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Modeling and Simulation of Quadrotor UAV with Tilting Rotors
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Abstract: Quadrotors have recently been drawing greater research and commercial attention to the point that they
have become one of the most popular types of unmanned aerial vehicles. Their applications vary from entertainment
to transportation, commercial and even military applications. In this paper, a novel quadrotor design is proposed.
The design decouples all motions by allowing each rotor to tilt in two directions about the quadrotor fixed frame.
This modification improves the stability and safety of the quadrotor and gives it more manoeuvrability and robust-
ness. The mathematical model of the proposed system is carried out using Newton-Euler technique. Several flight
scenarios are also simulated under a simple PID controller to illustrate the superiority over conventional quadrotor
designs.
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1. INTRODUCTION

Quadrotors have recently become a focus of research
in Unmanned Aerial Vehicle (UAV) and flying robots ap-
plications. Quadrotor Air Vehicles (QRAV) may be em-
ployed in a wide range of commercial and military ap-
plications. Such applications may include: heavy trans-
portation, construction of bridges and buildings, assem-
bly of large pieces in factories, and rescue operations after
natural disasters where roads and bridges are no longer
usable. For military applications, QRAV may perform
vertical takeoff and landing (VTOL) and can be used in
manned operations for effective transport and for mili-
tary deployment operations in hostile environments where
VTOL is a requirement. Additionally, QRAV can have
manoeuvrability that may be superior to helicopters, such
as the APACHE helicopter.

In [1], one of the first tilt-wing VTOL aircrafts was de-
signed and tested to explore the feasibility of transition
from hover to forward flight. Various problems that are re-
lated to the performance and control characteristics were
discussed. However, at the time, the paper concluded that
it was very early to determine control requirement due to
lack of flights data. [2] presents a general control approach
of autonomously flying VTOL robots that takes advantage
of the similarity in motion description in different VTOL
robots. This control scheme is based on linearization us-
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ing inversion of the model blocks. It was shown that this
general scheme with inversion of the model blocks works
even if the non-linear parameters are unknown.

Specifically, quadrotors are one type of VTOL that has
been under the focus of extensive research due to their
simple design and high agility. Conventional quadrotor is
typically underactuated. It is composed of four fixed ro-
tors which provide four input variables and has six degrees
of freedom (DOF), 3 position and 3 orientations. The un-
deractuated nature of typical quadrotors forces two trans-
lational motions to be coupled with two rotational orien-
tations, i.e., the x and y translation motions are coupled
with the two rotational angles pitch and roll respectively.
This coupling reduces the manoeuvrability and agility and
severely limits tracking capabilities. For example, to move
forward or sideways, roll or pitch angles is compromised
and the UAV has to tilt. The UAV cannot go through tight
openings and can’t hover while having a tilted orientation.
While these limitations are not of big impact on ordinary
missions, critical missions demand much higher manoeu-
vrability.

Conventional quadrotor modeling and control were ex-
tensively covered in the literature. In [3], the author de-
scribes an efficient and robust quadrotor for both indoor
and outdoor. The paper presented an improvement to over-
come uncertainty in position control and instability during
fast maneuvers caused by low frequency in the control.
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[4] presents development and accurate modeling for a
quadrotor UAV. The developed system was equipped with
necessary devices and sensors. Rigorous dynamic model
and robust flight control is developed. The controller pre-
sented is a disturbance observer based controller.

In [5], a fully autonomous quadrotor was presented for
indoor applications. While navigation of outdoors quadro-
tor depends mainly on Global Positioning System (GPS),
indoor quadrotors can not rely on that type of systems.
Hence, the paper presented a navigation systems to enable
small quadrotors to operate autonomously in closed envi-
ronments. The approach was an extension and adaptation
of techniques successfully implemented in ground robots.

[6] presented a customized design for control system
validation. The paper presented an L1 mathematical mod-
eling that defines the 6 degrees of freedom. The model is
described in details and the complexity of L1 was claimed
to aim at describing the key features of the flight. In [7],
a relatively large quadrotor was presented. The UAV was
designed to weigh 4 kg and have a payload of 1 kg. This
improvement aimed to exploit the advantages of quadro-
tor maneuverability in more applications where carrying
objects is desirable.

Many breakthroughs emerged by researchers trying to
overcome the actuation difficulties in UAV’s. Tilt wing
mechanism was proposed in [8] and tilt rotor actuation in
[9, 10]. In [8], a hybrid system of an aerial vehicle was
presented that has a tilt-wing mechanism. The vehicle is
capable of vertical takeoff/landing like a helicopter as well
as flying horizontally like an airplane. This is done by
mounting four rotors on four rotating wings. [9] presented
a mini tilt-rotor UAV with two rotors. Modeling of the sys-
tem was discussed and the dynamics of the 6 DOF’s were
split into three subdynamics to simplify the control task.
The system was equipped with extra mass to introduce a
pendular damped effect. In [10], a proposed system with
two rotors was presented. The two rotors are allowed to
tilt laterally and longitudinally to control the thrust direc-
tion. A prototype was implemented and tested and showed
promising results in terms of hovering and pitch stability.

In order to maintain a zero net yaw moment, [11] pro-
posed slightly slanted two opposite propellers with a small
angle. It was shown that the four main movements : roll,
pitch, yaw and heave can be completely separated us-
ing this design. In [12], a novel quadrotor design was
presented. The four rotors were allowed to rotate about
their axes w.r.t the main rotor body. This adds four ex-
tra inputs to have a total of eight inputs to the quadrotor.
The design provides full actuation to the quadrotor posi-
tion/orientation with two extra inputs. Fault tolerance has
been one of the main concerns in the area of flying vehi-
cles. [13] discusses fault tolerance in system design. Many
researchers targeted fault tolerance in quadrotors from the
control point of view. In [14], the case of a quadrotor with
one faulty rotor is investigated. A double control loop ar-

chitecture was proposed to assure trajectory tracking on
translational motions as well as roll and pitch rotations.
The method was claimed to achieve the desired control
with acceptable behavior. However, yaw movement is
compromised and the quadrotor keeps rotating around its
z-axis.

A sliding mode approach to control quadrotor UAV in
case of external disturbance and actuator fault was used in
[15]. The method was proven to distinguish between dis-
turbances and faults and the simulation verified the effec-
tiveness of the method. However, the same challenge of
yaw angle occurs. Yaw motion tends to go out of control.
Considerable research targeting fault tolerance suggest the
use of actuator redundancy. In [16], an integral sliding
control was used to handle total actuator failures directly
without changing the baseline controller. The controller
takes advantage of the present redundancy of actuators
without the need for fault detection and isolation. Sim-
ilarly, [17] presented a fault tolerant controller that uses
Linear Parameter Varying (LPV) sliding mode technique
to exploit redundancy without the need for fault detection
and isolation.

In this paper, a novel quadrotor design is introduced that
has advantages for both manned and unmanned applica-
tions. Each rotor is allowed to tilt around two axes w.r.t
fixed body frame. The total number of inputs is increased
to twelve. With this design, each of the twelve states (out-
puts) (6 positions/orientations - 6 transitional/rotational
speeds) can be controlled independently and freely. In
addition, the system can perform all the desired control
objectives with half of its actuators faulty.

On the other hand, this addition of actuator increases
the system complexity and have undesired aerodynamic
effects. However, added complexity can be justified by the
advantages of this design and the controller is expected to
compensate for those effects. More advantages and dis-
tinguished capabilities for critical missions are discussed
later in this paper. A preliminary version of this paper has
been presented and published in [18]. This paper is an
extended version with more details.

This paper is organized as follows: Section 2 presents
the dynamic model of quadrotor with two DOF tilting pro-
pellers. Section 3 analyzes the model and studies the ad-
vantages over conventional designs. After that, Section
4 presents the controller design and simulation tests. Fi-
nally, the paper is concluded in Section 5.

2. SYSTEM MODEL

2.1. Frames and rotation matrices
The quadrotor can be considered as five rigid bod-

ies connected together and are in relative motion around
themselves. Those five bodies are the quadrotor body it-
self B, and four propellers Pi attached to the body.

Let FE :
{

OE ; XE , YE , ZE
}

be a world inertial



Modeling and Simulation of Quadrotor UAV with Tilting Rotors 1049

Fig. 1. Rotors positions.

Fig. 2. Tilt angles of the rotor w.r.t fixed body frames.

frame and FB :
{

OB; XB, YB, ZB
}

be the quadrotor
body frame attached to its center of gravity Fig.1. In ad-
dition, the rotors-fixed frames are taken to be parallel to
each other and parallel to the quadrotor body frame and
are given by FPi :

{
OPi ; XPi , YPi , ZPi

}
, i = 1, ...,4.

The orientation of each of the rotors is controlled by
two rotations with respect to the rotor-fixed frame; αi, a
rotation about YPi , and βi , about ZPi . As shown in Fig.2,
this rotation creates a second rotating frame for the rotors,
FPi

:
{

OPi
; XPi

, YPi
, ZPi

}
, i = 1, ...,4.

When the rotors are aligned along ZPi , rotor 1 and rotor
2 are assumed to rotate counter-clock-wise CCW, while
rotor 3 and rotor 4 rotate clock-wise CW. The forward di-
rection is taken arbitrary to be along XB

Let RPi

Pi
be the rotational matrix from the rotors-rotating

frame OPi
to the rotors-fixed frame OPi . Since the rotors-

fixed frames OPi are parallel to the body-fixed frame OB at

the center of gravity, then

RPi

Pi
= RB

Pi
=

0 0 CβiSαi

0 0 SβiSαi

0 0 Cαi

 , (1)

where C(.) and S(.) denote cos(.) and sin(.) respectively.
A full rotation of the quadrotor body with respect to

the inertial frame can be described by three consecutive
rotations about the three body axes, roll rotation Φ about
the body x-axis, pitch rotation Θ about the body y-axis
and yaw rotation Ψ about the body z-axis. Then RE

B is
the body transformation matrix with respect to the earth
inertial frame, and is given by

RE
B = RΨ •RΘ •RΦ

=

CΨ −SΨ 0
SΨ CΨ 0
0 0 1

 CΘ 0 SΘ
0 1 0

−SΘ 0 CΘ

1 0 0
0 CΦ −Sϕ
0 SΦ Cϕ


=

CΨCΘ −SΨCΦ+CΨSΘSΦ SΨsΦ+CΨSΘCΦ
SΨCΘ CΨCΦ+ sΨSΘSΦ −CΨSΦ+SΨSΘCΦ
−SΘ CΘSΦ CΘCΦ

 .

(2)

The relationship between the body-fixed angular
velocity vector [p q r]T and Euler-Angles rates
[Φ̇ Θ̇ Ψ̇]T is given byp

q
r

=

1 0 −SΘ
0 CΦ SΦCΘ
0 −SΦ CΦCΘ

Φ̇
Θ̇
Ψ̇

 . (3)

2.2. Quadrotor dynamics
Assume that the rotational speed of the rotor i is given

by ωi. Then we can say that the lifting thrust is given bω2
i

and the drag moment is given by dω2
i , where b and d are

the thrust and drag moment constants respectively.
The thrust components of the ith rotor at the body C.G.

are then given by

Fi =

0 0 CβiSαi

0 0 SβiSαi

0 0 Cαi

 0
0

bω2
i

 . (4)

Similarly, the moments of a titled rotor consist of two
parts, the drag moment, and the moments generated by
the thrust components. These two components can be ex-
pressed as

Mi =

0 0 CβiSαi

0 0 SβiSαi

0 0 Cαi

 0
0

dω2
i δ (i)

+ ri ×Fi, (5)

where δ = [1,1,−1,−1] and ri is the vector from center
of gravity to the reference point of the rotors, i.e.,

r1 = [l,0,−h]T , r2 = [0, l,−h]T ,

r3 = [−l,0,−h]T , r4 = [0,−l,−h]T ,
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h and l represent the vertical and horizontal displacements
from the center of gravity to the rotors respectively.

The quadrotor position vector η and body angular ve-
locities vector Ω are given by

η = [x y z]T ,

Ω = [p q r]T .

The summation of forces acting on the quadrotor body
is then given by the dynamic equation [19]:

mη̈ = mgz −Kη̇ +RE
B

4

∑
i=1

Fi, (6)

where m is the mass of the quadrotor, and

gz = [0 0 −g]T .

K is the matrix of drag constants, and is given by

K =

K1 0 0
0 K2 0
0 0 K3

 .

The aerodynamic drag can be modeled as Kη̇2. However,
it’s often ignored in the literature for control purpose. In
this development, a first order approximation of air fric-
tion and drag Kη̇ is used to simplify the problem.

The rotation dynamic equation is then given by:

IΩ̇ =−(Ω× IΩ)−MG +
4

∑
i=1

Mi, (7)

where I is the inertia matrix of the quadrotor, and is given
by

I =

Ix 0 0
0 Iy 0
0 0 Iz

 .

MG is the gyroscopic forces, and is given by

MG =
4

∑
i=1

IR(Ω×ω i)δ (i). (8)

IR is the rotor moment of inertia. And

ω i =

0 0 CβiSαi

0 0 SβiSαi

0 0 Cαi

 0
0
ωi

 . (9)

The equations of motion can be put in the standard form

Ẋ = f (X ,U),

where

X = [η̇ Ω]T ,

U = [ω1α1β1ω2α2β2ω3α3β3ω4α4β4]
T ,[

η̈
Ω̇

]
=

 gz −
K
m

η̇ +
RE

B

m
∑4

i=1 Fi

−(I−1Ω×Ω)− I−1MG + I−1 ∑4
i=1 Mi

 , (10)

where Fi and Mi are related to the elements of the input
vector U through equations 4 and 5 respectively.

3. ANALYSIS AND ADVANTAGES

This proposed design can offer many advantages over
all the existing designs in the literature. Some of these ad-
vantages are tested in this paper while other are left for fu-
ture work. To start with, all the positions and orientations
can be controlled completely independantly This means
that the quadrotor can move on a certain trajectory while
maintaining specified speeds and orientations which gives
this design superior manoeuvrability. The free inputs can
further be used to achieve additional tasks such as over-
coming gust disturbances or even as brakes. On the other
hand, while the additional inputs may be of great use dur-
ing critical missions, they can be turned completely off
when not needed to save power and reduce control com-
plexity. In fact, the quadrotor is still fully actuated and the
motions are completely decoupled using only any two op-
posite rotors. Failure of any of the rotors would not com-
promise the safety of the flight or behavior. Furthermore,
if the rotors are allowed to rotate freely in a hemisphere,
i.e., α is allowed to reach proper angles; and motors are
strong enough, the quadrotor could land safely with only
one rotor functioning.

A necessary and sufficient condition for the quadrotor’s
motions to be decoupled and completely independent with
only two opposite rotors running, is that equations 4 and 5
of forces and moments are independent with only two op-
posite rotors running. And since the relation between the
actual inputs and forces and moments is nonlinear, and it’s
not convenient to check independence in nonlinear equa-
tions, a change of variables is introduced. Let

A =Cβ1Sα1ω2
1 ,

B =Cβ3Sα3ω2
3 ,

C = Sβ1Sα1ω2
1 ,

D = Sβ3Sα3ω2
3 ,

E =Cα1ω2
,

F =Cα3ω2
3 .

Those variables (A through F) can be manipulated
freely and independently. That’s to say, one can find
proper values of β , α and ω that produce any arbitrary
values of the variables A through F . To prove that, take
the equations of A, C and E where they share the same
input variables α1, ω1 and β . For any arbitrary values of

A and C, the ratio
A
C

=
Cβ1

Sβ1
determines the value of the

variable β1. The other two variables are determined by

the values of either A or C and the value of E (the ratio
A
C

is already determined hence fixing one variable will au-
tomatically fix the other). Now, rewriting the equation of
forces and moments 4 and 5 with the new variables and
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with only rotors 1 and 3 running:Fx

Fy

Fz

= b

A+B
C+D
E +F

 , (11)

Mx

My

Mz

=

 d(A−B) +bh(C+D)
d(C−D) −bh(A+B) +bl(F −E)

d(E −F) +bl(C−D)

 .

(12)

Combining the two equations
Fx

Fy

Fz

Mx

My

Mz

=


b b 0 0 0 0
0 0 b b 0 0
0 0 0 0 b b
d −d bh bh 0 0

−bh −bh d −d −bh −bl bl
0 0 bl −bl d −d




A
B
C
D
E
F

 .

(13)

This matrix is full rank. Which means that the forces
and moments are independent and there’s always a com-
bination of variables A through F that produce any arbi-
trary values of forces and moments with only rotors 1 and
3 running. The same proof can be carried out for rotors 2
and 4 as well.

Considering the aforementioned advantages, this design
can serve for many critical applications. The fact that the
motions are completely decoupled and that the quadrotor
doesn’t need to pitch to go forward nor to roll for lat-
eral motions; this fact makes the quadrotor very suitable
for sensitive payload as it provides a very smooth ride.
Surveillance and monitoring could be improved as the
quadrotor can fly at precise attitudes with precise speeds
and orientations. This can be very suitable for military
applications.

4. SIMULATION TESTS

In the following discussion, several maneuvers are sim-
ulated to test the decoupling of motions and fault toler-
ance. The rotational friction is assumed to be zero during
all simulations. It’s important to point out that the objec-
tive here is not to design a high performance controller
but instead, a simple controller that will be able to high-
light the advantages mentioned in this chapter. To achieve
this objective with lowest complexity, trivial pairings are
done between inputs and outputs. The sum of the four pro-
pellers’ speeds ωi’s is paired with the quadrotor elevation
z. This sum is given the notion ωz.

In addition, the angles α2 and α4 of rotors 2 and 4 re-
spectively are paired with the velocity along x-axis. The
two angles are set to be equal and are given the notion αx.
While the angles α1 and α3 of rotors 1 and 3 respectively

Table 1. Values of medel and controller parameters
∗These values were taken from [19].

Parameter Value Unit
g 9.8 m/s2

b∗ 2.92×10−6 kg.m
d∗ 1.12×10−7 kg.m2

m∗ 0.5 kg
l∗ 0.2 m
h 0 m

ωmax (10000)
2π
60

rpm

I∗x 4.85×10−3 kg.m2

I∗y 4.85×10−3 kg.m2

I∗z 4.81×10−3 kg.m2

are paired with the velocity along y-axis. Similarly, these
two angles are set to be equal and are given the notion αy.

The rest of the inputs and states will be ignored at this
stage. The control scheme used is a simple PID controller
with partial state feedback.

Let ez, eẋ and eẏ be the error in elevation, error in veloc-
ity along the x-axis and error in velocity along the y-axis
respectively. And let

UC = [ωz αx αy]
T ,

e = [ez eẋ eẏ]
T ,

KP =

KP1 0 0
0 KP2 0
0 0 KP3

 ,

KI =

KI1 0 0
0 KI2 0
0 0 KI3

 ,

KD =

KD1 0 0
0 KD2 0
0 0 KD3

 .

Then, the PID controller is defined as follows:

UC = KPe+KI

∫
edt +KD

de
dt

. (14)

A separate PID controller is used to control the roll an-
gle to avoid coupling. The roll angle is paired with the
difference UΦ = ω4 −ω2 as the torque is proportional to
this difference. Then, roll controller is given by

UΦ = KPΦeΦ +KIΦ

∫
eΦ dt +KDΦ

deΦ

dt
,

where KPΦ, KIΦ and KDΦ are the PID gains. The system’s
parameters used in the simulations are listed in Table 1.
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Fig. 3. Flight 1: x, y and z positions in (m).

Fig. 4. Flight 1: velocities ẋ, ẏ and ż in (m/s).

Fig. 5. Flight 1: The three orientation angles Φ,Θ and Ψ
in (rad).

4.1. Decoupling

This subsection presents three flight simulations to
demonstrate decoupling of motions. The objective of
these three tests is to observe how the quadrotor can follow
arbitrary trajectories with specific motions without com-
promising other motions and/or orientations.

In the first flight, the quadrotor elevates up to 10 m and
then moves laterally with a velocity of 10 m/s, which is
shown in Figs. 3-6. Fig. 3 shows the x, y and z positions
where it’s evident that the quad achieved the vertical posi-
tion of 10 m. In Fig. 4, it can be seen that the lateral veloc-
ity ẏ is achieved while all the orientation angles shown in
Fig. 5 are kept fixed at zero. Fig. 6 shows the input angle
α in rotors 2 and 4 that are manipulated to achieve this
mission.

Fig. 6. Flight 1: Rotors 2 and 4 α rotation angle; β =Π/2.

Fig. 7. Flight 2: x, y and z positions in (m).

In the second flight, the quadrotor elevates to 50 meters,
and while it’s still elevating it’s commanded to forward
with a speed of 5 m/s . Similar to the figures in the first
flight test, Figs. 7 - 9 show that the desired positions, ve-
locities and orientation angles are achieved independently.

In the third flight test, the quadrotor is commanded to
hover, then thrust move laterally with a constant speed of
10 m/s, which is the same as flight 1, except that this time
the quad has to maintain a constant roll angle of π/6. The
results of this flight are shown in Figs. 10 - 12. This is a
very strong test as the results in the figures show that not
only the quadrotor can follow certain translational trajec-
tories while keeping orientation angles undisturbed, but
also it can achieve desired orientation angles completely
independently of its translational path.

Three important observations can be made from the
simulation results. Firstly, It’s evident that horizontal mo-
tion didn’t compromise the vertical position of the quadro-
tor. The second observation is that in both flight 1 and
2, the three orientation angles, Φ,Θ and Ψ remained un-
changed. This is a very important result as it shows the
smoothness of the flight and the absence of perturbation.
Finally, flight 3 shows that control objectives were carried
out simultaneously and independently while maintaining
other motions undisturbed.

4.2. Fault tolerance
During the fourth flight, two rotors (rotors 1 and 3) are

assumed to be faulty (or turned off). The control scheme
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Fig. 8. Flight 2: velocities ẋ, ẏ and ż in (m/s).

Fig. 9. Flight 2: The three orientation angles Φ,Θ and Ψ
in (rad).

Fig. 10. Flight 3: x, y and z positions in (m).

Fig. 11. Flight 3: velocities ẋ, ẏ and ż in (m/s).

has to be modified because of this actuator loss. The mod-
ification here is simple, instead of manipulating αy to con-
trol the velocity along the y-axis, αx is used as input with

Fig. 12. Flight 3: The three orientation angles Φ,Θ and Ψ
in (rad).

Fig. 13. Flight 4: x, y and z positions in (m).

Fig. 14. Flight 4: velocities ẋ, ẏ and ż in (m/s).

β2 and β4 are set to π/2.
With only two rotors remaining (rotor 2 and 4), The

quadrotor is commanded to perform a similar flight to the
first from the previous section. It’s set to elevates up to
200m and then thrust forward with a fixed velocity of
30m/s. Figs. 13 - 17 show the response. The figures
show the positions, velocities and orientation angles re-
spectively. Again, it’s evident that the control objectives
are still achieved independently of each other with only
two rotors running. Fig. 16 shows α angles in rotors 2 and
4 while Fig. 17 shows the speeds of the four rotors where
it’s clear that only rotor 2 and 4 are running. Note that the
figure is zoomed in for rotor 2 to show the change in the
propeller speed during the maneuver.

The simulation shows clearly that only two rotors are
enough to control and decouple the outputs of the system.
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Fig. 15. Flight 4: The three orientation angles Φ,Θ and Ψ
in (rad).

Fig. 16. Flight 4: Rotors 2 and 4 α rotation angle; β = 0.

Fig. 17. Flight 4: the four rotors speeds in (rpm).

In fact, with only two rotors running, six inputs are avail-
able which means that the system is fully actuated and
suitable for conventional missions.

5. CONCLUSION

This paper presented a proposed design for quadrotor.
The mathematical model is presented based on Newton-
Euler formulation. The proposed quadrotor has all of its

rotors allowed to tilt with two degrees of freedom w.r.t the
fixed body frame. With this addition of 8 inputs, the sys-
tem is fully actuated and capable of tracking more outputs
separately and independently (6 positions/orientations and
6 translational/rotational speeds). This improves maneu-
verability and agility of quadrotor and enhances fault tol-
erance capabilities. In fact, the system was proven to be
completely operational with only any two opposite rotors
running. Several flight simulations were carried out. The
simulations demonstrated some of the advantages of this
design over the conventional quadrotor such as complete
decoupling of motions, energy saving, ability to track arbi-
trary trajectories for all outputs independently, robustness
and tolerance against various failures.
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