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Second-Order Consensus of Multi-Agent Systems with Unknown but
Bounded Disturbance

Hongxiang Hu, Li Yu*, Guang Chen, and Guangming Xie

Abstract: This paper addresses a consensus problem for second-order agents with unknown but
bounded (UBB for short) disturbance which may affect the measure of neighbors’ velocities. In this
study, the communication topology of the multi-agent system is supposed to be connected. In order to
solve this consensus problem, a new velocity estimation called distributed lazy rule is firstly proposed,
where each agent can estimate its neighbors’ velocities one by one. Then, a group of sufficient condi-
tions for this second-order consensus problem are presented by adopting graph theory and the well-
known Barbalat lemma, and the bounded consensus protocol is taken into account due to actuator satu-
ration. Theoretically, the group of agents can reach consensus under the proposed control protocol,
which is also validated by some numerical experiments.

Keywords: Barbalat lemma, bounded consensus protocol, distributed lazy rule, multi-agent systems,

unknown but bounded disturbance.

1. INTRODUCTION

The distributed control of multi-agent systems gives
much insight into the collective behaviors of multiple
agents in natural systems, e.g. flocks of birds, schools of
fish, herds of animals, colonies of bacteria, etc.
Meanwhile, it has also been widely used in many areas
such as cooperative control of unmanned air vehicles,
formation control, wireless sensor networks, mobile
robotic swarms and military applications [1-7]. Generally,
the distributed control for a group of agents always aims
to seek their consensus state, i.e., reach an agreement on
a certain quantity of interest through information
exchange among them. The consistent quantity or so-
called consensus state, which may depend on the initial
state of all agents, can be physical quantities such as
altitude, position, temperature, voltage, and so on.

In the literature, Vicsek et al. [8] presented a discrete-
time model of finite autonomous agents that move in the
plane with the same speed but different headings in their
pioneering work, where the concept of neighbors of
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agents was introduced for the first time, and some
simulations were provided to demonstrate the nearest
neighbor rule. Following this research, Jadbabaie et al.
[9] provided a theoretical explanation for the behavior
observed in [8] by using graph and matrix theories.
Besides, Olfati-Saber and Murray [10] addressed a
systematical framework to study the consensus problems
in networks of dynamic agents with fixed or switching
topologies and communication time delays. He and Cao
[11] investigated the /th order consensus problem for
multi-agent systems and established a linear consensus
protocol to solve it. Song ef al. [12] studied the second-
order leader-following consensus problem of nonlinear
multi-agent systems with general network topologies,
and several effective sufficient conditions were obtained
based on graph theory, matrix theory, and LaSalle’s
invariance principle. In practical applications, agents
may update their states with different paces, which
entails the consideration of the asynchronous consensus
problem. Xiao and Wang [13] studied such asynchronous
consensus problem in a continuous-time multi-agent
system with discontinuous information transmission by
using nonnegative matrix theory and graph theory. More
recently, Wang and Cao [14] analyzed the second-order
quasi-consensus of leader-following multi-agent systems
in four cases, and a unified result was given.

In a multi-agent system, the convergence rate used to
measure how quickly the consensus state can be reached
has been studied via various methods [15-17]. In all
these methods, the communication topology plays a key
role in the convergence of consensus processes. Cao et al.
presented new graph-theoretic results appropriate for the
analysis of a variety of consensus problems cast in
dynamically changing environments in [15,16], where
the concepts of rooted graph, strongly rooted graph, and
neighbor-shared graph were introduced and the worst
convergence rates of these graphs were derived. In [17],
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Nedic et al. considered a constrained consensus problem
and addressed a distributed projected consensus
algorithm with its convergence rate well established.
Moreover, since it may be required that the agreement or
consensus is reached in finite time in some practical
situations, finite-time consensus becomes a hot topic
these years [18-22]. The two recent surveys [23,24] are
recommended for a relatively complete coverage of the
literature on consensus.

Despite the extensive studies on consensus, only
limited approaches considered the influence of
disturbances on measuring position, velocity, and other
physical quantities. However, in reality, disturbances are
ubiquitously presented in multi-agent systems due to
various uncertainties such as model mismatches, channel
noises, measurement errors, etc. In fact, the consensus
for a directed network of agents with disturbance is quite
difficult to be achieved explicitly, because it breaks the

condition that the row sum of Laplacian matrix must be 0.

In [25], Lin et al. investigated consensus problems for
directed networks of agents with external disturbances
and model uncertainty on fixed and switching topologies.
Meanwhile, in [26], Xiong and Daniel proposed an
impulsive control scheme to solve the consensus
problems for directed networks of agents with nonlinear
perturbations where a sufficient condition was proposed
to guarantee the consensus of all agents. On the other
hand, in most literature regarding multi-agent systems, it
has been implicitly assumed that the neighbors’ states are
fully accessible, which however is not always the case in
reality. In fact, some information is unmeasurable due to
technology limitations or environment disturbance.
Therefore, the state estimation for the multi-agent system
has become vitally important. In [27], Bauso et al.
considered stationary consensus protocol for first-order
agents in the presence of UBB disturbance, and proposed
a rule of state estimation called lazy rule. The main
contribution of their work was the introduction and
solution of the e-consensus problem, where the states
converge in a target set of radius ¢ asymptotically or in
finite time.

With this background, since many individual systems,
especially mechanical systems, are of second-order dy-
namics [12,28,29], we investigate the consensus problem
for second-order agents with UBB disturbance on
measuring neighbors’ velocities. This consensus problem
is resolved by utilizing a distributed lazy rule. Note that
here only the bound of the disturbance is needed to
establish the theoretical framework and there is no
additional requirement of its other statistical properties.

This paper is organized as follows. In Section 2, some
basic definitions in graph theory and preliminary results
are presented. In Section 3, a new framework to study
the consensus problem of second-order agent systems
under UBB disturbance is established and the distributed
lazy rule is formulated. In Section 4, the consensus
problem for second-order agent dynamics with UBB
disturbance is theoretically solved. Then, some illustra-
tive examples are provided in Section 5. Finally, the
paper is concluded in Section 6.

2. PRELIMINARIES

In this section, some basic definitions in graph theory
and preliminary results are briefly introduced for
subsequent use.

In a multi-agent system, each agent can only
communicate with several other neighboring agents. Its
communication topology is always represented by a
weighted undirected graph G =(V,{,A4) of order n»
with a set of nodes V ={x,7,,---7,}, a set of edges
§ cVxV, and a nonnegative symmetric matrix A=
[a;]. Here, the node indexes belong to a finite index set
I={,2,---n} and an edge of G is denoted by an
unordered pair of vertices, i.e., e = (m;, 7 ; ). Then, agent
i and j can communicate with each other only when
(7;,7;) € ¢ which is equivalent to the condition a;> 0.
At this time, we say agents 7 and j are adjacent. Moreover,
it is always assumed that the graph has no self-loop, i.e.,
a; =0 forall iel. Besides, 4 is a weight matrix and
a; is the weight of e; =(7;,7;). The set of neighbors
of node 7; is denoted by N, ={z;|(7;,7;)ed}, and
the Laplacian matrix is given as L =[/;]€ R™" with /; =

Z a; and [; =-a;, i# j. A pathin a graph from z;
JeN;
to m; is a sequence of different vertices starting with z;
and ending with 7; such that consecutive vertices are
adjacent. An undirected graph is connected if there is a
path between any pair of nodes.

In the sequel, the dynamics of each agent is described
by a second-order differential system:

{x,-(t)=v,~(t) o7 )

vit) = u; (1),
with initial conditions x;(0) = x;,, v;(0)=v,,, where
50 =[x " e R, vi() =", V"] e R”,
and u;(r)e R™ denote the position, the velocity, and
the control input or the protocol in consensus problem,
respectively. For the second-order system (1), the
consensus protocol [28,29] is:

u ()=« Z aij(xj(t)_xi(t))
JeN;

+p z aij(vj(l)_v[(l))_bv[(l)a

JeN;

2

where a > 0 and £ > 0 are the coupling strengths, b > 0
denotes the velocity damping gain and —bv,(¢) denotes

the velocity damping term which is assumed to be in
proportion to the magnitude of velocity.

Definition 1: For the multi-agent system (1)-(2), seco-
nd-order consensus is considered to be achieved if, for
any initial conditions, we have

fim [; (1)~ x; (1) = 0
t—>0 Vi,jel. 3)
tim [v;() = v; (0] = 0,
t—>©
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It is worthy to note that there are two different types of
consensus in second-order agent dynamics, i.e., static
consensus and dynamical consensus. For static consensus,

it is required that lim ||xl.(t)—xj(t)||=0, limv;(¥) =0,
t—>o0 t—>00
Vi,jel, ie., each agent will eventually static, while

for dynamical consensus, it is required that lim ||xl- -
t—>w

X, (t)" =0, Tim [v,()=v; ()] =0 and tim v,(r) %0, Vi, j
t—>© t—©

eI, i.e., the agents still move in some space, while only
the distance between each pair of agents and their
relative velocities from each other tend to zero.

Next, the Barbalat lemma [30] is introduced due to its
usefulness in the stability analysis of time-varying
dynamic systems.

Lemma 1: Let ¢: R — R be a uniformly continuous

function on [0,0), suppose that [im j(;¢(r)dr exists
t—>0

and is finite, then ¢(r) >0 as t—> .

Note that ¢(¢) is a uniformly continuous function
under the condition that the derivative of ¢@(7) is
bounded. As an alternative, Lemma 1 has the following
modified version.

Lemma 2: If the derivative of ¢(¢) is bounded on

[0,00) and 1im J.;qé(r)dr exists and is finite, then ¢(¢)

t—>w©
—>0 as t—>ow.

3. SYSTEM MODEL

In this section, a new framework to study the
consensus problem of second-order agent systems (1)-(2)
under UBB disturbance is established and the distributed
lazy rule is formulated.

In reality, some variables of the agents in a multi-
agent system may not be measured precisely due to
various kinds of disturbances, such as time delay, model
uncertainty, external disturbances and asynchronism of
clocks, which might cause the multi-agent system to
diverge or oscillate. Since it is believed that UBB
disturbance widely exists in many different fields, such
as mobile robotics, vision, multi-inventory, data fusion,
and unmanned air vehicles, in this paper, it will be
considered and integrated into second-order agent
dynamics.

When agent j is a neighbor of agent i, v, is a
disturbed measure of v; obtained by agent i, where
Vi :[ng-l) ,---17;/-’")] reflects the influence of d; on
estimating v;j, as shown in Fig. 1. Apparently, we have
vy=v;+d;, where d;=[d}’,---,d{"]eR" is a UBB
disturbance, ie., d)e[-£&), Vke{l,---m} with a
prior known constant & > 0. Note that all agents have a
perfect measure of their own velocities, that is, d; =0
forall iel.

For a given UBB disturbance with a priori known

&>0, the component of v, must belong to the

Estimator

Estimator

Fig. 1. Velocity estimate between agent i and agent ;.
interval
v =< <y P v kel om). 4)

Then, the problem is how to select v; from the above
interval. Different from the lazy rule in [27], we define a
distributed lazy rule:

. ~(k k
7.0 = arg min ‘v,(/ " )‘
i R R ’

Vke{l, --m},

(&)

where \7; =[\7;(1),~--,\7;(’")]T. According to this rule,
each agent estimates its neighbors’ velocities as equal to
the values v;- ,that induces the minimal of ‘v—vfk)‘ on
the internal [v,® —&,v,* +£].

Remark 1: When &=0, ie., d;(1)=0,Vre[0,),
it follows from (5) that v; =v;. In other words, for
£=0 (no disturbance), all agents have a perfect
measure of their neighbors’ velocities. According to the
lazy rule in [27], each agent estimates its neighbors’

states together, i.e.,

50 = arg 2 (% =)

min
= "(k "(k :
x[fe[xl-j(- )—f,xl-; )+§:| JeN;

thus the estimate of each neighbors’ state is not unique,
and this results in an e-consensus problem, where the
agents converge into a target set of radius &
asymptotically. However, in the distributed lazy rule (5),
it is required that each agent estimates its neighbors’
velocities one by one, such that the existence and
1)

uniqueness of V; is obvious and thus improve the

robustness of the estimator, as a result, second-order
consensus could be achieved. Moreover, the agent in
[27] is first-order dynamical system, and the lazy rule
cannot be directly used to establish consensus for
second-order agents. Because, in the case of second-
order agents, according to the lazy rule, only the
velocities of agents may achieve e-consensus, i.e.,

"v,.(t) -V (t)" <e¢g, Vi, jel, and the relative positions of
agents may tend to infinite.

Given the distributed lazy rule (5), the consensus
protocol (2) is transformed as follows:



Second-Order Consensus of Multi-Agent Systems with Unknown but Bounded Disturbance 261

u(t)=a z aij(xj(t)_xi(t))

JEN;

+BY. a,; (75 () = v (1)~ bv;(¢), Viel.

JeN;

(6)

According to (5), there are three cases of the term
~*(k k).
50 0

iy
V4 g 04 g,

iR 0 < g,
0, iR e W<,
VB4 g b g

. k k k
if W al? v ze

In fact, equation (7) is a dead-zone function which has
been used in many different fields and applications,
especially in the robust adaptive control [31]. Since the
UBB disturbance dj; could cause drift in the velocity
estimates, the dead-zone function is adopted in this study
to analyze second-order consensus, which can overcome
this problem and guarantee the velocity convergence. For
simplification, denote

x+<& if x<-¢,
D:(x)=4 0 if |x<é (8)
x=& if x=&.
From (7) and (8), we have
T, —v; = De(v; +dy ), )

g

u ()= Y ay(x;(6) = x,(£) = bv; (1)
JeN;
+ B, ay(vi ()= v, (1)
JEN;
=a Y a;(x;(1)=x,(0)—bv,()
JeN;

+B Y ayD:(v; +d;-v,), Viel,
JeN;

(10)

where the function D, (v; +d;; —v;) =[D; (" +d’ —{"),
Dy (v}’”) +d§m) — W', Thus, the second-order multi-

agent system with UBB disturbance evolves as follows:

x; (1) = v;(9)
O =a Y ay(x,(0)-x,)~bv, (1) (11)
JeN;
+[ z a;D:(v; +d;—v;), Viel.
JeN;

Note that dj; is a vector-valued function of 7, and (11) is
the time-varying dynamic system. In this case, the
consensus analysis is more challenging since LaSalle’s
invariance principle is no longer applicable here. In fact,

LaSalle’s invariance principle is used to establish the
consensus of the time-invariant system. Instead, Barbalat
lemma will be adopted for consensus analysis of the
proposed algorithm.

4. CONSENSUS

In this section, some conditions are obtained for
solving a consensus problem of second-order agent
dynamics (11), based on the following two assumptions:

(A1): the communication topology G is connected;

(A2):dy(t)y=—d(1), Vi, jel.

Note that in assumption (A2) the disturbances d; and
d;; are of the same size but opposite direction. As a
matter of fact, dj; and dj; have the same size because they
exist in the same channel generated by agent i/ and j.
Meanwhile, in the terms D (v, +d; —=v;), D (v; +d ;; —
v;), v;—v; and v;—v; are the relative velocities with
opposite direction, which infers that d;, d;; are opposite in
direction. The disturbance satisfying assumption (A2) is
called anti-symmetric disturbance [32], which has been
widely applied in various fields.

The main result of this paper is given in the following
theorem:

Theorem 1: Given system (11), assume that both (A1)

n
and (A2) are satisfied, then 1imz Z a; || x; —x; II?
1294 jeN; "

exists, and 1im v;(#) =0, Viel.
f—>o0

Proof: Consider the following auxiliary function

r0=3f+ 525 o b -

i=1 jeN;

:zviTvi +%Z Z ajj(xj _xi)T(Xj —xl-).
i=1

i=1 jeN;

(12)

Firstly, in order to study the behavior of V(r) for
t —> 0, Wwe can write

d—lt/=2z V,-T\'/i"'az Z a,-j(xj _xi)T()'cj—fCi)
i=1

d i=1 jeN;

T T
:2a2vi Z aif(xj—xi)—2b2vi \z
i=l  jeN; i=l
+2B v Y a;D:(v; +dy—v,) (13)

i=1 JeN;
T
—aZv,- Z al-j(xj—xl-)
i=1 JEN;
S T
—az Z agv; (x;—x;).
i=1 jeN;

Since the topology G is undirected, we have

> 2 i G =x)=2v] 3 a0 = x),

i=l jeN; =l jeN;
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and obtain
dV u T d T
— =28 v D ayD:(v; +dy; —v,)=2bY vv,. (14)
dt =1 jeN, i=1

To show that V(r)<0 for all £ €[0,:0), we consider

n
T
the term Z V; Z a;D:(v; +d;
i=1 JEN;
tion of the dead-zone function (8), we can easily get that
the dead-zone function is an odd function, i.e.,

Ds(x)+ Ds(-x)=0,Vx e R. (15)

—v;). By the defini-

According to (A2), (15), and the undirected topology
G, it follows that

iv,.T Z aijDé(vj +dij -V;)

i=l1 JEN;
=_lz z a.j(v,-—vj)TDg(vi+dﬁ—vj)

i=1 jeN; (16)
=52 % a0 )

i=1 jeN; k=1

><D (V(k)+d(k) ('/f)):l.

Recall that we have

k (k k)N _
D (v +dP -1y =
v+ dl) -0 1 g,
i ed) P <,
(17)
. k k k
0, if P +d -0 <g

k k k
YO 4 gt 0 g,

o rdP 0 2 g

(k) d(k) _ (") <-£, itis easy

() _

In the first case, when v;
to infer that the two followmg results hold: v;
<0 and D, +d\¥ -
(P =)D, (v(k) d(k)
it is trivially satlsﬁed that (v(k) (k))D (v(k) +d(k)

(k)) 0. Finally, in the third case, when v(k) +d(k)

(k) > £, a symmetric argument holds. Hence, it 1mphes
that

(,k))SO, hence, we have

(k) _ (k) (k) (k) _ (k)
W =vi D (v +dj7 —vi7) 20, (18)
Vke{l,2,---,m}.
According to (14), (16) and (18), we get
Zva v, <0. (19)

Apparently, V(7) is not increasing because V(f)<O0.
Since V(t)>0,Vt €[0,o), it yields that [imV(¢) is

t—>©

ﬁk)) >0. In the second case,

bounded, and V() <V (0),Vt €[0,).
For any sequence {1}, with #, >z, for all k,

t, =0 and lim #, =, we can write
k—o0

lim V() -V(0)= [V (e)dr

t—>0
o (20)
Tk+1 5
=> [Py,
k=0 "k

Denote A(k,r) = j ke V(r)dr, from Cauchy condition
for convergence of a series, it follows that

lim A(k,r)=0, forall r>1. 21)

k—x

According to (21), we have

j TP (0)dr < -2b j ke z vivdr. (22)
Therefore,
O< k+rz le'< A(k,r), (23)
= 2b
which implies that
lim j > vivdr=0, forall r>1. (24)
k—o0 =

+00 & T . . .
Thus, E v; v.idr exists and is finite. Denote
0 1 1
i=1

n n
g®)=>vlv, and g'(t)=2) vy, Since W) is

i=1 i=l1

bounded in [0,50) and Y, 3 Y ax, —x [

i=1 i=l jeN;

are also bounded, we can get that "vi =il {1x —x||,
Vi, jel are bounded. According to (11), it follows that
Vv;, Vi,j el are bounded. From the above analysis, g'(f)

is a bounded function on fe [0,0). Consequently, by
Lemma 2,

lim g() = lim ) v/ v, =0.

t—© >0

By (12), we obtain

7 2
lim ), Y, 4 "xi X "

1290 =1 jeN;

=2 i V() lim Z||Vf||2}-
| t—>w =0 ;1

(25)

Hence, 1imiz a; ”x,-—xj"2 exists. This completes

I2% =] jeN;

the proof. O
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Remark 2: In the robust adaptive control, the sign and
the absolute value functions are also very important.
However, if we choose the sign or absolute value
function, rather than the dead-zone function, on the
estimation process, there may be some problems which
make it real a challenge to analyze consensus in the
multi-agent system introduced here. For example, both
the sign and absolute value functions could not hinder
the drift in the velocity estimates caused by the UBB
disturbance. Meanwhile, for the sign function, since it is
discontinuous, then the multi-agent system is also
discontinuous on the vector field, in this case, we have to
resort to the tools from non-smooth analysis, Filippov
solutions for consensus analysis of the proposed
algorithm. For the absolute value function, different from
the dead-zone function, it is an even function, as a result,
the method of Theorem 1 cannot be directly used to
establish consensus in this case.

Note that in Theorem 1, the velocities of agents can
achieve static consensus asymptotically. Then, another
important problem is that under what condition the
positions of agents can also achieve consensus
asymptotically. The following theorem develops a
sufficient condition to establish the position consensus.

Theorem 2: Assume that both (Al) and (A2) are
satisfied and there exists a positive number M such that

dyf“‘)\ <M,Yi,jel kel m)te[0,0), then system

(11) achieves consensus.

Proof: According to Theorem 1, the velocities of
agents can achieve consensus asymptotically. In the

following, we show that im v,(#)=0,Vie I.
—0

Based on system (11), we have
(k k k k
wWo=a Y, a —x")-ov®
JeN;

+BY a;D: (W +dP —v), viel.
JeN;

(20)

Firstly, we verify that \‘;Ek )(l) is a uniformly continuous
function on [0,%). In fact,

[a > a; (P —xfk))} =ay a;(V ). @7

JEN; JEN;

It follows from the boundedness of /() that the function

* _ 0y o
[0‘ Z]\; ay (xj = x; )} is also a bounded function, i.e.,
JjeN;
dM, >0 such that || o Z aij(x}k)—xi(k)) <M,, Vte
JeN;
[0.0). Thus, the function « Z a; (x}k) —xfk)) is a
JeN;
uniformly continuous function on [0,).

Then, we consider the function

k k k
ﬁZ]\; a,-ng(v} )+dl-5- )—vf )).
JEN;

By the definition of D, (x), we get
|D: () = D ()| < | =, (28)
Thus,
D00 )+ )~ v (1)
D (P (1) + P (1) v (1)
< ‘(vj“ ) +dP 1) v (@)
(WP )+ d ) - v,?")(tz))‘
<[y, O+ v O )| [ -1

N T

(29)

where Based on the boundedness of

ne [tl ’t2 ]
"(k (k .

d,-j( )(l), v,-( )(t), Vi,jel,ke{l,---,m}. we have IM,

> 0, such that ‘vj' (t)‘ +‘di/.' (t)‘ +‘v,.'(t)‘ < M,, ¥t €[0,).

Hence, equation (29) can be further written as
D00 ) +dP 1) P @)

(30)
—Dé(v}k)(tz)+dl§k)(t2)—v§k)(tz))‘ < M, |t —1,|.

From (30), it can be seen that the function
k k k
B Z al-ng(v} )+dl-(j )—vf ))
JeN;
is a uniformly continuous function on [0,0). Based on

the above analysis, vﬁk)(t) is a uniformly continuous
function on [0,0). From Theorem 1, we see that

t
lim .[o vfk)(r)dr exists and is finite. According to
f—>w0

Lemma 1, lim \')fk) (t)=0,Viel, ke{l,---,m}. Hence,

t—o
limv;(#) =0, Viel.
t—w
Taking limit in (11), we obtain
lim ), a;(x;—x)=0, Viel. €20
t—o jeN; ’

Therefore, lim ”xl. —X; " =0, Vi,jel. This completes
t—>0
the proof. O

Note that in Theorem 2, due to the velocity damping
term —bv;(f), the agents achieve static consensus
asymptotically. Moreover, the consensus protocol (10)
does not explicitly take actuator saturation into account,
while, in reality, almost every physical actuator is subject
to saturation. So it is important to study the dynamical
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properties for the multi-agent system with actuator
saturation (a bounded consensus protocol). Furthermore,
equation (10) can be extended to a bounded consensus
protocol, i.e.,
w=ay a tanh[xj —x,-:l—btanh[v,.]
JEN;
+B Y. aytanh[ D (v, +d; -v,)], Viel,

JEN;

(32)

where tanh(-) is the hyperbolic tangent function and
defined component-wise, that is, V[xl,‘--,xm]T eR”,
tanh([x,,---,x,,]" ) = [tanh(x,),--, tanh(x,,)]". Also note
that, with (32), one has |u]_ < (a+ ﬁ)r?;alx {deg(i)} +b,

where deg(i) is the degree of the node z;, i.e., deg(i) =
Z a;. Thus, the second-order multi-agent system with
JeN;

the bounded consensus protocol evolves as follows:

(0 =vi(1)

v =a a tanh[xj—x,.]—btanh[v,.] (33)
JEN;
+4 Z a; tanh[Dég(vj +d; —vl»)J, Viel.
JeN;

Corollary 1: Given system (33), assume that both
(Al) and (A2) are satisfied, then [im v;(#)=0, Viel.

t—o
Proof: Consider the following auxiliary function

r0=2 b+ 3 a1 oe[eoshs —x)], 64
i=1

i=l jeN;

where cosh(:) is the hyperbolic cosine function and
defined component-wise. )

In order to study the behavior of V(r) for t— o,
we can write

av =2zn:viT\>i+aZn: Z aij(vi —Vj)Ttanh[x,- —xj]

dt i=1 i=1 jeN;

=2iv? {a > aytanh[ x; —x; |~btanh[]

i=1 JEN;

+8Y a; tanh[Dé(vj +d; —v,.)]}

JEN;

+ai Z aij.(vi—\{,-)Ttanh[xi—ij (35)

i=l jeN;

SV Y a; tanh[ D, (v, +d; —v,)|
i=1 JEN;
- ZbZn: vl tanh[v, ]
i=1
< —Zbi v/ tanh[v,]
i=1

<0.

Under the similar proof in Theorem 1, we obtain
lim v;(#) =0, Vie I. This completes the proof. O

t—w

The following corollary is similar to Theorem 2,
which develops a sufficient condition to establish the
position consensus in (33).

Corollary 2: Assume that both (A1) and (A2) are
satisfied and there exists a positive number M, such that

\dl.j'“)\ <M, Vijel, kel m, te[0,0), then sys-

tem (33) achieves consensus.
5. NUMERICAL SIMULATION

This section presents several numerical examples for
the systems (11) and (33) in order to illustrate the
theoretical results obtained in the previous sections.

Here, we consider ten agents moving in a 3-
dimensional space with the control protocols (11) and
(33). The coupling strengths are chosenas a =1, f = 1.5,
and the velocity damping gain is set to b = 0.2. Initial
positions and velocities of the 10 agents are chosen
randomly from the cube [0,20]x[0,20]%[0,20] and
[0,4]%[0,4]%[0,4], respectively. Moreover, for each je
N;, the disturbance d;(1) =[d\’(1),d” (t),dy (]
satisfies d,;-l)(t) = cos wt, d,;z)(t) =sinwt, df)(t) = iz,

1+
and the parameter w is chosen randomly from [0, 100].
Therefore, with the definition of the dead-zone function
D;, we have ¢ = 1. The interaction topology of the ten
agents is presented in Fig. 2.

Here, the communication topology is connected, and
the weight matrix is set to be

A=
0 0 09 0 0 06 0 0 0 06]
0O 0O 06 08 0 05 0 0 0 O
09 06 0 O O O o 0 0 o0
o 08 0 O O 08 07 09 0 O
o o o O O 05 0 o0 o0 O
06 05 0 08 05 O 0o 0 0 o0
o 0 0 07 0 O 0O 0 0 o0
o 0 0 09 0 O o 0 0 o0
o o0 o0 0 0 o0 0 0 0 08
06 0 0 0 0 0 0 0 08 0|
é. 5 .s'
10 . g —
6
1 L
& &

Fig. 2. The interaction topology of ten agents.
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Fig. 3. Position convergence of ten agents for x axis.
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Fig. 4. Velocity convergence of ten agents for v axis.
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Fig. 5. Position convergence of ten agents for x axis.
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Fig. 6. Velocity convergence of ten agents for v axis.

Case 1: The consensus protocol (11) with UBB dis- 2,3}. Consequently, it follows from Theorem 2 that
turbance. second-order consensus in the multi-agent system (12)
As we can see ‘d”’(k) (t)‘ <100, Viel, jeN,, kell can be achieved. Fig. 3 depicts the motion trajectories of

> ij == ) 5 i’ )

all agents from # = 0 to 60 s, from which one can see that
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all agents eventually achieve the same position. Fig. 4
shows the convergence of velocities. Here, the final
velocities of the agents are zero, which means that the
agents achieve static consensus asymptotically due to the
velocity damping term.

Case 2: The consensus protocol (33) with UBB dis-
turbance.

It follows from Corollary 2 that second-order
consensus in the multi-agent system (33) can be achieved.
Fig. 5 depicts the motion trajectories of all agents from ¢
= 0 to 60 s, from which one can see that all agents
eventually achieve the same position. Fig. 6 shows the
convergence of velocities, where one can see that the
final velocities of the agents are also zero.

From the simulation results, we see that distributed
lazy rule can make the multi-agent system more robust
against external disturbances. Meanwhile, by comparing
the results in Case 1 and Case 2, it can be seen that the
protocol (11) has better convergence performance than
the protocol (33), while the fluctuation of the velocity on
the protocol (11) is larger than the protocol (33).

6. CONCLUSION

This paper discussed the consensus problem for
second-order agents with UBB disturbance. In this study,
it was assumed that there was a UBB disturbance in the
neighbors’ velocities feedback and only the bound of the
UBB disturbance was provided. A new velocity
estimation called distributed lazy rule was proposed in
order to solve such consensus problem. According to this
rule, each agent estimates its neighbors’ velocities from a
compact set of candidate points. By adopting the graph
theory and the Barbalat lemma, sufficient conditions for
second-order consensus in the multi-agent system were
presented. Furthermore, the bounded consensus protocol
was proposed by considering actuator saturation. Finally,
the effectiveness of the proposed theoretical results has
been demonstrated by several numerical examples.

REFERENCES

[1T A. Fax and R. M. Murray, “Information flow and
cooperative control of vehicle formations,” IEEE
Trans. on Automatic Control, vol. 49, no. 9, pp.
1465-1476, 2004.

[2] R. Olfati-Saber and R. M. Murray, “Distributed
cooperative control of multiple vehicle formations
using structural potential functions,” Proc. the 15th
IFAC World Congress, pp. 3048-3053, 2002.

[3] M. L. Kevin, B. S. Ira, P. Yang, and A. F. Randy,
“Decentralized environmental modeling by mobile
sensor networks,” IEEFE Trans. on Robotics, vol. 24,
no. 3, pp. 710-724, 2008.

[4] R. Vidal, O. Shakernia, and S. Sastry, “Formation
control of nonholonomic mobile robots omnidirec-
tional visual servoing and motion segmentation,”
Proc. IEEE Conf. Robotics and Automation, pp.
584-589, 2003.

[5] A. Tahbaz-Salehi and A. Jadbabaie, “Distributed
coverage erification in sensor networks without lo-

cation information,” [EEE Trans. on Automatic
Control, vol. 55, no. 8, pp. 1837-1849, 2010.

[6] F. Xiao, L. Wang, and A. Wang, “Consensus prob-
lems in discrete-time multiagent systems with fixed
topology,” Journal of Mathematical Analysis and
Applications, vol. 322, no. 2, pp. 587-598, 2006.

[71 V. Gazi and K. M. Passino, “Stability analysis of
swarms,” IEEE Trans. on Automatic Control, vol.
48, no. 4, pp. 692-697, 2003.

[8] T. Vicsek, A. Cziroiék, E. Ben-Jacob, O. Cohen,
and I. Shochet, “Novel type of phase transition in a
system of self-driven particles,” Physical Review
Letters, vol. 75, n0.6, pp. 1226-1229, 1995.

[9] A. Jadbabaie, J. Lin, and A. S. Morse, “Coordina-
tion of groups of mobile autonomous agents using
nearest neighbor rules,” IEEE Trans. on Automatic
Control, vol. 48, no. 6, pp. 988-1001, 2003.

[10] R. Olfati-Saber and R. M. Murray, “Consensus
problems in networks of agents with switching to-
pology and time-delays,” /EEE Trans. on Automat-
ic Control, vol. 49, no. 9, pp. 1520-1533, 2004.

[11] W. He and J. Cao, “Consensus control for high-
order multi-agent systems,” [ET Control Theory
and Applications, vol. 5, no. 1, pp. 231-238, 2011.

[12] Q. Song, J. Cao, and W. Yu, “Second-order leader-
following consensus of nonlinear multi-agent sys-
tems via pinning control,” Systems & Control Let-
ters, vol. 59, no. 9, pp. 553-562, 2010.

[13] F. Xiao and L. Wang, “Asynchronous consensus in
continuous-time multi-agent systems with switch-
ing topology and time-varying delays,” IEEE Trans.
on Automatic Control, vol. 53, no. 8, pp. 1804-1816,
2008.

[14] Z. Wang and J. Cao, “Quasi-consensus of second-
order leader-following multi-agent systems,” IET
Control Theory and Applications, vol. 6, no. 4, pp.
545-551,2012.

[15] M. Cao, A. S. Morse, and B. D. O. Anderson,
“Reaching a consensus in a dynamically changing
environment: a graphical approach,” SIAM Journal
on Control and Optimization, vol. 47, no. 2, pp.
575-600, 2008.

[16] M. Cao, A. S. Morse, and B. D. O. Anderson,
“Reaching a consensus in a dynamically changing
environment: Convergence rates, measurement de-
lays, and asynchronous events,” SIAM Journal on
Control and Optimization, vol. 47, no. 2, pp. 601-
623, 2008.

[17] A. Nedic, A. Ozdaglar, and P. A. Parrilo, “Con-
strained consensus and optimization in multi-agent
networks,” IEEE Trans. on Automatic Control, vol.
55, no. 4, pp. 922-938, 2010.

[18] E. Moulay and W. Perruquetti, “Finite time stability
of nonlinear systems,” Proc. IEEE Conf. Decis.
Control, pp. 3641-3646. 2006.

[19] Q. Hui, W. M. Haddad, and S. P. Bhat, “Finite-time
semistability and consensus for nonlinear dynami-
cal networks,” IEEE Trans. on Automatic Control,
vol. 53, no. 9, pp. 1887-1900, 2008.

[20] J. Cortes, “Finite-time convergent gradient flows



[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]
[31]

[32]

Second-Order Consensus of Multi-Agent Systems with Unknown but Bounded Disturbance

with applications to network consensus,” Auto-
matica, vol. 42, no. 8, pp. 1993-2000. 2006.

Q. Hui, “Hybrid consensus protocols: an impulsive
dynamical system approach,” International Journal
of Control, vol. 83, no. 6, pp. 1107-1116, 2010.

Q. Hui, “Finite-time rendezvous algorithms for
mobile autonomous agent,” IEEE Trans. on Auto-
matic Control, vol. 56, no. 1, pp. 207-211. 2011.

R. Olfati-Saber, J. A. Fax, and R. M. Murray, “Con-
sensus and cooperation in networked multi-agent
systems,” Proc. of the IEEE, vol. 97, no. 1, pp. 215-
233, 2007.

W. Ren, R. W. Beard, and E. M. Atkins, “Informa-
tion consensus in multivehicle cooperative con-
trol,” IEEE Control Systems Magazine, vol. 27, no.
4, pp. 71-82,2007.

P. Lin, Y. M. Jia, and L. Li, “Distributed robust H,,
consensus control in directed networks of gents
with time-delay,” Systems & Control Letters, vol.
57, no. 3, pp. 643-653, 2008.

W. Xiong and W. C. H. Daniel, “Consensus of mul-
tiagent directed networks with nonlinear perturba-
tions via impulsive control,” Proc. IEEE Conf. De-
cision and control, pp. 5804-5808, 2009.

D. Bauso, L. Giarre, and R. Pesenti, “Consensus for
networks with unknown but bounded distur-
bances,” SIAM Journal on Control and Optimiza-
tion, vol. 48, no. 3, pp. 1756-1770, 2009.

H. Shi, L. Wang, and T. Chu, “Virtual leader ap-
proach to coordinated control of multiple mobile
agents with asymmetric interactions,” Physica D:
Nonlinear Phenomena, vol. 213, no. 1, pp. 51-65,
2006.

W. Yu, G. Chen, and M. Cao, “Some necessary and
sufficient conditions for second-order consensus in
multi-agent dynamical systems,” Automatica, vol.
46, no. 4, pp. 1089-1095, 2010.

H. K. Khalil, Nonlinear Systems, 3rd ed., Prentice-
Hall, Upper Saddle River, NJ, 2002.

P. A. Toannou and J. Sun, Robust Adaptive Control,
Prentice-Hall, Upper Saddle River, NJ, 1996.

Q. Hui, W. M. Haddad, and S. P. Bhat, “Finite-time
semistability, Filippov systems, and consensus pro-
tocols for nonlinear dynamical networks with
switching topologies,” Nonlinear Analysis: Hybrid
Systems, vol. 4, no. 3, pp. 557-573, 2010.

267

Hongxiang Hu received his B.S. degree
in Electronic Engineering from Zhejiang
Gongshang University in 2005, an M.S.
degree in Mathematics from Hangzhou
Dianzi University in 2009, and is cur-
rently pursuing a Ph.D. degree in com-
plex systems at Zhejiang University of
Technology. His current research inter-
ests include multi-agent systems, collec-
tive dynamics, complex networks, hybrid and switched systems.

Li Yu received his B.S. degree in Control
Theory from Nankai University, and his
M.S. and Ph.D. degrees from Zhejiang
University, Hangzhou, China, in 1982,
1985, and 1999, respectively. He is cur-
rently a Professor in the College of In-
formation Engineering, Zhejiang Univer-
sity of Technology, China. He has au-
thored or co-authored three books and
over 200 journal or conference papers. His current research
interests include robust control and networked control systems.

Guang Chen received his B.S. degrees
in Automation from Zhejiang University
of Technology in 2009. Since then, he
joins the Intelligence System Lab, Col-
lege of Computer Science, Zhejiang Uni-
versity of Technology to pursue his M-
aster and Ph. D. degree. His main re-
search interests include complex net-
works, statistical mechanics of informa-
tion systems, collective dynamics.

Guangming Xie received his B.S. de-
grees in Applied Mathematics and Com-
puter Science and Technology, an M.E.
degree in Control Theory and Control
Engineering, and a Ph.D. degree in Con-
trol Theory and Control Engineering
from Tsinghua University, Beijing, China
in1996, 1998 and 2001, respectively.
Then he worked as a postdoctoral re-
search fellow in the Center for Systems and Control, Depart-
ment of Mechanics and Engineering Science, Peking University,
Beijing, China from July 2001 to June 2003. In July 2003, he
joined the Center as a lecturer. Now he is an Associate Profes-
sor of Dynamics and Control. He is also a Guest Professor of
East China Jiaotong University. He is an Editorial Advisory
Board member of the International Journal of Advanced Ro-
botic Systems and an Editorial Board Member of the Open
Operational Research Journal. His research interests include
hybrid and switched systems, networked control systems, mul-
tiagent systems, multirobot systems, and biomimetic robotics.




