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Adaptive Fuzzy Backstepping Dynamic Surface Control for
Output-constrained Non-smooth Nonlinear Dynamic System

Seong-Ik Han and Jang-Myung Lee*

Abstract: Output-constrained backstepping dynamic surface control (DSC) is proposed for the pur-
pose of output constraint and precise output positioning of a strict feedback single-input, single-output
dynamic system in the presence of deadzone and uncertainty. A symmetric barrier Lyapunov function
(BLF) is employed to meet the output constraint requirement using DSC as an alternative method of
backstepping control that is adopted mainly to deal with the BLF’s constraint control. However, using
the ordinary DSC method with the BLF limits the selection of the control gain whereas this limitation
does not exist in the backstepping structure. To remove this limitation, we propose a partial backstep-
ping DSC method in which backstepping control is added only in the first recursive DSC design step.
For precise positioning, an inverse deadzone method and adaptive fuzzy system are introduced to han-
dle unknown deadzone and unmodeled nonlinear functions. We show that the semiglobal boundedness
of the overall closed-loop signals is guaranteed, the tracking error converges within the prescribed re-
gion, and precise positioning performance is ensured. The proposed control scheme is experimentally
evaluated using a robot manipulator.
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1. INTRODUCTION

In recent decades, constraints in control design have
become important in advanced industrial robotic system
and micro-devices. Many control system have constraints
on their outputs, inputs, or states in the form of the
physical stoppage, saturation, performance and safety
specifications. During operation, violation of the
constraints leads to performance degradation, hazards or
system damage. The design of barrier Lyapunov function
(BLF) in the Lyapunov theorem has been proposed
recently for handling constraints in Brunovsky-type
systems [1], strict feedback nonlinear systems [2], output
feedback nonlinear systems [3], electrostatic micro-
actuators [4], vessel systems [5], partial state constraints
[6], switching control [7], and time-varying constraints
[8]. Most of these approaches [2-8] used a backstepping
control that provides a systematic procedure for
designing a stabilizing controller for a nonlinear system
by following a step-by-step recursive algorithm [9,10].
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Another advantage of backstepping control is that it
guarantees global or regional regulation and tracking
properties, and also avoids the cancellation of useful
nonlinearities, unlike the feedback linearization
technique. However, to apply the backstepping method, a
nonlinear dynamic model should be known exactly or
linearly parameterized with respect to the known
nonlinear function. In real situation, it is difficult to
satisfy this requirement because most nonlinear systems
have uncertainties. Another problem is the explosion of
complexity that has greatly increased the number of
controller terms for complex nonlinear systems owing to
repeated differentiations of the virtual control functions.
This problem leads to a considerable computational
burden in real hardware implementations such as
complex robotic systems. Although the backstepping
method is theoretically tractable, the increasing
complexity of real applications is an insurmountable
obstacle that prevents its application to a multiple-state
control system.

DSC [11,12] was developed for nonlinear systems to
overcome the proliferation of terms associated with
backstepping control technique by applying a first-order
filter to the synthetic input at each step of the
backstepping design procedure. Several adaptive DSC
methods combined with fuzzy or neural networks have
been developed [13-18]. To date, most of the constraint
problems to which a BLF is applied have been
approached by using only the backstepping control
scheme. Here, we introduce DSC in conjunction with the
BLF to address the output constraint issue among several
constraint problems [2]. However, we confront an
unexpected problem: the application of the conventional
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DSC design to output constraint control limits the
selection of the controller design parameters related to
the BLF. As we show below, the stability of the closed
loop system and the tracking performance may
deteriorate depending on the selection of the values for
the controller gain in a conventional DSC constraint
design that uses the BLF.

Hence, we suggest a convenient, effective method, the
so-called ‘backstepping DSC’, that exploits the
advantages of backstepping control in the BLF and DSC
schemes. In the first design step of the DSC, we
introduce partial backstepping control because the
repeated differential control is generally not severe in the
first design of backstepping control. The remaining
controller design steps proceed by the normal DSC
procedures.

In industrial applications, non-smooth nonlinearities
such as friction and deadzone are encountered in most
dynamic systems. The characteristics of these nonline-
arities are usually poorly known, and time-varying, and
they often limit system performance. Deadzone
nonlinearity in the actuators also causes in the control
system. We introduced the inverse deadzone method [19]
to compensate for the undesirable effect of deadzone. We
compensate for nonlinear uncertainty in the dynamic
system by using adaptive fuzzy approximation.

Fuzzy technology is well known as an efficient tool
for treating complex nonlinear processes on the basis of
human experience or expert opinion [20]. Fuzzy logic
has the characteristics of linguistic information and
offers high-level logic control. Adaptive fuzzy controls
have been applied successfully in many nonlinear control
systems, and they guarantee improved performance and
system stability in the Lyapunov sense [21-23].

In summarizing, the main contributions of this paper
are i) developing a DSC-based output-constrained
control system, partially, with the aid of backstepping
control, thus ii) relaxing the limitations on choosing the
control gain of the DSC caused by the output constraints
and providing a more stable, simpler controller than that
in a conventional DSC scheme; iii) demonstrating
precise positioning by compensating for deadzone, and
unknown dynamics using an inverse deadzone observer
and adaptive fuzzy system; iv) ensuring the output
constraint and the boundedness of closed-loop signals;
and v) experimentally verifying the constraint problem
using the BLF, (all of the earlier constrained control
systems were verified only by simulations [1-8]).

2. PROBLEM FORMULATION

2.1. Description of the non-smooth nonlinear plant

Consider a single-input, single-output (SISO) nonlinear
system in the presence of deadzone and friction whose
dynamic equation is described by

X =1i(0)+ 8 (X)X —Fp+ Fy, (1Si<n-1),

X, = F(x%)+ g, () w—F4 + Fy,, (1)

y=X

where X; =[x, ..., xi]T €eR',(i=1,...,n) represents the
states; f;(x;) R',(i=1,...,n) are unknown smooth
nonlinear functions; g;(X;) € R',(i=1,...,n) are known
smooth functions of x; Fﬁ‘e R, (i=1,...,n) are non-
linear frictions; and F; € R, (i=1,...,n) are bounded
disturbances. The output is required to remain in the set
|V <k., where k, isa positive constant.

Assumption 1: For any £, >0, there exist positive
constants Yy, Yy, Ao, Y1 and Y5 satisfying max{Y;,,Y,}
<A, <k, such that the desired trajectory y, and its
time derivatives satisfy -Y,, <y, <Y, j}d| <Y, |j}d|
<Y, forall 1=0.

Assumption 2: The signs of the control gain functions,
g;()eR", are positive without loss of generality and
there exist positive constants 0<g;... < such
that &imin < 8i = &imax for |x1| < kcl‘

The control objective for a nonlinear dynamic system
is to determine a state feedback control system such that
the system output x; can track a desired trajectory yy
while ensuring that all closed-loop signals are bounded
and that the output constraint is not violated.

&imax

2.2. Barrier Lyapunov function
Definition 1 [2]: A BLF is a scalar function M(x),
defined with respect to the system x = f(x) on an open
region 9P containing the origin. It is continuous, and
positive definite; it has continuous first-order partial
derivatives at every point of 9, has the property V(x)
— o as x approaches the boundary of 9, and satisfies
V(x(t))<b Vt along the solution of x = f(x) for x(0)
€ P and some positive constant b.
We use a BLF candidate having the following form
[1,2]:
2
4 :llog kiy
2 Tk -8

) 2

where k; =k, — A4, denotes the constraint on ), that is,
S| < ky. This BLF goes to infinity at |S;|=k,. The
BLF candidate is a valid Lyapunov function because V;
is positive definite and C' is continuous in the set
|S)| < oy -

Lemma 1[2]: For any positive constant k, let
217:1:{31 €R:~ky <S8 <ky}cR and N=R'xX, c
R™" be open sets. Consider the system

0= p(1,0), 3

where 6:=[¢ Sl]T € N is the state, and the function
@:R xN—> R satisfies the conditions that @ is
locally Lipschitz on S; and ¢ is locally integrable on .
Suppose that there exists functions U ‘R — R, and
Vi, :Z; = R,, which are continuously differentiable and
positive definite in their respective domains, such that

(S > as ||k, 4)
n(<h=u)<n <), Q)
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where y; and y, are class K, functions. Let V(€)=
Vi(S)+U(&), and let S,(0) belong to the set S e
(=ky5kpy ). 1f the inequality

4
Vi=—p<-CV+ 6
1 649(0 H (6)

holds in the set 6 € N, and C, u are positive constants,
then S; remains in the open set S|, € (—k;,k;) Vte
[0,0), and u remains bounded.

Lemma 2: [3] For any positive constant kj;, the
following inequality holds for all S; in the interval
|S)| < Ky

6o s
G-St K-S

log (7)

2.3. Deadzone nonlinearity
The mathematical model for deadzone nonlinearity w
is described by

m, (u(t)—d,)
w(t)=D(u)=+0

my (u(r)=d;)

where m, and m; denote the slope of the deadzone, and d,,
d, represent the deadzone width parameters. The
following practical assumptions regarding the deadzone
are given for the control problem.

The inverse deadzone technique is a useful method of
compensating for deadzone effects [19]. After u¢) is set
as the signal from the controller to achieve the control
objective for the plant without deadzone, the control
signal u(f) is generated according to the -certainty
equivalence deadzone inverse

SJor u(t)=d,
Jord, <u(t)<d, (8)
Jor u(t)<d,,

wO+d,, g0+,

r 1

(1-9), (9)

u(t)=D""(uy) =

where m,, ny, d,,. and d,, are the estimated values

mr

of m,, m;, m,d,, and md,, respectively, and

1 g H=0
S A (10)
0 #f uy()<0.
The resulting error between w and u, is given by
W(l)—ud(l)={5’mr+mmr]q (1)

{ahﬁmm, ](1—q>+ad(t>,
m

where &,(7) is known as the bounded function for all u(f)
[19].

2.4. Function approximation using the fuzzy system

The basic configuration of the fuzzy system consists
of the fuzzifier, fuzzy rule base, fuzzy inference engine,
and defuzzifier. The fuzzy inference engine maps an

input linguistic vector x =[x,,...,Xx, 1" € R" to an output
linguistic scalar variable y € R. The fuzzy rule base
consists of a collection of fuzzy IF-THEN rules. The /th
IF-THEN rules is described by

RV :IF x, is F/ and --- and x, is F!,

(12)
then yis y', [ =1,2, -+, M,

where F}/, i=1,..,n are fuzzy sets, f[ is the fuzzy
singleton for the output of the ith rule, and M is the
number of rules in the fuzzy rule base. The output of the
fuzzy systems with a center-average defuzzifier, product
inference, and single1ton fuzzifier is expressed as

S Ty )
ZZI(H;'L’E’ (x,-)) ’

where My (x;) is the degree of membership of x; in F, !
(13) can be rewritten as

y(x) =W, 1 (x), (14)

where W, =3, -, 7M™ is an adjustable parameter
vector grouping all consequence parameters, and y(x)
= [Zl,...,;(M 1" is a set of fuzzy basis function defined as

H;l:lﬂFi’ (x;)
ZZ](HLI’UFI-I (xi))

It has been proven that a fuzzy logic system can
uniformly approximate any nonlinear continuous func-
tion to an arbitrary degree of accuracy if enough rules are
provided [20]. Thus, the fuzzy logic system performs
universal approximation in the sense that, given any real
continuous function f(*): R"—R on a sufficiently large
compact set Q,c R and arbitrary ¢, >0, there exists a
fuzzy logic system y(x) in the form of (14) such that

SUp e | £(¥) ~ y(@)| < &, (16)

Then the function f'(x) can be expressed as

y(x) (13)

7 (x)= (15)

fx) =W y(x)+¢&, VxeQcR", (17)

* * . . .
where |¢ |<¢,, ¢ is the error of the fuzzy approximation
* . . .
and W, is chosen as the value of W, that minimizes the

. . * .
fuzzy approximation error ¢ , i.e.,

f@-W ). as)

* .
W, =arg min {sup,cq
WoeR

Because W, is unknown, it will be replaced by W,,
which is the estimation of W, . An adaptation law will be
necessary to update the parameter W, online to minimize
the reference tracking error asymptotically. The optimal
fuzzy output function can be rewritten as

W, p(x) = W] 2(x)+ W] x(x), (19)

where W, =W, —W,.
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3. DESIGN OF CONTROL SYSTEM

In this section, the virtual control functions, adaptive
laws and control law will be derived via the recursive
DSC design procedures.

Assumption 3: The desired trajectory vectors are
continuous and available; [y,, y,, jﬁd]T €Q,, and Q
is 2 known compact set, i.e., Q, ={[y,, vy, 1yi+
yd +yd <6, c R® where 6, >0 isa constant.

For any 1n1t1a1 compact set Q ={yeR: | y| <k,
ky >0} c R to which »(0) belongs another extended
compact set Q,={yeR :|y| <k, k,+4,+y;0)} cR
can be made as large as desired [3]. The fuzzy
approximation is valid provided that the input variable of
the fuzzy system, y, remains within the fixed Q,. The
compact set €); is defined as

{[S //Lerl’VVonﬁi’rhr’ml’d dml]T

mr?

1 k? i
~log b1 1 SZ l
2 kbl - S1 zzzl z "
i (20)
+lz ! n?
2 i=1 Twi anr
! i+ ! d> + a7,,21, < 5,},
20,1 214, 214

where 7, >0 and §,> 0, for i=2,...,n, are constants.
The state feedback control system is designed step-by-
step using a DSC technique.

Step 1: We define the tracking error as the first error
space as follows:

S =x -y, (21)
The time derivative of (21) becomes
Sy = /() + g ()X, = Fpy+Fy =y
= A+ g (x)xy +Fy = vy
< G+ 81 ()X, W 21 (x)
W20 () + Py =T

(22)

where the sign of the superscript prime denotes a known
nominal value of each function; F,; =Af(x)+
Ag(x )xl —Fp +Fy, A() represents a perturbed value,
W(,] WO1 W, F,= G)l +¢&, and it is assumed
that |gl| <p and p isa posmve constant. We present
the hyperbolic tangent function that satisfies the

following relation similar to [24]:

o S5
0<[8]p -S4 tanh(#J

<0.2785(kj — S7) = Ky,

where &, is a positive constant, and p, is the estimate
of p,. We choose a virtual control law and adaptive law
as follows:

a = ,1 |:_(ka1 _Slz)clsl _fl’(xl)_VVoTl;{/l(xl)
g1(x)

S5 (24)
—p, tanh ey,
1 [kbzl -st)

where ¢;>1 is a design constant. We introduce the
filtering virtual control z, and let a; pass through a first-
order filter with a time constant 7, as follows:

Tz +z, =0y, z,(0) = (0) (25)
We set the output error of this filter as follows:
bh=z-a, (26)
and from (25), it follows that
Z, = —ﬁ. 27
3

The time derivative of (26) becomes

jfz =Z,-
. oo (28)
:—Tﬁ+62(51,VV(ﬂ,m,pnyd,yd,yd),
2
where
oa, oa
S 2 2 2 b 9 2 ]‘X." 1 W
S S W 215 P> Yas Vs Va) = o, 1+ o, ol
(29)
oo . Oay : Oap . Oqy ..

ve ~ —Va
on opy Wy Wy

is a continuous function and has a maximum A4, on the
compact set deﬂsl defined in Assumption 3 and (20).

From |ﬂ,z§2|< /12;’ +7/2

that

7,> 0 and (28), it follows

Inty <——+|2,2§2| <_T_+_/12§2

2
s—&+—ﬂ,22M22 + L2
T, 2y, 2

2
(30)

We define the following Lyapunov function candidate to

ensure that |S1| <ky with k; =k, —A4, so as not to
drive y out of the interval | y| <k,

1 k? N

V= log—=tto b W Wy +

2 kbl - S1 277w1 277,01

.2 1
A +5 45 (D)

where P, = p,—p. The time derivative of (31) con-

sidering the above results becomes

) Sl(ﬁ'(x1)+g1'(x1)x2+W0T1;(1(x1)—j/d) .
V< TR + 44
ky = S;
S1 W x(x) + |S1|p1 WTW L 1 55

kbl 2 kbl - 77w1 up
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S ) +gi(x)x, + WoTlll (%)

S A
! +,51tanh( ZSlplzj—j/d
< kyy =S
B ki =S¢
o Sixp(x) 1 & . S 1 .
+WOT]‘{%__VVUI +p1 2| ]| 2__10]
kyy =S5 Tha kyy = ST T
2
RS Ve (32)
T, 2y, 2

We define the second virtual error and the adaptive laws
as follows:

Sy, =x, —z,, (33)
A Salx) s
VVol =1 %_ 77w1W01 ’ (34)
kbl _Sl
5 % oy (35)
P =T =5~ Pt -
1 pl k[i _Slz P11

We consider (33)-(35) with (24), (26), and (30) and use
Young’s inequalities,

2 A
gll/,iQSl = g{max Sl +T > (36)
and
s 12, « |2
T < ﬂwl‘VVol . ﬂwl‘VVol (37)
o1 o1 = 7 2 >
r =2 ’ *2
, o~ oA 11, P1 5P
N1 PP S -2 . (38)
2 2
We then obtain the following expression:
: / / ot |,
V1 <_ ¢ - g;maxS; S12 + g21S1S22 _ 1‘ 1
ki = Si ki =S 2

r o~2
51P1 1 1 1 g,max
e | e My S 2 (39)
2 T, 2y, 4k - S;
ma P A
+ +22 +Q+Kl.
2 2 2

Remark 1: However, in (39), unlike the output con-
strained control system based on backstepping control
[2,3], the selection range of design constant ¢; and time

constant 7, in our DSC are limited to ¢;> g/ ... /(kz
—S%) and 1/7, > M3 /2y, +g|. .. /4(k} —S?) in order
to guarantee closed-loop stability. In the experimental
example, we will show that a smaller design constant c;
usually causes severe degradation of the control
performance or instability, so the range from which ¢, is
chosen should be limited. Furthermore, the controller
structure of the DSC-based output-constrained system
becomes more complex than that of the backstepping-

control-based system. This problem is difficult to avoid
under a conventional DSC design procedure. To solve it,
we propose a hybrid control concept, in which a
backstepping structure is introduced only in the first
design step because the repeated differentiation, which is
the main problem in backstepping control, is not serious
at the first design step in most control systems.

Therefore, we redefine the following Lyapunov
function candidate with the definition S, =x, -0
instead of S, =x, -z, in(33):

ologf L Ly L Lo )
1=5 o Moot —pr -
2 k]?] - Slz 277w1 277p1
The time derivative of (34) becomes
'S,S. U'I‘W12 s
V]S—clS12+g112— WH ol et 1
ki =S} 2 2
(41)
. P .
T ‘ I/Vol 77;,1/01 ?
+ + + K
2 2

In the first step, therefore, the limitation on the design
parameter c¢; is simplified to ¢;> 0, as in conventional
DSC systems and the time constant needs not be
considered. The design procedure in the first step is the
same as that of backstepping control based on an output -
constrained system.

Step2: We consider the equation

Xy = f3(%)+g5(X)x; — Fpp + Fyp, (42)

where X, =[x;,x,]". The time derivative of S, is written
as

Sy = £3(3%) + 85 (53 + W5 15 (%) + 6, —
< F(3) + 85 (0% + W 1 (%) + W 1, (%) (43)
+pr -,

where F ) = A (X;) +Ag,(X;)x; —Ff*2 +F;,, A(-) repre-
sents a perturbed value, W, , =W ,-W ,, and F,=
W,T®,+¢,. It is assumed that |52| <p,, and p, is a
positive constant. We consider the following hyperbolic

tangent function relation:

0<[S,] 5, =S, 5, tanh[Szpz J <0.2785Kk, =&, (44)
K

where x; > 0 is a design constant. We choose a virtual
control a; and an adaptive law as follows:

1 ‘= g5
Qy =—— 08 - L) -—F——
? gz(xz){ kl%l_Slz

(45)

A S, 0 .
_WogZOZ(xZ)_pz tanh( f(pz ]+al:|a
2

where ¢, >0 is a design constant and p, is the
estimated value of p,. We introduce a new filtering
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virtual control z; and let a, pass through a first-order
filter with a time constant z; as follows:

23(0) = a, (0). (46)

By setting A; =z; —a,, we obtain

T323+23 =y,

2= A (47)

i3
From (46), it follows that
/7'3 =Z;-a,
A . A (48)

—T—+‘53(51=Sz,Woz»ZzaPz=J/daydaJ’d)»
3

where

53(S19S23 OZSZZ’yd,yd7j}d)

B R R L ) (49)
ox, [oAYS ow,, X,
60{ . Oa, . Oa, .
= Py + . Ya T : Ya

6’/92 W Wy
is a continuous function and has a maximum A5 on the

compact set QdXQsz defined in Assumption 3 and (20).

Using |2,3§3| <—23 & +—, 73 >0, we can find that

1 b4
Ihy <~ |/13§3| <= ;/132532 +22
132 (50)
7/3
< B ye
T, 27 FMs + 2’
We define the Lyapunov function candidate as follows:

1 1 7 - -
Vs :_Sz2 +_WoT2Woz +—P22
2 ) 77p2

[
+E/13 (51)

Differentiating (51) with respect to time with (46) and
(50), we obtain

1 1
W W02 "'_Pzpz '”%%
w2 p2

(fz(xz)"' g5 (%)x; +

1 1
+_W0TzWuz +—— P + X
w2 77,0

z)(z (%) - Zz) |S2|,02

<5, (le(fz)“‘gé(?_cz)% + WoTzlz(fz)

S20: ]_ Z-zj
K2

+W2[Szl(xz)—77—WzJ+P2 (|Sz|_77_/32]

+p, tanh [

w2 p2

—(L—LM3 jﬁg +—+/c2 (52)
73 2y

We define the second virtual error and the adaptive laws
as follows:

Sy =Xy -2z, (53)
Wy = M2 Sa 22 (%) =12V, (54)
P2 =1 IS 2P - (55)

We consider (53)-(55) with (44), (45), and (50) and use
Young’s inequalities of

2 A
géﬂ'SSZ < gémax S2 +T (56)
and
’ 77 ’ * |2
- Uwz‘Woz UWZ‘W02
_77W2W02VVO2 <= + 5 (57)
2 2
77/ 152 77/ p*Z
;o~ oA 2P 2P
Np2PrPr < == 4 f (58)
2 2
Equation (52) can then be written as follows:
Dol 2
: 'SS , w2 02
Vy S=(Cs = &rmax )53 — g1 L+ 258,8 —————
bl 1 2
77'2,522 77;v2‘Wo*2 ° 77,2/7;kz
-2 + +—2
2 2 2 (59)
_ i_LMf_gzﬂ j{}z+&+,{£.
T, 2y 4 2

Step i: A similar design procedures is employed
recursively at each step, i=3,...,n—1. We consider the
equation

X = [+ 8i(x)x, — F + F,

= f{(%)+8i(x)x; +

ui (x )
- (60)
Woi x(x)+¢;,

where X, =[x;,...,x;]" and |g,-| < p;, and p; is a positive

constant. The time derivative of S; is

S, = £(x)+ g/(X)x +
< [+ g (X)X + W 1)+
+pi= 2

Wl 1:(3)+ & — 2,
Wry(x) (61

where F,; = Af;(X; )+Agl(x )x; Ff +F;, AC) repre-
sents a perturbed value, W,, =W, —W, , F. =W,  y.

&, and it is assumed that |gl| <p;, and p; is a posmve
constant. We consider the following hyperbolic tangent

function relation:

Kl

S.p
0<|Si| A - Sp,tanh[ J<02785K‘—K (62)

where «; >0 is a design constant. We choose a virtual
control ¢; as follows:
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1 _ Y— —
& =——| —¢;S; — gl (Xi2)Si _fi(x;)_VVo€76m (%)
gi(x;)
. S. 5.
—p, tanh (—”j + z',}, (63)
K;

where ¢; > 0 is a design constant, and p; is the estimated
value of p;. We introduce a new filtering virtual control
z;,; and let a; pass through a first-order filter with a
time constant t; as follows:

TistZipn T 21 = s

l (64)
z;41(0) = 2;(0).
By setting A, =z, —o;, Wwe obtain
A
PAPEE A (65)
T

i+l
From (64), it follows that

/1'+1
Bl E (S S W,
T §1+1( 1 1 (66)

"'9Woi97(1a""llalb19'"::bi:yd’ydaj}d)’

it = Z 0 =~

where

§i+1(Sl7"'SjaVVgl7~'-aVVoja;{17~",lialbls”wﬁi’ydaydsj}d)

oa; - Oa; ., Oa; . Oa; . Oa; .
=Xt St Woit——Xi+t+—= P
K, as; Wy; i p;
(67)
. oa; . +6ai ..
= Ya Ya
W Wa

is a continuous function and has a maximum A/; ,; on the
compact set Q,xQ; defined in Assumption 3 and (20).

Using |2,1&] < A& 127 + Vi 1 2S A2 M7 71
+Yia ! 2, Viy >0, we find that

/12
] i+1
ﬁ“i+lﬁ“i+1 =- +|ﬁ“i+1 i+1|
Tivl 68
A 1 9
<— i+1 + }”iilMizﬂ + Vi1 .
2
Tivl i+1

We define the Lyapunov function candidate as follows:

A (69)

1 ol ol
wi pi

Vi e Uy +L,3,.2 L

2 2
Differentiating (69) with respect to time with (61), (62),
(63) and (68), we obtain

Vv, = SlSi +LW$WOI +L:Z7i:5i + 4k

T+17Y+1
wi pi

< (f/(f,-) + g1 )X + W (%)

A S:p;
+ p, tanh (’—p’J—z'i]
K

wi pi

~ _ 1 R B 1 .
Wi (S"Z(xi)_n_n/oi]—’_pi {|Si|__piJ
(70)

_[L_LM@J/@% + 1 +KG
T 2Vin 2

We define the second virtual error and the adaptive
laws as follows:

Sit = Xip1 ~ Zia (71
Wei = 1iSi i ) =100, W s (72)
i = M| Sil = 11}i; - (73)

We consider (71)-(73) and use Young’s inequalities of

22
gi’j’HlSi < g;max (Szz ++:1J’ (74)
and
Dl 1R , 2
, WTW < ’7wi ‘ Woi + ’7wi ‘ Woi (75)
ﬂwi oi""oi — 2 7
r ~2 o *2
; ~ A Upipi npipi
- pp < -2 P 76
1i Pi P; 5 5 (76)
Equation (70) can then be written as follows:
Vi < =(C; — &max )Si2 = giSiSi + 8iS;Sin
-2 <12
Moot (Wi 'l-~,-2 Moot |Wor . :2
—W‘ oA T, ‘ ol Aot (77)
2 2 2 2
_[L_ 1 Mial_gimaxj}”iil"'@""(i"
Tit1 27/i+1 4 2

Step n: The final control law will be derived in this
step. We consider the following equation:

x,=fi(x)+g,(x)w+FE,

e . (78)

= fi(x)+ g, ()W W, 7, (X,)+é,.

We consider the nth error surface as follows:
S,=x,-z,. (79)

The time derivative of (79) can then be written as
S 1= ' = T — =T —
Sn < fn (xn )+ &n (xn )ua' + I/V()n}(n (xn) + Wonln (xn)
PN N+d,, .
+p, —Z,+ gn(xn){dmr +W—erjq
NN (80)
v s uy(+d,,; . ~
+gn(xn)(dml +%ml \J(l_Q)_pnn
my
where |5n +F, + £d| < p,, P, 1s a positive constant, and
0, s the estimated value of p,. We specify the control
law and adaptive laws as follows:

1

=g§1fﬁrgﬂaﬂ%rﬂ@>

Uy
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_VVo];:lln ()_Cn)_/sdn +2n )’ (81)
W}n:nwnsnln(fn)_ﬂv'vnmm’ (82)
:bn :UnSn _77:1:5149 (83)
; uy () +d, .

m, UmrSngnd()—q_nmrmr’ (84)
m,
w,()+d .
UmlSn nu(l_q)_nmlmla (85)
1
dAmr :ndrSng;l(En)_nérc}mr’ (86)
Ay =118, (%) =Ny (87)

where ¢, > 0 and 7, > 0 are design constants. We define
the Lyapunov function candidate as follows:

A Ay R
2 77Wn 2 n 277"’["
1 1 1 (88)
+—— i} +——d>, +——d?,.
20,1 214 204

The time derivative of (88) can be written as follows:

=5, (/1) + g @y +

~ l - 1
+VV0T[ nln(x ) (mj Pn [Sn__pn]
Mwon Nan

H+d .
+’;lr (g}; (fn )Sn ud( )A L q - 1 ’&lr J
m, My

VVoTnln(J_Cn)—'—lan _2n)

ud(t)+dml (1 )_LmlJ
1y Mt (89)

+d,, [g; (%,)S,4 —LC?WJ
dr

1
o-L3,)
Nar

We consider (77)-(85) and the following relations

+ﬁ11 (gr,z ()_Cn)S

+d, [g;, (x,)S, (1-

2 2

*

' WTW < 771211” VﬁOV! 771;’” pVOVl (90)
77W}'I on on 2 2
r =2 r =*2
caa o= o=
-n/\BE < — + 91
o) 5 5 O1)
Equation (85) can then be rearranged as follows:
771;»4 I/f/un 77’ ,52
<-¢,8*-g' (%,_)S,_,S, — -2
n~n gn—l ( n—1 ) n—1%n 2 2
)
_ ’7;]17‘ 7’;!3 _ ﬁ;nlrhlz _ n(j{rdr%lr _ 77(,116’1311 + MTyon Wo”
2 2 2 2 2
! *2 ’ *2 ’ *2 o g*2 r g*2
N 1 5i Pi N Mo 1 + T ™y + Nar D + Nar9mi

2 2 2 2 2
(92)

4. STABILITY ANALYSIS

Theorem 1: Under Assumptions 1-3, we consider a
closed-loop output-constrained strict feedback system
consisting of the plant (1), the virtual control function
(63), the adaptive laws (72), (73), and (84)-(87), and the
control law (81). If the initial conditions are such that
S(0)eQ,={S, e R":|S||<ky}, where S=[S,,5,,

..,Sn]T, and for any initial bounded compact set Q(y),
to which »(0) also belongs, then the following properties
hold:

i) The output y(f) remains in the set Q,; that is, the
output constraint is never violated.

ii) The closed-loop signals are semiglobally uniformly
ultimately bounded overall.

iii) The output tracking error is smaller than the
prescribed error bound and the size of the tracking can be
arbitrarily decreased by the appropriate selection of the
design parameters.

Proof: i) We define the following Lyapunov function
candidate:

W+ Z—”2+ Z o (93)

1
277d1

1. 1 1
+ i’ i+ d?
217,y

+ mr d~r?1/ .
277ml 277dr

By using the time derivative of V" and some manipula-
tions, (93) can be rearranged as:
01S12

szl/tg_ 2 z(klfl_Slz)
=1 ki =S

22 (¢ = 8imar ),

_i 77;)1512 _ Umrmrz _ 77mlr;ll2 _
2 2 2

m,
—CS sz 01

nbrdnzftr _ nbl‘;nqu

i=1 2 2
’ |12
_n_l[L_ 1 M2 _ gi’max JZZ +Zn:77Wi ‘ VVOi
il T | i+ -
2\ T 2V ' 4 " i=1 2
non A2 KD KD KDy %)
+z npipi + M - + UL + ndrdmr + Udldml
a0 2 2 2 2 2
n—1 12
+Z(l—+l+/q'j+/<1. (94)
2\ 2
S? k?
From Lemma 2, —ﬁs—log > bl > in the set
b S kpy —

|zl| < ky;. Hence, (94) can be represented as follows:

n—1

V <—c (ki —SP)log—21— - Z
kbl =2

2
_gtmax i —C Sn
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n r =2 )~ o~
_ Z np[pi _ ﬂm}mlz _ 77m1m12
2 2 2

Z 77w1 m

i=1 (95)

d2 d;

_77dr mr _77dl ml + 4,
2 2

where
& 77wl oim ‘2 77, ,0*2 77’ m*z 77, m*z
z Z pili 4 AT ml™"l
*2 n—1
ndrdmr ndldml +Z 7/1+1 +K K,
2 =
i R

and the positive definite matrix Q is described as

o (kyy = S7) 0 e 0
Q= 0 CZ_gémaX 0 .
() () e C

n

We select C= 1’1’111’1[2]“”“ (Q) 2(1/T H-l /271+1 gz’max
/4) nwz’ 77/)1’ npz’ 7751’ nmr’nml’ ndr’ndl] Cl’ Cz’ cn’ and

r, such that ¢ (kj; —-S})>C, ¢, >gl  +C, (2<i<
n-1), ¢, >C, and (1/7;,, > M2, /2y, +ghin [ 4+ C),
2<i<n-1).

Then, we can obtain
V<-CV+p, (96)

in the set |z]|<kbl In the relation 6 =p(1,0) in
Lemma 1, 0=[ST, W', 5" i iy.d,..d, 1. ot0)
satisfies the conditions of Lemma 1 for feQ=
(ST.wl.p" . my.d,,.d, |S|<ky}. From S,(0)=
7(0)=y4(0), ¥(0)<ky and ko+ 4y +[y,(0) in the
definition of Q,’ and Q,, it is shown that [S,(0)| <k,
and Q is an invariant set. Thus, |Sl| <k, Vt>0 from
Lemma 1 and (96) and we can show that | y(t)| < |S1 (t)|
+|yd(t)|<k,,l+A0:kc], Vt>0. Hence, we conclude
that y(7) e Q,, Vi >0.

ii)If ¥=p and C=u/p, then V <0. That is, if

V()< p, then V()< p,Vt>0. This implies that

V(1)< p is an invariant. Multiplying (96) by e yields
d . o Ct
— Ve )< ue. 97
dt( )< 97
Integrating (97) over [0, 7] yields
H) a0  H
0V <IVO)—=|e"+=. 98
( (0) Cj C (98)

Therefore, this means that all the error signals are
semiglobally, uniformly ultimately bounded.

iii) From (93) and (98), we can further represent the
Lyapunov function as

1 k?
—log bl

2
2 b1~

= (V(O) —%)e‘a 2 (99)
1

Then, exponential computing of (99) yields

ki _ eZ((V(O) _ulC)eCt +,u/C)
2 o2 :
ki = S;

(100)

Multiplying both sides of (100) by (k3 —S7)> 0 and
applying algebraic manipulations lead to the inequality:

20 y/C)e*C'Jrﬂ/c)

|Sl(f)| < kbl\/l_

(101)
As t o, |S)]|<kzV1-e?*C, thus,
ly=ya| <kgN1-e#C as t . (102)

Therefore, the output tracking error is smaller than the
prescribed error bound, and the size of y —y,; can be
arbitrarily regulated to small values by controlling the
design parameters. O

5. EXPERIMENTAL EVALUATION

In this section, the application of the proposed output-
constrained control scheme is described and experimen-
tally evaluated. A single manipulator of the Scorbot
robot system in the presence of deadzone and friction in
the joints is chosen for the experimental evaluation. A
photograph and detailed description of the Scorbot robot
control system are presented in [25]. We consider only
the second upper arm as the control application among
the four links of the Scorbot robot manipulator. The
dynamic equation for the second single link is

JG+G(q)+F, =D(7),
= NK,i,

Lm%+Rmi+Kbq=V, (103)

Fr=0yz+012+ 0y,

. O’o|é|
z2=4-——7-2,
h(q)
where J=mlI?/3; q is the angular position of the link;
G(q) =mLcosq; the mass of the link m =3.59kg; the
length of the link L=0.41m; g=9.806m/s*; the
inductance of the motor L,, = 0.6292mH the resistance
of the motor R,, = 0.8294Q); the torque constant K, =
0.0182Nm/A; the back emf constant K, =0.0182
Vsec/rad; the gear ratio of reduction gear n=64; the
bristle stiffness o, =2300Nm/rad; the pre-sliding
damping o) =10Nm/rad/sec; h(q) =l/[F, +(F, - F,)
exp(—(¢/4, )*]; the Coulomb friction torque F,=0.61
Nm; the stiction level F, = 0.68 Nm; the viscous friction
coefficient F, =0.63 Nm; and the Stribeck velocity
¢, =0.00063 rad/sec. The assumed initial values of the
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deadzone parameters are m, =1, m; =1, d. =0.35 and
d, =-035. We define the state variables as x; =g,
x,=q¢ and x; =1

Then, the state equations are written as

3271 = x2’

. 1 1
xzz—ijcosxl—ij+ N (104)
=2 (x)+ g3+ Fp,

R

. ' 1
x3 =L—.X'3 —L—bx2 +L—ud

m m m

=f3/(x2’x3)+g3ud +Fu3’

ro

where u, = Aqg+B(-q)+¢,; A=d,, +Mﬁ1
. m

~ H+d ’
B=d, +W—"”ﬁ1,; fr(x))=—mLcosx, /J+u,/J
my
+Afy; f3(x0,%3) =R, /L, x3—K, /L,x,; F,, = —F /1J;
g =NK,/J; g3=1/L,; u;, =V, and F,;=Af;. The
fuzzy membership functions for F, are chosen as
= 1
A Tvexpl(S, —1x10°)2]
Hyg = exp[=0.1(S; = m;)’)
1

Mo = ;
A 1 expl(S; +1x107)?]

(105)

where m; =—1x107 +(j=1)x0.2x107, for j=2,...,
10. The second membership functions corresponding to
F 3 are the same as the first membership functions except
that the input variable is S, instead of ;. The desired
trajectory of the manipulator is y,(¢) =b+ Rsin(wx?),
where —0.004rad <5 <0.004 rad, R=0.005rad and
® =1.8849 rad/sec subject to the output constraint.
|x1| <0.014rad. Because |yd| < 4, =0.009rad, we have
ky; =0.014rad —0.009rad = 0.005rad. The initial con-
ditions are x,(0)=0 and x,(0)=0. The design param-
eters of the controller are ¢ =500, ¢, =20, ¢; =100,
7, =73 =0.1, 7,5 =7,,5 =0.2, 17,5 =175 =0.001, 77,,, =
Mt = 0.5, 1y =10y =0.01, 1. =174 =025, and 7,
=n, =0.01.

We designed four controllers to evaluate the perform-
ance of the proposed control system:

1) a quadratic Lyapunov function (QLF) based
nominal DSC system (QLF-DSC), 2) a BLF-based
backstepping DSC system (BLF-BDSC), 3) a BLF-based
DSC system with deadzone compensation (BLF-DSC-D),
and 4) a BLF-based BDSC system with adaptive fuzzy
compensation of deadzones and uncertainty (FBLF-
BDSC-D). The designed controllers were generated
using a computer and implemented in the Matlab RTI
system using an MF624 Humusoft board [26]. The
control signal was transferred to the DC servo motor of
the Scorbot robot through the servo drive. The output
position of the link angle was measured by a rotary

encoder. The selected sample frequency was 1 kHz.

The experimentally observed responses of QLF-DSC,
BLF-BDSC, and BLF-BDSC-D to the command input
with »=+0.004 are shown in Fig. 1. In Fig. 1(a) and
(b), the QLF-DSC system exhibits higher over- and
undershoot in the transient stage, and the constraint
—0.005 < S, £0.005 is violated. Fig. 1(c) shows that the
tracking errors of the BLF-BDSC and BDSC-D systems
remain within the range of the constraint, |Sl| <k, =
0.005. The tracking errors for BLF-BDSC-D are smaller
than those of BLF-BDSC; thus, the deadzone nonlineari-
ty is effectively compensated by the inverse deadzone
compensator.

0.020

rad
(=]
g

time (sec)
(a) Position tracking outputs of QLF-DSC system.

0.015

0.010

0.005

0.000

rad

-0.005

-0.010

time (sec)

(b) Position tracking errors of QLF-DSC system.

0.008

0.006 - k

0004 -

BLF-BDSC gy F-BDSC-0
oooz p

‘é 0.000 Eul o * " -y . v s gty
-0.002 1
-0.004 - 'km
0.006 |-
-0.008 " ' " 1 " 1 " 1 i L i L
0 1 2 3 4 5 [
time (sec)

(c) Position tracking errors of BLF-BDSC and BLF-
BDSC-D systems.

Fig. 1. Output tracking performance for output-con-
strained QLF-DSC, BLF-BDSC and BLF-
BDSC-D systems.
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(a) Position tracking errors of BLF-DSC-D.
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(b) Position tracking errors of BLF-BDSC-D.

Fig. 2. The transient response variations according to
the selection of control gain c;.

In Fig. 2(a), as mentioned in Remark 1, the tracking
performance of the BLF-DSC-D system is very sensitive
to the decrease in the control gains ¢; and even becomes

unstable at a certain gain value. On the other hand, in Fig.

2(b), the transient performance of the proposed BLF-
BDSC-D system is more stable than that of the nominal
DSC-based control system. Finally, Fig. 3(a) illustrates
the tracking response of BLF-BDSC-D and FBLF-
BDSC-D. Fig. 3(b) and Table 1 show that the magnitude
of the position tracking error of the proposed FBLF-
BDSC-D system is much smaller than that of the other
control systems owing to compensation for the nonlinear
deadzone, friction and uncertainty by the adaptive fuzzy
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-0.002

BLF-BDSC-D
-0.004

rad

Yo
-0.006

FBLF-BDSC-O
-0.008

" . B B
time (sec)
(a) Position tracking response for the command input at

b =-0.004 rad.
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-0.005 L Il L I I I
] 1 2 3 4 5 6
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(b) Position tracking error for the command input at b =
—0.004 rad.
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(c) Control inputs.
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(d) Sl2 /(kf1 —Slz) for the command input of FBLF-
BDSC-D system at b = 0.002 rad.
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0.000022 H

0.000021 H

0.000020 Lu 1 L 1 1 L 1
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(e) ki —S} for the command input of FBLE-BDSC -D
system at » = 0.002 rad.

Fig. 3. Output tracking performance for output-
constrained BLF-BDSC-D and FBLF-BDSC-D
systems.
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Table 1. The RMS position tracking errors.

BDSC BDSC-D FBLF-BDSC-D
rad 6.60x10" 2.53x10 2.09x10"
100 % 38 % 31%

system. The control inputs are given in Fig. 3(c). Figs.
3(d) and (e) confirm experimentally that S /(kj, —S)
and kj —S? always have positive values. The experi-
mental results for several bias command values, —0.004
rad <b<0.004 rad, and the adaptive estimated results
of the deadzone and uncertainties are not presented
because of space limitations.

6. CONCLUSION

In this paper, a backstepping DSC control scheme was
developed to provide greatly enhanced position tracking
performance and to guarantee output constraint of a strict
feedback SISO nonlinear dynamic system in the presence
of deadzone and uncertainty. The backstepping control
was partially combined with a recursive DSC design
procedure to improve the stability of the closed loop of a
conventional DSC-based output-constraint system. The
deadzone and uncertainties in each recursive step of the
backstepping design were compensated by the inverse
deadzone method and adaptive fuzzy system. Using the
Lyapunov stability theorem, we proved that all closed-
loop signals are bounded and the tracking error
converges within a prescribed level. As a design example,
a Scorbot robot manipulator in the presence of joint
friction and deadzone was chosen. We obtained
favorable position tracking performance as well as output
constraint from the proposed control scheme by effective
compensation for deadzone, friction, and uncertainty.
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