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Fuzzy Filter for Nonlinear Sampled-data Systems: Intelligent Digital Re-

design Approach
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Abstract: This paper presents a fuzzy filter design method for nonlinear sampled-data systems using an intelligent
digital redesign (IDR) technique. Based on a Takagi—Sugeno (T-S) fuzzy model, discretized closed-loop systems
with pre-designed analog fuzzy and digital fuzzy filters are presented. An IDR problem is given to guarantee both
state-matching condition and asymptotic stability. Sufficient conditions for solving the IDR problem are proposed
and are derived in terms of linear matrix inequalities (LMIs). Finally, a simulation example is given to show the

effectiveness of the proposed method.
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1. INTRODUCTION

In recent years, since many practical systems have high
nonlinearities, there has been much attention paid to the
analysis of nonlinear systems [1, 2]. Among the many
techniques for the nonlinear system analysis, the Takagi—
Sugeno (T=S) fuzzy method is an interesting approach be-
cause of its capability to represent the nonlinear dynamics.
Using the T=S fuzzy method, the nonlinear dynamics were
represented by a set of linear models interpolated by mem-
bership functions [2, 3]. For this reason, it can effectively
bridge the gap between nonlinear systems and various lin-
ear system theories [4,5]. Although many studies for the
T=S fuzzy system have been conducted, there still remain
many issues, especially sampled-data system issues, to be
solved.

On the other hand, as most engineering applications
have both analog plant and digital computer-based imple-
mentation, sampled-data systems have gained much atten-
tion in various fields such as transportation systems, com-
munication networks, and mobile robotics [6-8]. Because
the continuous and discrete-time signals coexist simulta-
neously in the sampled-data system, the traditional anal-
ysis methods for a homogeneous signal system can not
be directly used. To conquer the above problem, vari-
ous digital techniques have been researched and can be
classified into three categories: direct digital design tech-

niques [9], sampled-data techniques [10-13], and digital
redesign (DR) techniques [14, 15]. In the first method, the
continuous-time system is discretized, and then discrete-
time controller or filter is designed for the discretized sys-
tem. The second technique represents the direct design
method of the discrete-time controller or filter for the con-
tinuous system. In the third method, the analog controller
or filter is first designed and then approximately converted
to an equivalent digital ones in the sense of state-matching.
Especially compared to other methods, the DR technique
can not only maintain the performance of the continuous-
time controller or filter, but also apply various conven-
tional continuous-time techniques.

For these reasons, many DR methods have been pro-
posed [15-17] and can be successfully extended to the
nonlinear systems using the intelligent digital redesign
(IDR) technique, which is merged with the DR technique
and the T-S fuzzy theory. In [18], the IDR technique was
presented in terms of linear matrix inequalities (LMIs),
ensuring not only stability but also global state matching.
In [19], using the guaranteed cost control method, the per-
formance of the IDR was improved. An observer-based
controller using the IDR technique has been developed
with a non-measurable premise variable [20], paramet-
ric uncertainties [21], and output-feedback tracking con-
troller [22]. Very recently, the IDR technique of the track-
ing controller using delta operator and piecewise linear-
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approximation has been proposed in [23]. However, re-
search for the IDR technique has mainly focused on the
control issue, and the design of the fuzzy filter based on
the IDR technique has not yet been addressed.

Motivated by the aforementioned studies, this paper
presents the TS fuzzy filter design method for the nonlin-
ear sampled-data system using the IDR method. The non-
linear continuous system is represented by the T-S fuzzy
model. For development of the IDR technique, discretized
closed-loop systems with pre-designed analog fuzzy and
digital fuzzy filters are presented. Based on the discretized
systems, the IDR problem is given to guarantee both the
state-matching condition and the asymptotic stability. To
resolve the IDR problem, sufficient conditions, which are
derived in terms of LMIs, are given based on Lyapunov
theory. Finally, a simulation example is given to evaluate
the feasibility of the proposed method.

2. T-SFUZZY MODEL

Consider a T-S fuzzy system that is represented by the
following ith IF-THEN rule:

Ri:IFz(t)isT" and --- and z,(¢) is Ffp

x(t) = Aix(r) + Biw(t) (1
THEN S(l) :Clix(t)
y(t) = Coix(t) + Div(t),

where z,(r) € {Z, := {1,2,...,¢q}} is the premise vari-
able, x(¢) € R" is the state, w(r) € L' is the disturbance,
v(t) € R% is the measurement noise, s(z) € R™ is the out-
put to be estimated, y(z) € R™ is the measurement output;
Fj,, (i,p) €{Z,:={1,2,...,r}} x{Z,:={1,2,...,q}} is
the fuzzy set for z,,; and A;, B;,Cy;,Cy;, and D; are nomi-
nal system matrices of appropriate dimensions for the ith
IF-THEN rule.

Using the singleton fuzzifier, product inference, and
center-average deffuzifier, the global dynamics of (1) are
inferred as

(0=} e {40+ 8wl
s(1) = ihmz(r»cnx(r), @
(1) = Zh( (z)){m( )+ D >}
where
o) e
hi(z(t)) Y wz0) w;(z(1)) —[grp(zp(f)),

and l"; : U, CR — Ry, is the membership function of
Zp on compact set U, .

First, a pre-designed analog fuzzy filter for the fuzzy
system (2) is supposed to have the following form:

ZZh

i=1j=

o { a0 |

r

=2 hi(2(6)Cie(t), 3)
i=1
where £.(¢) € R" is the state for the filter, §(z) € R™ is the
filter output, the subscript ‘c’ refers to the analog signal,
and A¢, B¢, and C¥ are filter gain matrices, which are to be
predesigned.

Remark 1: In the T-S fuzzy model, the filter is
divided into two parts: the fuzzy-rule-dependent fil-
ter and the fuzzy-rule-independent filter. In the fuzzy-
rule-dependent filter, the filter and the system share the
same premise variable, and thus, the assumption that the
premise variable of the fuzzy system is known in ad-
vance is needed. On the other hand, in the fuzzy-rule-
independent filter, the premise variable is supposed to be
unavailable in the filter design and more conservativeness
can be induced than for the fuzzy-rule-dependent one.
However, the filter can be designed regardless of the com-
plexity of the premise variable of the system. In this pa-
per, only the fuzzy-rule-dependent filter in the form of (3)
is considered, and these results will be extended to the
fuzzy-rule-independent filter in the future works.

Defining the analog filter error e, () := s(¢) — §.(¢) and
substituting (3) into (2), the error system of the analog
filter system is represented by the following form:

ZZh )

i=1j=

< {A;;sc<r>+éa‘,- (1) + B >}, @
ih, ))Cse(t)

i=1

where

B _ A; 0
U | A—AS—BiGyy Ag |0

pC Bi pC 0
Bli: |: Bi :|7 2ij — |: —éfD_i :|7
=[cy—C G Q)

Before discretization of the continuous error system (4),
the following assumption is needed in order to maintain
the polytopic structure of the discretized T-S fuzzy system
for the construction of the fuzzy model based digital filter.

Assumption 1 [18]: Assume that the firing strength
of the ith rule is approximated as h;(z(t)) ~ h;(z(kT))
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where T € R for ¢ € [kT,kT +T), k € Z(. Conse-
quently, the nonlinear matrix functions Y/, 4;(z(r))A; and
Y hi(z(¢))B; can be approximated by constant matrices
Y1 hi(z(kT))A; and Y;_, h;(z(kT))B;, respectively, over
any interval [KT, kT+T).

Using Assumption 1, the error system (4) is approxi-
mately discretized in the following form:

(kT +T) NZZh

i=1j=

(z(kT))

>< {G;;sc<kT> +T,-;d<kT>}, ©
Z 2(kT))Ci e (kT),
where
e ie q)ll 0
Gij =il = { ¢.21 ¢g; ] )
. . . Tll T12
Tij :[Hlij H2ij] = [ T21 Tzz ]7
Hllj (GC 1)(AL) Blt’Hth (G( 1)(_16) Ble
d(kT) =[w" (kT) v" (kT)]".
Next, the fuzzy system (2) is approximately discretized
as:
x(kT +T) =Y h; (Z(kT)){G,-x(kT) —|—H,'w(kT)}7
i=1
s(kT) = Y hi(z(kT))Cyix(KT),
i=1
y(kT) %Zh (z(kT)){Czix(kT) —l—D,-v(kT)}7
i=1
(N
where

Gi=eMT, H; = (Gi—DA; 'By;.

Remark 2: The discretization process is performed by
using the Taylor series expansion method and the dis-
cretization error is tolerable under the sufficiently small
sampling period T'. The detail of this issue is addressed in
[18].

Remark 3: The approximately discretized models
(6)—(7) contain the discretization error with order of
O(T?).

Then, a digital fuzzy filter for the fuzzy system (7) is
described as:

r

£4(kT+T) =Y hi(z(kT)) {A?fd(kT) + BYy(kT) }

i=1

$a(KT) =Y hi(z(KT))C{ 24 (kT),

-

i=1

®)
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where £;(kT) € R" is the state for the digital filter,
84(kT) € R™ is the digital filter output the subscript ‘d’
refers to the digital signal, and A Bfl, and Cd are filter
gain matrices that should be determmed

Defining the digital filter error e,(kT) := s(kT) —
84(kT) and substituting (8) into (7), the error system of the

digital filter system is represented by the following form:

Ed(kT + T) ~ i Z hi(Z(kT))/’lj(Z(kT))

i=1j=1

X {Gjijed(kT) 'jd(kT)}, 9)
ea(kT) = Y hi(z(kT))C{'eq(kT),
i=1
where
(kT) X(kT) T4 = (A8, A
x(kT) — %4(kT) | 1 1 20
- G; 0 - H;
d _ i N d _ i
- 0
A = _#D, } Cl=[cu—Cf &

(10)

The main objective of this paper is to design the digital
fuzzy filter (8) for the T-S fuzzy system (2) to stabilize
the error system (9) and to minimize the state-matching
error trajectory between the analog fuzzy filter (3) and the
digital fuzzy filter (8).

3. DIGITAL FUZZY FILTER BASED ON THE
IDR METHOD

The main problem of this paper is stated as follows.

Problem 1: Given well-constructed analog filter ma-
trices A" l§" and C“' for the stabilizing analog error sys-
tem (4), find the digital filter gain matrices A?, B¢, and C¢
such that the following objectives are satisfied.

e The state-matching error £.(kT) — £;(kT) and
e.(kT) — e4(kT) are minimized for any k € Z>o.
e The discretized error system (9) is globally asymp-

totically stable under the zero disturbance conditions,
d(kT) =0.

To minimize the state-matching error, the most intuitive
method is to obtain £.(kT +T) = £;(kT + T') under the
assumption £.(0) = £,4(0). Then, if there exist A?, B¢, and
C; such that the following equalities are satisfied

G;; =Gy, (11)
I =15, (12)
G =¢, (13)
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for all pairs (i, j) € Z, X Z,, the states £,(kT) and e, (kT)
closely match the states £.(kT) and e.(kT), respectively.
The equality (13) is satisfied when the analog filter matrix
C¢ and digital filter matrix C? have the same value. How-
ever, it is difficult to find A and BY because the equations
(11)-(12) for (i, j) € Z, x Z, are usually inconsistent for
practical engineering. In order to solve these problems,
the norm minimization method is given as follows:

IG5, — Gl = 71, (14)
1T =T < %, (15)

where 9 and }, are possibly small positive scalars.
Before proceeding to our main results, the following
proposition is introduced to be used in the proof.

Proposition 1: Under zero disturbance, there exists
some constant 1) € R such that

5] < nlleakr)]| (16)
where
§(0) =x(1) ~ £4(KT),
N =c"ren 'Af'V(sup ITA? + (1 + sup | 74>
i€Z, i€Z,

Proof: Under Assumption 1, the solution of (2) can
be obtained by integrating from T to ¢ for ¢ € [kT kT +
T), ke RZO

x(1) zx(kT)—F/t ih z(kT
x(kT) +/

)Aix(t)dt

<x(kT)+ Zhi(z(kT))TA,-)Ed(kT)
N kkT+TXr:h kT A§ )

i=1

The above inequality can be further derived as:

E(1)
<x(kT) + (i/’li(z(kT))TAi 1>fd(kT)
i=1
" k’””ihxz(kT))Alé(r)dr
T i=1
_Zh T4, x(kT)—i—( ih;(z(kT))TA;>§(kT)
kT+T r -
+ / (2(kT))A (r)dT (17)

Taking the norms on both sides (17) yields

r

15(2) Z

2(KT)) | TA:| || x(*T)]|

{A E(t )+Ai)2d(kT)}dr

(nl Zh (k7)) TA||)|»:<kT>||

+/mT (kD) A € (Dlld T

<sup [ TA; HIIX(kT)II

i€Z,

i <z+sup||TAi||) 1))

i€Z,

kT+T
+ /
kT i

sup [ A:][| (7)|d
ez,
wsupnm )2
i€Z,

[ sl (o)l
kT i€Z,

(L sup [ TA 2 e (kT)|
€Ly

Finally, an application of the Gronwall-Bellman in-
equality results in

16 ()] <e™Prex 'A"'T\/(SHPIITA ill)? 4 (I + sup | TA])?
i€, i€Z,
x || €a (KT )|
=n|leq(kT)].
0

Also, following assumption is needed to analyze the er-
ror system (9).

Assumption 2: The equilibrium point of the dis-
cretized T-S fuzzy system (7) is asymptotically stable un-
der the zero disturbance condition, w(kT') = 0.

Remark 4: From Proposition 1 and Assumption 2, it
is concluded that, under zero disturbance, if state &;(kT)
converges to the origin, then the digital filter state £,(kT)
tends to the system state x(¢). This allows the stability
analysis of the error system of the digital filter system (9)
to guarantee the stability of the error system between the
T-S fuzzy system (2) and the digital filter (8).

Then, the design method of the digital fuzzy filter based
on the IDR method is summarized as follows:

Theorem 1: If there exist some symmetric positive
matrices Q1, Q», some matrices S;, U;, and some scalars
Y, 7> such that the following LMIs are satisfied, then
x4(kT) and e;(kT) closely match x.(kT) and e.(kT), re-
spectively, and the equilibrium point of (9) is asymp-
totically stable under the zero disturbance conditions,
d(kT) =0,

_:”il _;Q 0, (i,j) €T, x T, (18)
-l * * *
0 —’)/2] * *
O\T;}' — QiH; O\T¢ %0 *
Q2T2' OxH;  OoT;; 2+UD 0 10>
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=< 0, (i,j) e, XI,, (19)
_Ql * * *
0 -0 *
<0,
01G; 0 -0 =«
G —Si—UG; S 0 -0
(i,)) €L, X I, (20)
where
= 019! - 0:G; 0
ST 00®Y — 06+ S+ UCy; 0PF S |
| O O
Q_[ 0 O }

Also, the matrices of the filter gains are given by A;’ =
(Q2)7'Si, B = (Q2)'Ui, and & = C.

Proof: Let us consider the first objective of Problem
1 and the norm minimization inequalities (14) and (15).
Then, we can obtain following inequalities:

(14 (G}, — Gf)" (G — Gij) < 1iP
(15) &(T5 = T (T5 - T) < P,
where P = Q. Using the Schur complement and apply-

ing the congruence transformation with diag{Il, Q}, the
following inequalities are satisfied.

—’)/1] *

{ 0G; - 06! —mo } <0, @1)
—’)/2] *

{ OTc—QT! —p0 } =0 @2)

Finally, (5) and (10) are substituted into the above inequal-
ities, and then (21) and (22) are equivalent to (18) and
(19), respectively. Next, the second objective of Problem
1 can be solved using the following Lyapunov candidate
function

V(es(kT)) = &7 (kT)Qey(KT). (23)

The first forward difference of (23) becomes

Il
=
~.
Il
-

— &l (kT)Qey(kT)

Y Y Y Y (KT )y (2(T) (KT Yo (<(KT)

i=1 j=lk=11=1

x &) (kT){(G?’,~>TQ67m — Q}ed(kT)- (24)

The inequality (24) can be further formulated as follows:

AV(Ed(kT))
<Y Y KTy (ckT) e (4T)

j=1
x {(G_fj)TQG?j - Q}sd(kT). (25)

Thus, it is obvious that, if equation (25) is less than
zero, then AV (g,4(kT)) is also less than zero. In addi-
tion, the following inequality is valid using the Schur com-
plement and applying the congruence transformation with

diag{l, Q} :

Y

(GHT0GE -0 =<0« { 06,

*
<0. 26
—0 } (26)
Finally, (5) and (10) are substituted into above inequal-
ity, and hence, (26) is equivalent to (20). O

Remark 5: The major contributions of this paper can
be summarized as follows:

e This is the first time to our best knowledge that the
IDR technique for the T-S fuzzy filter for the nonlin-
ear sampled-data system is handled. Using this ap-
proach, various analog filter studies can be applied
and the performance of the analog filter is maintained
at the sampled-data system within a certain range.

e Using Proposition 1, it is shown that the stability anal-
ysis for the error system of the digital filter (9) guar-
antees the performance of the digital filter for the con-
tinuous system.

4. SIMULATION EXAMPLE

To verify the proposed technique, we consider a nonlin-
ear mass-spring-damper mechanical system in the follow-
ing form:

mO(t)+d(0(1))0(t) +Kk6(t) =0,
y(t) = (1),

where y(f) is the output; 6(¢) is the relative position of
the mass, 0(¢) = [6;(t)" 6:(t)"]"; and m, K, and g are
the mass, stiffness of the springs, and input coefficient,
respectively. The damping coefficients of the nonlinear
dampers are assumed to be d(8(t)) = d; +d»(0(¢))>. If
0(t) € [-Q Q] with Q > 0, then the membership func-
tions are:

ey =r(60) =1- GO,
2 2
ha(a() =T(8(0) = ()
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Then, the T-S fuzzy system composed of two rules can
be constructed as follows:

hi(z(1)) {A,-x(t) + Bw(r) },

2
=
Il
™~

Il
_

=)
2

2
=

I
g

hi(z(2))Cix(t),

y(kT) = lzz;hi(z(kT)) {Cz,‘x(kT) +D(kT) },
where

w4 o)

[ im0 g ]

0.3
0

Co=[04 004 ],Cy=[1 0.1],

Cu=[1 02],D=D=002, m=m=1,
kK1 =02, k=03, d=06 d=08 Q=1

x(t) =[x (1) x5 (1)) = [67(r) 0" (1)]"-

Blszz[ ],an[os 0.05 |,

)

We assume the initial state conditions x(0) = [0.2 —
0.1]7, and £(0) = [0 0]7. To develop the IDR technique,
well-constructed analog filter gains are obtained using the
simple LMIs for the analog filtering technique:

Ge_ [ —6:6933 —1.0961
'] 0.0601  —0.1504 |’
4o [ —74785 —0.9979
27| 0.0956 —0.1383 |’
o[ 67368 ] 5o [ 588097
| 0.9487 0.8648

¢ =[0.3000 0.0500 ], C5=[ 03998 0.0400 ].

Based on Theorem 1 with the sampling period 7 = 0.1
and well-constructed analog filter gains, the digital filter
gains are given as follows:

40 _[ 05121 —0.0810
1= 00044 09845 |’

44 [ 04730 —0.0699
271 0.0066 0.9858 |

pi_ [ 047407 4 [ 0.3830
P71 0.0935 7727 | 0.0829 |

¢{=[0.3000 0.0500 ], CY= 0.3998 0.0400 |.

The disturbances are set as w(t) = e %% sin(3¢) and
v(kT) = 0.5¢ %27 5in(3kT), and then the output re-
sponses of the system, analog filter, and digital filter are
shown in Fig. 1. From the results of Fig. 1, the output

Ho Jun Kim, Jin Bae Park, and Young Hoon Joo
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Fig. 1. Time responses of the output of mass-spring-
damper with 7 = 0.1: s(¢) (solid), §.(¢) (dotted),
and §,(kT) (dash-dotted).

errors between the system and digital filter, s(z) — §,(kT),
and the analog filter and digital filter, §.(¢) — $4(kT), are
bounded in some neighborhood of the origin. Finally, we
take the sampling times 7 = 0.2 and 7 = 0.5 to show
the state-matching performances according to the differ-
ent sampling times. As one can see in Fig. 2 and Fig. 3,
the state-matching performances of the proposed method
are somewhat degraded, yet the output trajectories have a
strong resemblance to the original one.

5. CONCLUSION

In this paper, the fuzzy filter design method has been
proposed for the nonlinear sampled-data systems using the
IDR technique. Using the T-S fuzzy model, discretized
closed-loop systems with pre-designed analog fuzzy and
digital fuzzy filters have been presented. The IDR prob-
lem was given to guarantee both the state-matching con-
dition and asymptotic stability. The proposed sufficient
conditions for solving the IDR problem were derived and
formulated in terms of LMIs format. Finally, the simu-
lation example illustrated the efficiency and feasibility of
the proposed method.
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