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Finite-time H., Control of Cascade Nonlinear Switched Systems under

State-dependent Switching
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Abstract: In this paper, we investigate the finite-time H., control problem for the class of cascade nonlinear switched
systems consisting of two parts which are also switched systems using a state-dependent switching method. The
state feedback controller and the switching law are designed respectively, which guarantees that the corresponding
closed-loop system is finite-time bounded and has a prescribed H., performance index; the corresponding sliding
motion problems are also considered. Sufficient conditions for the solvability of the problem are obtained. A
numerical example is given to demonstrate the validity of the proposed approach.
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1. INTRODUCTION

Generally speaking, a switched system is a dynamical
system in which switching plays a dominant role. More
specifically, a switched dynamical system is a two-level
hybrid system. The lower level is governed by a set of sub-
systems described by differential or difference equations,
while a coordinator orchestrates the switching among the
subsystems with respect to the upper level [1]. [2] exam-
ines switched systems from a control-theoretic perspec-
tive, focusing on stability analysis and control synthesis of
systems that combine continuous dynamics with switch-
ing events. The increasing attention paid to such systems
is mainly due to the many practical systems, such as power
electronics, networked haptic systems, mobile robotics,
and aerospace systems, that can be modeled by means of
switched systems.

Up to now, most of the existing literature on the stabil-
ity of switched systems concentrates on Lyapunov asymp-
totic stability, which is defined over an infinite-time inter-
val [3—12]. More recently, many studies of nonlinear con-
trol methods have been put forward [13—15]. However, in
many practical cases, the transient behaviour of one sys-
tem is concerned more with a fixed finite-time interval.
In recent years, numerous contributions have been made
in this field, especially in the case of non-switched sys-
tems; see example, [16, 17]. Investigations into the finite-
time stability of switched systems have been also launched
[18-20]. In [21], some new results regarding global finite-

time stabilization for a class of switched strict-feedback
nonlinear systems, whose subsystems have chained inte-
grators with the powers of positive odd rational numbers,
were presented.

H., control theory has become a powerful tool for solv-
ing robust stabilization or disturbance attenuation prob-
lems. H. control theory for linear systems is well es-
tablished and has been generalised for nonlinear systems
[22]. However, results concerning the H., control prob-
lem for switched systems are relatively rare. H. con-
trol problems for both switched linear and nonlinear sys-
tems are studied in [23] by using a dwell time approach.
[24, 25] deal with this problem using the common Lya-
punov function method and the single Lyapunov function
method. The problem of robust H., control for the class of
switched nonlinear systems with parameter uncertainty is
studied by using single Lyapunov function method in [26].
However, most of the above results deal with H., control
problems over an infinite-time interval. Very few results
for finite-time H., control problems of cascade nonlinear
switched systems have appeared, which partly motivates
our present work.

In this paper, motivated by the above analysis, we ad-
dress the finite-time H., control problem for the class of
cascade nonlinear switched systems. Specifically, based
on a multiple Lyapunov-like function method and a mode-
dependent switching strategy, a new, less conservative lin-
ear matrix inequalities (LMIs)-based approach is carried
out. Then, we design a set of state-feedback controllers
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and a class of switching signals with the largest region
function strategy by the obtained method, and the results
show that the closed-loop system is finite-time bounded
with H., performance 7.

The remainder of the paper is organized as follows. In
Section 2, some definitions, assumptions and problem for-
mulations are presented. By using the state-dependent
switching approach, sufficient conditions that can guar-
antee finite-time bounded of cascade nonlinear switched
systems with a prescribed H., performance are proposed
in Section 3. Then, an example is presented to illustrate
the efficiency of the proposed method in Section 4. Con-
clusions are given in Section 5.

Notation: The notations used in this paper are standard.
Let R, R", and Z" denote the field of real numbers, the set
of non-negative reals, and the set of non-negative integers,
respectively. The notation P > 0 means that P is a real
symmetric and positive definite matrix; the symbol “x”
within a matrix represents the symmetric term of the ma-
trix; the super script “7T” stands for matrix transposition;
R" and R™*" refer to, respectively, the n-dimensional Eu-
|l
refers to the Euclidean vector norm; I and 0 represent the
identity matrix and a zero matrix, respectively; diag{---}
stands for a block-diagonal matrix. For a square matrix P,
Amin(P) and A0, (P) denote the minimum and maximum
eigenvalues of matrix P, respectively.

2. PROBLEM STATEMENT

Consider the following cascade nonlinear switched sys-
tems:

X (1) = Alc X1 (1) +Are (X2 (t) + Bo(ryUo(r)
z)a’(t)
Xo(t) = fza ) (2(2)),
2(t) = Co)X1(t) + Do)

ey

Us(r) + Hc(t) (1)([) )

where x(t) = [x] (1), xg(t)]T € R" is the state, x;(t) €
R4 x,(t) € R?. u(t) € R™ is the control input, z(¢) € RY
is the controlled output, (¢) € R” is the exogenous dis-
turbance and satisfies Assumption 2, 6(t) : [0,00) = @ =
{1,2,...,N} is the switching signal which is a piecewise
constant function depending on time 7 in this paper. Aj;,
Ay, B;, G, C;, D; and H; are constant real matrices for
i € O. f>;(x2) is a smooth and continuous function. In this
paper, we assume B;, i € O, are full column rank.
Then the switched state feedback controller

Us(r) = ko)1 () 2

is designed to solve the H. control problem for the
switched system (1). Then, the closed-loop switched sys-
tems with mode-dependent state-feedback controllers can

be rewritten as

31 (t) = Arg(x1 (1) + Ason2(t) + Gy (1),
2(t) = fro() (x2(1)), 3
2(t) = Co(yx1 (t) + Ho(ry (1),

=

where Aoty = Ater) T BoKs)» Cory = Cop) +
Do (1)Ko (1)-

The following assumptions for cascade nonlinear
switched system (1) are introduced.

Assumption 1 (Du et al. [27]): The trajectory x(z) is
everywhere continuous, i.e., the state of the cascade non-
linear switched system does not jump at the switching in-
stants.

Assumption 2 (Liu and Zhao [28]): The exogenous
disturbance o(t) is time-varying and satisfies the con-
straint [/’ o7 (t)o(t)dt < d, d > 0.

For the purpose of obtaining a Lyapunov-like function
for each of the switched subsystems, the entire state space
R" should be divided into several parts, indicated as Q;. To
this end, it is essential that these areas Q; should cover the
entire state space, in other words, the following coverage
characteristics was established:

m

UJoi=R" 4)

In brief, we hypothesize that each area Q; has the fol-
lowing forms of expression:

Qi:{xeR” |xTQixZO}7 i€0, ®)

while Q; € R™" is on behalf of a symmetric matrix, i € ©.
In [29], the lemma 1 was proposed which gives a suffi-
cient condition for the coverage characteristics.

Lemma 1 (Liu ef al. [30]): If for any x € R”
Z GixTQ,-x Z 07 (6)
i=1

while 6; > 0, i € O, in that case U, ; = R".

The switching strategy is defined in terms of the follow-
ing formula:

o(x)=arg (maxieng Q,x) . @)

The areas Q;; denote where the switching signal
switches from subsystem i to j, with the following expres-
sion

Q;; =:iNQ;
={xeR"|x"Qx=x"Qx}, i,j € ®. ®)

For the sake of geting a precisely defined switched sys-
tem, these areas should meet two characteristics, which
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are the coverage characteristic (4) and the switching char-
acteristic €; ; C clQ; N clQ;, while cl represents the clo-
sure of a set.

For system (1) we now define the following piecewise
Lyapunov functional candidate as:

Vi(x) =P, '

L

x. &)

On the basis of [29], sufficiently use the S-procedure,
such that

1 51
P, —P; +1:;(Qi—0Q;) =0, (10)
while Nij > 0.
Remark 1: As it is shown in (7), the state-dependent
switching strategy orchestrates the switching among the
subsystems with respect to the states. Hence the switching

instants are not needed to be given in advance, which is
different from the average dwell time method.

To proceed further, some related definitions are recalled
as follows.

Definition 1 (Liu er al. [30] Finite-Time Stabilizable,
FTS): Given a positive definite matrix R three positive
constants cy, ¢z, Ty, with ¢; < ¢5, and a switching signal
o, the cascade nonlinear switched system (1) with con-
trol input (2) and () = 0 is said to be finite-time stabi-
lizable with respect to (c1,¢2,Ty,R,0), if x]Rxg < ¢1 =
xT (1)Rx(t) < ca, Vi € [0, Ty].

Definition 2 (Liu et al. [30] Finite-Time Bounded,
FTB): Given a positive definite matrix R three posi-
tive constants ¢y, ¢, Ty, with ¢; < ¢, and a switch-
ing signal o, the cascade nonlinear switched system
(3) is said to be finite-time bounded with respect to
(c1,¢2,d,Tf,R,0), if x§ Rxg < c; = x" (t)Rx(t) < c3, V1 €
0,77], fy" o (t)o(1)dr < d.

Remark 2: In the existing literature [30] of switched
systems on finite-time control, it is commonly considered
the continuous-time switched linear systems. In this pa-
per, we will study cascade nonlinear switched systems,
which are more general and practical.

Definition 3 (Liu and Zhao [28] Finite-Time H., Per-
formance): Given a positive definite matrix R, two pos-
itive constants ¢, and Ty, and a switching signal o, the
cascade nonlinear switched system (1) with u(¢) = 0 is
said to have finite-time H.. performance with respect to
(0,¢2,d,T7,7,R, 0), if the system is finite time bounded
and the following inequality is satisfied:

/ Y T 020y < / " ol (o), (i1
0 0

where ¥ > 0 is a prescribed scalar and @(¢) satisfies the
Assumption 2.

Definition 4 (Liu and Zhao [28] Finite-Time H., Con-
trol): The cascade nonlinear switched system (1) is said

to be finite time stabilizable with H.. disturbance attenua-
tion level ¥, if there exists a control input u(z), Vz € [0, Ty],
such that:

1) The corresponding closed-loop system is finite-time
bounded.

ii) Under the zero-initial condition, the controlled out-
put z() satisfies inequality (11)

Remark 3: Most of the existing studies with respect to
stability of switched systems are performed on the con-
ventional Lyapunov asymptotic stability, which is defined
over the infinite-time interval. In this paper, however, the
transient behavior of one system is concerned, in which
the state must hold below a prescribed upper bound and
larger values are not permitted. A Lyapunov asymptoti-
cally stable switched system may not be finite-time stable
if its states exceed the prescribed bounds during the fixed
time interval.

Remark 4: We emphasize that whether the exogenous
disturbance is taken into account is the major distinction
between FTS and FTB. Throughout this paper, we will
adopt the state-dependent switching strategy and design a
set of state feedback controllers, under the control law cas-
cade nonlinear switched system (1) is finite-time bounded
and guarantee a prescribed H., performance.

The aim of this paper is to present the sufficient criteria
and the admissible switching signals under which cascade
nonlinear switched system (1) is finite-time bounded with
H., disturbance attenuation level 7.

3. MAIN RESULTS

In this section, we investigate the robust H. control
problem for system (1) via switched state feedback con-
trollers. The sufficient conditions which can guarantee
that the corresponding closed-loop system is finite-time
bounded with a prescribed H.. performance are derived.

Theorem 1: Consider the cascade nonlinear switched
system (1). Forany i, j € ©,i# j,letP;=R PR P =
diag{Py;, P>}, and suppose there exist matrices P, > 0,
Q: = 0F, X; € R™<(=d) | M, € R™™ with appropriate di-
mensions, and @ > 0, y> 0, 6; > 0, n;; > 0 are some
properly chosen constants, such that

E APy G PGl +X'Df

* —OC)L3I 0 0 <0

* * 77/2[ HiT s

* * 3 —7

(12)

—1 =1
P, —P; +n;(0i—0Q;) =0, (13)
6101+ + 6,0, >0, (14)
C1 €2 _qr
—Hrd< e 15
12 —H’Z < )Lle s ( )
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where

B =A P+ PyAl, —al I +BX; + X! B!

If the switching signals satisfying

o(x) =arg (maxie@ Xl (t)Qix(t)) (16)

then switched system (1) with control input u;(¢) =
Kixi (1) = Xiﬁfilxl (¢) and exogenous disturbance (t) #
0 is finite-time bounded with H. performance Yy for
any state-dependent switching signal (16) with respect
to (0,¢2,Tf,d,Y,R,0(x)), where A; = maxyice (Anax(P)),

A2 = minyice(Anin(B)), As = minVie@(A’min(F;l))-

Proof: Choose (9) as the Lyapunov function. Then, we

have
Fl_l.l 0 |: X1 ]
0 F;il X2

= Vii(xi (1)) +J (xa(2)),

=1
Vi(x) =x"P; x =[x 1]

a7

where Vi;(x1 (1)) =7 (1)Py; 31 (), J (x2(1)) = oL (1) Py, 2 ),
Vi € ©. Then V(x(¢)) is used to measure the energy in the
region €;.

Case 1: No sliding motion occurs. Assume o (x(f, ) =
j and o(x(tx)) =i. When t € [t,f+1), the derivative of
V(x) along the trajectories of subsystem i yields

. sr=-1 51z —-1
V(x) <x] (ATP,; +P,; Ay)xy +x1 P, Ayixa
—|—x2A21P,l X1 —|—xl P,l G; (1)+0)TGTP,I X1

+ szfZi(xZ)
) ATP. +P,'A,; P,'Ay P, Gi
<n (1) * 0 0 |n@)
* k O
aJ
— fo , 18
+ a)szz (x2) (18)
whete 1(1) = ¥ ()4 (1), o ()]
Considering X; = K;Py;, from Eq. (12), we obtain
b1 AuPy G PCT
* —aPq; 0 0
* * —YZI Hl-T
* * * —1I
$ AxPy G PuCl
o * —OCF],‘ 0 0
o * * —v2I  HT <0 (19)
* * * —1I

with

@11 £ APy + PiAT; + PiK! Bl + BiKiPy; — aPy;,

(P] é p —|—FA (XP],

Inview of z(¢) = Ea(r) 1(1) +H, o(t)
one obtain

(1), thus, from (19),

_Cr

oP; 0 0

' T «  aP,; 0 0
O I A 10
* * * 1
<OCV1,<)C1 l)) + (XJ )CQ(I)) —|—YZ(D
= 22" (1)z(t) +2" (1)z(t)
<aVi(x(t)) + 7o’ t)o(t) -7 (1))
<aVi(x(t)) + Yo’ (H)o(r), (20)
where £ (1) = [x] (1) x3 (1) o (1) " (1))
According to Assumptlon 2, we can obtain that
" o (s)o(s)ds <d, d > 0. @1
0
Integrating (20) from #; to ¢ gives
V(X) <e“(”’*)Va(x(rk>)(x(tk))
+7 / " a9 g7 o(s)ds. (22)

According to Assumption 1, we have x; (¢, ) = x; (t).
Thus, by (13), we can obtain

Vot ) (X1 )) 2 Voa(u) (x(t))-

Combining (21), (22) and (23), we have

V(x(1)) <e*Vs(x(0)) (x(0))

‘H’Z/ ali—s)

<™V (x(0)) (x(0))
—Hfze‘ﬂf/ o’ s)ds
+y2d .

On the other hand, considering P; = R"2 PR 2, V (x(1))
satisfies

(23)

Yo (s)ds

<™ (Vg a0y (x( (24)

V(x(r) = xT<r>PG(‘ (1) = 3T (OR? Pyl REx(1)
> Din (P ¥ (Rx(0)
;xr .
z A'mwc(PO'(x(t))) (t)R (t)
> %le (t)Rx(t). (25)

In addition, in the view of Vi) (x(0)) =

x! (O)F;(lx(()))x(O), we can get
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< =—. (26)
From (15), by combining (24)-(26), we get

A (ORx(1) < Ale‘”f(% +7d) < cs. 27)
2

According to Definition 1, cascade nonlinear switched
system (1) is finite-time bounded in Case 1.

Next, under zero initial condition, we establish the
weighted H. performance with the state-dependent
switching. Then, from condition (12), we have

V(o) (x(1)) <o ()P x(t)

+r o’ (o) =2 (1)), (28)
By integrating (28) for any ¢ € [tt,#41), it holds that

Vi) <€V, (x(t))

+ [ P (s)als) - (s)els))ds
k 29)
From (23), we attain
Vo) <€ V(o) (x(0))
+/ ‘tea(’_x)(yz o' (s)@(s) — 2" (s)z(s))ds
0

</0te°‘<’_s)(yza)T(s)w ) —

Considering V() (x(t)) > 0, we obtain

t t
/ 1927 (5)z(s)ds < yz/ =gl (s)
0 0

Both sides is multiplied by e~ *~%) then we have

/ t 2L (s)z(s)ds < 7 / t o’ (s)o(s)ds. (32)
0 0

By setting t = Ty, we get

/Tf 27 (s)z(s)ds < }/Z/Tf o’ (s)o(s)ds. (33)
0 0

On the basis of Definition 3, we can concluded that cas-
cade nonlinear switched system (1) is finite-time bounded
with H., performance ¥ for any state-dependent switching
signal (16) in Case 1.

o(s)ds.
€1y

Case 2: When sliding motion occurs. It will be proved
that with the given conditions, the similar conclusion
can also be obtained in the cases that the sliding mo-
tion occur. The defined motions occur at states that ful-
fil max;ce x” Qix = maxjcex’ Q;x, which are states where
the switching signal switchings occur. As previously de-
scribed, We define the surface that the sliding motions
may appear €; ;, in other words, x” Q;x = x” Q;x > 0. The
hyper-surface €; ; could be described by a set of formulas,
such that the following inequalities hold:

A (AT(Q1i = 1)) + (01 — O1)A1)x
+ x5 A% (Q1i — Q1)x1 +x] (Q1i — Q1)) Az
+ 0" G (01— Q1))x1 +x] (Q1: — 01;)Giw <0,
(34)
and
xT(~T‘(Qli_Q1j) “"(Qli_Qlj)glj)xl
+x3A7,(01; — Q1j)x1 +x] (Q1; — Q1) Az
+ wTGJT(Qli — Q1))x1 +x] (Q1i— 01;)G;@ > 0.
(35)

The derivative of the state on the hyper-surface satisfy-
ing
xX1(1) =p(Avxi (t) + Agixs (1) + Gio(t))
+(1— )(Aljxl( )+A2x(t) +G0(t))
=A1;jx1 (1) + Azijxa (1) + G0 (1), (36)
where p € [0,1].
In view of (13) and (19), we have
.X{ (AlTIPIJ + PleIi)xl +x§A;P1jx1
—|—x1TP1jA2,')C2 + C()TGl?-Pljxl +X{P1jG,'CO
< )C]T(A‘]Tipl,‘ﬁ-P]l‘A]i)xl —|—)C2TA£~P],‘X]
+XITP1 iAixs + (DTGZ-P”)Cl +X1TP1,'Gi(O
< omingep(Amin(P1i))x] X1 + V0" 0, (37

and

X (A P —|—P1,Alj)x1 +x2A21P1,x1
+x1 PiiAzjx; + @ Gj Pyix; +x1 PG
<axl (AITJ-PU +PjA1 )X +x2TA2TjP1jx1
+X{ PijA2jxy + 0" G} Pyjxy + x| P ;G0
< ominjep(Amin(P1;))x 1 + V0" 0, (38)

which implies that

x1 [p(AfPy+ Pudy) + (1— P)(AlTJ-Pu + PiAyj)|x
+33 [PALPri + (1= p)AZ;Prilx)

+x] [pPiiAsi + (1= p)PiiAsj)x
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+ " [pGT P+ (1—p)GT Pyi]xy
+x1 [PPiGi+ (1—p)P;iGjlo

= x{ (AT, P+ PiiAvij)xi + x5 A% Puxy +x] Pyidgijx;
+ " GlPyx) + x| Pi;Gjo

< Oclgxlrxl + Ozl3x2sz +70’w

< chlTPlixl + chng,-xz + yza)Ta)

<ox'Px+ 7o’ o, (39)

and

xi [P(AL;Pj+PjAL) + (1= p) (AL P+ PrjAL) x
+x3 [PA3; P+ (1= p)ALP i
+x1 [pP1jA2; + (1= p)PijAz]x
+0"[pG] P+ (1-p)G! Pjlxi
+x1 [pP;G;+ (1 - p)PGilo

= xi (AT;Prj+ PyA ji)x + x5 AP x4 X1 PyAgix
+ wTGJTiPljxl —I—xlTPlej,-a)

< adsx] x; +adsxix, + Yo o

< chlTPlixl + OtszPz,-xz + yza)Ta)

<ax'Px+y o’ 0. (40)

Thus, we can obtain that
V(x) < aVi(x(t)) + 70" o. (41)

It is clear that Egs. (20) and (24) can also be attained in
case 2. The rest of proof is the same as in Case 1. This
completes the proof.

Furthermore, the sufficient criteria of finite-time bound-
edness and has a prescribed H.. performance level y for
the cascade nonlinear switched system (1) with @ =0 are
presented as follows.

Corollary 1: Consider the cascade nonlinear switched
system (1) with u(r) = 0. For any i,j € O, i # j, let
P,=R :PR , P = diag{Py;, P;}, and suppose that there
exist positive constants o > 0, ¥y >0, 6; >0, 1;; > 0, and
matrices P, > 0, Q; = Q7 , W > 0 with appropriate dimen-
sions, such that

B AyPy G PCT
*  —oAsl 0 0
* * ’ v H! <0, 42)
* * * -1
1 1
P, —P; +1n;(Qi—0Q;j) =0, 43)
0,01 +---+6,0, >0, 44)
C1 C2 T
il d < —=e Ty 45
)LZH/Z <z (45)

where

E; :Aliﬁn—Fﬁ”A{i — ol

If the switching signals satisfying
o(x)=arg (maxieg Xl (t)Qix(t)) , (46)

then switched system (1) with control input u;(t) =
Kix(t) = X;P,; x;(¢) is finite-time finite-time bounded
with H., performance 7y for any state-dependent switch-
ing signal (46) with respect to (0,c2,Ty,d,Y,R,0(x)),
where 41 = maxvice (Anar(F:)), A2 = minyice (Amin(F))
A3 = minyico (Anin(P; ).

Remark 5: It is easy to solve the conditions in Theo-
rem 1 when Assumption 2 has been establish. In view of
Assumption 1, it can be seen that x(¢) = x(t~),Vt € [0, T}].
in this paper, thus we can conclude that x7 (t;)Px(t;) =
xT (1, )Px(t, ),i = o(;). In this case, based on multiple
Lyapunov-like functions, some sufficient conditions can
be given.

Remark 6: From the perspective of mathematics, note
that the criteria proposed in Theorem 1 are not the con-
ventional sense linear matrix inequalities (LMIs). In fact,
these are the bilinear matrix inequalities (BMIs) accord-
ing to the consequence of uncertain parameters. Whereas
once a few values are fixed for a, 7;;, 6;, 7, the criteria
can be converted to LMIs conditions. In addition, condi-
tions (15) can be insured by the following criteria, Vi € ©:

ki < F,‘ < kol, (¢
k< H%e’”f', (48)
and
A< 2, (49)
1 2

where ki = ki Amin(R), k2 = koAyar(R), and R is a deter-
ministic positive definite matrix with appropriate dimen-
sions.

Remark 7: As discussed in [27], in many cases, it is
difficult to find a common Lyapunov-like function, thus,
we choose the multiple Lyapunov-like functions method
in this paper.

Remark 8: Finite-time stabilization is different from
the concept of Lyapunov Asymptotic stabilization. The
proof of finite-time stabilization does not require the
derivative negative definite of lyapunov function, which is
necessary in the proof of Lyapunov Asymptotic stabiliza-
tion. Where the control objective of finite-time stabiliza-
tion is to require that the solution of the system does not
exceed a certain bound during a fixed finite-time interval.
This can explain the Egs. (20) and (41) are non-negative
definite.

O
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4. NUMERICAL EXAMPLE

In this section, a numerical example is presented to
demonstrate the potential and validity of our developed
theoretical results.

Example 1: Consider the cascade nonlinear switched
system with two subsystems as follows:

0 —09 0 -19
A“_{w 0 }’An_[l.l 0 ]

0.4 0.3
A21—|: 03 ]’Azz_{O.S]’
0.8 0
Bl - |: 0 :| b B2 - |: 06 :| b

Gl:[—ocfl }’Gz:[ o(.); ]

€ =[-0203], C;=[0.3 —0.1]

D, =[0.8], D, =10.6], H, = [-0.4], H, =[0.3],
fo1 = —0.9x3 — 0.7x35in%x3,

frr = —0.7x3 — 0.7x3c08%x3,

And the exogenous disturbance input @(¢) is chosen to
be of the forms

o(r) = 0.2sin(10¢).
The corresponding parameters are assigned as follows:

c1 =0, c; =10, TfZIO,R:I, a=04, 1’]:],
d=03, y=0.09,

where 0; = 6, = 1 are some properly chosen constants.
xT Rx is a measurement of the state x, and R is a real sym-
metric and positive definite matrix. From (15), we can ob-
tain an appropriate value for y. According to the method
designed in the paper, we can calculate that

X; = [1.5266 —5.2688], X, =

=[—6.8211 —0.1593],
0.9047 0

[ 9.9301
P=| 09047 148048 0 |,
o 0 27313
[ 14.1824 —0.6141 0
P=| —06141 55389 0 |,
0 0 23913
[ —0.0051 0.0016 0
0= 00016 00851 0 |,
0 0 01073
[ 0.0253 —0.0124 0
0,=| —00124 —0.0284 0
0 0 00553

Switching Signal o
258 T T T

in
T
I

Switching signal

045
1]

Fig. 1. Switching Signal .

The histories of XT(UR}{U)
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0.008 -
0.007
ety 0.006 -

0.005 -

iR

-
0.004 -
0.003
0.002 -

0.001 -

Time(s)

Fig. 2. The histories of x” (£)Rx(t).

By solving the matrix equalities in Theorem 1, we have
the following controller gain

uy = [0.1872 —0.3673] x1,
1y = [—0.4845 —0.0825] x;.

It can be well seen from the curves that the cas-
cade nonlinear switched system (1) is finite-time
bounded with H., performance y = 0.9 with respect to
(0,10,10,0.3,0.9,1,0(x)).

Here, we choose the switching signal satisfying (16) as
shown in Fig. 1. The trajectory of x” (t)Rx(t) is shown
in Fig. 2 for the given initial condition x(0) = [0 0 0]7.
It can be clearly observed that, the trajectory may arise
in some interval, but the upper bound holds below ¢, for
the whole [0, 7%], hence we can conclude that the cascade
nonlinear switched system (1) is finite-time bounded with
respect to (0,10,10,0.3,0.9,1,6(x)). The controlled out-
put response of the cascade nonlinear switched system (1)
under the state-dependent switching signal (16) is given
in Fig. 3, therefore, the resulting closed-loop system is
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The contralled output z(f)
&

04F
03F
0.2F
01 F

02F

The cantrolled output z(t)
o

03F

041

05 . . . . . . I . . )
o

Fig. 3. The controlled output z(t).

finite-time bounded with H.. performance y = 0.9, which
illustrates that the method we proposed is feasible.

5. CONCLUSION

The finite-time H. control problem of the class of cas-
cade nonlinear switched systems has been investigated
in this paper. The system under consideration is com-
posed of two subsystems: a linear switched part and a
nonlinear part, which are also switched systems. Us-
ing the state-dependent switching method, the weighted
H.,, performance criterion for the class of cascade non-
linear switched systems is derived and the corresponding
switched state feedback controllers are designed. Subse-
quently, sufficient conditions have been given to guarantee
the solvability of the H., control problem. The obtained re-
sults are expected to be extended to issues such as output
feedback and estimation for the underlying systems.
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