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Exponential State Estimation for Stochastic Complex Dynamical Networks with
Multi-Delayed Base on Adaptive Control

Dongbing Tong*, Wuneng Zhou*, and Han Wang

Abstract: This paper discusses the exponential state estimation problem for stochastic complex dy-
namical networks involving multi-delayed and adaptive control. A new approach, very different to the
linear matrix inequality (LMI) method, has been developed to solve the above problem. Meanwhile,
some sufficient conditions are derived to ensure the exponential stability in pth moment for the dynamics
of state estimator error. The feedback gain update law is found by the adaptive control technique. An il-
lustrative example is provided to show the usefulness and effectiveness of the proposed design method.
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1. INTRODUCTION

Complex networks can be found everywhere in our
daily life, such as social networks, electrical power,
World Wide Web, disease transmission, and so on. These
networks are multi-links, which mean that there are more
than one link between two nodes and each of these links
has its own property. At the same time, the dynamic
behavior of stochastic complex networks contain inherent
time delays, which may cause instability or oscillation.
Those may lead to the complex networks with multi-
delayed. Moreover, “stochastic complex networks”
means that inputs and outputs of complex networks
evolve and change over time. This kind of complex
networks is widely studied by many researchers [1,2].

On the other hand, in practical complex networks,
some state variables are unknown and must be estimated.
The aim of state estimation is to find an estimation of
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system quantities (the state) via a set of measured system
quantities. Moreover, the adaptive control can help to
deliver both stability and good response for systems with
variability in parameters that can either be predicted or
are uncertain. The goal of adaptive control is to adjust
the unknown or changing plant parameters. The adaptive
estimation problem has been extensively investigated
over the last decade due to their successful applications
in many areas (see e.g., [3-10]), such as missile defense
system, the Kalman filter, nonlinear systems, etc. In [3],
based on the H, performance analysis of this unified
model using the LMIs approach, novel state feedback
controllers are established not only to guarantee
exponentially stable synchronization between two
unified models with different initial conditions but also
to reduce the effect of external disturbance on the
synchronization error to a minimal H, norm constraint.
In [9], by employing a Lyapunov-Krasovskii functional,
sufficient delay-distribution-dependent conditions are
established in terms of LMIs that guarantee the existence
of the state estimator which can be checked readily by
the Matlab toolbox.

It should be pointed out that, up to now, the problem
of adaptive exponential state estimation for stochastic
complex dynamical networks with multi-delayed has
received very little research attention, which is the
motivation of this paper.

The main novelty of our contribution lies in three folds:
1) A new adaptive exponential estimation for stochastic
complex dynamical networks with multi-delayed is
addressed; 2) Using the adaptive feedback control
techniques, several suitable parameters update laws are
found; 3) A M-matrix algorithm of the adaptive estimator
is given by employing a new nonnegative function.

2. PROBLEM FORMULATION AND
PRELIMINARIES

The multi-delayed coupled complex networks [1] can
be called drive system and described as follows:

@ Springer
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N N
%) = f(x(0)+ Y aTx; () + Y () Ix; (t =7, (2))
j=1 j=1

N
+ot D (by)Ix; (=7, (D), 1=12,-,N,(1)
J=1
where x, (1) =[x, (1), %, (), x,,(1)]" € R" is the state
vector of the ith node, f(x;(#))eR" is a nonlinear
vector-valued function. I' =/, = diag{L,1,---,1} e R™" is
a inner-coupling matrix, A4 =(a; YW eRVN and B=
((by VY e RN are the connection weight and the
delayed connection weight matrices, and a; and (b;),
are the weight or coupling strength. If there exists a link
from node i to j (i#j), then a; #0 and (b;), #0.
Otherwise, a; =0 and (b;), =0. 7,(r) is the time-
varying delay satisfying that 0<7;(¥)<7;, and 7;(r)<
7, <1, where 7;, 7, areconstants, /=1,2,---,m.

Let x(t) =[x/ (1),x; (), xy (O] e R™N, f(x(1)) =
LA Ca ) ST (2 (@), f T ey )], the drive system
(1) can be rewritten as

dx@)=[f(x@)+ AR x(t)+ B, I, x(t —7,())

2)
+.+B, ®I x(t—1,,(1))]dr.

The network measurements are assumed to satisfy
V(1) = x(1) + g (x(1)), 3)

where y(¢) is the measurement output, g(x(¢)) is the
nonlinear disturbances on the complex dynamical net-
works output.

Based on the drive system (2), we construct the
following response system

dx@)=[f(x@)+ AR x(t)+ B, ® 1, x(t —7,())
+--+B,®1 x(t—1,(1))
+K(x(1) + g(x(1)) - y(0))ldt “4)
+ 06, 2(0) — x(0), 2t~ 7, (1))~ x(t 7, (1)),
X =7, (1) = x(1 = 7, (D)) dw(?),
where x(#) is the state vector of the state estimator (4),
K =diag{k,,k,, -+, ky} is the estimator gain matrix to
be designed. w(t) =[w, (), w,(t), -+, W, (O]" is an n-di-
men-sional Brown moment defined on a complete
probability space (€, F,P) with a natural filtration
{F},50, and o:R,xR"xR" - R"™" is the noise in-
tensity matrix and can be regarded as a result from the

occurrence of eternal random fluctuation and other
probabilistic causes.

Let ¢,(1)=%,(1)~x,(1), e(t)=[¢] (1),€5 (1), ey (O]
e R™N_ As a matter of convenience, we mark e(f—

(1) = e, (1), Pe(0)) = f(X(1) = f(x(1)), p(e(r)) = g(x(1))
—g(x(¢)). From the drive system (2) and the state
estimator (4), the error system is arranged as

de(r) = [H(e(0)) + A®L,e(t) + B, ® L, (1)
++B,® ]neTm O+ K(e(t)+ple@))]dt  (5)
+o(t,e(t), e, ), e (1))dw(t).

Next, we firstly introduce some concepts and lemmas
which will be used in the proofs of main results.

Assumption 1: The activation functions f(x(¢)) in
(2) and g(x(¢)) in (3) satisfy the Lipschitz condition.
That is to say, there exist constants L, >0 and L, >0
suchthat | f(u)— f(v)|<L |u—v]| and |g(u)—gH)|<
L,|u-v|, Yu,ve R", respectively.

Assumption 2: The noise intensity matrix o(-,+-+,-)
satisfies the linear growth condition. That is to say, there

exist positives 7, A;,---4,,, such that
trace(c(t, e, ,+re, ) (O(le.e, ,re, )

<lel +Ale, [+ 2, le, [).
Definition 1: The trivial solution e(¢, &(s)) of the error

system (5) is said to be exponential stability in pth

moment if lim sup%log(f) le(t,E(5))|P) <0, for any &(s)

t—w
eL’K’O([—?,O];R"), where p>2, peZ. When p= 2,

it is said to be exponential stability in mean square.
Lemma 1 [11]: Consider an n-dimensional stochastic
delay differential equation (SDDE, for short)

dx(t) = f(t,x(1), x, (0)dt + g(t,x(1), x, (1))deox(t)  (6)
on te[0,00) with the initial data given by

X(0):-T<0<0} = e L2, (-7,0:R").

If VeC”(R,xR"R,), define an operator L
from R xR" to R by

LV(t,x)=V,(t,x)+V.(t,x)f(t,x,x,.)
+(1/2) trace(g” (¢, x,1, W, (1,%)g(t,x,1,)),

where
2
V[(,,x):aV(t’x), V. (t,x) = oV (t,x) ,
ot Ox ;0x; y
V. (t,x) = aV(l,x),GV(t,x)’m,@V(t,x) '
ox; 0Ox, Ox,,

Let VeCZ’l(R+><R";R+) and 7, ©» be bounded
stopping times such that 0<7 <7, as. If V(t,x(¢))
and LV(t,x(¢)) are bounded on ¢€[r,7,] with prob-
ability 1, then

EV(1y,x(7,)) =EV (7, x(1))) + & er LV (s,x(s))ds.

Lemma 2 [11]: Let xeR” and y € R”. Then x” y+
yix<ex"x+&'y'y forany &>0.

Lemma 3 [11]: Let a,beR and g <[0,1]. Then

lal’|6["P< plal+(1-p)|b].

Lemma 4 [11]: Let 7>0 and u() be a Borel
measurable bounded non-negative function on [0,7]. If
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u(t)£c+vj;u(s)ds, V0<t<T,

for some constants ¢ and v, then u(?) <cexp(vt), V0 <
t<T.

3. MAIN RESULTS

In this section, the criterion of adaptive exponential
estimation in pth moment will be obtained for the system
(2)-(5).

Theorem 1: Under Assumptions 1-2, the full-order
estimator (4) can be adaptive exponential estimated with
the original system (2), if the following condition holds

}ZM» (7)

1</<m

6 > max
1-17,

where
1 2 2 1 2
=p(5(1+l,1)+6{+.2 ﬁl—E(I—LZ)HJ

+— (p 2)+— p(p Iy ++ S(p=D(p- 2)2
i=1
a= j’max /ui = (P _l)ﬂ +1’

ﬂl_ max( (B[®I )(Bl®]) J

(A®1),

And the feedback gain K(7) with the update law is chosen
as

£ ==v,plel 16 vepte )l ®)

Proof: Choose a non-negative function candidate as

V(te)=lel? +ii(k SHH), )

=177

where H is a sufficiently large positive constant.
The compute of LV(t,e) along the solution of error
system (5), and using (8) is

LV (t,e) =V, (t,e) +V,(t,e)[f(e() + A® L e(t)
+B,®1,e,(t)+---+B, ®]nerm (?)
+K(e(t) + p(e()))]

1 T
+5trace(0' (t,e, € e )

Vge(tae)a(tse7erl s"'aez-m ))

=23k, + )k, + plel € gleto)
J=17J

+A® Le(t)+ B, ® e, (1)+

+B,®1le, (1)+K(e(r)+p(e(r)))]
+ %trace(aT (t,e, €yl )

m

V,.(teol(t,e, eyl )

=plelP ' [g(e(t) + AR, e(t)
+B ®1Ie, (1)+-
+B, ®le, ()-H(e+gp(e))] (10)

1
+Etrace(oj (t,e, €l )
p(p-1)]el’ olt,e.e e, ).

Now, according to Assumptions 1 and 2 together with
Lemma 2, one obtains that

eT¢(e(z>)s%ere%qﬂ(e)qﬁ(e)s%mﬁﬂe|2, (11)
fA®Ie<alel’, (12)

1 1
eTBl ®Inerl SEeT(Bl ®In)(Bl ®In)Te+_eZ;eT[
(13)
<ﬁ[ |€| +— |e‘r | H
1 T
Etrace((a (t,e.e,05e; )

pp=Dlel’” olt,een. )

m

1 (14)
sEp(p—meV"z el

+/11 |ez'1 |2 +”'+/1n |ez'm |2)’
—e" Hop(e()) < lHeTe + lquT (e)p(e)
2
(15)
H(1+L Yel.
Also, Lemma 3 yields

-2
el e, P22 el +21e, 1. (16)
p

Substituting (11)-(16) into (10), one gets
LV(t,e)< plel’™ Bmﬁneﬁ +a el
2, 1 2

B lel Jrzlef1 )+
1

+(ﬁm |e|2 +_| ez'm |2)
2

~Hlel +%H(1+L§)|e|2}

1 _
+op(p=Dlel’ (el

2 2
+ﬂ’1|er | +‘”+/?'n|er |)

{ (( (1+L2)+a+2ﬁ,

i=1

(I—L%)Hj

1 1
+—(p=-2)+—p(p-1
2(p ) 2p(p n
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1 n
+5(p—1)(p—2)24,1|e|1’
i=1
H(p=DA+Dle, I’
ret(p=DA, +D)e, P
==Olel” +u e, |V ++u,le, 7. (17)

For the function ¥z, ¢), making use of the Lemma 1
and the inequality (7), one can obtain

£ ()7 < EV(0,£(0))

+E [ LV (s,e(s), e, (5)rwwrer, (5)ds
<EV(0,£(0))

+E[ (Olel +p ley 1P+t 1y e, 1P)ds.

For J;'efz [P ds, let u=s-1,(s), then du=(1-7,(s))ds
and

t p t—7;(t) p
e 1" ds= [ — )| o(s)|” ds

1 t
< e(s)|? ds
7 [, le®)]
_ 1 JO le(s)|P ds+ ! _r|e(s)|pds
1-4 -7 1-4 %
<l max [£()I7 +
1- T/T1

Isism| 1—7; )7<s<0

<max( 7 )max|§(s)|”

+max( Jj|e(s)|p ds.
1<ism| 1— Tl

Therefore

E| el <EV(0.£(0)+ max (

JZ max | &(s)|”
| hsss
+J‘(Z|:—5+lr£1[§§(l T;JZZ: }(ﬂe(s)}” ds,

that is to say

t
ElxlP<c+ [ vE|xl ds,

where

= EV(0,£(0))+max | —— |3 1, max |£(s) |7,
ism\ 1-1; )5 " 7<s=0

v:—§+max[

1<I<m

jZﬂ,

It can be seen that ¢, v are constants, where ¢ > 0 and v <
0. By Lemma 4, one gets & | x |7 < cexp(ve).

1-17

So limsup %log(é‘ le(t,£)|P)<c<0. Thereby, the

t—w
error system (5) is exponential stability in pth moment.
The proof is completed. O

Remark 1: In Theorem 1, the condition (7) of the
adaptive exponential state estimation for stochastic
complex dynamical networks with multi-delayed
obtained by using new method is delay-dependent and
very different to those, such as linear matrix inequality
method. And the condition can be checked if the drive
system and the response system are given.

4. ILLUSTRATIVE EXAMPLE

In this section, an illustrative example will be given to
demonstrate the effectiveness of the proposed methods.
Example 1: The Rossler system is described by

X, (1) =X, (1) — x5 (%)
L@ =] x@+ax,(t) |,
X)) [b+(x(0)—c)x;(1)

where a=0.2,b=0.2,c=5.7.

The network (drive system X;;, X;,, X;; and state
estimator X;;, X;,, X;;) with four nodes described as
follows

4
Xy == iZ(t)_xB(f)szaijxﬂ(t)
j=1
4 / 4
+Z(bif)1xﬂ(t_rl)+Z(bi/)zle(f_fz),
Yo = X,l(t)+ax12(t)+zal] X2 (1)
+z(b?f)lxﬂ(’_fl)+Z(bi/)2x_/z(t—fz),
Jj=1 =1

4
Xj3 :b+(xil(l)—c)xi3(t)+zayxj3(f)

J=1

4 4
+Z(bij)lxﬂ(t—Tl)+2(bij)2xj3(t—z'2).
J=l Jj=1
. 4
xil =" (t)_xi3 (t) + Zal/le(f)
J=1

4 4
+Z(bij)1f€j1(f_71)+ Z(b;'j)Z)ejl(t_Tz)
Jj=1 =1

+k'[%, — x;, +tanh(; ) — tanh(x;, )]
+0.4[%,, (1) —x;; ()]
+0.3[%, (t—1)—x, (t—7))],

. 4
Xy =Ry (D +ak, () + ) ay% 5 (1)
j=1

4 4
+ D (b)) E =1+ D (by)a % n (1= 1)
j=1 Jj=1
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+k'[%;, — X;, + tanh(%,, ) — tanh(x;, )]
+0.3[X;, (1) = x5 (1)]
+0.4[%,(t—7,)—x,(t—7,)],

] 4
X3 =b+ (X () —) x50+ zaijiﬁ (@)
=1
4 4
+ Z(bij)ljej3(t_Tl)+2(bij)2)%j3 (t-1,)
=i =
+k'[%; — x;3 + tanh(&;3) — tanh(x;3)]

+0.3[x;3(t—77) —x3(t = 7))
+0.5[%;3(t = 75) = x;3(1 = 75)].

In the simulation, let

% 2 1 3 8 3 1 4

A:2—521’31:3—502’
0 1 -1 0 1 0 -3 2
31 0 -4 1 3 2 -6
2 1 1 0

B, = 2 30 , 7,=01, 7,=02, p=2.
1 0 =2 1
0 2 2 —4

These parameters fully satisfy Assumptions 1 and 2,
the condition (7). Therefore, the full-order estimator (4)
can be adaptive exponential estimated with the original
system (2) by Theorem 1.

Fig. 1. The error states of complex network e; (7).

g5l
1 )

==l

0 1 2 3 4 5§ B 7
t

Fig. 2. The error states of complex network e;().

51 ||

=T 9320)

Fig. 3. The error states of complex network e;3(%).

35

3

Fig. 4. The feedback gain.

To illustrate the effectiveness of the developed theory,
we employ the non-negative function to solve the
solutions for delayed neural networks and to simulate the
dynamics of error system and the adaptive feedback gain.
The simulation figures are shown in Fig. 1-4. Among
them, Figs. 1-3 plot the error states of complex network
e,1(1), e, (t) and e;(¢). Fig. 4 depicts the adaptive feed-
back gain. All these figures show us that the stochastic
complex dynamical networks with multi-delayed is an
estimation.

5. CONCLUSIONS

In this paper, we have dealt with the problem of the
exponential state estimation for stochastic complex
dynamical networks with multi-delayed base on adaptive
control. The traditional monotonicity and smoothness
assumptions on the activation function have been
removed. A new approach has been developed to solve
this problem. The conditions for the adaptive exponential
state estimation have been derived in terms of some
algebraical inequalities. These state estimation condi-
tions are much different to those of linear matrix
inequality.
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