop system (32)-(34).

Theorem 3: Under Assumption 2, the problem of
global finite-time stabilization via output feedback is
solved for switched nonlinear system (1).

Proof: To start with, we introduce the change of coor-
dinates

i,
Xi=— i=1,---,n,and v =
£4i Edn+1

; (36)

where 0 < € < 1 is a constant to be determined later. Un-
der the coordinates (36), system (1) becomes

X; = &x ”’1+f' () yi=1,---,n—1,
X, = evPr,
y=xi. (37)

Similar to (18), one can design a homogenous observer
with the parameter €

=€l & K= (M ki)

M =—ehf, %H=(m +11x1)%,
n
i:37"'7n> (38)

where [; > 0,i=1,--- ;n— 1, are the gains in Lemma 2.
Moreover, the controller u is designed by the same con-
struction of (6), i.e.,

6%1[3 ("’n +ﬁm (Afn1+ +B (A'z
+I3Fx1)~~~))'”*'- (39)

By the notation (11), the whole system (37)-(38)-(39)
can be rewritten as

(f1,k(') fox()

e’ gn

Fom1x(9) 0... O)T.

X =eF(X)+ i

Sttt
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By using the same Lyapunov function V (X) for system
(40), one has

V00 =e 0 pix) P (Jual)
L) S O)T
e ' gqr 070

= IV(X )|

<—¢eC ||X||2”+Z] ax eqi (41)

From the definitions of ; and ¢;, it can be deduced that
forj=i+2,---,n+1,

Lri+1)-g
Tj
) (A+pit+-tpi--pja)=(1+pi+-+pi-pi-2)
_ q;jT+ (171"'!,7,'71)(171“‘17_;'—1)
- 1
quJr P1Pj-1
> 1. (42)

Due to 0 < € < 1, one has

|fl,k()|
&4qi
dk Z |gq/x| 7 +|Sqn+1v ,,H)
8(/1 Jj=i+2

L(ri41)—

<dk Z 8 r,+T) (1z|xj i,.j —|—£’n+l

Jj=i+2

|V|’n+l )

L«H r,-‘r LH
SdkSI-HL(|Xi+2|r’+2 o T'Hv“‘“)’ (43)

where [ = mm{q’(rl—i—r) gi—1}>0fori=1,---,n—
L,j=i+2,-- n—|—1

Similar to (26), the term

V(X it e i+t
‘ % ’ (‘xi+2| e I A ) (44)
is homogeneous of degree 2+ 7. Thus, we can find a con-
stant p;x > O such thatfori=1,--- ,n—landkeM
V(X) fz 1+ 2
< pir€ TH|IX|)ETE. 45
22X % e Bal)) < e s (45)

Substituting (45) into (41) yields
. n—1
V(X) < —g(Cr—e"max{}" pis}) X[ (46)
i=1

Obviously, a small enough parameter € is chosen sat-

isfying € < (Wm) v and 0 < € < 1 such that
the right-hand side of (46) is negative definite. It can be
deduced from (46) that the whole system (1)-(38)-(39) is
globally finite-time stable under arbitrary switchings.

In the end, we provide an example to demonstrate the

effectiveness of the proposed control scheme.

20
2

2 T 10h!

2 2 B
5 i

s e
4 0

(Bq ‘é’ \\ ‘f
-1 -10
0 10 20 30 0 10 20 30
Time(Sec) Time(Sec)

2 3

u a(t)

Control input
o
Switching signal
- n

0
0 10 20 30 0 10 20 30
Time(Sec) Time(Sec)

2. The response of the closed-loop system (47)-(48).

Example 2: Consider the switched upper-triangular
nonlinear system

X1 = X2+ fro( (tx3,u),

xg—x3+f26 ) (2,u),

X3 =u,

y =X, 47

where o(¢) : [0,00) = M = {1,2}, f11=01x3%9,f12:

0.2u7 (sin(x3))3, o1 = u(sin(u)), f22 =0. Assumptlon
2holds with i =1, n =2, =3, =4, 1=—%
andCIl:O,CD:LCB %,6]4_5

By applying Theorem 3, a homogenous observer and
output feedback controller are designed as follows

M=—ehf, %=(m+hn)¥,
M =—eb®, &H=(M+hi)>,
ETR] 3t
:—83[33(7(3 +By (% 229+[3129x1))ﬁ (48)
to globally finite-time stabilize system (32) under arbitrary
switchings.
In the simulation, the gains are chosen as f; = 1,

Bo=13,B=3,1, =17, 1, = 13, and € = 0.43. With
the initial condition (x;(0),x2(0),x3(0),12(0),13(0))" =
(0.1,—0.5,-0.3,0,0)7, the simulation results are shown
in Fig.2, which demonstrate the effectiveness of the pro-
posed method.

5. CONCLUSION

This paper has discussed global finite-time stabiliza-
tion problem for a class of uncertain switched nonlinear
systems via output feedback. First, we explicitly con-
structed a homogeneous observer and controller for the
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nominal system. Then, we introduced an adjustable scal-
ing gain into the output feedback stabilizer to dominate
the nonlinearities. It can be indicated that an appropri-
ate choice of the scaling gain will enable us to achieve
global finite-time stability of the whole system under ar-
bitrary switchings. In addition, the proposed approach can
be also extended to a class of switched nonlinear systems
with upper-triangular growth condition. In the future, we
will focus on global adaptive finite-time output-feedback
control for a class of high-order switched nonlinear sys-
tems under weaker conditions.
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