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Dual-side Event-triggered Output Feedback H.. Control for NCS with

Communication Delays
Fugqiang Li*, Lisai Gao, Gensheng Dou, and Baozhou Zheng

Abstract: This paper studies the dual-side event-triggered output feedback H., control for networked control system
with network-induced delays. Unlike continuous-time event-triggered mechanism (ETM) or state-dependent ETM,
the discrete dual-side ETMs are firstly proposed by using plant output and controller output, respectively, which
effectively reduce transmission rate of sampled data in both sensor-to-controller and controller-to-actuator channels.
Then, the closed-loop system is modelled as a time-delay system, which characterizes effects of the dual-side
ETMs and networked-induced delays in a unified framework. Based on the system model, asymptotic stability
criterion satisfying H., performance is derived, and conservatism is reduced by the delay decomposition method
and reciprocally convex approach. Moreover, a co-design scheme is presented to design the dual-side ETMs and
controller simultaneously, which is more convenient than two-step design method requiring controllers to be given
a priori. Finally, examples confirm effectiveness of the proposed method.

Keywords: Co-design, dynamic output feedback control, event-triggered mechanism, H.. control, networked con-
trol system.

1. INTRODUCTION dition is satisfied. The existing ETMs can be roughly clas-

sified into relative ETM and absolute ETM [8]. In the first

Networked control system (NCS) is a class of complex
dynamical systems wherein the distributed system compo-
nents, such as sensors, controllers and actuators, are con-
nected through a shared communication network [1]. Due
to the advantages of high flexibility, low cost, simple in-
stallation and maintenance, NCS has been applied in smart
grid, telerobotics, precision agriculture, unmanned aerial
vehicles, etc [2, 3].

Typically, the control task in NCS is executed period-
ically, since this allows the system to be analyzed and
synthesized using the well-developed theory on sampled-
data systems. To achieve satisfactory control performance
even under the worst condition (such as concurrency of
delays [4] and dropouts [5]), the sampling period are al-
ways set small. However, high sampling frequency may
overburden network bandwidth and on-chip battery [6].
To save network bandwidth and energy, event-triggered
mechanism (ETM) has been proposed [7], which invokes
an information exchange only when event-triggered con-

case, relative ETM uses state-dependent event-triggered
threshold. For instance, the ETM in [9] schedules con-
trol tasks only when state error norm exceeds weighted
state norm, and similars can be seen in [10, 11]. In the
second case, absolute ETM uses constant event-triggered
threshold. For instance, the ETM in [12] applies impulse
control only when state norm equals to a given constant,
and similars can be found in [13, 14]. Compared with pe-
riodic sampling (time-triggered) method that all sampled
data are transmitted, these ETMs can effectively reduce
the transmission rate of sampled data, which implies net-
work bandwidth and energy can be saved. Note that these
ETMs are state-dependent assuming system state is avail-
able. However, full state measurement is often impossible
in practice. Besides, these ETMs depend on continuous-
time state provided by extra dedicated hardware. How-
ever, it is always costly to add hardware to existing sys-
tems. Thus, the first motivation is to develop an output
based ETM that can be implemented by software.
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By integrating the ETM into control loop, event-
triggered control (ETC) systems are developed. For in-
stance, a simple event-based PID controller is presented
in [7], which obtains large reductions in CPU utilization
with only minor control performance degradation. An up-
per bound of the difference between continuous and event-
triggered loops is derived in [15], which shows that the
approximation of the continuous loop by the ETC loop
can be made arbitrarily tight by appropriately choosing
parameters of the ETM. The ETC methods for first-order
[12], second-order [16] and arbitrary (finite) order systems
[17] can guarantee better tradeoffs between control perfor-
mance and average transmission rate than time-triggered
control. A periodic ETC strategy is proposed to strike a
balance between the periodic control and the ETC [18].
Using delay system method, state feedback H.. control
for linear NCS is studied in [19]. Using hybrid systems
method, a framework for the event-triggered stabilization
of nonlinear systems is proposed in [20], which is gen-
eral enough to encompass most of the existing ETC tech-
niques. Compared with periodic control system, these
ETC systems use less network bandwidth and energy,
while guaranteeing satisfactory control performance.

It is worth noting that these ETC systems assume con-
troller and actuator are co-located, and only use the ETM
to save network bandwidth in sensor-to-controller (SC)
channel. However, controller and actuator may reside on
different places [21], which implies it is interesting to em-
ploy dual-side ETMs to save network bandwidth in both
SC and controller-to-actuator (CA) channels. Besides,
these ETC systems use emulation-based (two-step) design
method [18], i.e., the controller is firstly designed without
considering event-triggered nature of the control system,
and, subsequently, an ETM is designed to ensure that the
ETC system is stable. Namely, the controller and ETM
are designed respectively, which is not convenient. Thus,
for the case communication networks exist in both SC and
CA channels, how to model the dual-side ETC system,
and develop a co-design scheme for dual-side ETMs and
controller is the second motivation.

To address the two motivations above, this paper studies
the dual-side event-triggered output feedback H.. control
for NCS with communication delays. The main contri-
butions are: (i) unlike continuous-time state based ETM,
the discrete-time output based dual-side ETMs are pro-
posed by using sampled output of the plant and controller
at sampling instants, which can be implemented by soft-
ware. Moreover, the dual-side ETC system is model as a
general time-delay system, which characterizes effects of
dual-side ETMs and network-induced delays in a unified
framework. (ii) unlike the two-step design method requir-
ing controllers to be given a priori, a co-design scheme is
introduced to design dual-side ETMs and dynamic output
feedback (DOF) controller simultaneously.

The paper is organized as follows. In Section 2, we pro-

pose the dual-side ETMs and build the closed-loop system
model. System stability is analyzed in Section 3. Suffi-
cient conditions for controller design are provided in Sec-
tion 4. Examples illustrate the proposed method in Section
5. Section 6 presents the conclusions.

Notation. ‘*’ represents a symmetric term in a sym-
metric matrix. || - || marks the Euclidean norm. [ in-
dicates an identity matrix. Diag{X,,---,Xy} refers to

a block-diagonal matrix with entries Xj,---,Xy on the
diagonal. Col{Xj,---,Xy} denotes the column vector
[XlTv T 7X13/"}T'

2. PROBLEM FORMULATION

2.1. System description
Consider a linear time-invariant (LTI) plant

x(t) = Ax(t) + Bu(t) + Boo(1),
¥(1) = Cx(0), (1)
2(1) = Cix(1),

where x(t) € R” is state, u(zr) € R™ is control input,
(r) € R is disturbance and w(z) € £,[0,00), y(t) € R™
is measurement output and z(¢) € R™ is controlled output,
A,B,B,C and C; are constant matrices with appropriate
dimensions.

As shown in Fig. 1, in SC channel, the sensor samples
measurement output of plant with constant sampling pe-
riod. The ETM determines whether or not sampled output
of the plant should be transmitted. The released output
of plant arrives at the data processing unit (DPU) through
a network with communication delays. The DPU trans-
fers the released output of plant to the zero-order holder
(ZOH) using certain timing sequence. The ZOH sends the
released output of plant to the DOF controller (DOFC)
immediately. By property of the ZOH, the ZOH will hold
the released output of plant until the next released output
of plant comes.

For convenience of development, some notations are
used: S; = {h,2h,...}(k € N) indicates sampling instants
of the sensor and the sampler in CA channel, where &
is sampling period. Sy = {b1h,bsh,...}(by, € N) denotes
transmission instants of the ETM in SC channel. S, =
{dyh,dsh,...}(dy, € N) marks transmission instants of the
ETM in CA channel. In SC channel, plant output released
from the ETM at time instant by h will arrive at the DPU

w DPU }—P{ ZOH H Actuator }ﬂﬂ)‘ Plant }ALH Sensor
Sampler | porc FiQL{ ZOH H DPU w

Fig. 1. Framework of the event-triggered NCS.
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Fig. 2. Time sequence in CA channel.

with network-induced delay ‘L’Z‘ . In CA channel, controller
output released from the ETM at time instant d, s will ar-
rive at the DPU with network-induced delay 7/ . Without
loss of generality, T,i and 7 are assumed to be upper-
bounded, i.e., 0 < r,f‘vlg ©,0 < 7 <" Then, we define
the maximum network-induced delay in both SC and CA
channels as 7 := max{7”, 7"} and focus on the case T < &
in this paper.

In CA channel, as shown in Fig. 2, the sampler obtains
discrete-time output 7i(kh) of the DOF controller. The
ETM transmits controller output 7i(b, &) only when event-
triggered condition is satisfied. The released controller
output ii(by, h) arrives at the DPU at time instant by, 11+ 7'
due to network-induced delay 7. The DPU with inter-
nal buffer sends the released controller output (b, h) to
the ZOH at time instant by 1+ 7. The ZOH immediately
transfers the released controller output &#(by, i) to the actu-
ator at time instant b i+ 7. By property of the ZOH, the
ZOH will hold the latest released controller output #(by, h)
during time interval [by,h + T,by,1h+ ) until next con-
troller output 7i(by, 1 h) arrives at time instant by, 417+ 7.

2.2. Event-triggered mechanism

The transmission scheme of the ETM at sensor side is
designed as

1
bky+1h :bkyh + %II{II{JM ||Qy2 [y(bky//l)

—y(bih+ I > 8102y (b D2, @)

where 0 < 6, < 1, Q, > 0, y(by h) and y(byh + jh) are
measurement outputs at the latest transmission instant and
current sampling instant, respectively. Min marks the min-
imum.

The ETM (2) works as follows: since the latest trans-
mission instant by h, the ETM checks event-triggered con-

1 1
dition [|Q [y(bx, 1) — (b h+ )] > 8,15 y (b, h)||* at
each sampling instant by h + jh. If event-triggered con-
dition is satisfied (i.e., an event happens), the sampling
instant becomes transmission instant by 1/, and sampled
output y(by 11h) is transmitted. Otherwise, the data will
be discarded.

Fig. 3. Structure of the ETM (2).

Unlike periodic sampling mode (i.e., time-triggered
mode) that transmits data at each sampling period, the
ETM (2) transmits data only when an event happens (i.e.,
event-triggered condition is satisfied). Thus, transmission
instants are subset of sampling instants (i.e., S, C Sy), and
system resources such as network bandwidth can be saved.

As shown in Fig. 3, the ETM (2) can be implemented by
buffer, comparator and switch. The buffer stores the latest
transmitted output y(by A1), and it will be updated when
next transmitted data y(by ,1h) arrives. Since the latest
transmission instant bkyh, ilsing sampled output y(bkyh +
Jh) from sensor and latest transmitted output y(by, /) from
buffer, the comparator checks event-triggered condition at
each sampling instant by & + jh. If event-triggered con-
dition is satisfied (i.e., an event happens), the comparator
triggers the switch to turn on and the sampled output is
transmitted. Namely, the switch turns on only when event-
triggered condition is satisfied and the ETM (2) transmits
data only when an event happens.

Specially, when 8, = 0, the ETM (2) changes into peri-
odic sampling mode, i.e.,

bky_;,_]h = bky//l + h. 3)

Proof: When 8, = 0, the ETM (2) becomes

by, s1h =by h+ rjgi£{jhl 15 [y(Dx, 1)
—y(bi,h+ jh)]||* > 0}. )

Since Euclidean norm satisfies || - || > 0, the condition

193 [y(bi, k) — y(by,h + j)]|* > O always holds for any
jh(j € N). Thus, it follows from (4) that

Due to by 1h = by, h + h, transmission interval (i.e.,
by, +1h — bk)h) of the ETM equals to sampling period h,
which implies the ETM (2) changes into period sampling
mode when &, = 0. This completes the proof. O

Remark 1: Event-triggered condition of the ETM (2)
1
can also be expressed as || [y(bi, k) — y(bi h+ jh)]||*/

1
|93 y(bi,h)||* > 8,. Namely, once the weighted norm of
changing rate of measurement output exceeds a threshold
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0y, event-triggered condition is satisfied and measurement
output is transmitted. Since Q, appears in both numera-
tor and denominator, it has little effect on event-triggered
condition, but it aims just to enhance the feasibility of the
obtained stability criteria [22]. Thus, larger J, results in
lower transmission rate of the ETM (2). Similar ETM can
be found in [9], but it is continuous-time ETM requiring
hardware.

Remark 2: Unlike the continuous-time ETMs [9, 20],
the ETM (2) has two features: (i) extra hardware is not
required to monitor continuous-time plant state, since the
ETM (2) is only dependent on measurement output at dis-
crete sampling instants, which implies that the ETM (2)
can be implemented by software. (ii) to exclude Zeno be-
havior [18], complex computation for lower bound of trig-
gering intervals is not needed, since the ETM (2) works at
sampling instants, which guarantees that triggering inter-
vals are at least lower bounded by /4 > 0.

Similarly, the transmission scheme of the ETM at the
controller side is designed as

1
i +1h =di, h+min{ jh[[|<2 [A(d, h)
J
1
— (di,h+ jh)]|* > 8,|Qéa(di h)|*}, (6)

where 0 < 6, < 1, Q, > 0, d(dy,h) and @(dy,h+ jh) are
controller output at the latest transmission instant and the
current sampling instant, respectively.

Remark 3: The ETM (2) at sensor side and ETM (6) at
controller side use local information (plant output or con-
troller output) to decide when to transmit data, thus trans-
mission of one ETM does not necessarily trigger transmis-
sion of another ETM. Namely, although the ETMs at both
sides may trigger simultaneously, they are not necessarily
synchronized. Similar idea can be found in [21].

2.3. Closed-loop system modeling
2.3.1 Modeling in the SC channel

The DPU at sensor side works as follows.

i) The buffer in the DPU receives and stores the lat-
est transmitted data of the ETM at sensor side. Due to
networked-induced delay, the data released from the ETM
at time instant by & will arrive at the buffer at time instant
by, h+ ‘L']fy, where"c,fy <.

ii) At each time instant k2 + 7(k € N), the DPU checks
whether or not the buffer has been updated. If yes, the
DPU transfers updated data of buffer to ZOH immediately.

Thus, the updating sequence of the ZOH can be de-
scribed as S; =S, + 7 = {t1,12,...}, where ty = b h+T.
By the property of the ZOH, the input signal $(z) of the
DOF controller can be obtained as

$(t) = y(bi,h), t € [tr, i 41)- (7

@ sampling instants (O transmitting instants [ arriving instants

bk. h bA, ah

Sensor

| » »:

e IRV S o
T i %’ ‘ N % %
holding interval of the ZOH

»
>

t

Fig. 4. Division of holding interval of ZOH at sensor side.

Defining &, 1= bkerl — bk}_ — 1, the holding interval of
the ZOH can be divided as

Sky

[t st +1) = U ¢Zn ®
by =0

where ¢;" = [t + (o . ti, + (b, + 1)), b, =0,1,... & .
For instance, as shown in Fig. 4, holding interval [tky N )
of the ZOH can be divided into subsets as (f)(t)k’ = [tky,tky +
)91 = [, + hyti, +2h), 0, = [t + 2k, 1, + 3h) and
3 = [, + 3,1, +4h).
On divided interval q)}iij , define 17() (as shown in Fig. 4)

n(t) =1~ (byh+lh), t € ¢Z§. ©)
n(¢) is a piecewise-linear function satisfying

T<n) <h+t ey (10)
Taking time derivative of 7(¢) in (9) yields

) =1, ¢ ¢Z; and t # 5, + (. (11)

Proof: Using (8), holding interval [t ,# 1) of ZOH
can be virtually divided into subsets ¢Z» . On artificial-
divided subset ¢Z‘ , N(¢) is defined as in (9). Then, taking
time derivative of 1(¢) in (9) yields

di d(byht bh)

2y =4
n(t) dt dt

=1,1€¢, andr #t + L h. (12)

This completes the proof. 0

Remark 4: As shown in (10), from the analysis view,
7 is the minimum value of the function 1 (¢), i.e, T < N ().
On the other hand, as shown in Section 2.1, from the prac-
tical view, 7 denotes the maximum network-induced delay
in both SC and CA channels, i.e., T = max{7’, 7"}.
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Define piecewise-constant function e,(r) as ey () :=
¥(bih) = y(bih+ f h) 1 € 9, 19, e,

y(bi,h) =y (b, h), te gy,
y(bih) = y(bph+h), 1€ ¢,

ey(1) = ) (13)

Y(bih) —y(bih+ e h), t € Oy,

Using (9) and (13), the controller input in (7) can be
described as

A ty
I(6) = ey (1) +y(t=n(1)), 1 € ;. (14)
Then, the DOF controller is designed as

X (1) = Acxc(t) +Acaxc(t —m(t)) + BI(1), .
() = Colr), 1€ 0L, (4

where x.(t) € R”,$(¢) and 4i(¢) denote the state, input and
output of the controller, respectively. A., Aqq, B, and C,
are gain matrices with appropriate dimensions.

Remark 5: Using 7n(¢) in (9), during time interval
1€ 0 = b, + b+ T, by, + (G + 1R+ 7), state x(r —
n)) = Xc (b, b+ £y, ) is history information. Since both
history state x.(f — 1(¢)) and current state x.(¢) are em-
ployed, the controller (15) is memory controller. As
shown in [23], memory controller often achieves good
performance, which is the first motivation to design mem-
ory controller (15).

On the other hand, using Theorem 2 in Section 4, gain
matrices of controller (15) can be obtained in (47), where
Acd =N (A3 —ACX —YBA)(I-YX) 'N. If Ay =0,
controller (10) becomes memoryless controller, and we
have A3 — A,CX —YBA| = 0, which is an equality con-
straint on matrix variables (Ay,Az,A3,X,Y). Under this
constraint, related matrix inequalities in Theorem 2 are no
longer linear, which implies it is difficult to design mem-
oryless controller by LMI technology. Thus, the memory
controller (15) is easier to be designed by LMI technol-
ogy than corresponding memoryless controller, which is
the second motivation to design memory controller (15).

As shown in Fig. 4, by dividing the holding interval of
the ZOH at the sensor side, the whole operation time can
be described as [t9,%0) = Uy~ _,, UZ;:O Z‘ Under the time
scale t € q)Z:, the controller input $(¢) is obtained in (14).
To build the closed-loop system model, the plant input u(r)
in (1) should be described using the same time scale ¢ €

2 , which is shown in the following.
»

2.3.2 Modeling in the CA channel

Like the DPU at the sensor side, the DPU at the con-
troller side works as follows: (i) the buffer in the DPU re-
ceives and stores the latest transmitted data of the ETM at

byh b'h b'h
Sensors

Actuator

4
e o e o R
% % o o S o

@ sampling instants () <> transmitting instants of the dual-side ETMs [ arriving instants

Fig. 5. Division of the whole operation time.

the controller side. (ii) at each time instant ki + t(k € N),
if the buffer is updated, its store will be sent to the ZOH.

Thus, the updating sequence of the ZOH at the con-
troller side can be denoted by S, =S, + 7= {7,dih+
T,d,h+7,...}, and the control input u(z) of the plant (1)
is described as

u(t) = ﬁ(dkuh), 1 e [dku/’l—ﬁ-f,dklﬁ]h-i-f). (16)

Like the partition of the holding interval of the ZOH at
the sensor side in Fig. 4, the holding interval of the ZOH
at the controller side can also be divided equally. Since
the updating sequences of the ZOHs at both sides satisfy
S.,,S,, € {r,h+1,2h+7,...}, and their holding intervals
are splitted equally, the divided subset for both the ZOHs
can be denoted by d)é: as shown in Fig. 5. Obviously,

the common time interval (])Z) is a subset of one holding
interval of the ZOH at the controller side, i.e.,

0p = [bih+ b h+ T b h+ (6, + Dh+7)

- _ (17)
- [dk“h-i- T,dku+1]’l+ T),

where di, h = max{dy, h|dy,h < by h+ 4y, h} indicates the
latest transmission instant of the ETM at the controller
side by the sampling instant lf,vﬂ_h + £y, h, and dy,,+1h marks
the next transmission instant of the ETM after d_kuh, which
implies dy, 17 > by, h+ ({x, 4 1)h. Since the clock is syn-
chronized, the sambling instant bivh + ¢y h is the same for
the ETMs at both sides. '
Using (17), it follows from (16) that

u(t) = a(dy,h), t € ¢ C [dih+T,di1h+7), (18)

which implies the plant input u(¢) is described using the
same time scale 7 € (])Z: as the controller input J(¢) in
(14). For instance, as shown in Fig. 5, when f, =1,
and (, = 1, we have ¢, = ¢{' = [2h+7,3h+7). The
latest transmission instant of the ETM at the controller
side by sampling instant 24 is di h = dih = 2h, and the
next transmission instant is dj,1h = dah = 4h. Then, it
is clear that ¢;' C [dih+ T,doh+ T) = 2h+ T,4h + 7).
Since u(t) = i(d,h),t € [dih+T,dyh+ ), we have u(t) =
a(dih) = a(2h),1 € P

Since dy, h is the latest transmission instant of the ETM
at controller side by sampling instant by i + {4 h, define
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piecewise-constant function e, (z) as
eu(t) := i(di,h) — (b h+ L h), 1 € ¢, (19)
Using (9) and (19), it follows from (18) that

u(t) = a(dy h) = e, (t) +a(t—n(t)), t € ¢Z (20)

Under the time scale t € ¢Z" , substituting (20) into plant
y
model (1) and using controller model (15), the closed-loop
system model is obtained as

E(1) = AL(1) +AdE (1 =M (1)) + Byey (1)

+Eueu(t) +wa(t)7 (21)
wr) =), regy,
where & (1) = Li((tt))]’A: {13 Xj A= {B?C iij B

Lg] B, = {ﬂ By = {Bow] and C; = [C; 0]. The

initial condition is supplemented as £(r) = J(t),t €
[—(h+ 1),0], where J(¢) is a continuous function on
[—(h+17),0].

3. STABILITY ANALYSIS OF THE
EVENT-TRIGGERED NCS

Based on the closed-loop system model (21), using the
Lyapunov-Krasovskii functional approach and linear ma-
trix inequality (LMI) technology [24], system stability
will be analyzed in this section.

Lemma 1 [25]: Let fi, f>,...,fy : R™ — R have the
positive values in an open subset D of R™. Then, the re-
ciprocally convex combination of f; over ID satisfies

miny, i) = LAO +max Lei(0, @2)

i#]

where o; > O,Zia,- =1, 8ij - R™ R7gj",'(l‘) =
oy | fi) g0

st [y | 2o

Theorem 1: For given scalars 2 > 0,7 > 0,7 > 0, un-
der the ETM (2) and (6), the system (21) is asymptotically
stable with an H.. performance index 7 for disturbance at-
tenuation, if there exist scalars 0 < 8, < 1,0 < §, < 1, real
matrices Q, > 0,9, >0,P>0,U >0,0>0,R; >0 (i=
1,2,3), S, and S3 with appropriate dimensions, such that

Ri k .

[Si R,} >0,i=23, 23)
[f“ N ] <0,i=23. 24)
=21 222

y Dy =

113

Proof: Construct a Lyapunov-Krasovskii functional
(LKF) candidate as

V() = ET(1)PE(1) + tim ET (5)UE (s)ds
> —MNi-1 pt )
SR /—nn ./,+e &" (s)Ri& (s)dsd®

t

- / " (5)Q¢ (s)ds, t € ¢, (25)

t—p )
where P > 0,U > 0,0 > 0,R; > 0(i = 1,2,3), nj;—1) =
Ni—Mi-1, =0, Mm=1Mm=h+t,p="250m=
L and £ (1) = col{& (1 —m1),& (¢ —m2) }-

Taking the time derivative of V(¢) along the trajectory
of the closed-loop system (21) yields

3

V(1) =sym{&"(1)PE(N)} + Ym0y 8T (ORE (1)

i=1
+ENNUE(N) & (1 —m)UE(r —m)
+81(1)Q8(6) = ¢ (1 = p)QL(t —p)

3
+Y 0i(t), 1 € ¢,fi, (26)
=1 :

where (1) = —1;;_1) [ €T (0)R:E()d6.
Then, two cases are considered.
i) When 1(¢) € [n1,12), applying Jensen’s inequality

[26] to ¥;(¢) in (26) yields
B1(1) < gl Rigi, B5(1) < & Rsgs,

=M t—n(r)
Ba(r) = —1721(/ ©d6 +/ 6d0) 27)
t=1(t) =1

1 1
< —(angzgﬁr EZQSTRZ%)’

where ¢ = x(t) —x(t —m), ¢ = x(1 = 1M2) —x(t — 3),
G =T (O)RE(8). oy = 1M gy = o) ¢ — [x(s

N1
M) —x(t=n(t))] and ¢s = [x(t = (2)) —x(t —m2)].
R;
S Ry
fied, applying reciprocally convex approach (Lemma 1) to
B (¢) in (27) yields

If the condition > 0 in Theorem 1 is satis-

Dy (1) < —¢J Rags — &5 (1)RaGs + sym{g $264}. (28)

ii) Similarly, when 1 (¢) € [12,13), use Jensen’s inequal-
ity to ¥ (¢) in (26), and apply reciprocally convex ap-
proach to ¥s(¢), which is omitted here.

Considering the two cases above, it follows from (26)
that

V() <x" ()0 (1), i=2,3, (29)

where x(1) = col{G(t),&(t —m),c(t — n(1)),5(t —
M), 6(t = M) es(t),eu(t), (1)}, O = sym{e]PT} +
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eiUer—ejUer+[e e|0le] ef]” ey e5]Qlef e5]" +
25:1 T‘[](j_l I'TR; T — (e —e)) Ry (e1 —e2) —(3—1i)(es—
65)TR3(64 — 65) (3 — i)(e2 — 63)TR2(€2 — 63) — (3 —
i)(e3 — eq)TRy(e3 — eq) + (3 — i)sym{(e3 — e4)"S2(er —
e3)} — (i — 2)(e2 — ea)"Ra(er — es) — (i — 2)(es —
63)TR3(€4 — 63) (l — 2)(63 — 65)TR3(€3 - 65) + (i —
2)sym{(e3 —es)"S3(es — e3)}, Tt = Aey + Ages + Byes +
Eue7 +Bw68’ e = [Onx(z—l)n I; On><( S5—i)n 0n><(n,.+n,,+nw)]
i=1 .., 05), e = [On,xSﬁ Iny Otlyx(n,,+nw)]s €7 =
[Onux(SﬁwLn‘.) Inu Onl,xnm}’ eg = [Onﬂ,x(SﬁJrnern“) Inw] and
n=2n.

Using the definition of 11(z),e,(¢) and e, () in (9), (13)
and (19), the event-triggered condition in ETM (2) and (6)
can be described as

el (1)Qyey(1) < 8,y Quy, 1 € q)

ey (1Que,(t) < 6”"’14 QuWu, 1 € ‘sz:a (30)

where v, = e,(1) +y(t = (1)), Yu = eu(1) +a(t =1 (1))
Obviously, the following equation holds

V(1) =V (1) — ey (1)Qyey(1) + ey (1) Qyey (1)
ey (1)Quen(r) + ey (1 Quen(t)
=2 (t)z(t) + 2" (t)z(t)
7o’ (o) + 7o’ (Holt). (31)

Substituting (29) and (30) into (31) yields
V() <x'(t )®’%( )— 2" (1)z(1)
+72w 7 1_2737 (32)
where @ = © — enge6 — eI Qe7 — PPeleg +
8F§Q I+ 6 F3Q I3 +F4F4,F2 = CE\e3 + e6,13 =

C.Eres 467,14y = Clel,El [I,, 0] and E, = [O I,,].
®' in (32) can be expressed as

~ . e
=&, 7121_22 B, 1=2,3, (33)

wherea’n_@ Z, 177 FRF1

—Yeles, By = 001{1"2,1"3,7111"1,71211"1,77321"1,1"4}7 Exn
=diag{—8;'Q;"',—6,'Q,",—R;',—R;',—Ry',—I}.

el Queq—el Qe

If the condition [f“ _* ] < 0 in Theorem 1 is satis-
=21 =22
fied, using Schur complement [27] yields

—_i —~T —m—1— .
N —EyE, B <0,i=2,3, (34)

which implies ® < 0(i = 2,3) using (33).

Thus, from (32) and (34), one can derive that: if con-
ditions in Theorem 1 are satisfied, the system (21) with
(1) = 0 is asymptotically stable, and ||z(¢)|| < 7||@]| un-
der the zero initial condition. This completes the proof. [J

Remark 6: By dividing interval 1n(r) € [n,n3] into
[11,M2) and [12, N3], where 1, = 12, delay decomposi-
tion method is used to construct the LKEF (25), which con-
tains 7),-dependent terms n21f ngé ($)RE (5)dsd6

and n32[ ft+95 (s)R3€ (s)dsd®. Then, as shown in
(28), remprocally convex approach is used to handle
second-order integral terms in proof of Theorem 1. As
shown in [28] and [25], delay decomposition method and
reciprocally convex approach help reduce conservatism.
Thus, low conservatism of Theorem 1 can be expected.

As a special case, if the ETM and network only exist at
the sensor side, the system (21) changes into

E(t) = AE(1) + A& (t— (1) + Byey (1)
+B,0(1), (35)
2(t)=Cié(t), te ¢'k‘

- A BC. ~ |0 0
where A = {0 Ac:| and A; = [BCC ACJ.

Corollary 1: For given scalars 2> 0,7 > 0,7 > 0, un-
der the ETM (2), the system (35) is asymptotically sta-
ble with an H., performance index Y for disturbance at-
tenuation, if there exists scalar 0 < 5), < 1, real matrices
€, >0,P>0,U>0,0>0,R >0(=1,2,3), S and S3
with appropriate dimensions, such that

Ri * .

[Si R,} >0,i=2,3, (36)
[;11 - ]<01_23 (37)
=21 =22

Proof: Like the proof of Theorem 1, constructing a
LKF candidate (25), and taking time derivative of the LKF
(25) along trajectory of the system (35), we have

Vi) <i'(1)e
where ¥ (t) = col{S(t),5(t — m

x(t), i=2,3 (38)
), &t — (1)), &t —

m),8(t— na) ey(1),0(1)}, © = sym{&[ PT"1} +-&[U&, —
aue + (6 ol e~ ol &)+
Y n}(jfl)rlTRjr, — (&1 —&)TR (&, — &) — (3—i)(és—

é5)TRy(é4 — &5) — (3 —i)(&2 — &) Ry (82 — &) — (3 —
i)(€3 — &) Ra(&3 — &) + (3 — i)sym{ (&5 — &)" $2(e> —
&)} = (i = 2)(& — &) Ro(@& — &) — (i — 2)(& -
) R3(64 — 53) (l — 2)(63 — 65) R3(63 — 65) + (l —
)sym{(63 E5)TS ( ey —63)} F] Ael —|—Ad€3 —|—B €6 +
Bm€7, ¢ = [Onx(z—l)n I; 0n><(» 5—i)i 0n>< (ny+ne) } i=1...,5),
e = [On}.XSﬁ Iﬂy On}.xnw] and &; = [0 ne X (Sii+ny) Ina,]
Like (30), the event-triggered condition in ETM (2) can
be described as

el (1)Qyey(t) < 8, Yl Qs 1 € 0, (39)

where W, = e, (1) +y(t —n(2)).
Obviously, the following equation holds

V(1) =V (1) — ey (1)Qe, (1) + ey (1) Qe (1)
—zH()z(t) + 2" (1)z(1)
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Table 1. Upper bound of 13 under different value of 7.

Methods \ 0 0.1 | 02 | 03 | 04 | 05
Proposition4 | 4 551 165 | 169 | 1.75 | 1.81 | 1.86
in [29]
Corollary 1 | 1.89 | 1.95 | 2.01 | 2.06 | 2.10 | 2.13

7o’ (o) + 7o’ (Holt). (40)
Substituting (38) and (39) into (40) yields

V() <x"(0)0'x (1) =" (1)z(t)
+7o’ (Do), i=2,3, (41)

where O =6 — Enge:G — 7_/257Te”7 + §ITQ, [ +
F3TF37F2 = CE1€~3 +€~6 and F3 = Clél.

®' in (41) can also be expressed as

O =z ~E &8y, i=2,3, (42)

where Ej = & — Y7, Ny DTRDT — Q8 —
')/2(?;577 32] = COI{FQ, nIF] s T]z]F] s T’32F] 71—‘3} and 322 =
diag{—8,'Q;",—R;",—R;',—Ry', I}

If the condition [i” = ] < 0 in Corollary 1 is satis-

7S ICY))

fied, using Schur complement yields

1B B <0, i=2,3, (43)

which implies @ < 0(i = 2,3) using (42).

Thus, from (41) and (43), one can derive that: if con-
ditions in Corollary 1 are satisfied, the system (35) with
(1) = 0 is asymptotically stable, and ||z(¢)|| < 7||@]| un-
der the zero initial condition. This completes the proof. []

Remark 7: Using the satellite system in [29], Table 1
lists the upper bound of 713 under different value of 7.
Due to the usage of delay decomposition method and re-
ciprocally convex approach, Corollary 1 obtains bigger
upper bound of 13 than Proposition 4 in [29]. Thus, Corol-
lary 1 has lower conservatism, which confirms Remark 6.

Since gain matrices (A;,Acq,B.,C.;) of the controller
(15) are coupled with positive matrix P in Theorem 1, they
can not be computed directly. To this end, we will present
sufficient conditions for controller design in the following
section.

4. CO-DESIGN OF THE ETM AND
CONTROLLER

Lemma 2 [30]: For matrices R > 0,X and any scalar
o, the following inequality holds

—XR'X < 6’R-20X 44)

Theorem 2: For given scalars & > 0,7 > 0,y > 0, if
there exist scalars 6, > 1,8, > 1, real matrices Q, >

0,Q,>0,U>0,0>0,R;>0(i=1,2,3),Z= FI( ;] >

0, S, and S5 with appropriate dimensions, satisfying

Ri * .

[S',» Rl} >0,i=2,3, (45)
[i“ - ] <0,i=2,3, (46)
221 £22

then under the ETM (2) and (6), the system (21) is asymp-
totically stable with an H.. performance index 7 for distur-
bance attenuation, and gain matrices of the controller (15)
are obtained as

Ae =N"'(Ay—YAX)(I-YX)'N,
Acg =N (A3 —ACX —YBA)(I-YX)™'N
B.=N"'Ay, C.=A(I-YX)"'N. (47)

Proof: Partition matrix P as

Y *

P= NT NT(y_x—l)—lN:| ) (48)
where matrices X,Y,N € R"". If matrix N is singular,
then there exists sufficiently small scalar € > 0, such that

1 .
I 0 also satis-
fies the conditions of Theorem 1. Thus, without loss of
generality, matrix N is supposed to be non-singular.

Applying Schur complement to (48) yields

N + € x I is non-singular and P+ € X

Y—-X1>0

P>0&
X>0

X x
S7= L Y} >0. (49)

Define matrices ¥ and ¥, as

¥ = [Nl(IX YX) (I)} :

I v
¥, = Py, = {o NT} (50)

Define matrices Y| and Y as

Yl :diag{‘Pl,‘I’l},
Tz = diag{Yl,Y]7‘?1,1,1,[,[,L‘P2,‘P2,le,I}. (51)

Using (51), perform congruence transformations to
conditions in Theorem 1 as

Ri | T Ri * .
& ion[s sJnsoimas

[;11 *2] ) [f“ = ]Yz <0,i=2,3, (52)

=21 =22
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where i, = sym{ell'\} +elUe) —elUe, + €] €}]0
ef 1T =[] eT)Ole] el )T — (e — ) Ruler — e2) —
(3 — i)(e4 — es)TR3(e4 —_85) — (3 — i)(ez — 63) Rz(ez —
3) — (3 —i)(e3 — eq)TRy(e3 — eq) + (3 — i)sym{(e3 —
64)TS2(62 — 63)} — (l — 2)(62 — 64) Rz(ez — 6’4) (l —
2)(ea —e3)"Rs3(ea —e3) — (i —2)(e3 — es) Ry (e3 —e5) +
(i - )sym{(e3 —es5)'Ss3(es —e3)} — el Qe — e7TQue7
YPeles, Ba1 = col{Ty, T3, mI1,nul1,m3201, T}, B =
diag{—8;'Q;",—8,'Q, ", ~ZR;'Z,~ZR;'Z,~ZR;'Z,
I}, T = ¢rer + pres + Pres + Pue7 + @ses, Fz =
Poe3 + €6, T3 = @re3 +e7, Ty = gger, ¢1 = [ﬁ ;}4 ,

BA 0 0 B
¢2 = |:[\3l A2C:|’ ¢3 = |:A2:|’ ¢4 = |:YB:|7 ¢5 =

YBg’w,q)ﬁ:[cx Cl.¢r=[A1 0], ¢9s=[Ci1X Ci],

U=YUYy, 0Q="I0Y,, Ri =¥IRY, (i=1, 2,
3), S =WISY, (i=2, 3), Ay =CN'(I-YX),
Ay = NB., A3 = A,CX +YBA; +NA 4N~ (I —YX) and
Ay =YAX +NAN"Y(I-YX).

Using Lemma 2 with o = 1 to decouple nonlinear terms
in &,, in (52) yields

By =diag{Q, —26,1,Q, —28,I,R, —2Z,
Ry —27Z,R3 27,1}, (53)
- _1 - _1
where 6, = &, > and &, = 9, >. This completes the
proof. ]

To deal with the unknown matrix N in (47), applying an
irreducible linear transformation x.(t) = N~'%.(t) to the
controller (15), an equivalent controller is obtained as

{ (1) = Acke(t) + Acae(t =M (1)) + B3 (1),
~ = Tky (54)
a(r) = Cexe(t), 1€ Q%i_v

where

A = (Mg —YAX)(I—-YX)!
Aca = (A3 —AyCX —YBA)(I—YX)™!
B. =My, C. = A (I—-YX)"L. (55)

Remark 8: Since gain matrices (A.,A.q,B.,C.) of the
controller (15) are coupled with positive matrix P, The-
orem 1 can only be used to check system stability with
given controller, but can not be directly used to design
controller. To this end, by decoupling nonlinear terms in
Theorem 1, Theorem 2 provides sufficient conditions for
event-triggered controller design, and the designed con-
troller (54) is equivalent to controller (15) in Theorem 1.

Remark 9: Event-triggered control system has also
been studied by impulsive system method [31] and pas-
sive approach [32], and both of them use two-step design
method requiring controllers to be given a priori. How-
ever, using Theorem 2, parameters of the ETM (2) and (6),

and gain matrices of the controller (54) can be achieved
simultaneously. Namely, Theorem 2 provides a co-design
scheme to design the ETM and controller simultaneously,
which is more convenient than two-step design method.

5. EXAMPLES

To illustrate advantages of the ETM (2) and (6), the
satellite system in [29] is used, and its state-space repre-
sentation can be given by the LTI system (1) with

0 1 0 0 0
k4 ok d 0
— Jz Jz Jz Jz —
A=10 o o T1[]'B5 o
k da _k _d 1
Jy Ji 1 1 Ji
Setting J; =J, = 1,k =0.09,d = 0.0219, since the eigen-

values of A are —0.0219+0.4237;,—-0.0219 —0.4237;,0
and O, the system is unstable. Other parameters are set

0 010
as: C = [1 0 1 0] , By = 0.01col{1,1,1,1}, C; =
000 1], o(t) = 2sin(2xt), h = 10ms,7 = 2ms and

Y = 25. Initial conditions of satellite system and con-
troller (54) are xo = co1{0.2,—0.3,0.3,—0.2} and X0 = 0,
respectively. Simulation time is z; = 90s.

Using Theorem 2 to compute parameters of the
ETM (2) and ETM (6), and gain matrices of controller
(54) simultaneously yields: &, = 3.16 x 107°,Q, =

24417 —55.07] . L
{55'07 135.16},&,1.64“0 Q, = 476.23,
03047  0.1374  0.1044 —0.1760
o _|-09538 00168 02659 09091
c= 100749 —00132 04702  0.6297 |
0.0138 00170 —0.9036 —0.8317
03496 —0.0631 —02799 —0.0835
o _|-03080 —02245 25230 16414
«@=100320 00094 04480 05102 |
—02798 —02029 —23035 —1.5125
53.5601  —49.0680 0.00077"
| —44032 09791 _ 10.0005
Be=1_317917 40164 | ™ G = 100058
18227 0.5953 0.0038

As shown in Fig. 6 and Fig. 7, the satellite system un-
der the dual-side ETM can be stabilized, and the perfor-
mance of event-triggered control is very similar to that of
periodic sampling control. Actual disturbance attenuation
rate of the event-triggered control system is obtained as
¥ = 19.8 satisfying ¥ < 7, which implies H., performance
is guaranteed.

As a performance index, transmission rate of the ETM
is defined as r; = 7 x 100%, where n; and n, denote
numbers of transmltted data and sampled data, respec-
tively. Using simulation time ¢t; = 90s and sampling pe-
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Fig. 6. State responses under the dual-side ETM.

T T T
— — — Periodic sampling control
Event-triggered control |7

o

State norm ||x(t)||

0.5

0 10 20 30 40 50 60 70 80 90
Time (s)

Fig. 7. Evolution of state norm ||x(¢)]|.

riod 7 = 0.01s, number of sampled data in both SC and
CA channels can be obtained as n; = ’ﬁ =9000.

Fig. 8 describes transmission instants and transmission
intervals of the ETM (2) at sensor side, where transmis-
sion interval indicates time interval between two consec-
utive transmission instants. In Fig. 8, number of trans-
mission instants (i.e., number of transmitted plant output)
is n, = 5490. Thus, transmission rate of the ETM (2) is
r = Z—' x 100% = 61%. Compared with periodic sam-
pling scheme that all sampled data are transmitted (i.e.,
r; = 100%), 39% networked bandwidth in SC channel can
be saved by the ETM (2) at sensor side.

Similarly, Fig. 9 shows transmission instants and trans-
mission intervals of the ETM (6) at controller side. The
number of transmission instants (i.e., number of transmit-
ted controller output) is n, = 5256, and thus transmission
rate of the ETM (6) can be achieved as r, = 58%. Com-
pared with periodic sampling scheme, 42% networked

0.4

o
)
o

o
w

o
IS
a

o
S

o
o

Transmission intervals (s)

o

0.05

0 10 20 30 40 50 60 70 80 90
Transmission instants (s)

Fig. 8. Transmission instants and transmission intervals of
ETM at sensor side.
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<
< 0
é 05+ 32 33 34 4
<
o
B 04r
£
2
s 031
=
0.2r
0.1
0

0 10 20 30 40 50 60 70 80 90
Transmission instants (s)

Fig. 9. Transmission instants and transmission intervals of
ETM at controller side.

bandwidth in CA channel can be saved by the ETM (6)
at controller side.

From Figs. 6-9, one can observe that the event-triggered
control system using the dual-side ETM can save network
bandwidths in both SC and CA channels while guarantee-
ing satisfactory control performance.

Remark 10: If the ETM and network only exist at sen-
sor side, based on Corollary 1, using the satellite system
above with h = 0.1s, 7= 0.05s, t, = 60s and @(¢) = 0, Ta-
ble 2 lists transmission rate of the ETM (2) under different
threshold & When 5y increases, transmission rate of the
ETM (2) decreases, which confirms Remark 1. Besides,
as shown in (3), when §, = 0, the ETM (2) becomes pe-
riodic sampling mode, which implies transmission rate is
r; = 100%. In this case, £, has no effect on the ETM (2)
and transmission rate r;, and thus its value is omitted in
Table 2.
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Table 2. Transmission rate of ETM (2) under different §,.

o
o
o
g

0.006 | 0.008 0.01

344]

6 2 3
3 9 2
24.5 22.3 20.8

5, 0 | 0.002
o | - |[#a)l]
r, (%) 100 | 43.5 32.

=33
=

—w

N | o
~

o=

6. CONCLUSION

The dual-side event-triggered output feedback H., con-
trol for NCS with communication delays is studied in
this paper. Firstly, the discrete dual-side ETMs are pro-
posed by using outputs of plant and controller, respec-
tively, which effectively reduce transmission rate of sam-
pled data in both SC and CA channels. Since the dual-side
ETMs work at discrete sampling instants, it can be easily
implemented by software, and Zeno behavior can be ex-
cluded. Then, the closed-loop time-delay system model
is established, which integrates parameters of the dual-
side ETMs, network-induced delays, plant and controller
dynamics in a unified framework. Sufficient conditions
for system asymptotic stability with guaranteed H. per-
formance are obtained, and the conservatism is reduced
by the delay decomposition method and reciprocally con-
vex approach. Moreover, sufficient condition for event-
triggered controller design is presented, which can com-
pute parameters of the dual-side ETMs and gain matrices
of the DOF controller simultaneously. Namely, the ETMs
and controller can be co-designed, which is more conve-
nient than the two-step design method.
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