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Adaptive Leader-follower Formation Control of Mobile Robots with
Unknown Skidding and Slipping Effects

Bong Seok Park and Sung Jin Yoo*

Abstract: This paper investigates an adaptive leader-follower formation control problem of multiple
mobile robots in the presence of unknown skidding and slipping. First, we employ the concept of vir-
tual robots to achieve the desired formation and derive the kinematics of the virtual leader and follower
robots considering skidding and slipping effects. Then, we design an adaptive formation controller
based on a two-dimensional error surface where the adaptive technique is used for compensating the
unknown skidding and slipping effects that influence the follower robots. From Lyapunov stability
theorem, we show that all errors of the closed-loop system are uniformly ultimately bounded, and thus
the desired formation is successfully achieved regardless of the presence of unknown skidding and
slipping effects. Simulation results are provided to demonstrate the effectiveness of the proposed for-
mation control scheme.
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and slipping effects.

1. INTRODUCTION

During the past few years, many studies have been
conducted on mobile robots with focus on solving
various control problems, such as the tracking problem at
the kinematic level [1,2], the tracking problem at the
dynamic level [3,4], the tracking problem at the actuator
level [5], and the unified tracking and stabilization
problem [6,7]. All these studies assumed that the wheels
of mobile robots purely roll and do not slip. However, in
practice, this assumption may not be reasonable owing to
environmental factors such as the road condition (i.e., an
icy or wet road) and the tire deformation. Thus, the
application of the controllers developed for solving the
above-listed control problems to mobile robots with
skidding and slipping may be problematic. Motivated by
this observation, the control problem in the presence of
skidding and slipping effects has been regarded as an
attractive research topic [8-13]. In [10], the models of
wheeled mobile robots considering both the skidding and
the slipping of the wheels were proposed and the
controllability according to the maneuverability of
mobile robots was analyzed. Further, the authors of
[11,12] designed path following and tracking controllers
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for mobile robots by considering skidding and slipping
effects. In [13], the author considered an adaptive control
problem in order to address unknown skidding and
slipping effects. However, all these works [8-13] allowed
for the control of only single mobile robots with skidding
and slipping effects. In other words, the results cannot be
applied to the formation control of multiple mobile robots
due to the coupling problems in the formation dynamics
when considering the skidding and slipping effects.

On the other hand, the formation control of multiple
mobile robots has gained an increasing interest from the
control theory community owing to various applications
such as cooperative transportation, reconnaissance,
search, and so on. In the literature, popular formation
control methods are fourfold: behavior-based control
[14,15], graph theory [16,17], virtual structure [18-20],
and leader-follower approach [21,22]. Among these
approaches, the leader-follower approach has been
largely studied by many researchers because it is easy to
understand mathematically and shows good scalability.
In its early days of research on mobile robots, the studies
were performed at the kinematic level of mobile robots
[21]. The formation control systems including collision
avoidance were proposed in [23,24] and the adaptive
leader-follower formation controller in the absence of the
leader’s velocity information was designed in [25]. The
distributed formation control law which does not use
global position measurements was proposed in [26]. For
more practical applications, many studies have been
conducted at the dynamic level of mobile robots. The
sliding mode formation controller was proposed in
[27,28] and the neural network control method was used
for the leader-follower-based robot formations [29-31].
Moreover, a formation control design considering the
actuator dynamics was presented in [32,33]. However,
none of all these works related to the leader-follower

@ Springer



588 Bong Seok Park and Sung Jin Yoo

formation control addressed the skidding and slipping
effects of wheels of mobile robots. To the best of our
knowledge, there have been no research results available
on the leader-follower-based formation control problem
of mobile robots in the presence of skidding and slipping
effects.

Accordingly, we propose an adaptive leader-follower
formation control approach for a class of multiple mobile
robots with unknown skidding and slipping. In order to
design the formation controller, a leader-follower model
considering skidding and slipping effects is newly
derived. Then, a two-dimensional error surface
consisting of position and orientation errors is presented
to design the formation controller. In the controller
design, the adaptive technique is successfully applied to
compensate the unknown skidding and slipping effects
that influence the follower robots, regardless of the
coupling problems among model nonlinearities and the
skidding and slipping effects. From Lyapunov stability
theorem, it is proved that all error signals of the closed-
loop system are uniformly ultimately bounded, all point
tracking errors converge to an adjustable neighborhood
of the origin. Furthermore, the convergence of the
orientation error is analyzed from the relationship
between the robots’ velocities and the skidding velocity.
Finally, simulation results are included to demonstrate
the effectiveness of the proposed formation control
scheme.

This paper is organized as follows. In Section 2, we
introduce the kinematics and dynamics of mobile robots
in the presence of skidding and slipping, and derive a
leader-follower model considering skidding and slipping.
In Section 3, an adaptive formation controller for
multiple mobile robots is designed in the presence of
unknown skidding and slipping, and the stability of the
proposed control system is analyzed. Simulation results
are discussed in Section 4. Finally, Section 5 gives some
conclusions. Throughout this paper, the following
notations are used: 1) || - || stands for the Euclidean
norm of a vectors; 2) the subscripts ‘/” and ‘f” represent
the leader and the follower, respectively; and 3) diag|-]
denotes the diagonal matrix.

2. PROBLEM FORMULATION

2.1. Mobile robot model in the presence of skidding and
slipping effects

The kinematics and dynamics of mobile robots in the

presence of skidding and slipping effects are described

by the following equations [13]

q=J(q)(z-p)+to(q,w), (D
H(q)z,= H(q)p—F(q.9)(z—p)— F,(9)9(q, 1)

E (2)
—F(@o(q, 1)+,
where
cos@ 0
J(q)=|sin8 0],
0 1

H(q) =" (9)B@)) "' T (@M (q)I (q).
F(4:9) =" (q)B(q)"

<J" (q)(M(q)J () +C(q.9)T (q)),
Fy(q)=" (9)B(g)) T (M (q).
Fy(9) =" (@)B(q)"' T ()C(q.9),

m 0 md sin @
M(q)= 0 m —md cos@ |,
mdsin@® —md cos 6 1
cosf cosé 0 0 mdbcosd
B(q)= Lsing sino ,C(q,§)=|0 0 mdOsind |,
" 00 0

m=m,+2m,, [=md* +2mb>+1 +2I,.

In these expressions, 26 is the width of the mobile robot,
r 1s the radius of the wheel, and d is the distance between
the center of mass of the mobile robot and the mid point
between the left and right wheels. Further, m,. and m,, are
masses of the body and wheel with a motor,
resepectively. 1., I,,, and I, are moments of inertia of the
body about the vertical axis, of the wheel with a motor
about the wheel axis, and of the wheel with a motor
about the wheel diameter, respectively. ¢ =[x,y,0] ;
(x,y) are the coordinates of the midpoint between the
two driving wheels, and 6 is the heading angle of the
mobile robot, z=[v, a)]T; v and w are the linear velocity
and the angular velocity, respectively, of the mobile
robot, p=[p, pz]T; o 1s the longitudinal slip velocity
and p, is the yaw rate perturbation due to the slippage
of the wheels ¢(q, 1) =[-usiné, ycosd,0]"; 1 is the
lateral skidding velocity, and 7 is the control torque
applied to the wheels.

Assumption 1: The skidding and slipping perturb-
ations p;, p,, and ¢@(q,u) are bounded as | p1| <<,
|p2| < &ys and |lo(q. 1) lI=|u| < &5 where & (i=1,2,
3) are umknown positive constants, and their first
derivatives are bounded as | p1| <S> | p2| <4, and
(g, 1) 1< g3 + &5 (|0)|+§2) with |/1| <{q3; Where
¢4 (i=1,2,3) are unknown positive constants.

Remark 1: Assumption 1 is reasonable owing to
Property 2 reported in [10]. Unlike the approach in [10],
our approach does not require knowledge of the bounds
of the skidding and slipping perturbations for designing
the formation controller because the unknown bounds are
estimated by the adaptive technique. These bounds are
only used to prove the stability of the proposed control
system.

2.2. Leader-follower model considering skidding and
slipping

In this section, we derive the leader-follower model in

the presence of skidding and slipping effects and present

the adaptive formation control problem based on the

leader-follower configuration as shown in Fig. 1. In order
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Fig. 1. Leader-follower configuration of two robots.

to achieve the desired formation, we employ the concept
of virtual robots instead of using actual robots. In other
words, the position q, =[x,,,,6,]" of the virtual
leader R,, which is located at a distance D; from the
center q, =[x,,),,6,]" of the actual leader R, is

defined as follows:

xv =x[ +D[ Sil’l@l,
v, =y, —D;cos@,, (3)
HVZQI’

where D, =n,sing,;; 1, and ¢, are, respectively,
the desired distance and angle of the follower with
respect to the leader. Then, using the kinematic (1) in the
presence of skidding and slipping, the derivative of (3) is
obtained as

X, cosd, D, cosb, — 14 sin 6,
v, —
i |=|sing,  Dsing, {’ ’0”} 2 cos0, |. (4)
: @y = Py
6 0 1 0

v

Similarly, the position q =[x,,¥,,6,]" of the virtual
follower R, which is located at a distance D, from
Fhe center q; = [xf,yf,é’f]T of the actual follower R,
is expressed as

X, =Xy +Dycosb,,

Yp=Yr+D;sinb,, (5)

9h = ef,
where D, =1, cosg,. The derivative of (5) is also
represented by

X, cosd, —D,sind; —Hysind,
. . . Vi Py
Yy |=|sin8; D,sind, +| pycosd,
. O;—p ’
0, 0 1 ron 0
(6)

Assumption 2: The velocities of the leader robot
v; >0, w;, and its first derivatives are available and

bounded.

Remark 2: Notice that Assumption 2 on the bounded-
ness of the leader’s velocity is general and reasonable in
the field of leader-follower formation control [23]. In the
leader-follower formation scheme, since the leader robot
plays the role of a reference robot for the follower robots
the follower robot cannot track the leader robot if the
leader robot’s velocity is not bounded. In addition,
v; >0 means that this study only focuses on the desired
formation tracking problem, i.e., we do not consider the
problem of stabilization.

The control objective is to steer the virtual follower so
that it follows the virtual leader, which implies that the
actual follower maintains the desired distance and angle
with respect to the actual leader in the presence of
unknown skidding and slipping effects.

3. MAIN RESULTS

In order to design an adaptive formation controller for
mobile robots with skidding and slipping, let us define
the tracking errors between R, and R, as

Xe =Xy =Xps Ve =Vy = Vi 0229\7_0/’1' (7)

Then, we consider an error surface s=[s;,s,]" as
follows:

—s,cosf, —s, sind
s:|:S1:|:|: f y fi|, (8)

Sy s, sinb —s, cosb,

where s, =x, +hkx, and s, =y, +ky,; k>0 is a de-
sign constant. By applying (3)—(6), the derivative of the
error dynamics is given by

o vy =V, c080, — oDy cos b, + oy + B+,
@D —v;sinf, —aD;sinb, + o, + B, +7, | (9)

=sz—PQz'[+a+ﬁ+y,

where
a=la,al, B=1B.51. v=0nrnl,
cosd, D, cosé,
P:

1 0
{O Df}, Q=|sinfd, D;sind, |,
Dy Dy

o = (v,a), + a)lzD, —ov -, )sin 0,
—k(v; +o,D;)cos b,
+hk(x, 0,80, -y 0,080, +v;),
o, = (—v,a), —of D, + OV + 00D, )cos 0,
+ k(Dfa)f +x,05 €080, +y 0,800, )
—k(v; + o, D;)sin6,,
2 .
By = (Pupa = pu@, = Py + Py Dy = 20,00 D) +
—PuPay * ParpVi = Pay Pyl
+pyp @ Dy +kpy)sin6,
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=Pir —kpi s+ Py + Py + 1y (0, = pay)
Py by +kpy +kpyDy)cos6,,
Bo = (=Pupar + P + pavi + 2Py, Dy = Py — fy
—PasVi+ Par Py = Pry@ D
+P55 PuDy = ki) cos,
~Pay Dy ity —kDypyy +kiy
+(Puy + Py Dy + (@ — Py + pay)
+kpy + kD, py;)sing,,
n= (Pll + Py D )a)f sin®, —kx,p, ;sind,
+ky,p, s costy,
72 = —(Pu + pz/Dl)a)f 086, —kx,p, s cos O,
—ky,prysinl; — o, siné,.
Here, y is expressed by the vector form p = W® where
o= [a)f,xe,ye]T and
W =
osing, —kp,;sinl, kp,,cost;
—0c0s0, -y sinG, —kp,,cosl, kp,,sinb,
with o= py; + py D;.

Remark 3: In (9), @ is the known vector, and f and W
in p are unknown bounded vector and matrix, respective-
ly, resulting from the unknown skidding and slipping
effects of both the leader and the follower robots. There-
fore, the vector £ and the matrix W in p are tuned by the

adaptive technique.
The control input 7, of the follower robot is chosen as

T, =H(q)us,

R . (10)
where
N NN's NoN)'s NN s s@f)

2¢ 2¢ 2¢ 2¢ 2¢
Ny =H '(q,)F(q;.4;). N,=H(q;) " Fy(q,)
Ny=H(q,;)'Fy(q;), R=diag[r,r,]>0,

€ is a positive constant, and (§=[5‘ ,52,53,54,5‘5 ]T is
the estimate of 0 =[6,,5,,5;,0,,05] . Here,

‘51=§12f+§22f» 0, =Cus s +¢sr(@p [+,

03 =G5y, 54:(é,d],f+(1/Df):§1)2+(§d2,f+ﬁz)2
with |B|< B and |B,|<f,, and

S5 = 2(k, ) (1/ D7 +1)+(1/ DF )&y +&u D)

+(&y +SyD; +§31)2-

The adaptive parameter vector S is tuned by the fol-
lowing adaptive law

5= ANTs—oAS, (11

where A =diag[4,4,,4,4,,45]>0 and o is a posi-
tive small gain for the o-modification [34].

Remark 4: The term P in the control input (10)
has the singularity problem when ¢, =+7/2. To avoid
this problem, we use the following perturbed version
instead of ¢, for this special circumstance:

b =0, +e. (12)

where ¢ #0 is a sufficiently small constant. This ver-
sion is generally used in the field of formation control
using the concept of a virtual leader and follower [23].

Theorem 1: Consider the follower mobile robot (1)
and (2) with unknown skidding and slipping that is con-
trolled by the proposed controller (10) with the adaptive
law (11). If the proposed control system satisfies As-
sumptions 1 and 2, then the point tracking errors (x, y,)
converge to an adjustable neighborhood of the origin and
the orientation error satisfies lim[sind, — (Dféf +up)l
v, +D6, —py+ ) <@ where @ is a constant that
can be arbitrarily small. Further, if the follower robot
does not rotate (i.e., éf =0) and its lateral skidding
velocity p, is g, =0, the orientation error 6, con-
verges to an adjustable neighborhood of the origin, while
all signals of the controlled closed-loop system are un-
iformly ultimately bounded. Thus, the formation errors x,,
Ve, and 6, are bounded and the desired formation is
achieved successfully.

Proof: From the dynamics (2) for the follower robot,
we can obtain the following equation

2, =p; =Nz =pr)—Naps — N3, +up. (13)
Substituting (13) into (9) yields

§ =P(pf —Ni(z;—ps)—Napp; —N3p, +”f)
- POz +a+f+Wo.

(14)
Consider the following Lyapunov function candidate
I O R B
V—E(s Pls+6TA 5), (15)

where 6 =6-0.
The time derivative of (15) along with (14) is
V=s"Pls-6"A'6
=ST{/’f_N1(Zf—Pf)—Nz¢f_N3¢f (16)
+up Q% +P! (a+ﬁ'+W<D)}—5~TA_13.

Using (10), (11), and Young’s inequality, (16) can be
rewritten as

V=s"{p,+Np,—Nyp, —Nsp, — Rs— No
+ P (B+WD)y -6 (NTs—0d)
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<—s"Rs+|[s" Nl p, 1l +11s" Ny llll g |
+Is"Ny g, N+1slll o+ PRI
+||sTP'W || —s" No -6 {N" s — 56}
T T T T
s' N\N, s+52s N,N,' s
€ 2¢

T T T 2 2
NN (o)
s 33S+54SS+55||S|||| |
2¢ 2¢ 2¢

<—s"Rs+6,

+0; -s"No

—ST{NTS—03}+§E

< s"Rs— 255+ 5|2 +2c
2 2 2

<=2¢V +c,,

where 0 <c¢ <min{n, Dsry,(0/2)A,,;,}, ¢ =(0/2)]| 5|1
+(5/2)¢, and A, is a minimum eigenvalue of A.
Multiplying e*" and integrating it over [0,7] yield

C C
0<V(1)<=2+|V(0)——2 [, 18
=505 1)

In (18), V(¢) is bounded by (c,/2¢;) as time goes to
infinity. Therefore, all error signals s and & are un-
iformly ultimately bounded. Moreover, the bound
(¢, /2¢;) can be made arbitrarily small by adjusting R,
A, o, and &. This means that x,, y,, X,, and ¥,
converge to an adjustable neighborhood of the origin.

Now, we prove the boundedness of .. From (4) and
(6), we can obtain the following equations

sin@,x, = (v, cos 6, + D,w; cos 6 — py; cos 6,

—#y sin6, — Dy p,; cos 6, —v, cos O

. (19)
+to,D,sind; + p;cosb,
—prrDysinG; + p,sinb,)sinb,,
cos8;y, = (v;sin6, + D, sin G, — py; sin 6,
+4; €086, — D, p,; sin6, —v,sin6,
. (20
—0;D;cosO; +p,sinb,
+pryDycosOr —p1, cosOy)cos b,
From (19) and (20), w,is defined as
\/ Do, .
W, =——siné, + siné, + fi + 0, 7, 21
f Df e Df e fl p2f ( )
where
fl = (_pll sin ee + 4 cos 0@ _DlpZI sin 06‘ —Hy
+Xx,8in6, —y,c086,)/D,;.
Then, the dynamics of 6, is derived as
. V[ .
0, = —D—sm 0,+ 15, (22)

f

where f, =(1-(D,/D;)sin,)w, - f, — py, and v; /D,
>0. Since %, and y, are bounded, f, is bounded
from Assumptions 1 and 2, that is, there exists a set Y 5
such that f, € Y, where 7#>0. Then, let us consider
the positive definite function Q =1-cos6d,. Substitut-
ing (22) into the time derivative of Q, we have

. v, 2
Q=-—Lsin@, + f,sin@
D, : (23)

<—c;Q+¢y,

where ¢; = n;in v, /n, and ¢, =2c;+ fme}lfx AR
viel, el

is a set satisfyingl v eY, where 720. ZThferefore, o,

is bounded from (23).

From (21), we hold (v, + Dyw, =D, py; — py; + £4)sin 6,
+Dspyy —Dy0p — pup ==X, sin0; +y,cos0;. Since the
derivatives of the point tracking errors (X,,»,) can be
reduced to an adjustable neighborhood of the origin,
lim[sin 6, _(Dféf +u)(v +D19, —-pyt+t))<o is sa-
ttigﬁed. Here, we can see that if the follower robot does
not rotate (i.e., éf =0) and its lateral skidding velocity
Uy is up =0, the orientation error ¢, converges to
an adjustable neighborhood of the origin. O

Remark 5: The previous papers [9-11] considering
skidding and slipping effects require the accurate mea-
surement of skidding and slipping using sensors, but use
of sensors may cause the performance degradation be-
cause of sensor noise. In addition, the results [9-11] can
be applied only to single mobile robots. However, the
controller proposed in this paper does not require sensor
information because the adaptive control technique (10)
is employed to compensate unknown skidding and slip-
ping effects in both the leader and the follower robots.
Moreover, this study extends the unknown skidding and
slipping problem to the formation control of multiple
mobile robots.

Remark 6: In this paper, the obstacle avoidance prob-
lem in the leader-follower formation control is not consi-
dered. However, multiple obstacles commonly exist in
real world applications. In future work, it will be interest-
ing to address the leader-follower formation tracking
problem by considering obstacle avoidance for multiple
mobile robots in the presence of unknown skidding and
slipping effects.

4. SIMULATION RESULTS

In this section, one leader and two followers are
considered to demonstrate the effectiveness of the
proposed control system in maintaining the desired
formation under skidding and slipping effects. The
matrices for the dynamic model of the leader and
followers employed in this simulation have been taken
from [35].

The initial postures for the leader and the two
followers are (x[,y,,H,)=(0,0,0), (xfl,yfl,Hfl):(O, 4,
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0), and (x4,,¥/,,04,)=(0,-4,0), respectively. The
desired relative positions of the followers with respect to
the leader are 7, »y =2 m, ¢, /y =-7/3 rad, and 7, 1,
=2m, ¢, ;, =7/3rad, respectively. The velocity of
the reference robot, which is used to generate the
reference trajectory of the leader robot, is chosen as
v, =08m/s and o, =0.07 rad/s. With the aim of
observing the performance of the proposed formation
controller when the leader robot skids and slips, this
robot is controlled by a controller designed without
considering skidding and slipping as proposed in [36].
For practical purposes, we use the skidding and slipping
effects that were measured experimentally in [37]. In
other words, p, and u are chosen as Gaussian random
variables with mean 0.05 and standard deviation 0.03,
and with mean 0 and standard deviation 0.03,
respectively. Here, p; is set to zero. These skidding and
slipping effects influence the leader and follower robots
from r=20s to #=60s. In addition, we consider the
measurement errors with Gaussian random variables as
discussed in [37]. The controller parameters are chosen
as k=1, 1n=r=9,0=01 =01, and 4 =4, =2.

Fig. 2(a) shows the formation tracking result of the
proposed control system. The tracking errors x, and y,
are shown in Figs. 2(b) and 2(c), respectively. As shown
in Fig. 2(d), the orientation errors of the follower robots
are bounded and converge to 0, = arcsin((Dféf +up)/
v, + D6, — py; + 14)) = 5.9195° and 4.3578°, respectively,
as stated in Theorem 1. In addition, Figs. 2(e) and 2(f)
show the tracking errors of the leader robot in the
presence of the skidding and slipping effects. These
figures reveal that the proposed adaptive formation
control scheme can achieve the desired formation
tracking regardless of the presence of unknown Gaussian
skidding and slipping effects and the leader robot’s
skidding and slipping.

5. CONCLUSION

In this paper, an adaptive formation controller for
mobile robots with unknown skidding and slipping has
been presented. Virtual robots have been used to design
the proposed control system instead of using actual
robots, and the kinematics of the virtual robots has been
derived in the presence of slipping and skidding effects.
The adaptive formation controller for the derived robot
model has been designed based on the leader-follower
approach and the adaptive technique has been used to
compensate unknown skidding and slipping effects.
From the Lyapunov stability theorem, we have proved
that all signals of the closed-loop system are uniformly
ultimately bounded, and the point tracking errors for the
desired formation also converge to an adjustable
neighborhood of the origin. Thus, we can guarantee that
the proposed formation control scheme maintains the
desired formation successfully regardless of the presence
of unknown skidding and slipping effects.
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