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Exponential P-Stability of Singularly Perturbed Impulsive
Stochastic Delay Differential Systems

Liguang Xu

Abstract: In this paper, we study singularly perturbed impulsive stochastic delay differential systems
(SPISDDSs). By establishing an L-operator delay differential inequality and using the stochastic analy-
sis technique, we obtain some sufficient conditions ensuring the exponential p-stability of any solution
of SPISDDSs for sufficiently small ¢ > 0. The results extend and improve the earlier publications. An
example is also discussed to illustrate the efficiency of the obtained results.
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1. INTRODUCTION

The last two decades witnessed considerable research
efforts aimed at the investigation of singularly perturbed
delay differential systems, which arise in the study of an
“optically bistable device” [1] and in a variety of models
for physiological processes or diseases [2]. And many
good results on the stability of singularly perturbed delay
differential systems have been reported, see e.g., [3-6].
On the other hand, many evolution processes exhibit
abrupt changes of their states at certain moments, such as
threshold phenomena in biology, bursting rhythm models
in medicine, optimal control models in economics,
circuit networks and frequency modulated systems, etc
[7]. These abrupt changes are of the short duration and
may be described by impulsive differential systems [7-
10]. There are many papers have devoted to the stability
of singularly perturbed impulsive delay differential
systems, see e.g., [11-13].

However, besides delay and impulsive effects and
singularly perturbed, stochastic effects likewise exist in
real systems. A lot of dynamical systems have variable
structures subject to stochastic abrupt changes, which
may result from abrupt phenomena such as stochastic
failures and repairs of the components, changes in the
interconnections of subsystems, sudden environment
changes, etc [l14]. In recent years, the stability
investigation of stochastic delay differential systems with
or without impulses is interesting to many investigators,
and a large number of stability criteria of these systems
have been reported [14-19].

Unfortunately, up to now, the exponential p-stability

Manuscript received September 10, 2009; revised May 6, 2010
and December 19, 2010; accepted May 11, 2011. Recommended
by Editor Young Il Lee. The work is supported by National Natu-
ral Science Foundation of China under Grants 11101367 and
11026140. The author thanks the reviewers for their constructive
suggestions and helpful comments.

Liguang Xu is with the Department of Applied Mathematics,
Zhejiang University of Technology, Hangzhou, Zhejiang, 310023,
China (e-mail: xIg132@126.com).

© ICROS, KIEE and Springer 2011

analysis problem of SPISDDSs is still an open problem
that has not been properly studied although Socha [20],
El-Ansary [21] and El-Ansary and Khalil [22] have
discussed the stability of singularly perturbed stochastic
systems without impulses. It is, therefore, our intention
in this paper is to investigate the exponential p-stability
analysis problem of SPISDDSs. By establishing an L-
operator delay differential inequality and using the
stochastic analysis technique, we obtain some sufficient
conditions ensuring the exponential p-stability of any
solution of SPISDDSs for sufficiently small ¢ > 0. The
results extend and improve the earlier publications. An
example is also discussed to illustrate the efficiency of
the obtained results.

2. MODEL AND PRELIMINARIES

To begin with, we introduce some notation and recall
some basic definitions. Let / denote the n-dimensional

unit matrix, |-| denote the Euclidean norm, / = {I,
2y Z,2{1,2,-), R, =[0,0). For 4,BecR™"

or A,BeR", A>B(A<B,A>B,A<B) means that

each pair of corresponding elements of 4 and B satisfies
the inequality “>(<,>,<)”. Especially, 4 is called a
nonnegative matrix if 4>0, and z is called a positive
vector if z > 0.

C[X, Y] denotes the space of continuous mappings
from the topological space X to the topological space Y.

In particular, let C = C[[-7,0],R"].

PCII,R"1={y:J > R"|w(s) is continuous for all
but at most countable points s <€ J and at these points
sel, w(s*) and w(s™) exist, w(s)=w(s")}, where
JcRis an interval, w(s*) and w(s~) denote the
right-hand and left-hand limits of the function w(s),
respectively. Especially, let PC = PC[[-7,0],R"].

For xeR", peC or pePC, p>0, we define

@ Springer
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[x]7 = (x [Pyl x, 1) [x], =(x |,
1%, D", (o], = (e (][0, s [@()], =
SUP_,<,c0i@i(t+5)},ie /', and D p(f) denotes the

especially

upper right derivative of ¢(¢) at time 7.

Let (Q,7,{%}0,P) be a complete probability
space with a filtration {5}, satisfying the usual
conditions (i.e., it is right continuous and .4, contains

all P-null sets). Let PC%[[—T,O],]R”] denote the family
of all bounded .74 -measurable, PC[[-7,0],R"]-valued

random variables ¢, satisfying ||gz§||’£1,=sup,,£@SO

E|4(0)|’ <o, where E denotes the expectation of

stochastic process.

In this paper, we consider the following singularly
perturbed [f0 impulsive stochastic delay differential
systems:

edx(t) =[A@)x(t)+ f(t,x(t —z(2)))]dt
eg(t,x(t), x(t—7(t)do(t),
121, t#£1,, (H
x(t,)=J, (1, x(t,), keZ,,
x(ty +5)=¢(s), s e[-7,0],
where 0<7(f)<7, ris constant, &< (0,&,] is a small

parameter, A(1)=(a; (1)), € PC[R,R™"], f:RxR" —

R, g:RxR"xR" ->R™™, ie., gt,x,y)=g;{x,
y))nxm' Let gi(t>x7y) = (gi] (t’x,y)"",gim(t’xay)) be
ith row vector of g(t,x,y),ie. /. w(t)= (o), -,
o, (#))" is an m-dimensional Brownian motion defined
on (Q,7,{%};s0,P). And the initial function ¢(s)=
(B(5), 4,5 € Ple6 [[-7,0],R"], the impulsive func-
tion J, =(Jy;, - J,;) €C[RxR",R"], and the fixed

impulsive moments #, satisfy # <, <---,lim,_, #, =0,
kel,.

Throughout this paper, we assume that for any
o€ PC%[[—T, 0],R"], there exists at least one solution
of (1), which is denoted by x(z,7,,4), or, x(¢), if no
confusion occur.

Definition 1: The solution of (1) is said to be
exponentially p-stable for sufficiently small ¢ if there
exist finite constant vectors K> 0 and o > 0, which are
independent of ¢ € (0,g,] for some &, and a constant
4> 0 such that E[x(r)— y(1)]" < Ke*"™) for 1>, and
for any initial perturbation satisfying sup  _, o E[¢(s) -

()Y <o. Here y(¢) is the solution of (1) correspond-
ing to the initial condition ¢. Especially, it is said to be
exponentially stable in mean square when p = 2.

Lemma 1 (Arithmetic-mean-geometric-mean inequal-

ity [23]):
For x;,>0, o; >0 and Zai =1,
i=1

n n

a
| | x;" SZal-x,-,
i=1 i=1

the sign of equality holds if and only if x;=x; for all
iLje. .

Lemma 2 [14]: For x,20,a,20,ie./ and peZ,,
the following inequality holds

" p " (p-1 ,
[z al.x,.) < (Z ai] > axt. )
=1 i=1 i=1

Lemma 3 [13]: Assume that 0<u(?)=(u (), -,
u,(t))” eR", t>1, satisfy

{Dm(z) < P(u(t)+ QO)[u()],, =1, G

u(t) = 4/’(1), te [to _T’IO]’ (P(t) € PC,
where  P(t) = (p;; (1)), 20 for 121, and i# j, Q(1)=

(9 () 20 for 121, If there exist a positive
vector z=(z, ", 2, )" eR" and two positive diagonal
matrices L =diag{L,,---,L,}, H =diag{h,---,h,} with
0</h; <1 such that

(O(0)+ HP(1)+ L)z <0, 1>1,. 4)
Then we have

u(t) < ze 70 > (5)
where the positive constant A is defined as

0<A<iy= min{infﬂi(t):

1<i<n | 12ty

4;(0)z; +Z (Pg/' N+ qii (t)el[([)r )Zj = 0},

j=1

(6)

for the given z.

3. MAIN RESULTS

Let C“[R,xR",R,] denote the family of all

nonnegative functions %(z,x) on R, xR" which are
twice continuously differentiable in x and once in ¢
For each V(t,x)eCl’z[RerR”,RJr], we define an
operator L on 7/, associated with the system (1), by

LY(t,x) =1, (t,x)+V, (t,x)
Lo+ fexte-20) |
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T
trac{ % (t,x,x(t—r(t)))j

[%g (1, %, x(1 — r(r)))ﬂ

af(/(t x) afV(t x)
ox

v )_a«/(z )

2
v - 0"V(t,x) ‘
= Ox;0x ;
nxn
Lemma 4: Assume that there exist functions V;(x)e
C*[R",R,] such that

n

< 2y ;) + g O (), ), 12t € 1,
Jj=1

(7)
where  P(t) = (p;;(1)),x, 20 for 121, and i# j, O@t)=

(9 (1) xp 20 for 121,. If there exist a positive vector

z=(z,z,)" €R" and two positive diagonal matrices
L=diag {L,,---,L,}, H=diag {h,---,h,} with 0<h;<1
such that

(OO+HPt)+L)z<0, t=t,. (8)

Then we have

EV,(x(t) < ze 770 1>, )

where the positive constant 4 is defined as

0<A<iy= mm{mfﬂ(t)

1<i<n (1=t

n
20z + Y (py (1) +q (1) )z, = 0},
J=l
(10)
for the given z.

Proof: Since x(r) is the solution process of (1) and
V.(x) e C*[R",R
(For convenience, throughout this proof, we assume
t =1, ie.J )

.], by the It6 formula, we can get

Vi (0) =V (x(tg)) + [[ LV (x(s)ds

t OV (x(s)) 1
" J‘fo ox

Then we have
EV,(x(1)) = BV, (x(1g)) + [} ELV;(x(s))ds. (11)
So, for small enough Az > 0, we have
BV, (x(t+A) = B, (x(tp)) + [ ELV, (x(s))ds. (12)

Thus from (7), (11) and (12), we have

7 —g(s,x(s5),x(s —7(s))do(s).

EV,(x(t+A0)~EV,(x(0) = [ ELV, (x(s))ds

<[ { Ly (OB, (x()) + g (O[EV, (x(s), ]}

(13)
From (13), we obtain that

D*EV,(x(t) < Y (py (VEV; (x(1)) + 4 O[EV, (x()], ).
=1
(14)
By a similar argument with the proof of Lemma 1 in [13],
one can know that that (10) has at least one positive
solution A < 4. Thus from Lemma 3, we know Lemma 4
is true. O
In the following, we will obtain several sufficient
conditions ensuring the exponential p-stability of (1) by
employing Lemma 4. Here, we firstly introduce the
following assumptions.

(4)) For any x,yeR”,
matrix U(7) = (u;(?)) s> 1 2 1y, such that

there exists nonnegative

[f&x)=f@p)], <UOx=-y],, 12

(4,) For any x,X,y,y € R", there exist nonnegative

matrices  C(1) = (¢; (1)), and D(1) = (dj; (1)) x> 1 2 1,
such that
(gi(trx’y)_gi(t:E:)_}))(gi(tvxyy)_gi(t7fay))T
n n B ) (15)
Szc[j(t)|xj -X; § +Zd[j(t)|yj _J’j|27 re /.
j=1 j=1
(45) There exist a positive vector z=(z,**+,z, Y eR"

and two positive diagonal matrices W=diag{w,,---,w,},

S =diag{s,,"--,s,}, with 0<s; <1, ie s such that

(O()+SP(1)+ W)z <0, t>1,, (16)

where
}3([) = (ﬁjj(t))nxn’ ﬁll(l) = alj(t) + (p _l)cij(t)7 l * j’

Pi) = pa; () +(p - 1)(Z a; (1) + Z uy (1))

J#i
+5(P —D(p- 2)2 (c; () +dy (@) +(p—1c;; (1),
Jj=1

OEICHG) -
ini(t)zuy(t)+(p_l)d,'j'(f), p€Z+,i,je /.

(44) For any x,y € R", there exist constant matrices

Mk:(Mk) >0 such that

nxn —

[J4 (0, ) =T (6, )], < My[x—yl,, 121, a7

(4s) There exists a positive constant # satisfying
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|
e <n<Ae), kel,, (18)
I =l

where 7, > 1 satisfies

Mk = (Mki/- )nxn’

(p=1) (19)
M ky ,

and A(¢) is defined as

mzzM,z,

Mk,, 2 M, [Z

j=1
0 < A(g) < Ay(&) = min {inf A (t,€):
1<i<n | 12ty

& &

n( p.(t q.(t
Aiz; +Z[pu—()+q”—()eﬂ”]zj 20},

j=1
(20)

for the given z.
Theorem 1: Assume that A(¢) =(a;(?)),,, 20 for
t>t, and i# j, further suppose that (4,)-(45) hold.

Then there exists a small ¢y>0 such that the solution of
(1) is exponentially p-stable for sufficiently small €< (0,

€)]-
Proof: By a similar argument with the proof of
Lemma 1 in [13], one can know that the A(¢) defined by

(20) is reasonable. For any ¢,p € PC,’f-(J [[-7,0,R"], let
x(7), y(¢) be two solutions processes of (1) through (7,
@), (ty,) respectively. Since ¢,¢ePC%[[—r,0],]R"]

are bounded and (16) holds, we can always choose a
positive vector z such that

E|x,(t)—y;(t) [P < zje HE0)]
telt,

ey

-1ty ie /.

Let V(X)) =z, peZ,, ic i, where X(t)=x(f)
—(?). Then, by conditions (4,), (4,) and Lemma 2, we
have

LV, (i(t))
=p|x; ()= y, ()77 (x;(H) - y,(1))
x2S 4, (0, (1) - 3, (1)
£\
+(f(t,x(t — (1) - f;(t, y(t = 7(1)))]

+%p<p D)% (6) = (O P2 sgn (1)~ 31 (1)

1
A

(\;—(g,(f x(0), x(1 = 7(1))) — g (t, y(0), y(t = 7))

(& (6, x(1), x(1 = 7(1))) = &; (1, (1), (1 = 7(1))))

Pau(f)| #OF + p| O Za,](f)|x,(l‘)|

J#I

+§ 17O Quy (015 6 —7(0) )
j=1

+2ip(p SOl [Z NOIETOLE
£ =

+ > dy(1)| (1 =7(1)) |2]
j=1

Zay(t) (p=-DIXOF +|x%;0O ]

/#z

<P 5y +
E
+§Z uy O(p=D | 20 +1 %t - () ]
=l
+p2—‘1{2 e O(p-D 5O 42| 5,0 )
e
¥ dy(O(p-2) | O 42150~ 7(0) @
=l

{pa,, O+ (p-1 ay(0)+ Z (1))

j#l

+%(p S1(p-2)Y (e (1) +d (t))} FX0Y%
Jj=1

+— (Z a;(+(p- 1)2 QN O

J#i
+;Z (u; () +(p=Ddy @) | 5 (1 = ()|

lZ O (D +— Zq,](o[V (@) (22)

&

From condition (43), we have

(@Sm

+Zsto, t>1,. 23)
& & &

Then, all assumptions of Lemma 4 are satisfied by (22),
(23) and (45), so

EV.(x(1) =E|x,(0)-y(0 (24)
<z, M) peg), ie

where /A(¢) is determined by (20) and the positive
constant vector z is determined by (16).

Using the discrete part of (1), condition (44), (4s), (24)
and Lemma 2, we can obtain that

E|x(t)-y,t)I"
<E[ M) PV My x5 =y () 1]
Jj=1 j=r

<Y MBI ()= y, () (25)
Jj=1

n
<z )
< Mli]_zje
J=1

—A(e)t=ty)

-A(e)t—1p)

<nze , le s
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This, together with (24), lead to

) -
E|x(0) =y, () "< mze ", 26)
telty—r,4], ie .

By a similar argument with (24), we can use (26) to
derive that

E|x (D)~ y,(t) [P < mpzie MO0

(27)
telt,t,), ie s
Therefore, by simple induction, we have
) -
E|x(0) =y, () [P <y oy zie” T, 08)

telt,_,4,), keZ,,ie r.

In term of (18), we have 7, <e’* 1) keZ, , and
then

11, 1=t
nl...nk_lge”(k 1 O)Seq( 0),

(29)
telt_1 ), kel,, ie .
Therefore, combining (28) and (29), we obtain
E | x() = v. (1) [P< z.e-AE-110)
5=y F<ze : 50
telt,_,t,), keZ, ,Ve>0,ie /.
That is
_ P < ~(AE)-n)t1g)
E[x(1)~ y()]! < ze : an

telt_,t,), keZ,,Ve>0.

For any t2>1¢,, let A;(z,¢) be defined as the unique
positive zero of

. é(iahweﬂz, 0. (32)

1
al e &

Differentiate both sides of (32) with respect to the
variable ¢, we have
L o) = I —
de gz,.+zj:]q,.j(t)re4’zj

<0, (33)

so A{t,e) is monotonically decreasing with respect to the
variable ¢, which implies that Ay(¢) is also monotonically
decreasing with respect to the variable ¢. So, by a similar
argument with the proof of Lemma 1 in [13], one can
deduce that there exists a small g,>0 such that the
solution of (1) is exponentially p-stable for sufficiently
small &<(0,5,]. The proofis completed. 0

Remark 1: For system (1), when g(#,x(¢), x(¢—

7))=0, then it degenerates to the deterministic singularly
perturbed impulsive delay differential systems:

edx(t) =[A@t)x(t)+ f(t,x(t —t())]dt, t=t,, t #1,,
x(t,)=J, (1, x(t, ), keZ,,
x(ty +5) = @(s), s €[-7,0],

(34)

the same as the models discussed in [13], for (34), if
noting that:
1) When g(¢,x(2),x(t — 7)) =0, (4,) is satisfies by taking
C(@t)=D()=0.
2) When p=1, (43) degenerates to
(A5) There exist a positive vector z = (zl,-n,z”)T €
R” and two positive diagonal matrices W=diag{w,,
“,Wn}a S = diag{sl,“'>
such that

Ut)+SAH)+ W)z < 0,1 >1,. (35)

s}, with 0<s; <1, ies

3) When p=1 and Mk =M,, (4s)degenerates to
(A’s) There exists a positive constant 7 satisfying

I
e <n<ie), keZ,, (36)
Iy =l

where 7, satisfies

m =1 and 7n,z>M,z, 37
and A(e) is defined as
0<A(e) < Ay(g) = min {inf A(t,8):

1i<n | 121

" ([ a.(t u..(t
e 5[0, 40 ), }
al e £ :
(38)

for the given z.
Then we can easily obtain the following Corollary.
Corollary 1: Assume that A(r) = (a; (1)), 20 for

t>t, and i# j, further suppose that (4;), (4%), (44)
and (4's) hold. Then there exists a small & >0 such that
the solution of (34) is exponentially stable for
sufficiently small & e (0,¢,].

Remark 2: From Corollary 1, it is easy to obtain
Theorem 1 in [13]. In fact, “7, émax{lle [|,1} 7 of
condition (Hy) in Theorem 1 in [13] ensure that the
above (37) holds.

Remark 3: If J,(¢t,x)=x, t>1t,, that is there have
no impulses in (1), then by Theorem 3.1, we can obtain
the following result.

Corollary 2: Assume that A(7) = (a;(7)),x, 2 0 for

t>t, and i# j, further suppose that (4;)-(4;) hold.
Then there exists a small g, >0 such that the solution of
(1) is exponentially p-stable for sufficiently small ¢
(0,1

Proof: When J,(t,x)=x, keZ,, the conditions
(44) and (45s) is obviously satisfied on choosing M,=1 in
(17), M, =1 andn=1in(19)and 7=0 in(18). O

Remark 4: From Lemma 4 and the proof of Theorem
1, it is obvious that the results obtained in this paper still
hold for ¢ =1. So our method in this paper can obviously
be applied to the following more general impulsive
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stochastic delay differential systems:

Edx(t) =[AO)x(t) + £ (t,x(t —7(2)))]dt
+Eg(t,x(0),x(t ~ T(1))d (1),
121yt #1,, (39)
x(ty) = Jy (1,5, k€ T,
x(tg +5) = §(s), s €[-7,0],

where &2 diag {&),6,,,6,}, V&2 diag (/&6
---,\/Z}, g, €(0,y]U {1} is a small parameter.

Remark 5: In [20], Socha investigated the exponential
stability of a similar system to (39) with J;(#,x)=x by
employing suitable Lyapunov functions. Obviously,
Socha’s approach can also be used to study the stability
of (39) with J;(¢,x)=x. However, it needs not only the
continuous differentiability of the drift and diffusions
coefficients but also the boundedness of the derivatives
of the drift and diffusion coefficients. However, our
approach in this paper does not require these conditions.

4. EXAMPLE

The following illustrative example will demonstrate
the effectiveness of our results.
Example 1: Consider the following SPISDDSs:

edx () =[(-9 —sint)x,(?)
+(2 +sint)arctan x; (f — (7))
+ (14 cos* (1)) arctan x, (1 — (1)) dt
++ & sintx (t)dw, (t)
+ & costx, (t —7(t))dw, (1), t # 1,

edx, (1) =[(=10+cost)x, () (40)
+(sin £)arctan x, (¢ — (¢))
+(2+cos” (t))arctan x, (t — z(¢))]dt
+eN2x (1= 2(1))dw (1)

+ e costx, (t)dw, (1), t 1,

with

{xm)=a1kx1<t;>—ﬂ1kxz<t;>

Xy (1) = Bopxi () + 0y Xy (1),

where a; and S are nonnegative constants, 7(f)= e’ <
127 ; The impulsive moments # (k € Z, ) satisfy: #,=0,
f <ty <-- and lim,_, 1t =+o.

Taking p=2, we can get

{—9 —sint 0 }
A(t) = ,

0 —10+cost

2+sint

I: 1+coszt}
U@)= ,

sin®t  2+cos’(¢)

.2 2
sin“t 0 0 cos™t
C(Z)z 5 D[): B
L0 1} ( 2 0
. [—14 —sin¢ 0
P(r)= ,
i 0 —16+2cost
. [ 24sint 1+cos?t a
o) = sm2 cos2 ’ Rk:{ 1k ﬁlk}.
|2+sin" ¢ 2+cos”(¢) P o

So there exist z= (L))", W = diag{l,1} and S =diag
{0.5, 0.5} such that

(O(t) + SP(t) + W)z 1)
=(-3+2cos* 1+0.5sint,~2+cost)’ <0, 1>1,.

Let 7, =max{(e; +ﬁ1k)27(a2k +,32k)2} and Mki,- =
2 . ~ )
Mk” (Z:j:1 Mk,-,- ), i,j =12, then Mk,-,- satisfies (19) and

ny satisfies 7,z> Mz, ke,

Case 1: Let oy, =ay,; :%60‘21‘, B = Pox :%emk,

and #,—1t,._,=2k, then we obtain that there exists an
n=0.2>0 such that

Inn, In %4

0.4k
=e >1and =

=02=n.

And for any &>0, the positive constant A(g) is
determined by the following systems:

/7-1(f)‘|rl(—14—sint+(3+ZCos2 t+sinr)e ) =0,

| )
I () +=(~12+2cost +5¢2) =0,

&

So for a given &, we can obtain the corresponding A by
(42). By the proof of Theorem 1, we know that A is
monotonically decreasing with respect to the variable ¢,
then there exists an ¢, > 0 such that for any € € (0, &], we
have A > #. Therefore, all the conditions of Theorem 1
are satisfied, we conclude that the solution of (40) is
exponentially stable in mean square for sufficiently small
e>0.

Case 2: Let a1k=a2k=l and ﬁlk:ﬁZk:Oa then (40)
becomes the singularly perturbed stochastic delay
differential systems without impulses. So by Corollary 2,
the solution of (40) is exponentially stable in mean
square for sufficiently small ¢ > 0.

5. CONCLUSIONS

This paper is concerned with the stability analysis of
SPISDDSs. By establishing an L-operator delay
differential inequality and using the stochastic analysis
technique, some suffcient conditions ensuring the
exponential p-stability of SPISDDSs have been obtained.
The derived criteria do not require the continuous
differentiability of the drift and diffusions coefficients or
the boundedness of the derivatives of the drift and
diffusion coefficients.
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