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Robust Adaptive Backstepping Control for an Uncertain Nonlinear Sys-
tem with Input Constraint based on Lyapunov Redesign

Fang Wang*, Qin Zou, and Qun Zong

Abstract: This paper presents the control problem for a class of n-order semi-strict nonlinear system subjects to
unknown parameters, uncertainty, and input constraint. The controller is designed via combining backstepping
control and Lyapunov redesign. Firstly, based on the Lyapunov function, a composite adaptive law is constructed
to estimate the unknown parameters. To sequel, a robust term is designed to handle the matched and unmatched
uncertainties on the basis of Lyapunov redesign technique. The “explosion of terms” problem that inherent in
backstepping control is avoided by the robust second-order filters. Thirdly, an auxiliary signal provided by the
auxiliary system is employed to handle the influence of the input constraint. It is proved that the closed-loop
system is stable in a Lyapunov framework theory and the semi-global uniformly ultimate boundedness of all signals
is achieved. Finally, numerical simulations are carried out to evaluate the performance of the proposed control
strategy. Numerical example and the application of the hypersonic vehicle (HSV) tracking control are simulated to
demonstrate the effectiveness of the proposed control scheme.

Keywords: Backstepping control, input constraint, Lyapunov redesign technique, nonlinear system, matched and

unmatched uncertainty, unknown Parameter.

1. INTRODUCTION

The control problem of uncertain nonlinear system has
received a lot of attentions in recent years. There are
mainly two approaches to solve the uncertainties, one is
the robust control and the other is adaptive control. Lya-
punov redesign control is one of the robust control meth-
ods. It supposes that an uncertainty satisfies the matching
condition and special inequality and a feedback control
law is designed firstly such that the origin of the nomi-
nal closed-loop system is asymptotically stable. Then, the
controller is redesigned by adding a feedback controller
in a way that the overall controller stabilizes the actual
system in the presence of uncertainty [1,2]. It has been
applied in some engineering application. As a typical non-
linear control approach, backstepping methodology has
been received more and more attention and widely applied
to engineering application [3-9].

Through comparing backsteping control with H-infinity
control, passive control (PC) and sliding mode control
(SMC), the advantages of backstepping control and the

reason for choosing this control method are given as fol-
lows.

As we all know, H-infinity control is a robust control
method, it is feasible to cope with uncertainty. The main
idea of it is to design a controller which makes the inter-
nal stabilization of system to minimize the infinity norm
of the closed transfer function [10]. Although it can ef-
fectively handle the uncertainty, the design procedure is
too complex, and the order of the controller is high. So it
may induce that it is difficult to be applied in engineering
area. The principle idea of backstepping methodology is
that the complex system is divided into the lower dimen-
sion subsystem at first, then the Lyapunov function and in-
termediate virtual control inputs are recursively designed
for every subsystem. The recursive design proceeds until
“backstepping” has been achieved by the whole system,
then the actual control input is obtained to achieve satis-
factory control performance of the system.

Passive control (PC) is the ‘energy shaping’ approach,
and it considers the energy of the system and gives a clear
physical meaning, such that the changes of the overall
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storage function can take a desired form [11, 12]. In fact,
passivity provides a competitive tool for studying stability
of uncertain or nonlinear systems [13]. The main idea of
passivity theory is that the passive properties of systems
can keep the systems internal stable [14, 15]. Much re-
search focuses on the smooth state feedback passive prob-
lem of the affine nonlinear system. However, feedback
can’t change the relative degree and zero dynamic, and the
system must satisfy the conditions that its relative degree
is one and it is a minimum phase system. These condi-
tions are very harsh, it constrains the application of the
feedback passive control method. In fact, a passive sys-
tem may have no relative degree, but most of the passivity
control is based on the assumption that the relative degree
exists. Backstepping control can eliminate the constraint
of relative degree.

SMC is one of the most efficient techniques to cope
with external disturbance and parametric uncertainty [16].
However, its application requires that the system has to
satisfy “matched condition”. What is more, the bounds
of uncertainties which may not be easily obtained in prac-
tical implementation is an important clue to SMC[ R8],
since the stability analysis is based on the known upper
bounds of the uncertainties. Besides, sign function in-
duces chattering problem caused by that the switching
gain of SMC must be chosen larger than the bound of
uncertainty [17, 18]. As a feasible and typical nonlinear
control approach, backstepping methodology proposed by
Kokotovic is a powerful tool to deal with the unmatched
uncertainty [19]. It overcomes the limitation on FBL and
is a powerful means to handle unmatched uncertainty [20].
And it has been received more and more attention.

Moreover, compared with H-infinity control, passive
control and SMC, the backstepping control mainly has the
following advantages. (a) It is a powerful and systematic
technique that recursively interlaces the choice of a Lya-
punov function with the feedback control design. (b) It is
the systematic construction of a Lyapunov function for the
nonlinear systems, and the control goal can be achieved
with reduced control effort. It is worthy to point out that it
overcomes the limitation on FBL and is a powerful means
to handle unmatched uncertainty [21].

It is noted that the “explosion of terms” problem in-
duced by repeated analytic time derivative of the virtual
control input is the limitation of the standard backstep-
ping control. It inevitably leads to a complicated algo-
rithm with heavy computation burden, and the complex-
ity of the controller design increases with the increase of
the system order. A first-order filter [22], command fil-
ters [23] and robust second order filters [24] are employed
to eliminate the complexity computation of time deriva-
tive of virtual control inputs to overcome the “explosion
of terms” problem. From both theory and engineering as-
pects, input constraint is great of importance to be taken
into consideration. In theory, if input constraint is not con-

sidered, the closed-loop system may suffer from important
performance limitations or even lose stability [25]. For
many practical dynamic systems, physical input saturation
on hardware dictates that the magnitude of the control sig-
nal is always constrained. Since input constraint affect not
only the performance of the system, but also the stability
of the system, this problem has received much attention
[26-32].

Therefore, in this paper, a class of semi-strict nonlin-
ear system with matched and unmatched uncertainty, input
constraint is addressed based on backstepping control and
Lyapunov redesign technique. The motivation is shown as
follows.

Firstly, it is noted that the nonlinear system in semi-
strict feedback form with matched, unmatched uncertainty
and input constraint has been received more and more at-
tention, since many practice systems such as robot, Duft-
ing function system and other engineering system can be
transformed into this form. To the best of our knowledge,
no other works have solved the control design problem of
semi-strict feedback systems with parameter uncertainties
and input constraint.

Secondly, in the works that investigate the control de-
sign problem based on backstepping control or Lyapunov
redesign technique only consider parameter uncertainty or
only consider matched uncertainty or unmatched uncer-
tainty. And input constraint is not considered. In this pa-
per, the semi-strict system under parameter uncertainty,
matched uncertainty or unmatched uncertainty and input
constraint is considered, and by effectively combining
backstepping control and Lyapunov redesign technique,
the advantages of these two methods are played adequate
role in control strategy development and achieve the stable
tracking control of output. Moreover, the implementation
feasibility of the proposed controller is verified by apply-
ing in tracking control problem of hypersonic vehicle.

Thirdly, during the controller design procedure, new ro-
bust second-order filters are established to avoid the “ex-
plosion of terms” problem. An auxiliary signal provided
by the auxiliary system is used to handle the influence
of input constraint, it is used at the level of controller
design and stability analysis. The unknown parameters
are estimated by the designed adaptive law. Furthermore,
matched and unmatched uncertainty is coped with by the
Lyapunov redesign technique. Then the stability of the
closed-loop system is analyzed in the framework of Lya-
punov theory, and the semi-globally ultimate of all signals
are assured.

The other parts of this paper are organized as follows.
The problem formulation is stated in section 2. Then, the
robust adaptive controller on the basis of the combination
of backstepping control and Lyapunov redesign technique
is designed and the closed-loop system stability is ana-
lyzed in section 3. The effectiveness of the proposed con-
trol strategy is testified through simulations in section 4,
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and this paper ends with the conclusions.

2. PROBLEM FORMULATION

The control problem presented in this paper is for a
class of semi-strict nonlinear system with unknown pa-
rameters, uncertainty and input constraint, the nonlinear
system is generally described as follows:

X1 = fi(%1) + @f (£1)61 + g1 (%) (%2 +dy (%1,1)),
X2 = (%) + @5 (%2) 62+ 82(%2) (x3 + da(%2,1)),

%= fi(®) + o (5)6; + &i(%) (xis1 +di(%,1)), (D)

T = fu(Fn) + (PnT(Xn)en + 8n(%n) (U + dy (T, 1)),

y =X,

where %, = (x1,---x;)T,i=1,..,n,y € Rand u € R are the
state vector, system output and input, respectively. 0; € RP
represent the vectors of unknown parameters, f;(x;) and
gi(%;) (i =1, ..., n) are known smooth functions. d;(%;,t),
i =1, ..., n denote the uncertain nonlinearity. @;(%;) € R,
i =1, ..., n are known smooth functions.

Considering input constraints, the control input is de-
fined by the following

U= Mmaxsgn(uc)a |uc| > Umax (2)
Ue, 0 < Jute| < Upmax

Umaxis the maximum value of the control input, andu, is
the control input to be designed.

The control objective is to makex;follow a desired
trajectoryy,in spite of the aforementioned unknown pa-
rameters, uncertainty, and input constraint, and guarantee
that the closed-loop system is stable under the designed
robust adaptive backstepping redesign control lawu,.

The following assumption and theorem are needed to
facilitate control system design.

Assumption 1: y,, y; are continuous and bound.

Assumption 2: The unknown unmatched uncertainty
di(x;,t), i =1, .., n—1), and the matched uncertainty
d, (%, 1) are assumed to satisfy the following inequalities

|di(%i,t)| < hi(X%i) +qi|Xiga |, i=1,---,n—1 3)
|dn(xnvt)‘ < R (%) + qn |“|
Here h;(%;), i = 1, ..., n are the continuous and positive

functions and ¢; € [0,1),i=1, ..., n.
Assumption 3: The input gain g;(X;) is nonzero with
known sign. Thus, without loss of generality, assume

gi(xi) >8> 0,1 = 172,...71’1,

where g; > 0, i =1, 2,..., n are known positive constants.

Theorem 1 [33]: The following inequality holds for
any & > 0 and for any 1o € R

M| < (kny€o + Totanh(12)) ky, > 0,69 >0, (4)

1o
&

—kp,+1
Mo 5

where kp, is a constant that satisfies k,, = e ie.,

ky, = 0.2758.

3. CONTROLLER DESIGN AND STABILITY
ANALYSIS

In this section, backstepping technique and Lyapunov
redesign control are integrated to design the controller for
system (1). The controller design procedure starts from
the first equation of (1), and the virtual control input is de-
signed. Then this procedure proceeds. The estimation for
the uncertain parameters is updated by the adaptive laws.
The matched/unmatched uncertainty is tackled by the Lya-
punov redesign technique. The novel second-order fil-
ters are constructed to overcome the “explosion of terms”
problem. The auxiliary system is adopted to provided sig-
nal to analyze the input constraints. Then stability of all
signals in the closed-loop system is achieved.

3.1. Robust adaptive backstepping Lyapunov redesign
control design

According to the backstepping design procedure, the con-
troller is designed according to the following steps. The
function arguments are removed in brief.

Step 1: The virtual control input x,,is designed for x,-
subsystem.

Considering the first equation in (1), i.e., the output
tracking error is defined as

21 =X — V4. (5)

With the consideration of parameter estimation and
tracking error, the Lyapunov candidate function is con-
structed as

V1 = O.SZ% + élTl—Tl él, (6)

where I’y = I'T is the adaption gain matrix. 0, is the es-
timation error of the unknown parameter vector0;: él =
él — 6. Since 0, is unknown, it needs to be estimated on-
line. The representation 6; will be applied to denote the
estimate of 0, and an adaptive law is developed to update
the parameter 0; based on the Lyapunov stability.

If the uncertainty is not considered and the time deriva-
tive of (6)can be expressed as

Vi ZZl(f1+(P]T91+81X2—)"d)+élTrflél. @)
The virtual control input is designed as

X200 = 1/g1(—kizi — fi — @7 61 +ya), ()
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where k; is the positive design parameter.
Now taking the uncertain nonlinearity into considera-
tion, then (7)is rewritten as

Vi=z(fi+¢] 6 +gix2+g1dy —ya)+6{T'6,. (9)
So the virtual control input (8) can be redesigned as
Xad = X240 + X2dr, (10)

where x4, is robust feedback for attenuating the effect of
uncertain nonlinearity g;d;, and the formulation is

7122181

Xodr = — . 11

2d nlltee (11)
Furthermore, the adaptive law for 0, is designed as

6 =T (@z1 —M6), (12)

where 7; is the positive constant.
Based on (8),(11) and (12), (9) becomes

Vi = k23 +2181%ar +21dy — M O! 01 +218122. (13)

It is noted that

zidy < |zi| (b +q1 |x2a0| + 1 71)- (14)

— 676, < —0.5)6)]]° +0.5]6,],

And

2181%24r +21d)

_ % (2181)°
" ‘Zl | + ge
(vilzig1] +€e™) [z181] (h1 + g1 [ X200 +q111)

YVilzigi| +ee

~ N(zig)*(=n(1 = q1) +hi +q1 |x2a0])

B Yilzigi| +ee

ge " |zig1| (h +q1 [x2a0| + q11)

YVilzigi| +ee

+

+ . (15)

Ify > 7}”7@;"”', then

ge " |z181IM

— ol <ege ™ 16
Vi lzig1] +€e (10)

2181 %4 +2181d1 <

From (14)-(16), it can be obtained that (13) satisfies
Vi < kit —0.5m (||6i]* = [1]) +ee ™ +z18120. (17)
The error signal of z; is defined as

20 = X3 — Xog- (18)

Step 2: The virtual control input is designed for thex,-
subsystem.

In the standard backstepping control, the time deriva-
tive ofx,sis needed in the next step, but it is difficult to
find the time derivative for the existence of the uncertain
nonlinearity, even the time derivative is can be analytic
computed, the computation load is very heavy. Therefore,
the second-order filter is constructed to avoid the analytic
computation of the time derivative of the virtual control

X2d-
The following second-order filter that is used

{ Gy = — (a1 —x2q) /711 — & tanh (811 &1 (@1 —x24)),
Qo = — (o2 — o) /T2 — Eratanh (8128 1a (002 — by ),
(19)

where Ty1, Ty, are the time constants of the filter while &1,
12, 11, G12 are constants.
Considering the second equation in (1), i.e.,

%= fr+ P 0+ g2(x3+db). (20)
The Lyapunov candidate function is constructed as
Vo =0.5234 6] T,'6,40.5¢3, +0.5¢2,, 21)

where 6, is the estimation error of the unknown parameter
vector 6,: 6, = 6, — 0,. I = Fg is the adaption gain
matrix.
The uncertain nonlinearity is not considered. The time
derivative of (21) is
Vz :Zz(fz + d>§92 + 8g2X3 — 0622) + é{l‘;l 0,
+enéi +ené, (22)
where e, e}, are the filter error and defined as e;; = ;| —

X2d, €12 = Qa2 — Q1.
If the virtual control input is designed as

X300 = 1/g2(—kazo — fo — @5 6+ 00 — 2181), (23)

where k; is the positive design parameter.
Taking the uncertain nonlinearity into consideration,
then (22) is rewritten as

Vi =25(f> + P2 62 + gaxs + gada — Q)
+0IT,'0, +e1161) +ennénn. (24)
The virtual control input (8) is redesigned as
X3d = X3d0 + X3drs (25)

where x34, denotes robust feedback to attenuate the effect
of uncertain nonlinearity g,d,, and it is designed as

Yzz 2282

_— (26)
Y |2282| + €6

X3dr =

The adaptive law forf,is chosen as

éz =T (D,(%2)z2 — m:6,), (27)
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where I, = I'] is the adaption gain matrix and 7, is the
positive constant.
Based on (23), (25)-(27), (24) becomes
Vo = — ka2y + 2282%34r + 22824
— 1620, + 228023 +erié1) +enénn. (28)
It is noted that
— 878, <056, +0.5] 6]
282> < |2282| |ha + q2 |x3]| (29
< |z282| (h2 + g2 [x300] + g2 ).
And

2282X24r + 228202
_ (2282 (=1 — q2) + ha + g2 |x340|)
B P |2282| + e

n ge™ " |z282| (ha + @2 |x3a00| + 42 712)
)2 |12g2| + e

(30)

hy+ 1—
If P > 2 %\fidzi( qZ),thel‘l

e " ng|n at
Y2 |2282| + €67

The last two terms of (28) satisfies

2282X3dr + 2282 < 3D

erér tenén
< —1/7i1ef, —&rrery tanh (11 Epreny) + ler | 24|
— 1/t1aet, — Eneratanh($p&inern) + ler| || -
(32)

On the basis of (4), if &1 > [%24] 0 - E12 > |01 the

above inequality yields
- 511611 tanh(glléllell) + |€11| |fC2d| < kno/CH»

—Epentanh($n€nern) + e |0u1| < +kny/Sio.
(33)

max’

From (29)-(33), (28) satisfies
Vz <-— ng% —-0.5m, Héz”z +0.571; ||62||2 +ge

+ 228023 — 1/T11et; — 1/Tiets + ko /Si1 +kno /12,
(34)

where z3 is the error signal of x3 and defined as z3 = x3 —
x34 With x34 is the virtual control of the x,-subsystem.
Step i: The virtual control inputx;,  4is designed for the
X;-subsystem.
The second-order filter is constructed to avoid the ana-
lytic computation of the time derivative of the virtual con-
trol x; 4

011 = —a’r‘%;xd
—&iratanh(Gio1 1 &imn1 (o1t —Xim1a)),
Q& — _ Gin2= @i
i—1,2 — T 12
—&i1ptanh (G128 1p(i10— G11)),

(35)

where T;_1 1, Ti—1 2 are the time constants of the filter while

Ei_11,&im12, G114, §i—1 2 are constants.
Considering the i-th equation in (1), i.e.,

%= fi+ D] 6+ gi(xip1 +di). (36)
The Lyapunov candidate function is constructed as
V;=0.5z+6/T;'6,+0.5¢; | +0.5¢7_,,  (37)

where ; is the estimation error of the unknown parame-
ter vector 6;:0; = éi — 0;, ei_11,€i—12 are the filter error
€11 =011 —Xi—14d>€i-12 = 0Gi_12— 0i_11.

The uncertain nonlinearity is not considered. The time
derivative of (37) is

Vi =zi(fi+ @ 6+ gixiy1 — 0l)
+6/T;! B+ enéin +enén. (38)
If the virtual control input is designed as
Xirta0 =8 (—kizi— fi—PL 6+ ap—zi-18i-1), (39)

where k; is the positive design parameter.
Taking the uncertain nonlinearity into consideration,
then (38) is rewritten as

Vi =zi(fi + @] 0+ gixis1 + gidi — o)
+ é,‘Tr,‘_]éi"l‘eifl,léifl,l +ei—126i—15. (40)
The virtual control input (39)is redesigned as
Xit1,d = Xit1,d0 + Xit1.drs 41)

where x;11 4, denotes a robust feedback to attenuate the
effect of uncertain nonlinearity g;d; and it is designed as

Ver1%i8i
Xipldgr = ————————. 42
o Vir1 |zigi| +€e~ @
The adaptive law forf;is designed as
6 = [i( @iz —n6)), (43)

where I'; = I'7 is the adaption gain matrix and 7); is the
positive constant.
Based on (39), (41)-(43), (40) becomes
Vi=— kiZ,-z +ZigiXit1,ar + 2igidi — nié,-T 6;
+2i8iZiy1 T+ €i—11€i-11 +ei—126i-12. (44)

It is noted that

— 676, <056 +0.5] 6

zigid; < |zigi| (hi + qi |Xis1,a0| + %)

Zi8iXiar + 2i8id; (45)

_ %i(zigi)*(—v:(1 — @) + hi + i [xi1a0])
Y |z,-gi| + e @
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. ee "\ zigil (hi + qi|xis1a0] + 4iY5)
Yilzigil +ee

hitqilxit1 .4
If y; > M0 then
1

Yigi+hi+qilxiv1a0| < Vi zigiXiv1.ar +2igidi < €e7". (46)
The last two terms of (44) satisfies
ei-116i-1,1tei-126i-12
< _1/71'71,161'271,1 - 1/Tifl.,zelgq,z
—&iipeioatanh(§1 &1 1eio11) 47)

—&i12ei-1atanh(&1 28 12ei-12)
+leimi| Xl + leizi2] |G 1

Base on (4), if &1 > |ia| paxs Gi1.2 > |Oi11]

max’

- 5;'71,161'71,1 tanh(Ci71,1§i71,1ei71,1) + |€i71,1xid|
<kn,/Gi-11,

) (48)
- fi—l,zei—l,z taﬂh(Ci—l,zéi—Lzei—l,z) + |€f—1,205i—1,1 |
<tkn,/Ci12-
From(45)-(48), (44) satisfies
Vi <-— k,‘Z[-z — OST], || é,‘”z +O5771 H9l||2 +ee ™
Fagizi =1/ Toel = /%6,
+kno /G110 +kyy/Gic12 (49)
Z;+1 1s the error signal of x;,; and defined as
Zitl = Xyl — Xit1,d- (50

Here x; 1 4 is the virtual control of the ith subsystem.
Step n: The control input u, is designed for system (1).
The second-order filter is constructed to avoid the an-

alytic computation of the time derivative of the virtual

controlx,_i 4

Op—1,1 = *%
=&t itanh(&u 1180 11(-11 — Xna)),

. P i W L R B

On-12= ==
—&niptanh(8, 128, 1 2(Q 12— G11)),

(D

where 7,_1 1, T,—1 2 are the time constants of the filter and

Eit15 En12, Gumi15 §u1 2 are constants.
Considering the nth equation in (1) and input constraint

(2)
xn:fn+q>,{9n+gn(uc+Au+dn)v (52)

where Au = u — u,.
The Lyapunov candidate function is constructed as

Vaio=0.52,+6,T,'6,+0.5¢;_ |, +0.5¢;_,, (53)

n

where e,_; 1, e,—1> are the filter error e,_1,; = Q11 —
Xnds €n—12 = Op_12— COly_1.1, 0, is the estimation error of
the unknown parameter vector 6,: 6, = én —0,.
The uncertain nonlinearity is not considered. The time
derivative of (53) is
VnO :Zn(f;1 + (I),{en +gnu0 - an—l,Z)

+éy?r‘;1é\n+en—l,lén—l‘l+en—l$2én—l.’2- (54)
If the control input is designed as
uo =g, (—kn(za — 6,) — f, — ®L'H,)
+8 (012 =2 18n1); (55)

where k, is the positive design parameter.
Taking the uncertain nonlinearity into account, the aug-
mented Lyapunov function is as

V, =V, +0.50;. (56)
The time derivative of (56) is

Vn :Zn(fn +CI)Z;9” +gn(uc +AM) +gndn - anfl,Z)

+ é{l—*;l én +en71,lén71,l +en71,2én71.2 + Gudw
(57)

The control input (50)is redesigned as
Ue = U+ Uy, (58)

where u, presents robust feedback to attenuate the effect
of uncertain nonlinearity g,d,, and it is designed as

2
PR L — (59)
Yo |ann| +ee
The following auxiliary system is introduced to analyze
the effect of the input constraint

.| —ks0,— Gi(|z,lg,,Au| +0.5uAu%) — g, Au, |0, >y,
%= o, “ 6l < i,

(60)

where U > |g,|, W, > 01is a small parameter and should be
chosen according to the requirement of the tracking per-
formance.

The adaptive law for , is chosen as

én = Fn(q)nzn - nnén)a (61)

where T, = I'T is the adaption gain matrix and 7, is the
positive constant.

Remark 1: In control law (58), combined with the in-
put constraint block (60), the role of the term g, is as fol-
lows:

If |o,| > ., which means there is input saturation:
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(a) If u. > umax, 0, keeps decreasing to decrease u, until
Ue = Umax-

(b) If u, < umin, 0, keeps increasing to increase u, until
Ue = Umin-

SO U = Upin OF U = Upax.

If |o,| < y,, 6, =0, i.e., there is no input saturation,
the influence of the term o, is to keep umin < Ue < Umax,
therefore, u = u,.

Based on (55), (58)-(61), (57) becomes

V” = k"Zi + ann Oy + Zn&nlr + anndn + annAu
- nné,fén + 0,6, +ep11€n-11+€n_12€n_12.
(62)
It is noted that

—676, < —0.5]/6,]]° +0.5/16.]%,
anndn S ‘ann| an +Qn |u|| S |ann‘ (Afn +QI ‘ucl +qyt’yn)7
Zn&nVr + Zn&ndn (63)
_ Y (208n)* (=Y (1 — Gn) + P+ g luc])
Y |2n8n| + €€
€™ |z8n| (hu + | + qu'n)
Yo |2ngn| + €€ '

If v, > 7ll”l+f;‘”“‘ , then

— % (L =qn) + Ay + qu|uc| <0,
Yaln + Pn + G Juc] < Y, (64)

and
Zn&nly + Zngnd, < €e7. (65)
The last two terms of (62) satisfies

€n—1,1€én—11t€r_126n_12

< —1/Tn—1.1€,21_1ﬁ1 — 1/Tn—1,2€3,_172+ len—1.1] [Xnal
—&repratanh(G_1 1 &1 101 1)
+len—1.2] |11
—&u12en—12tanh(8, 128, 12€n12)- (66)

If &1 > 1 | mas Sn—1.2 > 10011 | s

- §n7171€n7u tanh(Cnfuénfl,lenfl,l) + ‘en—l,lxnd|
<kny/Cu11,
—&i1pen—1atanh (8,128 12€0-12) + |€n—120—11]

S kno/gn— 1,2
(67)

From (63)-(67), (62) satisfies

Vi < — k22 — 051, |6, +0.57, | 64> + e

2 2
=V t10€ 10— 1/ To126, 1 2+ kn2n Oy

+ annAu + Gudu — Znln—18n—1 (68)
+kny/Cu1.1+kny /Cu12-

Define G = k,z,0, + z,.8,Au + 0,,6,, substituting (60)
into it, then it satisfies
G = —ke, 02 — 0.5u2Au® + 2,8,Au

— |zngnAu| + ky2, 0, — gnAuc,. (69)

Since k,0,z, — g,0.,0u < O.Skﬁzﬁ + 63 + 0.5/J,,%Au2,
Zn8nlu — |7,8,Au| <0, the following inequality holds

G <0.5k*z2 + 02 — ko, 07 (70)

Therefore, (68) satisfies
Vi, < — (ky — 0.5k2)2 — (ko, — 1) 02 — 057, |6,

+ee ™ — 1/rn,1,1eﬁ,171 - 1/Tn71~26571,2 (7D
+0.51, ||6,l||2+kno/Cn—1,1 +kno/Cn—1,2~

After comparing the stability analysis parts of [24] and
this paper, It can be obtained that without the introduction
of state error variablee;, the stability analysis on the filter
error and the closed-loop system become succinctly.

Remark 2: It is known that the hyperbolic tan-
gent functiony = tanh(x)is smoother than the saturation
sgn(x), x>k . Thus, for the
x/k, x<k
filter with hyperbolic tangent funciton, and the filter with
saturation function, even if the estimation ability of filter
that includes saturation function component, is equal to
the filter that includes hyperbolic tangent function com-
ponent, the dynamic process of outputs of the former filter
is smoother than that of the latter filter. And in this paper,
the outputs of the filters are the reference commands of the
next controller design steps. When applying the designed
control strategy to the control of hypersonic vehicle, un-
der the proposed controller and the smooth reference com-
mands, the responses of the states (¥, @,q) of the hyper-
sonic vehicle are smooth (Moreover, to obtain the smooth
response of V and A, the reference commands of V and h
are smoothened using a second-order filter with a natural
frequency and a damping ratio, which can be seen from
the simulation section.). During the flight process of the
hypersonic vehicle, it is important and necessary for the
smooth change of every state. Based on aforementioned,
the hyperbolic tangent function component is superior to
the saturation function component, thus the performances
of the filters proposed in this paper can be improved.

The stability of the closed-loop system is analyzed. The
semi-global stability of the closed-loop system will be
shown in the next subsection.

functiony = sar(x) =

3.2. Stability analysis of the closed-loop system
Theorem 2: Given the uncertain nonlinear system (1),
without loss of generality, the system subjects to unknown
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parameter vector 6;, (i = 1, ..., n), matched/unmatched
uncertain nonlinearity d;, (i = 1, ..., n) and control input
saturation (2). Then with the application of the control
laws (10), (25), (41), (58), the second-order filters (19),
(35), (51) and adaptive laws (12), (27), (43), (61). If
all Assumptions 1-3 are satisfied and there are exist con-
trol parameters, adaptive parameters and filter parame-
ters such that the control scheme guarantees the follow-
ing properties: all the signals of the system are semi
uniformly ultimately bounded (SGUUB). Moreover, the
tracking errorz;can be ensured to converge to an arbitrar-
ily small neighbour-hood around zero by properly choos-
ing the control parameters.

Proof: The proof includes two parts.

1) The state of the auxiliary system (60) satisfies the
condition |0, | > ,, i.e., there exists input saturation.

Construct the Lyapunov candidate function as

V<ZV—|——e a, (72)

Using the derivative respect to time,

V<Y Vi-2nee ™. (73)
i=1

On the basis of (17), (34), (49) and (71), the following
inequality holds

n—1 n
V<Y kz—Y 0506 - (ko — 0.5k2)22
i=1 i=1

n—1

— (ko, — 1)%2 —nge " — Z(I/TJ,163.1 + 1/Tj,2‘—’§,2)

J=1

n—1 n
+ Y ko, (1/8i0+1/82) + Y (0.5n:(16:]1%)
j=1

i=1

<—2¢V +k, (74)

where ¢ =min {k;,k, —0.5k2,1;/2, 7.1, Tj2,a/4, ks, — 1},
K= X0 (0.5 1811%) + K] kyy (1/850+1/52). it can
be concluded from (74) that, if k5, > 1, k¥ > 0, error sig-
nals z; and 6; asymptotically converges to a compact set
. In addition, the auxiliary design variable ¢, asymptoti-
cally converge to compact set.

Standard arguments can now be applied to solve the dif-
ferential inequality given in inequality(74) as follows:

0< V(1) < k/2c+(V(0) — k/2¢) exp(—2et), ¥t > 0. (75)

The inequality (75) indicates that V(¢) is bounded
byk/2c, i.e., for any t > 0, V(¢) < k/2¢, which indi-
cates that z;, 6;, e; 1, 2, 04, ¢, are SGUUB. Note that,
sincef; = é,- -0, é,- is SGUUB. Owing to bounded of x4
and x4 it can be concluded that x; and x; are SGUUB. Ac-
cording to the definition of x4, x, is SGUUB. Similarly,
fori=23, ..., n, x; is SGUUB. So semi-globally uniformly

ultimate boundedness of all signals of the closed-loop sys-
tem is assured.

Based on what was discussed above, the tracking error
7 converges to an arbitrarily small region will be shown.
Because V(t) <0, V>0,V is a decreasing function or
constant function.

Inequality (75) indicates that

a V()
<Kk/c+(2V(0)—
65,/ <V()
< Kk/c+ (2V(0) — k/c)exp(—2ct),Vt > 0. (77)

k/c)exp(—2ct), Vt >0, (76)

The tracking error obviously yields

21l < /e + (2V(0) - k/e) exp(—2er),
vt >0, (78)

lejal < v//e+(2V(0) —

K/c)exp(—2ct),

Vi > 0. (79)

Thus
lim|zi| < V/i/e, (80)
lim Jej| < v/x/c. 1)

The convergence region of z; can be expressed as the
compact set

S, = {Zl ’|Z1\ < \/K7/6} (82)

and the filter errors converge to the compact sets

S‘-’/ZI = {ej,l ‘|ej,1| < V K/C}7

j=1,n—1, 1=1,2. (83)

It is noted that for any given parameters a;, kp,, j1,
4 2> Mi» K is the unknown but is a bounded constant which
is independent of ¢. By increasing the values of k;, 7,
Amins Lis Tj1, Tj2, a,kg,, 1.€., increasing the value of ¢ to a
big enough value, the value of k/c can be made arbitrarily
small. It can be concluded that k/c can be made arbitrarily
small by choosing ¢ large enough.

Therefore, the control objective is reached when the in-
put constraint occurs, i.e., the desired trajectory of non-
linear system (1) is followed in the presence of unknown,
uncertainty under input constraint (2).

To proceed, the stability proof of Theorem 2 is proved
as following when there is no saturation.

2) The state of the auxiliary design system (60) satisfies
the condition, |o,| < V,, i.e., there does not exist input
saturation. So Au = 0 and u = u,, the control input u is
bounded. Thus, u,. is bounded.
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The Lyapunov candidate function for the n-step is con-
structed as (60), and the time derivative is

Voo =20 (fo + P16, + g1 — 0t _12)
+ énTF;lén +en11€n-11+€—126n-12. (84)

The control input u, is redesigned as
Ue = Uy + Uy, (85)

where u, denotes robust feedback to attenuate the effect of
uncertain nonlinearity g,d,, and it is designed as

2
u, = fM. (86)
Yo |2ngn| + €€

The adaptive law for 6, is same as (61). Similar to the
proof of the n step, (84) satisfies
VnO S - anﬁ - Osnn || én||2 + eeiat - 1/Tn,111€571,1
- ]/Tnfl,zerzz—lz + 0'5nn HenH2 +kno/cn71,l
+ kﬂo/gnfl.l- (87)

The Lyapunov function for the whole closed-loop sys-
temis constructed as

_ondl 2ne
V<Y Vit Vot 7e*“’. (88)

j=1

The time derivative of it satisfies

i Zosn,HeH — (k, —0.5k%)2?
i=1

i=1

n—1
—nge ™ =Y (1/7,16, +1/7;2¢2,) (89)
j=1
n—1 n
+ )k (1/850+1/852) Z 0.57:(|6:]1%)
j=1 i=1
<—-2¢V+xk,

where ¢| = min{k,-,n,v/Z,ijl,rj72,a/2}, K = Z;’:I(OSTI,
16:11%) + X1 e (1/ 81+ 1/ 82

Likely, the convergence region of z; can be expressed
as the following compact set

S, = {Zl ’|Zl\ < \/ﬁ}y (90)

and the filter errors converge to the compact sets

9/1:{811‘|ejl|<M} 91)

Additionally, semi-globally uniformly ultimate bound-
edness of all signals of the closed-loop system is guaran-
teed.

Remark 3: In this paper, the asymptotic stability of the
closed-loop system is achieved, and the controller design

scheme is applied to the tracking control of hypersonic ve-
hicle. We design the robust second-order filter to solve the
“explosion of terms” problem that inherent in backstep-
ping control. In the further work, the finite time or fixed
time filter will be designed to achieve the fast response of
the filter.

Remark 4: Though the control design method is also
based on the combination of backstepping control and
Lyapunov redesign technique, the main difference from
[2] is given as follows.

First of all, not only unknown parameters and uncer-
tainty but also input constraint is taken into consideration
in this paper. Through designing an auxiliary system, an
auxiliary signal is provided to handle the influence of in-
put constraint. The auxiliary signal is applied at the level
of controller design and stability analysis.

Besides, a new robust second-order filter is developed
to solve the “explosion of terms” problem to avoid the
complex computation of virtual control inputs inherent in
backstepping control design procedure. The advantage of
the proposed second-order filters is given in Remark 2.

At last, both numerical example and the application of
the hypersonic vehicle tracking control problem are sim-
ulated to demonstrate the effectiveness of the proposed
control scheme in coping with uncertainty and input con-
straint.

4. NUMERICAL SIMULATIONS

4.1. Numerical example

In this section, a second-order system is considered and
the simulation is carried out to illustrate the performance
of the robust adaptive backstepping control scheme devel-
oped in the Section 3.

X1 :x%Jr(plT(xl)Gl +2x2+2d1(x1,x2,t),
Xy = X1 4223 + 01 (x1,%2) 05 + €2 u+ ¢2ds (x1, %2, 1),

Yy =X, (92)
where @] (x) = sm()q) ©F (x1,x2) = [x1x2,x2 cos(x1)],
dy(x1,x2,1) = 02x2 + x3sin(0.01¢), da(x1,x2,¢) = 3x,
sin(107¢).

In order to do simulation, the nominal values of 6; and
Grare assumed to be that 6; = 1, 6, = [1,1.5]7. The input
constraint is || < 15. And the external disturbances satis-
fies |di (x1,x2,1)] < 0.2]x2| + |x}| , [da (x1,%2,1)| < 3 |xa].

The objective is to design a control input as in the above
section to guarantee that the output of the closed-loop sys-
tem track a reference trajectory x;, = sin(7r).

After many simulations, the control parameters that
makes that designed control system achieve relative good
tracking performance are adopted as k; = 5, k, = 12,
ks =20, kg, =0.01, u =150, y,, =0.01, e =5, a=0.01,
Fl = Fz = O.ldiag(l 1), mn = 002, m = 001, T =T =
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(a) (b)

Fig. 1. (a)Time response of output tracking, (b)Time re-
sponse of control input.

(a) (b)

Fig. 2. (a)Estimation of virtual control input x4,
(b)Estimation of virtual control input ;.

0.2, & =& =0.01, § = & = 100. To the better demon-
stration of the capability of the designed control scheme
in tackling input constraint, two cases response (with and
without input constraints) are presented in one figure, and
the local time response of the curves during the dynamic
change process are given.The simulation results are with
and without input constraint are presented in Figs.1 and 2.

As shown in Fig. 1, it is obvious that the proposed
control strategy guarantee the good tracking performance.
And the behaviour of input is smooth. Control input satu-
ration is only observed in the initial phase, and it is about
0.08 seconds. After this initial phase, the control moments
are within their limits and no saturation is observed. In
addition, it is obvious that the proposed control scheme
leads to a slower response for system output coverage to
reference command than that of the response without in-
put constraints, which is about in 0.01seconds. However,
the proposed control approach can still guarantee the sta-
bilization in spite of a longer response and handles the
input constraints efficiently. In addition, the second-order
has the good capability of estimation from Fig. 2.

It can be concluded from the simulation results that the
designed controller satisfies the following two aspects. (a)
During the dynamic tuning phase, it guarantees that the

control system is still stable when there is input saturation.
(b) During the steady-state phase, it assures the control
system is stable.

4.2. Aerospace application example

To further show the effectiveness of the designed con-
trol strategy , we will consider a HSV with the model de-
scribed as [34]

V =1(Tcosa— D) —gsiny,

h=Vsiny,

7= ﬁ(L—l—Tsina)—égcosy, (93)
.M,

=7,

a=qg-—7.

This model is composed of five state variables: velocity
V, altitude h, flight-path angel 7y, pitch rate g, angle of
attack o.The control inputs are elevator deflection , and
throttle setting 8, while the outputs to be controlled are
selected as the velocity and the altitude. And m denotes
vehicle mass, I, means the moment of inertia, p is air
density, S is reference area, ¢ is mean aerodynamic chord,
g represents gravitational acceleration.

The approximations of the forces (thrust 7', drag D, lift
L) and moments (pitch moment M,,) employed here are
given as follows:

T =0.5pV*SCr,
D =0.5pV%5Cp,
L=0.5pV?8C,, (94)

M, = 0.5pV2S¢ - (Cy(et) + Cu(8,) +Cu(q)),
and the aerodynamic parametersC,are chosen as:

Cr =Cr P +Cro,Cp = Cp 20> +Cp 40+ Cpy,
CL= CLﬂOl,CM(OC) = CM7a2a2 +CM’0¢(X +Cumo,

Cm(0e) = Cy5,(8. — @),Cu(q) (95)
C
= % (Crg.e2 0 + Crtga &+ Crrg0)-

Aerodynamic coefficients, force coefficients and
physics parameters are referred to [35].

The control objective is to ensure that the closed-loop
system is stable and the state V and % can track a given the
reference signals V,,.; and £, in the presence of aerody-
namic uncertainty and input constraint.

As shown in [36-38], the control input for altitude and
velocity can be designed separately based on the back-
grounds of hypersonic vehicle.

Substituting (94) and (95) into (93), the dynamic of ve-
locity can be transformed into the following form

V =F +®,0y +®,,0/. (96)
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And the other states dynamics of (93) can be transformed
into the following form

h=Vsiny,
Y=F+2,0,+2,a,
a=q-7, 97)

T
G=2,,0,+P,05,
where unknown aerodynamic parameter vectors are

6V = [CT()vCDochCDOM CDO]T ’
0y = Cro, (98)

T
Gq = [CMlxzaCMa - CeaCM07CMqa27CMqaaCMq0] y
and functions Fy, Fy, Fy, @y, Py, Pyi, Py, g1, Py are

Fy (x,Xer) = —gsiny,

VSC
F,= —écos}/—&- pZTTﬁB sina,
V23S
D, = p [cos a,—az,—a,—l]r,
b — szSCTﬁ cos o
V2 — 'm )
. — pVSsino ~ pVSCrq
e om 2T om
V2se
g = [ o, 1,aq0 2V cga 2V e 2V
vy
pV3Seéc,
D, =— 99
q2 2]yy ( )

Based on the preceding section, the control inputs are
designed for (96) and (97).

The simulation is done to test the designed control strat-
egy. In the simulation, aerodynamic coefficients, force co-
efficients and physics parameters in the simulation study
are referred to [35]. The input constraints are set as
B €[0.1, 1.2], 8, € [-0.2618, 0.2618] rad. The refer-
ence signals V,.r and are set as 1000 ft/s step-velocity
command, and the altitude is kept at the trimmed flight
condition, i.e., i,y = 110000 ft. The reference commands
are generated by a second-order prefilter with a natural
frequency 0.03 rad/s and a damping factor 0.95.

Remark 5: To the best of our knowledge, it is impor-
tant and necessary for the hypersonic vehicle to achieve
the stable tracking in short time(in finite time or fixed
time). In this paper, by using tuning controller parame-
ters, the stable tracking control is obtained in short time.
And we only get the fast response speed in the simula-
tion result without theoretical guarantee. Therefore, in the
further work, to achieve the theoretical results and simu-
lation results of fast performance of the designed control
scheme, we will do the research based on the results of
this paper to obtain the finite time or fixed time of the pro-
posed system and apply it into hypersonic vehicle flight
control system.

and Qun Zong
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Fig. 3. Time response of outputs velocity.
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Fig. 4. Time response of outputs altitude.

The simulation results are shown in Figs. 3-6,which
demonstrate that the designed controller can achieve the
stable tracking of vehicle and altitude in the presence of
input constraint and aerodynamic uncertainty.

5. CONCLUSION

In this paper, a Lyapunov redesign approach is em-
ployed to synthesize backstepping control to construct
the stabilizing control input for a class of nonlinear sys-
tem with unknown parameters, uncertainty and input con-
straint. The Lyapunov redesign approach is used to cancel
the uncertainty. Robust second-order filters are employed
to eliminate the “explosion of terms” problem inherent in
the traditional backstepping control. The auxiliary system
is constructed to analyze the input constraint, and the state
of it is utilized to design control law and the closed-loop
system analysis. Simulation results are conducted to show
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that the developed controller handles the input constraint
effectively and the system trajectory tracks its command.
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