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Barrier Lyapunov Functions-based Adaptive Control for Nonlinear Pure-
feedback Systems with Time-varying Full State Constraints

Chunxiao Wang, Yugiang Wu*, and Jiangbo Yu

Abstract: This paper studies the problem of controller design for pure-feedback nonlinear systems with asymmetric
time-varying full state constraints. The mean value theorem is employed to transform a pure-feedback system into
a strict-feedback structure with non-affine terms. For the transformed system, a time-varying asymmetric Barrier
Lyapunov Function (ABLF) with the error variables is employed to ensure the time-varying constraints satisfaction.
By allowing the barriers to vary with the desired trajectory in time, the initial condition requirements are relaxed
efficiently. The presented control scheme can guarantee that all signals in the closed-loop system are ultimately
bounded. It is also proved that the tracking error converges to an adjustable neighborhood of the origin even in the
presence of disturbance. The performance of the ABLF-based control are illustrated through two examples.
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1. INTRODUCTION

Constraints occurring in various engineering systems
are sources of instability and often cause undesirable per-
formance. Driven by practical requirements and theoret-
ical challenges, the research of constrained problem such
as the nonlinear saturation, physical stoppages, as well
as performance and safety specifications has become an
important research topic [1-6]. Many fruitful results on
constraint-handling methods have been generated, such as
the model predictive control [2, 6], the set invariance no-
tions [7, 8] and reference governors [9, 10]. Additionally,
Barrier Lyapunov Function (BLF) has been employed to
handle constraints for systems in the Brunovsky form [11],
strict-feedback form [12—16] and pure-feedback form [17,
18]. The basic difference between BLF and the traditional
Lyapunov function lies in the fact that the value of BLF
approaches infinity whenever its arguments tend to some
limits.

There have been extensive research efforts in strict-
feedback nonlinear systems such as [12—16] and [19-26].
Several versions of the BLF-based control design for non-
linear systems have been studied. The work in [12] pre-
sented control designs for strict-feedback nonlinear sys-
tems with a constant output constraint. [13, 14] further ex-
tend the results to strict-feedback nonlinear systems with

time-varying output constraint. For the strict-feedback
nonlinear systems with state constraints have been stud-
ied in [19-22]. Both the problem of output constraint and
state constraints mentioned in the above works were tack-
led by using BLF. However, the approach on state con-
straints reported in above mentioned works limits its ap-
plication to a class of strict-feedback nonlinear systems.
The pure-feedback system represents a more general class
of triangular systems which have no affine appearance of
the variables to be used as virtual controls. For the pure-
feedback system with state constraints a good tracking
performance was achieved in [17] without violating the
constant states constraints. Note that the method of [17]
can not solve the problem of asymmetric time-varying
state constraints. One more interesting work is to consider
the pure-feedback system with asymmetric time-varying
state constraints. Therefore, the main difficulty of han-
dling this class of system is to deal with time-varying full
state constrained unknown non-affine nonlinearities.

Motivated by the above observations, in this paper, we
employ the time-varying ABLF-based adaptive control to
handle a pure-feedback system with time-varying full state
constraints. The main contributions of this paper are sum-
marized as follows:

1) The mean value theorem is employed to transform
the pure-feedback system into the strict-feedback structure
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with non-affine terms. For the transformed system, a time-
varying ABLF-based backstepping design is proposed to
prevent the violation of the full state constraints.

2) By constructing a new ABLF, the control scheme
is able to handle the state constraints that are both time-
varying and asymmetric. The cases of symmetric state
constraints considered in [17] and [20] are some special
cases of our scheme.

3) A new adaptive controller is designed to handle
parametric uncertainties. Furthermore, the time-varying
ABLF is used, the states can start from anywhere within
the initial states constrained space. As a result, the de-
sign scheme can add flexibility of controller and relax the
restriction on initial conditions.

The rest of the paper is organized as follows. In Section
2, some mathematical preliminaries and statement of the
problem are provided. The BLF-based control design for
uncertain system is developed, and addresses robustness
to disturbance in Section 3. Two simulation examples are
given in Section 4 to illustrate the obtained results. Section
5 concludes this paper.

2. PROBLEM STATEMENT

Consider the following class of pure-feedback nonlin-
ear systems with time-varying full state constraints

xl(t) :fi(fiﬂ( ))’ i=1,2,--- ,n—1,

(1) = fa(%n(1),u(z),

(1) = x1(1), (1
where (1) = (x1(t),x2(t),- -, x;(t))T €R,i=1,2,--- ,n,

u € Rand y € R are the states, control input and output, re-
spectively. fi(%i1(2))(i=1,---,n—1) and f;,(%,(r),u(t))
are uncertain nonlinear smooth functions. According to
the mean value theorem in [27], there must exist variables
x?,; and u” such that

fi(%ir1)
fu(Xn,ut)

where x?, | is some point between zero and x;;.1, u” is some
point between zero and u, g;(%iy1) = 9fi(Xiv1)/0%it1s
&n(%n,u) = 9 f,(%,,u)/du. Inspired by [17], we assume
that the uncertain terms satisfy: f;(%;,0) = 6] h;(%;) with
6; € R™ is uncertain constant vector and #; : R® — R” is
known continuous function vector.

Furthermore, in this paper all the states x(¢) are re-
quired to be constrained in a set as x(f) € Q,, where Q. :=
{xeR" k. (1) <xi(t) <ke(t),i=1,2,--- ,n,Vt >0} CR",
k. (t): Ry — Rand k() : R — R.

Remark 1: The state constraints k,, (1) < x;(t) < k,(t)
considered in this paper are based on the worst-case sce-
nario. The designed constraint functions can be speci-
fied according to the requirements of practical problem.

= fi(%,0) + (%, x0 )xis1,
= fu(%4,0) + gu (%, u°)ut, 2)

The constraints &, (t),k(#) should be guaranteed to sat-
isfy k. (1) < o1 (t) < ke (t),i =1,---,n, in which a;_;
are the virtual stabilizing functions to be designed.

The control objective of this paper is to design an adap-
tive state feedback control law u(z) to ensure that the sys-
tem output y(z) tracks the reference signal y,(¢). At the
same time, we need guarantee that the time-varying full
state constraints are not violated and all closed-loop sig-
nals are bounded. Towards this end, we make the follow-
ing assumptions on system (1).

Assumption 1: The functions g;(-) are bounded, i.e.,
there exist the constants g; > 8> 0 such that 8 < lg:()] <
g;. Without loss of generahty, in this paper, we assume
thatg < gi(-) <g(i=1,---,n).

Assumption 2: There exist functions Yp(t) : R, — R
and Y, (t) : Ry — R, satisfy ¥y(t) < k, () and Y,(¢) >
k., (t),vt > 0. Furthermore, there exist positive con-
stants ¥;,i = 1,--- ,n, such that the reference signal y,(t)
and its time derivatives satisfy Y (¢) < y4(¢) < ¥y(¢) and
HOIES A}

Assumption 3: There exist constants K, K., ., dc,-,
i,j=1,---,n, such that k., () < K, 7kc( ) > K, and their
derivatives satisfy |l§§[ (1) <d, | ( )| <d,

To deal with the full state constramts, we present the
following lemmas which play important roles in the com-
ing feedback design and stability analysis.

Lemma 1 [28]: For any functions k,, (1), ky, (t), let Z;
={zj(t) ER: —kyy(t) < zj(t) <hp,(2),j=1,2,...,0,t >
0} C R be open set and N := R' x Z; C R"*!. Consider the
system: 7)(t) = h(t,n(t)), where n(t) := [0(t),z:(1)]" €
N, Zi=z1,22,--,z]". Note that h: Ry x N'— R is
piecewise continuous with respect to ¢ and locally Lips-
chitz about 71(¢). Suppose there exist continuous differ-
entiable and positive definite functions U : R’ — R, and
V; : Z; — R, in their respective domains, such that

Vi(zi(t)) = o as zj—>—kal.(t) or zj—>k;,j(t),

n(llo@)|) <U(w()) < n(lo@)l),

where j =1, ,i, 71 and 7 are class K. functions. Let
V(n(r)) :== Xj-1 Vi(z;(t)) + U(o(t)) and z(0) belong to
the set Z;. If the inequality holds

:a—vhg —cV+, (3)
an

with constants ¢ > 0,0 > 0 and 1 € N, then z(¢) remain
in the open set Z;,Vt € [0,0).

Lemma 2 [14]: For all |S;| < kp,(¢), the following in-
equality holds

“
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3. TIME-VARYING ABLF-BASED CONTROL

In this section, we give the time-varying ABLF-based
stability analysis for both system (1) and system with dis-
turbances.

3.1.  Control design for uncertain system

Step 1: Consider the x;-subsystem. Denote S| = x; —yy
and S, = x, — ;, where @ is a virtual control, then

S1(2) =0 hy (x1 (¢)) + g1 (x1 (), x3()) (Sa2(2)
+ai(t)) —yalt).

Since the state constraints are time-varying and asymmet-
ric, we choose an ABLF as follows:

—a$) o KO
20 RN -ST ()

Q(Sl) kif)(t) 1 32
+ log(kif)(l) —S%p(l‘) ) + 19'1 (t), (5)

1
Vi= og(

2p

where 2p > n, ¥(t) = D (t) — % and H (t) > 0 is the

estimation of ¥; = ||6;]|>. The time-varying barriers are
given by ky, (1) = ya(t) — ky, (1) o, (1) = Ko, (1) — (1),
and
1, if e>0,
a(®) :{ 0, if e<0. ©
Remark 2: The aim of p which is chosen as 2p > n is
to ensure the differentiability of o; fori=1,--- ,n—1.

Remark 3: The selection of g(e) in (6) is to ensure
that the Lyapunov function in (5) can handle the case of
asymmetric time-varying state constraints. Clearly the
Lyapunov function in (5) can also handle both the cases
of symmetric time-varying state constraints and the static
constraints. Hence, the Lyapunov function in (5) is more
general compared with that in [17] and [20].

Throughout this paper, for ease of notation, when on
confusion arise the time and state dependence will be
omitted unless otherwise stated. Due to Assumptions
2-3, there exist positive constants K, ,Kp,, K, and K,,
such that K, < ko (1) < Ky ,K, < kp, (1) < Kp,. De-
fine aset Q1= {S=(S1, - ,8:)" CR", —k,(t) <Si(t) <
kp,(t),i=1,2,---,n,¥t > 0}, in which S;, kg, (¢),ks, () for
i =2,---,n will be specified later on and K, < k(1) <
kaﬂKh; < kbi (t) < kbi'

In the set Q V) is piecewise smooth and con-
tinuously differentiable in terms with the fact that
limsl 0+ (dV1 /dS]) = limgl =0 (dVl /dSl) = 0. Thus V]
is a valid Lyapunov function. The time derivative of V; is
given by

w:ﬁplﬁm%ﬁgm&+an Ya 7

(11— g(s) kel

k (l) ~ A
S1+4(S1) Si]+ 0,
kay (1)

kbl (t)

where

1—q(S)) n q(S;)
kel (1) — 877 ki,-p(f)—sizp,

L

i=1,,n. (8

Si T

Design the adaptive law for By as well as the stabilising
function o in the form of

. A KzST” 2h2
m:—m+—%ﬁf—n ©)
2
— (K + K1 ()81 — K, ST~ 1 U 2)

2p—1 q
K, ST 'my

YT (10)

where K|, §; are positive design parameters and the time-
varying gain is given by

k1<r>=1%1—q<sl>><f“>2+q<sl><2j>2+ﬁ. an

8
Note that 8 is a positive constant, then it guarantees that
the time derivatives of ¢ are bounded even when ka, and
ks, are both zero.

In view of S| = x; — yy, from the formation of ¢; in
(10), we know that o4 is a continuously differentiable
function of x1,y4, V4, kal,ka],kbl,kb] and 1§1. From As-
sumption 2-3, yg, ke, (t),k,, () and their derivatives are all
bounded. Since kq, (t) = ya(t) — k. (), kn, (1) = ke, (1) —
ya(t), 0 ka,, ka,» kp, and kp, are bounded. For the last
term of (9) is bounded, then 1§1 is bounded which can be
verified by Lemma C.5 in [29]. Because of the bounded-
ness of x1,Ya,Va» ka, s ka, » k», . kp, and B, we conclude that
oy is bounded and express it as |o (¢)| < @; .

Let ¢ = [k, ,kp, |7, one has
90 o1 don (i)
1=5_—(61 i +gix)+ 5
dox ;)ay((/) d
8(11 (/+| 8051 A
+ Z e (J 8191 (12)

The boundedness of ¢; also can be verified. Using the
Young’s inequality, we have

g K2\ Pomt 82

2p—1 T 1 S|
S7PTK,0; hy < 25 Tgl’
P—2¢2 _
_ 8 SIS? S &
K g8 's, <22l 2 S
2 252
2 Ap—2 2
21, gchS (Ya) 1
— K S a < ++g

1

Consider a; in (10), the following inequality holds

Ks,glsprOCl <—(Ki+k (t))glelS%p
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szlSAl” (yd)z _ 1 51

g K2RS{P 29,

2 2612

Substituting (9)and (10) into (7) and using the above four
inequalities, we have

A K2S4P 2h2

Vi <[V — 512512 ] Klgle,S%p
g K2S7PSE 82 @
S Tt N S W TSI (13)
2 2g, 2g2 28,
A 2 ¢4p—272
For the term of ¥ [ — §‘K“2§2 il |, with the help of (9), it

can be dealt with as follows:

- g K2S?TH} 1., 1
R L (14)
1
Then,
2@
) 1. g K28/ 2s2
Vi S—KI&KMS%]’_Eﬁlz‘i‘Hm %a
(15)

where [, = T+ Zg L. Itis noted that the last term
of inequality (15) can be canceled in the subsequent step.
Stepi (2 <i<n-—1): Denote S;;; = x;41 — & and
G = |kq,,kp,)". The time derivative of S; is
$i(r) =6/ hi(%:(r)) + i (1), 21 (1)) (Siza (1) + 00)
— 0 (7).
with
) 1 do,;_ =l oo
Ui—1 *Z Ox, l(eTh +8jxj+1) +
j=1 9% -
i—1i— 18(1, i—1 aai_ R
+ZZ Lo Y = a6
i=1j=0 0 o1 09
Choose the Lyapunov function
1—4(Si) ke (¢)
Vi=Vii+ lo ‘
'ty el T
2p
Q(Si) kb' (t) )
+ lo : 719, , (17)
2p g(k,ff’(t) A
with ko (1) 1= 0-1(1) = K, (0), Ko, (1) = e (0) — 061 (0),

D = 19 Y and ﬁi is the estimation of ¥ =
max;<<;{[0;][*}. As the analysis in Step 1, there also
exist a positive constant &;_; such that |o;_;| < @_;. The
time derivative of V; is given by

Vi =V + 57K, [0 hi+ gi(Sip1 + o)
i— laal |
1 0x;

al 1 1
(GT}I —I-gjxhq +Z 6(/+ )
yd

—ki(

Jj=

i—li—l& i . i—la A
+ZZ o, ’1gl(j+1)+z (;XA 1191_)

=1 j=0 agl(’) i i
k. () ke, (1) -
— 1— S,’ . S,+ Si . Sz +79i7317
(1= as) s+ a(s) 2 0s)
(18)
with k; = 1 — (17< i))S; +q( JS: - Similar with Step 1, the

ith virtual controller Q; is de31gned as

(K1) — K, RS2 ”’”

S 9

_ KsiSizpilﬁi KYZI ]S4p ?

252 Yi— 2K 73 (19)
where K;, §; are positive constants and
b= 10— asnar vas) g
1 _gl q 1 ka/_ q 1 kb( b
(20)
2 2 %1, >
= || 1 + |1k ZH hill” 21
J
i—1 (9061;1 5 i—1 aOC,‘q ) )
vim X (S L ()
j; ax; jg() 8y£f>
ilicd (906, il da_y &
+ZZ T TP Y (S ) @22
=

Remark 4: In Step i, we have defined k;(¢) for i =
2,---n—1 as (20), it is different from k;(¢) denoted in
the first step. Since k,, = o1 — Igc,,, kp, = ke, — iy,
ke» kn, =k — 1. While the term
i ag)’c L(6] hj) in ¢ is uncertain, then it is not able
to be used in virtual controller. So we separate it from the
time-varied gain and define ;(¢) as (20).

then k, = &, —

The adaptation law for B is given as

g K387 y(%)

B= -0+ 23
M (23)
Similar to (14) and using (23), we have
Bi[D, & KS () < L1y ly 24
T +2 o 24

i

Substitute (19) and (23) into (18), with the help of Young’s
inequality as previous steps, it can be further shown that

Vi<-Y K KASZ"—*Zﬂ2
j=1
i Kfs“" 82,
+ Z e, + %7 (25)
j=1
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where [l , = 7’5 ridiel Zg Z’J ‘,g‘§ + 107+
Step n. As denoted in Step n—1, S,, =X, —

S (1) = 6 (1) + g (%, " () Ju(r) -

Define the Lyapunov function candidate

Otn,l , then

anfl (t) . (26)

1 _q(Sn) k2p< )
V,=V,_ 1 n
Ty 8 (kif (1) —Sa¥
2p
Q(Sn) kb (t) 32
+ lo " 719", 27
2 -5 T2

where kg, (1) 1= 04,1 (1) —k,, (), kp, () := ke, (1) — 041 (1),
¥, = max,<;<,{||6,|]*}, ¥, = B, — ¥,. Computing the
time derivative of (27), we have

Vn :Vn—l + Syzlpile,, [9{]’!,1 + gnit

~ "71806,1,1 T Oy 1 j +1)
,kn( Ix (91 thrgjxjH Z (
j=1 J j=0 0Y4
S 00 (j+1) SO0, g
+l;._ 50 TLs v))
=1j=0 0¢ Jj=1
0 folt) s
—(1—¢(S, Sn+q(Sa n| + On O,
(1—q( ))kan(t) q( )k,,“(t) ]
(28)
in which
7 (1 - Q(Sn))sn Q(Sn)Sn
b=1— . 29
k) k) @

The actual controller and the adaption law are chosen as

ﬂ

u(t) = — (K, + k(1)) S, — K, Ky S30 ™!

LK Sy KDS :

287 ok, s G0
2 4p—2
A A 8 K. S (%)
B(0) = =Bu(t) + 2T, (31)

where K,,, 8, are positive constants and

aan 1
= (@) |7 + 1K Hz): I=5"—hill?,

=1 Jda, 804,, ;
Y = Z( 8x»] j+1 +Z 1 fij+1>)2
j=1 J yd
— = — 00,1 A
]+l 2 n—1 2
+ — ).
;; g St

Using the Young’s inequality as previous steps it can be
verified that

<- YK Kg,sip—fZﬂHZuc, (32)
=l

n&2+n’+n—1 nl—2 192
2, +2g =185 120

pletes the controller design procedure
We state the main results in the following Theorem 1.

with ., = This com-

Theorem 1: Suppose the investigated system (1) sat-
isfies Assumptions 1-3. The virtual controllers o;(i =
1,2,---,n—1) in (10) and (19), the actual controller u in
(30), and the adaptation law in (9), (23) and (31) are con-
structed on the set ;. Chosen appropriate positive design
parameters K;, 5;,i = 1,--- ,n and given S(0) € Q, the re-
sulting closed-loop system has the following properties:

(i) The error signals S;(¢),i = 1,--- ,n can converge to a
bounded set: —D, < S;(r) < Dy,, where the bounds D, =
I? /1—e

\/l—e b p= min{2pK;(i =
), 1}

(ii) The full state constraints are not violated;
(iii) Signals in the closed-loop system are all bounded.

21;(

Proof: (i) Denote a change of gain parameters: K; =
Klgi,c =Y, U, then the inequality of (32) can be ex-
pressed as

Z 07 +c. (33)

From Lemma 2 and (33), the following inequality holds

o )
V, < *;Ki[(l *Q(Si))logm
kzp(t) 1 n
S)log -t ]2 34
+q(S:)log -5 2p 5 ; +c. (34
Since p = min{2pK;(i=1,--- ,n),1}, it yields
V, < —pVu+e. (35)

For S(0) € Q,, then from Lemma 1 we get that S(¢) €
Q. Vvt > 0.
Multiplying both sides of (35) by e’, (35) can be

rewritten as % < ceP'. Then integrating it over [0,7] ,
it has
Cc —pt C
Va(t) < (Va(0) — —)e P+ —. (36)
p p
Then, it is easy to obtain
k2p klsz
1—q(8) =2 +4(S) 52—
(=050 + 005

< AP0 -5l P45

Since —kq, (1) < S; < ky, (1) , we have k2P (1) — $? > 0 and

k”(t) — S;” > 0. When S; > 0, ¢ = 1. Multiplying both

the sides by kz’f” (t) — $7 > 0 and applying manipulations,
the following inequality holds
Ky :

bi < 2P Va(0)=5)e P+ 5] (37)

S T e
2p 2p —
kb,» 7Si
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Then,

Si) < k(1) {1 — e P05 (3

Ast — oo, §; < I?b l1—e Slmllarly, when S; <0,

g =0, we obtain S; > —K' \/1—e~ 7 . It could be con-

cluded as —K,, 2\”/ l—e 5 <S8 <Ky, \/ l—e 7

Remark 5: For getting the bounds of the error S; as
small as possible, we should provide small ¢ and large p
by selecting suitable parameters §; for i = 1,---n and f3.
More precisely, we should let §; be as small as possible
and f3 as large as possible.

(i) Since x; = §1 +y; and S; € Q, which has been
proved in (i), then k. (r) < x; < ke, () where k. (f) =
Ya(t) — ka, (t),ke, (1) = kp, (t) + ya(t). Because x; = S; +
Qi1,i=2,---,n, S; € Q, we can also prove that k_(t) <
x; < ke (t) where k(1) = Qi1 (1) — kq,(t) and k() =
kp,(t) + ai—1(¢) for i =2,--- ,n. Thus we conclude that
the full state constraints are not violated.

(iii))The error signals S;(t) and the states x;(¢),i =
1,---,n are all bounded, as shown in (i) and (ii). In
Section 3 we have proved ; and (; are bounded, by
signal chasing, we can progressively get that o, 0y,i =
2,---,n— 1,0, are bounded. Then with the help of As-
sumption 2-3 we derive u(¢) is bounded. Since S; and y,
are bounded, y is also bounded. Thus, we have all the
closed-loop signals are bounded. O

3.2. Control design for system with disturbances

We also can modify the proposed control to handle sys-
tem with bounded disturbances. Consider the plant (1)
with disturbances

%i(t) = fi(Xi (1) +di(t), i =
X (t) = fu(Xa(t),u(t)) ern(t)
y(t) =x(1), (39)
where |d;(¢)| < D;. Note that D;,i =1,---
disturbance bounds.
Based on the stabilizing function and controller we pro-

posed in Subsection 3.1, we augment them with compen-
sation terms as follows:

vn_lv

,n are constant

D,

(xld—(xl——tanh(m)
A

D; i

Oig =0+ Oy qg— i 1——tanh(n) (40)

8i 2fi

. . D, M

ug =u+ 1d 1 z, an (ln)

The adaptive estimates D; of the disturbance bounds is de-
signed as

D= a),-(nitanh(%) — b)), 41)

2p—1 ...
where n; = K,,S;”"" and A;, ®;, ¢ are positive constants.

Theorem 2: Consider the system with bounded distur-
bances (39) satisfies Assumptions 1-3. The augmented
control in (40) and adaptive law for disturbance bounds
in (41) are constructed on the set Q. If Sy € Q, then the
full state constraints are not violated and all the signals in
the closed-loop system are bounded.

Proof Construct the Lyapunov function as V; =V, +
n

1 2 - Where V,, is defined in (27). Computing the time
derivative of V;, we have

n 1 n - n
- Z Kjg K, S}~ 5 Zl 57 + Zl e,
= j= j=

i Di([n - mtanh( 1))

1

B

+ ﬁi(wi’lbi—nitanh(%)). 42)
i—1 i

Using the identity ;[ —n;tanh() < 0.27854,, it yields
Va < —piVa+ci, (43)

where p; = min{p,c®;} and ¢; = c+Y" D;(6D;/2+
0.27851;) are positive constants. Then, the rest of the
proof process are the same with Theorem 1 and we omit-
ted it here. We conclude that the full state constraints are
not violated and all the signals in the closed-loop system
are bounded. g

4. SIMULATION

To verify the effectiveness of the proposed ABLF-based
control, in this section we provide two simulation exam-
ples. One is a three dimensional numerical nonlinear sys-
tem with time-varying full state constraints, and the other
is a single-link robot with constraints.

Example 1: Consider the following nonlinear systems

%1(2) = 0.1x3 (1) + xa (1),

X2(1) = 0.1x1 (£)x2(2) — 0.2x1 (1) +
x3(t) = 0.1x1 (1) x3(1) +0.2u(z),
y(1) =xi(2) (44)

with 8 = 0.1, 6, = [0.1,-0.2]7, 65 = 0.1, g (x;) =
1, g2(%) = 1 +x3(¢) and g3(%) = 0.2. The objec-
tive of y(z) is to track the desired trajectory y,(¢) =
0.5 sin(¢). The asymmetric time-varying full state con-
straints are k.. (1) < x1(t) < ke, (1), k., (1) < x2(t) < ke, (1)
and k.. (t) < x3(t) < ke, (¢) in which &, () = 0.6+Sin( ,
k., (t) = —0.6 +sin(7), k., (1) = 0.8+ 0.8cos(1), k,, (t)
—1—-0.5sin(z), k,(t) = 14+0.2cos(z) and k(1) = —1
0.2cos(z). The initial values of the states are x;(0)
0.5,32(0) = —0.2,x3(0) = 0.1.

(14 ()3 (),

)
+
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Based on the design procedure in Section 3, we choose
ABLEF for system (44) as follows:

V3=i(l_Q(S")1og kg, (1) )

i=1 2 (k‘a‘[(t)ij‘
q(Sl) kg,(t) : l~2
7y el gt Lo (45)

Withkal( ) ( ) l(t_)’ kbl (t) :]_(cl (t)_yd(t)’kuz(t) =
0 (1) — ke, (1 ) iy (1) = Koy (1) — 01 (1), Ky (1) = (1) —
]S()andkbz()*km )_

(t) — ax(t). The virtual and actual
controllers are designed as

(Ga)? Ky, Sind

—(Ki+ki(1))S1 — K, S

2 2§
k 2 K, S0
—(K: ktS—Ksk_g*% 5292
(Ky +ky(1))S2 — K, k5 T
K38}
2[(52527
. ) K b
(K Ra(0))Ss — KR53 Y - KuSasts
T2 26;
K288
T 2K,.S5

in which K;,8;(i = 1,2,3) are positive constants and all
the other variables have been defined in Section 3. The
adaption laws are given as

8K:S;
287

A a

=B+l 12,3, (46)

with the initial adaptive laws 9 (0) = 0.01, §,(0) = 0.02
and 95(0) = 0.01.

The simulation parameters are selected as K; = 1.5,
K, =5,K3=2,6 =8 = 8 =0.01 and B = 50. Figs.1-
3 illustrate the simulation results. Fig. 1 shows that the
system output tracking performance y coincides with the
desired trajectory y,(¢). As a result a good tracking per-
formance is achieved. Fig. 2 shows the trajectories of the
states xj,x, and x3 respectively. From this figure we can
see that the asymmetric time-varying full state constraints
are not violated all the time. In accordance with Fig. 3, it
is observed that the control input signal « is bounded and
the peaks in the initial control input are due to the system
uncertainties.

Example 2: Consider a single-link robot [17] whose
dynamic equations are

1
Mg+ Emglsinq:u, y=q, 47)
where ¢ is the angle, u the input torque, M the moment

of inertia, g the acceleration due to gravity, m and [ the
mass and the length of the link. The manipulator angle

=)
08 ==y
0.6 1
) 4 I f I{ AR L N
[4 \ \ \ ] ]
el N h
U S I SR T O S N I S A O
g% gy o Vo I
] vt ! \ H! LR | 13 [ \
o T T A I T A
i RN A T AR U A R A
gz MLoA ] vl v g N
-0.4 \l ‘\' ‘\l \' ! [ \ ! v ‘l
’ [N UR i vouvovoy Y
-0.6 1
-08
o 10 20 30 40 50
time(sec)
Fig. 1. The trajectories of y and y,.
-
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Fig. 2. The trajectories of x;,x, and x3.
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Fig. 3. The trajectories of control signal u .

and angle velocity are constrained. The robot parameters
arem=1,l=1,M=0.5and g=9.8 asin [17]. To be con-
sistent with the notion of this article, the above dynamics
(47) can be rewritten in the form

xl = X2,
1 1
X = M(u— imgl sinxy ),
y=xi, (48)

where x; = ¢, x; = q. _The states are constrai_ned in

Q; = {k,, (1) < x1(1) < ke, (1),k, (1) < Xz( ) < ke, (1)},

where; k. (1) = —0.8 — 0.2sin(0.5¢), k(¢ 0.8 +
(1) =

) =
0.2c0s(0.5¢), k. (t) = —1 —0.5sin(0.5¢), and k.

A7)
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T
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Fig. 4. The trajectories of y and y,.

input signal
o
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Fig. 5. The trajectories of control signal u .
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Fig. 6. The state trajectories of x; and x, with their con-
straints.

1.2 4+ 0.4co0s(0.5¢). The initial values of the states
are x1(0) = 0.2, x,(0) = 0.1, the reference signal is
ya(t) = 0.3sin(2¢) +0.6cos(0.5¢).

Based on the design parameters K; = 1.5, K, = 1.5,
0, = 6, = 0.1 and 8 = 10, the simulation plots are shown
in Figs. 4-6.

Remark 6: In this example, we use the same robot
model with [17]. [17] has proved that all the signals in
the closed-loop system are uniformly bounded. Moreover,
a good tracking performance is achieved in [17] without
violating the constant states constraints. Note that the
method of [17] can not solve the problem of asymmetric
time-varying state constraints. Compared with [17], we

can solve the problem of not only the symmetric constant
state constraints but also the asymmetric time-varying
state constraints. It is worth mentioning that the refer-
ence signal in our example is multiple-frequency, com-
pared with which in [17] only is a simple harmonic signal.

5. CONCLUSIONS

In this paper, a time-varying ABLF-based adaptive con-
trol has been developed for a class of nonlinear pure-
feedback systems with asymmetric time-varying full state
constraints. By employing the mean value theorem, the
system is transformed into a strict-feedback structure with
non-affine terms. Based on the transformed uncertain sys-
tem, a modified backstepping design is constructed with
the help of ABLF. The proposed control approach not
only can guarantee that the time-varying full state con-
straints are not violated and all the closed loop signals re-
main bounded but also can deal with the unknown func-
tions non-affine terms. It is shown that the tracking per-
formance is propitious without violation of any state con-
straints. It could be concluded that the ABLF-based adap-
tive control is an effective method to deal with the prob-
lem of time-varying full state constraints. Two simulation
examples demonstrate the effectiveness of the proposed
method.

REFERENCES

[1] H. Li, H. Gao, P. Shi, and X. Zhao, “Fault-tolerant control
of Markovian jump stochastic systems via the augmented
sliding mode observer approach,” Automatica, vol. 50, no.
7, pp- 1825-1834, July, 2014. [click]

[2] Z. C. Zhang and Y. Q. Wu, “Modeling and adaptive track-
ing for stochastic nonholonomic constrained mechanical
systems,” Nonlinear Analysis: Modelling and Control, vol.
21, no. 2, pp. 166-184, 2016. [click]

[3] Z. C. Zhang and Y. Q. Wu, “Adaptive motion and force
tracking control for nonholonomic dynamic systems sub-
ject to affine constraints,” Transactions of the Institute of
Measurement and Control, vol. 38, no. 4, pp. 482-491,
March, 2015.

[4] S. Y. Song and Q. X. Zhu, “Noise suppresses explosive
solutions of differential systems: a new general polynomial
growth condition,” Journal of Mathematical Analysis and
Applications, vol. 431, pp. 648-661, June, 2015. [click]

[5] F. Z. Gao, Y. Yuan, and Y. Q. Wu “Finite-time stabilization
for a class of nonholonomic feedforward systems subject to
inputs saturation,” ISA Transactions, vol. 64, pp. 193-201,
September, 2016. [click]

[6] D. Q. Mayne, J. B. Rawlings, C. V. Rao, and P. O. M.
Scokaert, “Constrained model predictive control: Stability
and optimality,” Automatica, vol. 36, no. 6, pp. 789-814,
June, 2000. [click]

[7] T. Hu and Z. Lin, Control Systems with Actuator Satura-
tion: Analysis and Design, Birkhéduser, Boston, 2000.


http://dx.doi.org/10.1016/j.automatica.2014.04.006
http://dx.doi.org/10.15388/NA.2016.2.2
http://dx.doi.org/10.1016/j.jmaa.2015.05.066
http://dx.doi.org/10.1016/j.isatra.2016.06.001
http://dx.doi.org/10.1016/S0005-1098(99)00214-9

2722

(8]

(9]

(10]

(1]

[12]

[13]

[14]

[15]

[16]

(17]

(18]

(19]

[20]

(21]

(22]

Chunxiao Wang, Yugiang Wu, and Jiangbo Yu

D. Liu and A. N. Michel, Dynamical Systems with Satura-
tion Nonlinearities, Springer-Verlag, London, UK, 1994.

A. Bemporad, “Reference governor for constrained non-
linear systems,” IEEE Transactions on Automatic Control,
vol. 43, no. 3, pp. 415-419, March, 1998. [click]

E. G. Gilbert and I. Kolmanovsky, “Nonlinear tracking
control in the presence of state and control constraints: a
generalized reference governor,” Automatica, vol. 38, no.
12, pp. 2063-2073, December, 2002. [click]

K. B. Ngo, R. Mahony, and Z. P. Jiang, “Integrator back-
stepping using barrier functions for systems with multiple
state constraints,” Proc. of the 44th Conf. Decision and
control, pp. 8306-8312, 2005. [click]

K. P. Tee, S. S. Ge, and E. H. Tay, “Barrier Lyapunov func-
tions for the control of output-constrained nonlinear sys-
tems,” Automatica, vol. 45, no. 4, pp. 918-927, April, 2009.
[click]

K. P. Tee, B. Ren, and S. S. Ge, “Control of nonlinear
systems with time-varying output constraints,” Automatica,
vol. 47, no. 11, pp. 2511-2516, November, 2011. [click]

Y. N. Q, X. P. Liang, and Z. Y. Dai, “Backstepping dy-
namic surface control for a class of non-linear systems with
time-varying output constraints,” IET Control Theory and
Applications, vol. 9, no. 15, pp. 2312-2319, October, 2015.
[click]

K. P. Tee and S. S. Ge, “Control of nonlinear systems with
full state constraint using a barrier Lyapunov function,”
Proc. of the 48th Conf. Decision and Control, pp. 8618-
8623, 2009.

B. Niu and J. Zhao, “Tracking control for output-
constrained nonlinear switched systems with a barrier Lya-
punov function,” International Journal of Systems Science,
vol. 44, no. 5, pp. 978-985, May, 2013. [click]

Y. J. Liu and S. C. Tong, “Barrier Lyapunov functions-
based adaptive control for a class of nonlinear pure-
feedback systems with full state constraints,” Automatica,
vol. 64, pp. 70-75, February, 2016. [click]

C. X. Wang, Y. Q. Wu, & J. B. Yu, “Barrier Lyapunov
functions-based dynamic surface control for pure-feedback
systems with full state constraints,” IET Control Theory &
Appl, vol. 11, no. 4, pp. 524-530, 2017.

K. P. Tee and S. S. Ge, “Control of nonlinear systems with
partial state constraints using a barrier Lyapunov function,”
International Journal of Control, vol. 84, no. 12, pp. 2008-
2023, 2011. [click]

Y. J. Liu, D. J. Li, and S. Tong, “Adaptive output feedback
control for a class of nonlinear systems with full-state con-
straints,” International Journal of Control, vol. 87, no. 2,

pp. 281-290, 2014. [click]

Z. L. Tang, “Adaptive neural network control of uncertain
state-constrained nonlinear systems,” Proc. of IFAC World
Congress, pp. 2279-2284, 2014.

K. P. Tee and S. S. Ge, “Control of state-constrained non-
linear systems using integral barrier Lyapunov function-
als,” Proc. of the 51st Conf. Decision and Control, pp.
3239-3244, 2012.

(23]

[24]

[25]

[26]

(27]

(28]

(29]

S. S. Xiong, Q. X. Zhu and F. Jiang, “Globally asymp-
totic stabilization of stochastic nonlinear systems in strict-
feedback form,” Journal of the Franklin Institute, vol. 352,
pp- 5106-5121, September, 2015. [click]

H. Wang and Q. X. Zhu, “Finite-time stabilization of
high-order stochastic nonlinear systems in strict-feedback
form,” Automatica, vol. 54, pp. 284-291, January, 2015.
[click]

Y. N. Qiu, X. G. Liang, and Z. Y. Dai, “Backstepping
dynamic surface control for an anti-skid braking sys-
tem,” Control Engineering Practice, vol. 42, pp. 140-152,
September, 2015. [click]

Y. J. Liu and S. Tong, “Adaptive NN tracking control of
uncertain nonlinear discrete-time systems with non-affine
dead-zone input,” IEEE Transactions on Cybernetics, vol.
45, no. 3, 497-505, March, 2015. [click]

H. Jeffreys, Methods of Mathematical Physics, Cambridge
University Press, England, 1998.

B. Ren, S. S. Ge, K. P. Tee, and T. H. Lee, “Adaptive neu-
ral control for output feedback nonlinear systems using a
barrier Lyapunov function,” IEEE Transactions on Neural
Networks, vol. 21, no. 8, pp. 1339-1345, August, 2010.
[click]

M. Kirstic, I. Kanellakopoulos, and P. V. Kokotovic, Non-
linear and Adaptive Control Design, Wiley and Sons, New
York, 1995.

Chun-Xiao Wang is currently a Ph.D.
candidate in Control Theory of Qufu Nor-
mal University. She is also an Associate
Professor in School of Science, Shandong
Jianzhu University. Her research inter-
ests include adaptive nonlinear control and
constraint control.

Yu-Qiang Wu received the Ph.D. degree
in Automatic Control from Southeast Uni-
versity in 1994. He is currently a professor
in the Research Institute of Automation,
Qufu Normal University, Qufu, China. His
research interests include variable struc-
ture control and nonlinear system control.

Jiang-Bo Yu received the Ph.D. degree
in Control Science and Engineering from
Southeast University in 2012. He is cur-
rently an Associate Professor in School
of Science, Shandong Jianzhu Univer-
sity. His research interests include robust
and adaptive nonlinear control, as well as
their applications into nonholonomic mo-
bile robots, etc.


http://dx.doi.org/10.1109/9.661611
http://dx.doi.org/10.1016/S0005-1098(02)00135-8
http://dx.doi.org/10.1109/CDC.2005.1583507
http://dx.doi.org/10.1016/j.automatica.2008.11.017
http://dx.doi.org/10.1016/j.automatica.2011.08.044
http://dx.doi.org/10.1049/iet-cta.2015.0019
http://dx.doi.org/10.1080/00207721.2011.652222
http://dx.doi.org/10.1016/j.automatica.2015.10.034
http://dx.doi.org/10.1080/00207179.2011.631192
http://dx.doi.org/10.1080/00207179.2013.828854
http://dx.doi.org/10.1016/j.jfranklin.2015.08.013
http://dx.doi.org/10.1016/j.automatica.2015.02.016
http://dx.doi.org/10.1016/j.conengprac.2015.05.013
http://dx.doi.org/10.1109/TCYB.2014.2329495
http://dx.doi.org/10.1109/TNN.2010.2047115

