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Consensus for Double-Integrator Dynamics with Velocity Constraints

Tales A. Jesus*, Luciano C. A. Pimenta, Leonardo A. B. Torres, and Eduardo M. A. M. Mendes

Abstract: The problem of consensus for double-integrator dynamics with velocity constraints and a
constant group reference velocity is addressed such that: (i) the control law of an agent does not de-
pend on the local neighbors’ velocities or accelerations, but only on the neighbors’ positions and on the
own agent velocity; (ii) the constraints are non-symmetric; (iii) the class of nonlinear functions used to
account for the velocity constraints is more general than the ones that are normally considered in the li-
terature. We propose a decentralized control strategy with the neighboring topology described by an
undirected interaction graph that is connected. Mathematical guarantees of convergence without violat-
ing the constraints are given. A numerical experiment is provided to illustrate the effectiveness of our

approach.
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1. INTRODUCTION

1.1. Literature review

Coordination of multiple agents has received great
attention in the last years due to its potential to solve
problems in different applications. In the context of
mobile robotics, some examples are surveillance and
boundary coverage [1], forest fire monitoring [2], convoy
protection for unmanned ground vehicles [3], and target
localization and encirclement with a multi-robot system
[4]. Despite the progress in the area, many of these and
other theoretical works systematically ignored that the
majority of physical system exhibits constraints in the
inputs and in the state variables. Take, for instance, two
important papers that dealt with the application of
consensus algorithms [5] and passivity [6] in group
coordination. They do not consider the presence of
constraints in the inputs or in the state variables of the
agents. published recently dealing with double integrator
dynamics.

Similarly to what was proposed in [5], several consen-
sus algorithms to attain multi-agent coordination were
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developed (see [7] and references therein). The basic
idea of consensus is to make a team of agents reach an
agreement on a common value by exchanging infor-
mation with neighbors. Such a problem is normally ad-
dressed without considering constraints in the inputs or
in the state variables [8-12]. It was shown in [13] that a
consensus protocol designed without considering satura-
tion constraints still works when the saturation is present,
however such an approach is restricted to first order
multi-agent systems with symmetrical saturation con-
straints.

Concerning second-order consensus of multi-agent
systems, many works have been published recently.
Some of them address the consensus problem with
switching communication topologies [14-18]. Some
other works focus on strategies that take into account
communication constraints between agents, such as time-
delays [19-24]. Finite-time consensus algorithms have
also received attention in the scientific literature [25-27],
and in order to deal with disturbances, some robust
strategies were also developed by many research groups
[16,27-29]. All of these aspects are extremely important
and deserve to be taken into consideration in the
development of consensus algorithms. However, none of
the above publications addressed the effects of con-
straints in the agent input/state variables, which is also a
relevant point that must not be neglected, since almost all
physical systems in the real world exhibit constraints in
the inputs or in the state variables.

Hu et al. [30] proposed a second-order consensus
algorithm that takes into account the presence of un-
known but bounded disturbance in the velocity measure-
ments and the presence of symmetric constraints in the
inputs (accelerations). However, they did not consider
asymmetric constraints in the state variable velocity as
we do in the present work.

Although the so-called constrained consensus problem
was addressed in the literature, the authors of [31-33]
have studied only the case of discrete dynamical systems.

@ Springer
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An interesting work in which the continuous case was
discussed is [34], however the authors have considered
only first-order dynamics and have not taken into
account the possibility of defining a group reference
velocity, since the final state reached by the agents
depends on the initial conditions.

There are some works in which symmetric accelera-
tion input saturations have been investigated [35-40]. In
[35] the author proposes some consensus algorithms for
double integrator-dynamics considering limits in the
acceleration control inputs and a possibly time-varying
group reference velocity, among other aspects. Most part
of the results in consensus usually implies that, after
convergence, all agents reach the same position and the
same velocity. However, there are some extensions based
on such algorithms that have as a goal to obtain
collective motions including rendezvous and circular
patterns [41-45]. Note, however, that these extensions
did not consider the presence of input saturations or
bounds in the values of the state variables.

1.2. Statement of contributions

In this paper we propose a methodology for consensus
of multiple agents that are described as double integra-
tors. Differently from the above-cited papers, particularly
[35,37,39,40], that consider the presence of symmetric
constraints in the acceleration input, we consider non-
symmetric constraints in the velocity state variable. In
[37] the authors proposed a consensus strategy for
double integrator dynamics with input saturation
(constrained acceleration) and demonstrated that the
velocity of each agent is bounded. However, they do not
consider explicit limits for the velocities as we do in the
present work. In addition, our approach allows for a
different class of nonlinear functions to be used to
account for the velocity saturations (see Section 2), since
they do not have to be odd functions (as in [35,37,39]),
and they do not have to be differentiable (as in [40]).

The non-symmetric velocity constraints are important
when dealing, for example, with the problem of coordi-
nating fixed-wing unmanned aerial vehicles (UAVs) that
have minimum and maximum positive limits for their
forward velocities. Therefore, the simple model used in
this work could be directly used as a reference model to
be followed in the context of designing UAVs guidance
and navigation strategies aiming to the coordination of
such vehicles [46]. For example, our approach could be
applied to the problem of making » UAVs, each one
flying in a straight line and distributed in parallel and
adjacent lanes, span a rectangular area with constant
velocity and paired side by side, without violating the
velocity constraints. The accomplishment of this task is
schematically illustrated in Fig. 1.

Besides, we consider that the control law of each agent
does not depend on its local neighbor’s velocities or
accelerations, differently from the consensus algorithm
with input constraints and with group reference position,
velocity and acceleration presented in [35], for example.

Finally, we provide mathematical guarantees that the
proposed strategy will make the multi-agent system
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Fig. 1. Coordination of » UAVs in order to span a
rectangular area.

reach consensus asymptotically with a desired group
velocity without violating the constraints.

1.3. Organization

This paper is organized as follows: In Section 2 some
background on graph theory is presented and the consen-
sus problem to be solved is stated. Section 3 shows the
consensus strategy itself. A numerical experiment is
shown and analysed in Section 4. Finally, in Section 5
the conclusions are presented.

2. PROBLEM FORMULATION

2.1. Background

It is common to model the information exchange
topology in a multi-agent system by using graphs. In this
paper we consider that if agent i can obtain information
from agent j, then agent j can also obtain information
from agent i. Such a communication scheme can be
described by a graph that contains both edges (i, j) and
(J, i), i.e., by an undirected graph [47]. So it is important
to establish some notions on undirected graphs. This
section is strongly based on [35].

A graph consists of a vertex set or node set ¥ =
{l,...,n}, an edge set &< ¥ x¥, and an adjacency
matrix A =[a;]eR™" with zeros in the diagonal (a;
=0,ie{l,..,n}). If (i,j) is an edge of an undirected
graph, i.e., (i,j)e & = (j,i) €&, it means that agents i
and j communicate with each other, and that a; =
a; =1. Otherwise, a; =a; =0. According to that,
the adjacency matrix A of an undirected graph is always
symmetric.

A path is a sequence of edges on a graph of the form
(4,4),(i,13),..., Where i; € Y. We say that an
undirected graph is connected if there is a path between
every pair of different nodes.

The Laplacian matrix L =[/;]€ R™" associated with
A is defined as



932 Tales A. Jesus, Luciano C. A. Pimenta, Leonardo A. B. Torres, and Eduardo M. A. M. Mendes

b= 2. ay ly=—ag i#]. (1)

The Laplacian matrix L of an undirected graph is sym-
metric positive semidefinite. It is always true that 0 is an
eigenvalue of L associated with the eigenvector 1,..
Another fact concerning undirected graphs is that 0 is a
simple eigenvalue of L and all of the other eigenvalues
are positive if and only if the undirected graph is
connected.

2.2. Problem Statement
In this work, we consider a group of » agents with
dynamic behavior described by the following model:

5=V,

: 2
v, =u;,

where r, e R” and v, e R™ are, respectively, the pos-
ition and the velocity of the ith agent, and uw, e R is
the acceleration control input. The agents are subjected
to the following constraint:

Vinin < A < Vinaxs (3)

where v,;,, € R™ and v,, e€R"™ are, respectively,
the minimum and the maximum constant limits in the
velocity, and the operation represented by <’ is defined
component-wise, that is, [x,---x, 1" <[y,-y, 1" =X
<y, X, <y, where x;eR and y, eR. Differ-
ently from previous work [13], it should be emphasized
that (3) is a non-symmetric constraint, i.e., v, . #

—V,.e- We will define a control law of the form

u; =-K(v;, -v,,), €]

where K e R™" is a positive-definite diagonal matrix
and v, is a virtual control input that is, essentially, a
velocity command. The great motivation for considering
such a control law is the presence of the velocity-
dependent term —Kv,; that implies a damping behavior
in the velocity dynamics. Therefore, the dynamical
behavior of an agent can be described by

I =V,

o (O]

Vi =-K(v; -v,),
and now there is a first-order differential equation that
relates v; to the virtual input v,;. The following theorem
can now be stated:

Theorem 1: Consider the dynamical system
Vi =-K(v; -v,). (6)

If the constraints

<v.(0)<
{lel’l Vl( ) Vmax (7)

Vonin < Vei < Vinax

are always satisfied, then the constraint

Vmin < Vi = vmax

will always be satisfied.

Proof: The solution of (6) is
v;(t)=e v, (0)+ L; e KUKy (r)dr,
which implies that

- t K-
vy <e My, + J.o e X dr K max{v,,},

(®)
vi)ze Ny, .+ J.; e ®gdr K min{v,,}.
Replacing
J-z e KE=D) g (I _ K )K—l ,
0
maX{Vci} = Vinax» and min{vci} = Voin»
into (8), we have that
Voin SV (E) SV, 0

It should be noted from (3), (4), and (7) that
10 o <IN K ol Vipax = Viin lo - It means that we can
also impose an acceleration constraint to the control
strategy by choosing any matrix K such that || K ||,,< .

To account for the velocity saturations, the command
v,; should be designed based on a continuous function
o:R > (-11) that satisfies the following properties:
Pl. lim,, , o(x)=-1;

P2. lim, ,, o(x)=1;
P3. 0(0)=0;
P4. o(x) 1is a strictly increasing function.

It is immediate from property P4 that o(x) is an
invertible function. In addition, if we define the function

()= | (e, ©)

we have that y(x) >0, Vx e R.

Finally, the problem to be solved can be stated as:

Given a team of n agents with individual dynamical
behavior described by (2), each one under the actuation
of the control input w; given by (4), find a distributed
virtual control law v, for each agent, relying only on
the neighbor’s positions, that makes this multi-agent
system, without violating the constraints (7), reach
consensus with a group reference velocity vy that
satisfies V., <v,<v, . .. that is, for all r;,(0) and
admissible v;(0), r;(t) > r;(¢) and v,(t) —> v, asymp-
totically as t — oo.

3. CONSENSUS STRATEGY

Consider the following error variable associated with
the i-th agent:

n
€ =Y ar;, T;=r-T;. (10)
=
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Writing the above definition for all » agents, we obtain
the expression

e=(L®L)r, (11)

where e:[elT,---,e,f]T, r:[rlT,---,rnT]T, and ® denotes

the Kronecker product operator. In this case:

Z ei = (llxn ® Im )e
i=1

= (llxn ®Im )(L®Im )r (12)
=(,,L®I,)r,
where 1,,, isa matrix of ones with p, rows and g,
columns.
Since 1,,L=0,,, where 0 is a matrix of

P0*90
zeros with p, rowsand ¢, columns, we have that

n

e =0, (13)

i=1
Note that in the unidimensional case (m=1), (11)
would reduce to e=Lr, and (12) and (13) would
redl;ce to Z; e =1,,e=1_,Lr=0, where e=[¢, -,
e,] eR".

Finally, let the neighboring topology be described by
an undirected interaction graph G(¥,&) that is
connected. We will also need the definition of .47,
which is the set of the i-th agent’s neighbors. The
cardinality of 4] is represented by |.4/].

Based on the above setting, the following lemmas can
be stated:

Lemma 1: Let w;, eR™ i=1,2,....,n, and define

w=[wl Wg'-'WZ;]T' If L is the Laplacian matrix

associated with a connected interaction graph, then

(L®L,)w=0 S W =wy==wW,

mnx1
Proof: First notice that
(L®I,)w=(L®I,)vec(W).

where the operator vec(W) represents the vertical
stacking of the columns of the matrix W, with W =
[w, w, ---w,]e R™". Using the fact [48], valid for
any matrices A € R™” Be R™ and CeR™, that

(CT ® A)vec(B) = vec(ABC),
it follows that

(L®I,,)vec(W)=0,, , < vec(I, WL')=0
SWL =0, LW =0

mnx1>

nxm?

T
Wi
wi
< L.

— Ynxm»>

T

Wy

Since the Laplacian matrix L is associated with a
connected interaction graph, the last equation leads to the
conclusion that

J nxls

j=L2,...,m;

an

for constants « ;€ R, and therefore

Wi =...= W,

i : j=12,..m < w =--=w,. U

n

Note that in the unidimensional case (m =1), Lemma I
would reduce to Lw =0, , © w, =w, =---=w,, where
w=[w,-,w,]" €R", and this is a result that comes
directly from the fact that the null space of the Laplacian
associated with a connected graphis f1,,,, S R.

Lemma 2: Let the set of vector functions g :

RMAHAD o

gy =9y HKE @i +°j— U(Kez %y +°H
k=1 I=1

for (i,j)e &, where K, is a positive-definite diagonal
matrix, ceR”, and o(-) is an invertible function
defined component-wise according to Properties P1-P4.
Then,

g,=0,q & 1;=0,; @@)eé.
Proof: Notice that
g~ aij(wj -W;)
with
n n
w; =0'[K22ajkrjk +cj, and w, = U[KeZaﬂrﬂ +cj.
k=1 I=1

If g[j = 0m><1’
=0, V(i,j) ¢ &, one has that

V(i,j)€ &, and using the fact that a

n n
ngj =Zaij (wj _wi)zomxl <:>(L®Im)w =0mn><1;
i=1 i=1

with w=[w! w’ ---w’ 1", In this case, from Lemma 1
it follows that w, =w, =---=w,. Since o(:) is an
invertible function, and K, is an invertible matrix, one
has that

n n
w,-w;=0,, < zajkrjk = zailril’
k=1 I=1

o e =e,
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for i=1,2,...,n and j=1,2,...,n. Using the fact that
27:1 e; =0, ,, the above result implies that e; =0
,n. Since, in this case, (L®I, )r=e=0

mx1»

i=12,...
and using again the result in Lemma 1, one has that

mnx1>

rlzrzz-..:rn

< r; =0

On the other hand, it is clear that if r; =0,,,=>Ww;
=W, =g, = 0 O

mnx1*

It is important to emphasize that the velocity com-
mand v,; in (5) should be designed taking into consid-
eration two major aspects: (i) v,; must converge to the
desired group velocity v, when the multiagent system is
close to consensus; (ii) v.; must satisfy constraint (7)
throughout the execution of the entire task. Based on
these specifications, the solution to the proposed con-
sensus problem can now be given.

Theorem 2: Given » agents with individual dynamical
behavior described by (5) with freely chosen positive-
definite diagonal matrices K and K, and a group
reference velocity v, satistying v,,;,, <v,<v, .., ifthe
interaction graph G(¥,&) is connected, then the
distributed control law

 =a— BO‘[K Dayr, +cJ iefl,...n} (14)

j=1

with
1
azg(vmm + Ve ) (15)
1 m m
= Edlag{v imn’ > Viax _Vmin}’ (16)
c:a’l(B’l(a—vd)), (17)

where o() and o '(-) are defined component-wise
according to Properties P1-P4, ensures that, without
violating the constraints (7), the multi-agent system will
reach consensus with the group reference velocity vy,
that is, for all r;(0) and v,;(0) satisfying the first
constraint in (7), r;(¢r) —>r;(#) and v;(1) > v, asymp-
totically as ¢ — oo.

Proof: The lowest value of v, occurs when o()=
1 and the highest value occurs when o()=-1,,,
ie, at v, and v,,, respectively. Therefore, if
Vyin <V;(0)<v,.., the constraints in (7) will be
automatically satisfied for 7> 0.

We need to show that the argument B’l(a—vd) of
the function o(-)"' in (17) obeys the inequality
-1,,, <B'(a-v,)<1,,,. Considering that o()"
an strictly increasing function, it is enough to evaluate it
in the extremal points corresponding to v, =v,,;, and
If v,=v,,, then
then B'(a-v,,,.)
=-1,,<B'(a

mx12

mx1

V=V since Vv, <V, <V, o

| max?
B (2 - Vmin) = lmxl; if Vi = Viaxs
=-1,,,. Therefore v, <v,<v, .

min —

-v;)<1,,.

From (5), (10), and (14), and considering only the vari-
ables r; that have corresponding edges in the interaction
graph G(7,&), we have that:

=-K(r; -Bg;), (i,))€é. (18)

To determine the equilibrium points of this error system,
we simply set F; =1; =0,,,, resulting in g;=0,,,
for (i, j) € &, since KB is invertible. Therefore, accord-
ing to Lemma 2, the system with dynamical behavior
described by (18) that satisfies (13) has the unique fixed

point, or equilibrium configuration,
Yij -
. =00, (L)ES. (19)
Yij

Now consider the function

H——z D (20)

ll]E./V

where

lxmKBKle}/[K > r.+cJ. (21)

JjeAN;

It must be emphasized that H is a function of r; and
I;, for (i,j)eé.

The function y(-) in (21) is defined component-wise.
Since y(x)=0, for xe R, H is a positive semidefinite
function. Therefore it is possible to verify that H is
radially unbounded with respect to r, and r,, for

i ij>
(i,j)e &. Note that L -KBo(K D Y ,1+c)

By on;
and a; =1, for (i, j)eéa Thus the time derivative of
H is given by
1 O0¢ 0
BN [ 7}
i=l je; i=1jeN;
1L .
=22 X ij [ K ~Bg;)]
i=1 jet;
+Zn: Y KBo| K, D 1, +c
i=1 jeA; lef;
-3 DK+ ¥ A KB @)
2 i=1 jeN; i=1 jeN;

+Zn: Zi‘ifKBo{Ke > r,.,+cJ

i=1 jeN; let;
- ——Z 2. i K
i=l jeN;
<0.

In the third equality of (22) we have performed some

algebra using the property r; =-r; and the equation
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g =

ol K, Z r+c¢ —o-[KeZ ri1+c] , (L,))eé&,

keJi/jv le;

to show that the sum of the second and the third term is
null.

Therefore, H is a negative semidefinite function. To
apply LaSalle’s invariant set theorem [49], notice that the
region where H vanishes is

I = {[I'UT rﬂ

Within I'y, system (18) is governed by equations
i) =KBg;, (,/)<&. (23)

eR™ i, =0 G, /)eé.

mxl1 (»

If the system begins its trajectory in I'y, with r; #0,,,,
for any pair (i,j)€&, we have that i; #0,,,, and
the system will leave the region I'|. For this reason the
largest invariant set in 'y is given by

r,= {[r; i] ]T

which is the fixed point of system (18). Hence the
equilibrium point (19) is asymptotically stable, and it
means that r;(r) >r;(r) asymptotically as ¢—>oo. In
addition, with the proposed control law in (15), the
velocity of the ith agent described by (5) will behave
according to

v, =-K(v;—v,)+s, (24)

ERzm |er =rij =0mxl}’ (19])6 g;

where s:—K[vd—a+B0' Kez L a T te Since
r; >0, as 1o, for (i,]) €&, we have that
lim,_,,s=0,,,, which implies that v;(#) - v, asymp-
totically as ¢ — oo. Therefore, consensus with a group
reference velocity v, will be reached, that is, for all r;(0)
and v,(0) satisfying the first constraint in (7), r;(¢) =

r;(f) and v,(t) > v, asymptotically as 7 — oo. O

Two important remarks should be made at this point:

1) One could think that a trivial consensus (i.e., all
states of the multiagent system converging to the
origin) would be a possible scenario. However,
Theorem 2 guarantees that, for all r;(0) and v,(0)
satisfying the first constraint in (7), r,(¢) —>r;(7)
and v,(t) = v, asymptotically as # > . So, if v,
# 0, then trivial consensus will never be achieved. If
v, =0, then the trivial consensus becomes a remote
possibility that will depend on the initial conditions
of the multiagent system;

2) The choice of the expression (14) for v.; was made
taking into account the function H given in (20) and
the constraints on the agents velocities given in (3).
The H function was inspired by the Lyapunov function
proposed in [35], that is composed of a kinetic-
energy-like term and a potential-energy-like term.

4. SIMULATION EXAMPLE

System (2) was simulated with m=1, n=5,v,,, =
lm/s, v, =5m/s, v, =3m/s, K=2, and K, =2. In
the velocity command v.; we considered the function
o(x)=tanh(x), so y(x)=In(cosh(x)). The interaction
graph that represents the communication topology is
presented in Fig. 2. Note, from Fig. 3, that the consensus
with a group reference velocity was achieved and that the
velocity constraints were satisfied all the time. The time
evolution of the Lyapunov function H is presented in Fig.
4, which confirms the convergence of the coordinated
control algorithm.

&ﬁe b

Fig. 2. Interaction graph for the simulation example.

—i=1
=2
10, — i3
—i=4
£ 07\/-’*- =3
4]
-10
20 5 10 15 20
t(s)
6 : .
—i=1
5 i=2|
h —i=3
= 4 —i=4/
2 | \II M\ i=H
E 3 | |[\Ne—
21| W\‘L’?'
2|
o
0
0 5 10 15 20
t(s)
—i=1
5 =2
\ —i=3
% 4'? \". — =4
= | AAA i=
E 3
= J‘.III.' vv —Yy

0 5 10 15 20
t (s)
Fig. 3. Simulation results for the proposed consensus
strategy.
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Fig. 4. Time evolution of the Lyapunov function H.

5. CONCLUSION AND FUTURE WORKS

In this paper a distributed control law has been
proposed for a team of » vehicles with double-integrator
dynamics in search for consensus. Differently from
previous works, we have considered asymmetric velocity
constraints, which are an interesting aspect when dealing,
for example, with the problem of coordinating multiple
fixed-wing unmanned aerial vehicles. In addition, we
have considered that the control law of each agent does
not depend on its local neighbors’ velocities or acceler-
ations. The strategy is decentralized because each vehicle
only needs to access information from their neighbors.
Mathematical guarantees have been derived within the
proposed approach and a numerical simulation has been
given to illustrate the effectiveness of the theoretical
results. Future works will consider switching neighbor-
ing topologies and formation control with the inclusion
of relative reference positions.
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