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Exponential Synchronization for Arrays of Coupled Neural
Networks with Time-delay Couplings

Tao Li, Ting Wang, Ai-guo Song, and Shu-min Fei

Abstract: This paper deals with global exponential synchronization in arrays of coupled delayed neur-
al networks with both delayed coupling and one single delayed one. Through employing Kronecker
product and convex combination technique, two novel synchronization criteria are presented in terms
of linear matrix inequalities (LMIs), and these conditions are dependent on the bounds of both time-
delay and its derivative. Through employing Matlab LMI Toolbox and adjusting some matrix parame-
ters in the derived results, we can realize the design and applications of the addressed systems, which
shows that our methods improve and extend those reported methods. The efficiency and applicability
of the proposed results can be demonstrated by three numerical examples with simulations.

Keywords: Coupled neural networks, exponential synchronization, LMI approach, Lyapunov-

Krasovskii functional, time-varying delay.

1. INTRODUCTION

In past decades, synchronization of various chaotic
systems has gained considerable attention since the
pioneering works of Pecora and Carroll [1,2]. Presently,
it is widely known that many benefits of having
synchronization or chaos synchronization can be existent
in various engineering fields. Also, the existence of
synchronization in language emergence and development
results can help come up with the common vocabulary
and agents’ synchronization in organization management
can improve their work efficiency. Recently, the problem
on synchronization has been extensively investigated in
chaotic systems owing to the potential applications in
various engineering areas. Especially, since chaos
synchronization in arrays of linearly coupled dynamical
systems was firstly considered by [3], arrays of coupled
systems including coupled delayed chaotic ones have
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attracted the researchers’ attention as they can exhibit
some interesting phenomena [4,5], and many elegant
results have been derived in [6-21].

As one typical complex systems, delayed neural
networks (DNNs) have been verified to exhibit some
complex and unpredictable behaviors such as stable
equilibria, periodic oscillations, bifurcation, and chaotic
attractors. Thus chaos synchronization for arrays of
coupled DNNs have been discussed by the researchers,
and many elegant results have been proposed in [7-21].
In [7], by applying adaptive feedback controllers, the
paper has studied the global synchronization of coupled
complex networks with delayed coupling based on
pinning control. The stability of synchronized state has
been studied in arbitrarily coupled delayed complex
networks in [8], where coupling configurations are not to
be symmetric and irreducible. The synchronization of
linearly coupled DNNs was investigated in [9], in which
the dynamical behavior of the uncoupled system can be
chaotic or others and the coupling configuration is
variable. The authors in [10] have considered the robust
synchronization of coupled DNNs under general
impulsive control. In [11], this paper has proposed an
adaptive procedure to the synchronization for coupled
identical Yang-Yang type fuzzy DNNs based on one
simple adaptive controller. In [12], with all parameters
unknown, the authors studied the robust synchronization
between two coupled DNNs that were linearly and
unidirectionally coupled. Yet, those above-mentioned
results were presented via some kind of complicated
inequalities, which makes them uneasily checked and
applied to real ceases by the most recently developed
algorithms. Though employing Lyapunov functional and
Kronecker product, the global synchronization and
cluster one have been studied for DNNs including robust
ones and discrete-time ones with delayed coupling or one
single delayed coupling via LMIs in [13-21], and some
easy-to-test sufficient conditions have been obtained. Yet,
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the system forms in [13-21] seemed simple and the most
improved techniques in [22,23] weren’t utilized to
achieve the criteria, which make these results
inapplicable to deal with DNNs of more general forms.
Thus it is important and challenging to derive some less
conservative results ensuring the global synchronization
of coupled DNNSs.

In this paper, the global exponential synchronization
of N identical DNNs with delayed couplings is
considered and two novel LMI-based conditions are
derived by utilizing Kronecker product technique. It
shows that the chaos synchronization of coupled DNNs
is ensured by a suitable design of inner coupled linking
matrix and inner delayed coupled linking ones. The
addressed systems can include some present models as
its special cases and some effective mathematical
techniques are employed to reduce the conservatism.
Finally, the efficiency of the synchronization criteria can
be demonstrated by utilizing three numerical examples.

Notations: R” denotes the n-dimensional Euclidean

space, and R™" is the set of all nxm real matrices.
For the symmetric matrices X, Y, X >Y (respectively, X>
Y) means that X-Y >0 (X-Y>0) is a positive-

definite (respectively, positive-semidefinite) matrix; 4"

represents the transpose of the matrix 4; A, (A4),
Ainin (4)  denote the maximum eigenvalue and minimum

one of matrix A, respectively; /, represents the nxn
identity matrix; the symmetric term in a symmetric

. .| X Y [x Y
matrix is denoted by *, i.e., = .
y' z| | Z

2. PROBLEM FORMULATIONS

Suppose the nodes are coupled with states x;(7),
ie{l,---,N}, then the DNNs of general form can be
described by

xi(1) ==CB(x; () + Af (x;(1) + Bf (x; (1 = 7(1)))
N
+I(O+ Y L FLx (0 - x,(0)]

J=lj#i
S (1
+ D LK[x;(1—7(0) = x;(1)]
j=1,j#i
J A{
+ > LJx(=7(0)) =X, (1= ()],
J=lj#i

in which x,(t) =[x, (1),--,x,,()]" €R" is the state
vector of the i-th network at time ¢, B(x;)=[5(x;),
e B (g, )]” stands for the behaved function, J(x;,() =
[AGO), = £, GO and - 1) =[1,(1),++, 1, (O]
€ R" is the external input vector; C = diag{c,,:-,c,} >0,
A=a;] B=[b;] here F=[f;] K =[k;]

J =[Jjluxn are respectively the inner coupling matrices

nxn> nxn? nxn> nxn>

between the connected nodes i and ; at time ¢ and
t—1(1).

For the network (1), the following assumptions are
adopted throughout this paper.

Assumption 1: 7(¢) are the interval time-varying

delay satisfying
0<r,<t(t)<7,, 7(t)< pu<+oo0. 2)

Here we set 7, =1, — 7).

Assumtion 2: L =[]y, is the configuration matrix
that is irreducible and satisfies

N
ly=lis i#J, li== 2, Iy
J=Lj#i

Here /; >0 if there is a connection between node i
and the one j and otherwise, /;=0.

Assumption 3: There exist two positive scalars 7;,
7; such that B;(-) satisfies 0 <y, SM <,

xX=y

and

50 = B,(n) = A=) LBy = B(») -y (x = )]

<0Vx,yeRji=1--,n

Here we set II=diag{m,---,7,}, [ =diag{y,"--,7,}
I, =, I1, = %(H +T), and

Al = diag{ﬂ’ll//la"'a/‘i'nl//n},
A2 =diag ﬂ’l +lr//1 ,“.’ﬂ’n +l//n}.
2 2

Assumption 4: For any x,y € R, and constants o,
o;,

(1) satisfies the condition

[£i()= £, =07 (=) ()= fi(») =07 (x= )]

and i=1,---,n, the activation function f;(-) in

<0.
Here we denote X, =diag{o, oy ,-,0,0,} and %, =
diag,{o_rJrO_1 0';+0';}.

2 272

Based on Assumption 2, system (1) can be rewritten as
the following form:

% (1) ==CB(x; () + Af (x; () + Bf (x;(t = 7(1)))
+1(r)+§:zﬁij (t)+§:zij (K +J) 3)
Jj=1 j=1
xx; (1 = 7(t) ~ L K[x,(t = 7(1)) = x, (1))

To address the problem, we denote the set .~ = {x(s) =

[x) (), % ()] X;(8) € 7 ([tg = 7,, 7o LR™), X5)=x; (5),

i,j=1,2,---,N} as the synchronization manifold for
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system (3). In the case, system (3) reaches synchroni-
zation, i.e., x(t)=x,(t)=--=xy()=s(f), we can
deduce the following synchronized state equation
§(1) ==CB(s()) + Af (s(0) + Bf (s(t = (1)) + 1 (1)
—1;K[s(t —7(1)) - s(1)],
where i=1,2,---,N. Obviously, the synchronization is

invariant for the coupled system (4). Therefore, to realize
complete synchronization, the assumption /[, =---=

)

Iyy =1 has to be imposed on system (4).
Remark 1: In Assumption 3, the assumption on

B(x;)
conservatism in many cases such as that, for the
appropriate scalars a, b, ¢, f(x;) can be expressed by

is reasonable and does not result in the

ax;,ax; + bsin(x,), ax, + bsin*(x;), ax, + ccos(x,), ax; +
ccos’ (x;), ax; + ctanh(x;), respectively, which means

that system (1) can include those addressed forms in [12-
20] as its special cases.

As illustrated in [19], due to the communication delay,
the array of coupled nodes cannot be decoupled, the
synchronized state is always not the trajectory of an
isolated node but a modified one as (4). Furthermore,
delayed coupling matrix and the degree of the node play
the important roles in the synchronized state. In the paper,
we give an improved discussion for such synchronization.

Together with the Kronecker product in [13-16], we
can reformulate the system (3) as follows:

X(1) ==Ly @C)b(x(2)) + (I y ® Df(x(2))
+(Iy ® BY(x(t— (1)) + (1)
+(L®F)x(t)+(L® (K +J)x(t — (1))
=I(Iy ® K)[x(¢—7(2)) - x(?)]

with  x(6) =[x{ (1), xy O], b)) =[B" (x,(t)),-,
BT ey N, £ =L (), T (ey ()], and

IO =[1" @), 1" (O] .
The following definition and lemmas are adopted.
Definition 1 [14]: Dynamical networks (3) is said to
achieve global exponential synchronization, if for any

initial conditions ¢,(s), ¢,(s) € < ([¢, -7,,t,R"), i, /=
1,---,N,
| x;(1)=x,(£)|I< Me™, inwhichz>Tand ||-|| denotes

)

there exist 7>f, and &>0 such that

the Euclidean norm.
Lemma 1 [22]: For any constant matrix X € R™",

X=XT>0, a scalar functional %:=h(r)>0, and a

vector function x:[—/4,0]— R" such that the following
h

integration is well defined, then —# L_h %7 (5) Xx(s)ds <

[x(1) = x(t = )" X[x(t)—x(t —h)].

Lemma 2 [16]: Let U=[u;]y,y. PeR™, x=[x],

---,x;,]T, and y=[y1T,--~,y§,]T with x;,y; € R", =1,

< .N. If U=UT and each row sum of U is 0, then
XUOPy== 3 uy(x;—x;)) P(y;~y)).

1<i<j<N

3. DELAY-DEPENDENT SYNCHRONIZATION
CRITERIA

In the section, by utilizing the most improved
techniques utilized in [23], we state and investigate the
exponential synchronization for the system (5).

Theorem 1: Supposing that Assumptions 1-4 hold,
then the dynamical system (5) is globally exponentially
synchronized, if there exist nxn matrices P >0,

§>0,Z>0, L,(i=12), nxn matrices B >0, O;>0,
B R
R 9
matrices U >0, V>0, W >0, H>0, R>0, 0>0,G>
0, 7,>0(i=12) such that the LMIs in (6) hold

R, (I=1,2,3) making { }20, and nx n diagonal

Q, —I1]ZI, <0, Q, -1 ZI, <0,
VI<i<j<N,

(6)

where [] :[0 _[n 0n~4n In On-3n]’ 12 :[On [n On-Sn
-1, 0,5,], and Q; is at the top of next page with

nln

E,=-S+P, +Z(L1TK+KTL1)—JU_N(L1TF+FTL1)
~-T"G-G'T-UZ, - T, - T,A,,

=R+ A+UZ,,

17 :P_LlT+2(HTR—FTQ)+IKTL2—lifNFTLZ,

(1] [1]

[1]

1 =—IL{ K ~I;NL{ (K +J),
o =IK"O" —L{C-1,NFTQ" +G" +T11,,

[1]

[1]

i =hA,+0" - R,
n="PhB+R+B-S-Z-W%,,
s =—Ry + R+ Ry +WZ,,

_P3 —Z—HZI,

=0, +0 +0; =W,

=L~ L+13S+7. Z,

78 = —ILLK —1;NLY (K + ),

s = (1)K -2Z2-T'%,,

g0 =VZy (1= )Ry,

s10 =K' Q" ~[;N(K+)" Q"
Egg =—(1—=)Q - V.

%)
[

(11 [ [ [1]

w
[

[1]

~
~
|

[11 [1] [1]

[1]

Proof: Based on Assumption 3 and matrix U =
N-1 - -1
lylyy=| = . i |, we construct the follow-
-1 - N-1
ing Lyapunov-Krasovskii functional:
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E, S 0 4 0 0
*  H, 0 0 Eos 0

* ¥ B 0 0 H,
* * * “U+Q, 0 0
* * * * 5‘,55 0

QU =| % * * * * _Q3
* * * * *
* * * *
* * * % * %
* * * * * *
* * * * * *

3

V(x(t) =Y Vi(x(1)), (7)

i=1

where

Vi(x(@) = x" (1)U ® P)x(t) + 2[0x(1) = b(x(t)]"
x (U ® R)x(1) + 2[b(x(1)) - Yx(1)]"
x (U ® Q)x(1),
x(s)

T

nao= [ { e (S)J (U ® {PI g D
x(s) r x(s) T

L(X(S))} =7 L(X(S)J
X(U®_P2 Rz_j[ x(s) }ds

¥ O ])Lf(x(s))

- X(s) T

N L—m | £(x(s)) |
X(U >P3 R

® 31 X(s) } i
L* G5 ])LE(x(s)
0 t . T .
V3(x(1)) = j_m [, 7% (XU @ S)k(s)dsd6

* f::: Lig Z,& (U ® Z)X(5)dsd

with  ® =diag{IL,I1,---,I1}, Y =diag{I,T,---,'}, R=
[ — [ ——

N N

rn}s and Q:dlag {q]a"'
computing V,-(x(t))(i =1,2,3) along the trajectory of

diag{r,---, ,q,}- Now by directly

system (5), it can be deduced that

Vi(x(1)) = 2x" (1)(U ® P)x(1) + 2[Ox(r) = b(x(1))]"
x (U ® R)x(1) +2b" (x(1))({U ® 0)
x[(Iy ® O)b(x(1)+(Iy ® Af(x(1))
+(Iy @ BYf(x(t—1(1)) +1(¢)
+(LOF)X(t)+ (L Q (K +J)x(t— (1))
—I(Iy ® K)[x(1—7(1) - x(1)]]

Tao Li, Ting Wang, Ai-guo Song, and Shu-min Fei

[1]

S O O O O o o o o

Es LB E1i0

—

z 0
z 0
0 Ao
0 0
0

0
~-L5C-R"

~
3

[1] [1]
1

E8,10
599 BTQT
-0C-CTQ" -1,

* * * *

* *
*

I
o3

—2x" ())Y(U ®TQ)x(r)
+2x7 (1)U ® [T R-TTO)x(r)
+2b" (x(1)(U ® (Q - R)X(1),
Vo(x(0) <[x' (1 =70)U ® (B — P, + P))x(1 — 1)
+2x" (t—17,)(U ® (R, — R, + R;))
xf(x(t —1,)) + 1 (x(t—1,))
x(U(Q -0, + O (x(1 —79))]
—(1-p)[x" (¢ = () (U ® R)x(t (1))
+2x" (1= (1)U ® R (x(t — 7(1)))
+T (x(t = T())U ® QNI (x(t — 7(1)))]
+[x" (1)U ® P)x(t)
+2x7 ()(U @ R (x(1))
+T (XU ® 0, (x(1))]
X" (t-7, U P)X(t—7,)
+2x (t—17, ) U@ R (x(t—1,,))
+HT (x(t -7, U @) (x(1-7,))];
V3(x(1)) = X" ()73 (U ® $)+7,, (U ® Z)](1)

®)

(€))

_ I’ TOXT(S)(U®S)5((s)ds (10
- j T2 & (5)U ® 2)x(s)ds.

Based on the methods in [22], it follows from 7, =
[z, —7(®)]+[r(t)—7,] and Lemma 1 that

- 0= K (U © 2)x(s)ds
<V[x(t —r(0))-x(t -7, U ®Z) (11)
X[X( - (1) ~x(1~ )]},
=[5 = O (XU © 2)x(5)ds
<olx(t—1))-x(t— (O (U ®Z) (12)

x[x(t —7y) — x(t —7(1))],
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() -1,

and @=""" T(t). Together

rm m

with the terms in (10)-(12), we can estimate V3(x(t)) as

in which v=

Vi(x() < X" (0[5 (U ® S) +7 (U ® Z)Ix(1) ~[x(7)
=x(t=70)I (U ®)[x(1)~x(t —7,)]
— () x(—(@) - x(t-7,)]"
x(U®Z)[x(t—7(2))—x(t—17,,)] (13)
—(+@)[x(1 — 1) - x(t = ()]
x (U ® Z)[x(t —1y) — x(t —7(¢))].
For any nx n matrices L;(i =1,2), noting that UL = NL
and (UL YL®F)=(NL)®(L'F), UL (L®K)
=(NL)®(L'K) for i=1,2, it follows from (5) that

0=2[x" (UL )+x" (1)UL
x{=x(1) =Ly ®C)(x(1) + (1 y ® D (x(2))
+(Iy @ BYf(x(t—7(1))) +1(r)
=1y ®K)[x(t—7(t)—x(1)]} (14)
+2[x" ((YNLQ LT F)+x" (1)(NL ® LY F)]x(1)
+2[x" ((YNL® L] (K +J))
+x" (£ (NL® L} (K + J))|x(t — (7).

Here we can employ the following terms to simplify the
subsequent proof

Xij = X; —Xj, xy =X; _)'Cja f(ng) = f(xi)_f(xj):

Blxy) = Bx)=B(x;),  Blxy)=Flx) = Bx)).
Based on (U®Q)I(¢) =0, (U®L,.T M@)=0 for i=1,2,
and Lemma 2, combining (8), (9), (13), and (14) yields

V)<= Y {uyl2x] (0)Ps; (0)+ [Ty (1)

1<i<j<N
= By ()T Rty (1) + 287 (x;(1))

x Q[-C B(x; (1)) + Af (x; (1))

+ Bf (xl.j (t—7(1))—-IK [x,-j (t—7(t))

—x; (D]]=2x] (N Q% (1)

+2x (TR =T Q)x; (1)

+28" (x, (DNQ— R)x;; (1)
+[x§(t_10)(Pl - P+ P)x;(t—1,)

+ 25 (1= 70)(Ry = Ry + Ry) f (x (1 = 7))
+ /T Gy (t =)D — 05 + O3)

x [ (x;(t = 7o) = (1= p2)

x[xj (t =7()) Bx; (1= 7(1))

+ 20 (1 = ()R, f (£ = 7(1)))

+ /T (g (0 = 7ONOLf (x5 (t = 7(1)))]
+x] () Py (£)+ 2] (DR, £ (x5 (1))
+ /T (e (O S (x (1))]

~[x} (t=7,)Px; (t—T,,)

+2x; (=7, )Ry (3 (t —7,,))

+/ Ty 0 =7, NOs f (3 (£ = 7,,)]
+55 (O]9 S + T 2 Z 1% () =[x, (1)
—x; (1= o) S[x; (1) = x; (1 = 7p)]
~(L+ V) (= 7()) = x; (1 = 7,)T
xZ[x; (t—7(t) = x;(t - 7,,)]

~(1+ 0)[x; (1 = 79) = x; (1 —z(0)]
xZ[x; (t =79) = x; (1= (1))]

+2[x; (O] + x5 (L5 1{=5; (1)

—C B(x; (1) + Af (x; (1))

+Bf (x; (1= (1))~ IK [x;, (t = (1)) = x,, (D]}]
+2NI BT (xy (0)Q+ X[ (L]

+x5 (L3P (0) +[ BT (x (0)Q + x] (D L]
37 (L5 1K + )y (1 = 7(1)]}.

(15)

By utilizing Asumption 3 for any nxn diagonal matrix
G > 0, the following inequality holds

o< > {2[,8T(xﬁ(t))—x§ (t)FT]Gxij(t)}. (16)

I<i<j<N

For any mnxn diagonal matrices U >0, V' >0, W >0,
H>0, T;>0(=1,2) and X, II;, A;(i =1,2) in Asumptions
3 and 4, it follows that

0< ¥ - U0

I<i<j<N
= 2x) (OUZ, £ (xy (0) + 1T Gy (VU (x5 (1)]
~[x] (1= 2OV E)x; (¢ — (1))

= 2] (t=T(OWE, f (x (= 7(1)))

+ [T ey (0 =T OV (G (= T(0)))]

—[x] (1= T WE)x;(t = 7p)

- Zx; (t=7)WE, f(x;(t—7))

+ 1y (1 =2 DS (3 (1 = 7))

~[x; (t =7, ) HEx; (1 - 7,,)

—2x; (1 =7, )HE, f(x;(t - 1,,))

+ /7 Gy (1=, DHS (3 (t = 7,))]

—[xj (DT, x;; (1) = 2, (DT, B(x;; (1))

an
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+B" (G (T Blx; (1))]
] (DT, Ay x; () = 2] (DT, A B (1)
7 0y ()T By ()]}

Now together with the terms (15)-(17) and u;=—1, we
can obtain

VxS Y. ST Oy, —vI ZI - ol] Z1,15; (1)

I<i<j<N

=Y CHOA; O,

I<i<j<N

where €, is presented in (6), and

Lo =[x @) x[@-19) x[t-7,) fT 0
fTe-1) fTxyt-1,) %50
xjt—t@) ST xy—@)) B (x;(0))
B G ().

Through using Schur-complement and convex combina-
tion, the LMISs in (6) can guarantee A;(7) <0 to be true

and thus, there must exist a positive scalar y >0 such
that A;(7) <-xI <0. Therefore, one can deduce

V@< D & OA;N0E; (1)

I<i<j<N

<—z X MxOF +1x; =21,

1<i<j<N

which indicates that the system (5) can reach the
asymptotical synchronization.

Furthermore, based on the proof in [14], there must
exist two positive scalars @ >0, k>0 such that

Ix; ) lI<a Y. sup [Ig(s)—¢;(s)]le™

1<i<j<N =27, <s<0

for t>1,. By Definition 1, the dynamical system (5)

can achieve the exponential synchronization, and it
completes the proof.

Remark 2: Theorem 1 presents one novel delay-
dependent criterion guaranteeing the system (5) to be
exponentially synchronized. In [19], the authors
considered global synchronization for arrays of coupled
DNNs of simple forms and in the paper, we derive a
more general DNNss and extended constant delay to time
variable one, which extends the present methods.
Moreover, by using LMI in Matlab Toolbox, it is
straightforward and convenient to check the feasibility of
the proposed results without tuning any parameters.

Remark 3: During estimating

=7(t) _ .1 .
- L_ z, % (s)(U ® Z)x(s)ds,

[T 7 5T (s)(U ® Z)i(s)ds,

t—r(r) ™

the previous ignored terms
- J‘,t__r(t) [7(t)— 7, 15" (s)(U ® Z)i(s)ds, and
- Lt__ T(O,) [7,, — ()] (s)U ® Z)3(s)ds

have been considered based on convex combination in
Theorem 1, which can help reduce considerable
conservatism. Moreover, Theorem 1 has not utilized the
free-weighting matrix variables widely employed in
present literature, which can result in computational
simplicity in a mathematical point of view.

By utilizing the proof of Theorem 1, we try to address
the following systems of more general form

X,(1) = =CB(x;(0) + Af (x;(1)) + Bg (x; (1 — 7(2)))
N
+1(O)+ Y, Fx;(0)—x;(1)]

J=lj#i
ul 18
+ D LK[x;(t—7(0) - x;(1)] (18)
j=1, j#i
T
+ D LJlx(t—7(0) = x, (= 7(1))]
J=Lj#i

with the matrices C, 4, B, F, K, J similar to relevant ones

in system (1), and g(x,()) =[& (xy () &, (%, DI
satisfying

[g:(@)-g;(B)—p (a—p) g (a)-g;(p)

19)
-pi(a-pP))<0,Vi=1,-,n,
in which p;, p;" are given constants. Here we set
%y =diag{p pi . 00 P b
5, :diag{pﬁpl ’__,’p2+p;}_ (20)
2 2

Theorem 2: Supposing that Assumptions 1-4 and (19)
hold, then the dynamical system (18) is globally
exponentially synchronized, if there exist nxn
matrices P>0, S>0, Z>0, L;,(i=12), nxn matrices

S
B >0, 0 >0, R(/=1,2,3) making T
RO
nxn diagonal matrices U; >0 =12), V>0, W >0,
H>0, R>0, 0>0, G>0, T; >0(i=12) such that,
for 1<i<j<N,

}20, and

Q, —I1[ZI, <0, Q,; -1 ZI, <0, Q1)
where Il :[On-Zn _[n 0n-5n In 0n-3n]’ [2 = [On [n On-én
-1, 0,5,], and Q; isexpressed in next page with

By =P -S+I(L{K+K"L)-I[;N(L{F+F"L)
TG -U2, ~U,Z, ~ T[T, - T,A,,
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Z4=LA+UZ,, E5=R,+U,%,,
1§ =P-L +2(1"R-T"Q)+IK"L, ~I,NF"L,,
B9 =—IL[ K —1;NL] (K +.J),

[1]

1]

n=P =S+ K+K"L)-[;N([F+F'L)
—I'G-U\E, U %5 - T, - ThA,,

14 =L A+UZy, Bi5 = Ry +U,%,,

1§ =P—L{ +2(I1"R-TTQ)+IK" L, —~I;NF"L,,

By = —IL{ K —1;NL] (K +J),

1 =IK"Q" —L[C-1,NFTQ" +G" +T11,,

[1]

[1]

[1]

[1]

1,12 =T2Az+(Q—R)T7
n=~bB+R+B-S-Z-Wi;,

26 =Ry + R+ R+ WX, Eyz=-B-Z-HZ;,
66 = ~OrtOItOs—W, Egg = —Lg -L, +z'gS+z_'”% Z,
g0 = —ILLK—I;NLY (K +J), Egy =—L)C-R",

99 =—(l= )P —2Z -VZ;,

o10 = (1= )R +VZ,,

o =—IK"O" —lng(K+J)TQT,

10,10 = (1= 0O, =V,

[11 [ [1]

[1]

[1] [1]

[1]

[1]

B, S 0 =y Bis 0

* Hy 0 0 0 g 0
* *  Hy 0 0 0 HI,-R

* * * U 0 0 0

* * * * U, +0Q, 0 0

* * * * * =) 0
Q[j: * * * * * :6 _Q3 -H

* * * * * % *

* % % k * * *

* * % % 3 % *

* * * * k k *

* * * * * %* *

Eg Zo LB Ein 31,12_

0 Z 0 0 0

0 zZ 0 0 0

AL, 0 0 ATQ" 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

Egg Ego LiB Egii 0

* Ego  Egio o 0

* * Ep BO" 0

* * *  =20C-T, O

% * % * _T2

Proof: Based on Theorem 1, one can easily derive the
theorem and the detailed proof is omitted here.

Remark 4: If there does not exist one single delayed
coupling in systems (1) and (18), i.e., K=0, we can easily
derive the relevant results without the restriction on

hy=ly=--=ly in L=[l;]yuy-

Remark 5: Theorems 1-2 require the upper bound u
of time-delay z(¢) to be known. If x is unknown, by
setting B, =R, =0, in (7), we can derive the delay-

dependent and delay-derivative-independent criteria for
the global synchronization based on Theorems 1-2.

4. NUMERICAL EXAMPLES

In the section, three examples are provided to illustrate
the effectiveness of the proposed results.
Example 1: We consider the following DNNs

x(1) = —CL(x(1)) + Af (x(1)) + Bf (x(1 — (1)) + 1 (1)
with C =diag{l.5,1.5,1.5}, and

-10 0 O 3 2 2
A=| 0 -1 0|, B=|2 -3 2|,
0 -12 0 -2 2 3
0.1 0.8x, +0.1sin(2x,)
It)=1-02|, pB(x)=|0.8x,+0.1cos(2x,) |,
0.3 0.8x3 +0.1sin(2x3)

7(¢) = 0.5+ 0.2sin(407) + 0.05 cos’ (801),
fi(x;)=03(x; +1| -] x; —1])+ 0.1tanh(x;).

One can get 7,=03, 7, =075 wx=16, and the
activation functions f;(x;) satisfy Assumption 4. Now

-2 1 1
setting the inner linking matrix L= 1 -2 1 |,
1 1 =2

and the inner coupling matrices F =diag{7,7,7}, K =
diag{0.05,0.05,0.05}, J = diag{0.1,0.1,0.1}, we consider

a dynamic networks consisting of three linearly coupled
identical DNNs with couplings as

X, (1) = =CB(x; (1) + Af (x; (1)) + Bf (x;(1 — (1))
+I(t)+Z3:ly.ij(t)+ZB:lij(K+J) (22)
j=1 j=1

xx; (1 = 7(0)) + 2K [x,(t = 7(1)) ~ x,(1)]

for i=1,2,3. Fig. 1 shows that system (22) has a chaotic
attractor. Together with Theorem 1 and LMI in Matlab
Toolbox, there exist the feasible solutions to the LMIs in
(6), which can guarantee the array of system (22) to
achieve the exponential synchronization. The total error
is defined by

3
error() = z \/[xli (1) = x5, (O] +[x3, (1) = x5, (D),
i=1
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3
$2
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@
1L
0
0 2 4 6 8 10

t

Fig. 1. Synchronized trajectory and total synchronous
error of system (22).

and the synchronization error can be checked in Fig. 1.
During the process of simulation, the initial conditions of

nodes are selected as x, =[-0.5-0.3 0.1]T, x, =[0.7
0.5 —0.2]", and x, =[10.50.3].

Example 2: Consider one 2-dimensional delayed
network system (18) as follows:

X(1) = =CA(x(®) + Af (x(1)) + Bg (x(t = (1)) + 1 (2),

where

(15 0 2 =02
C = 5 A= 5
0 15 03 3

X
e o 0.8x,+0.2 elx1
B= . B = l+e i
02 -2.5 o2
: 0.8x, +0.2
1+e™

1) ={ 0.10 }
—-0.05
7(f) = 0.6+ 0.25sin(67) + 0.1cos* (20¢),
fi(x;) = tanh(x;), g;(x;) =0.5( x; +1| | x; —1]),
i=12.
Choosing the following inner linking matrix L=
-3 1 2
1 2 1
2 1 3
diag{5,5}, K=0, J =diag{0.15,0.15}, we still consider

a dynamic networks consisting of three coupled identical
networks with delayed coupling as

X% (1) = =CB(x; () + Af (x; (1) + Bf (x;(t = 7(1)))

+1(0)+ 23: 11 Fx; (6) + Jx (1 = 2(1))]

J=1

and the inner coupling matrices F =

(23)

error(t)

0
0 2 4 6 8 10
t

Fig. 2. Synchronized trajectory and total synchronous
error of system (23).

for i=1,2,3. Fig. 2 shows that the system has a chaotic
attractor. Based on Theorem 2, there dose exist the
feasible solution to the LMIs in (21), which can
guarantee to achieve the global exponential synchroni-
zation for the system (23). The total error of (23) is
defined by

2
error(r) = 3. ALy, (1) = xp, (OF +[%5, (1) — x5, (OF
i=1

and the total synchronous error can be depicted in Fig. 2
with the initial conditions x =[-0.5-03]", x, =
[0.30.7], and x; =[-0.5-0.6]".

Example 3: Consider one typical 2-dimensional
delayed network system (1) described by

X(1) = =Cx(t) + Af (x(1)) + Bf (x(1 = 7(1))),

where
1.2 0 1.5 -1.5
C= 5 A= ’
0 12 -14 1.2
1.5 1.2 |x +1]—]x —1]
B= , f(x)=0.5 .
25 25 | x, +1|—|x, 1]

By setting J=0, we consider a dynamic networks
consist-ing of three linearly coupled identical DNNs as

X% (1) = =Cx; (1) + Af (x; (1)) + Bf (x; (1 = (7))

3 3
+ D L Fx () + ) 1 Kx (1= (1)) (24)
Jj=1 Jj=1
— 1 K[x; (t = 7(0) = x; (0]
2 1 1
for i=1,2,3, and choose L=|1 -2 1|, F=
11 =2
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Table 1. Maximum allowable delay upper bound of 7,
for various 7 and y in Example 3.

7o\ MU methods unknown u 0.9 1.0
0 [19] 0.468 78.54 0.478
0 Theorem 1 1.263 110.1 1.267
10 Theorem 1 11.11 123.4 11.22
diag{5,5}, and K =diag{0.3,0.3}. Together with

Theorem 1 and Remark 5, we can verify that the system
(24) is globally exponentially synchronized, and the
corresponding 1, 7,, derived by the methods in the paper
and the relevant ones in [19] are listed in Table 1, which
shows that our methods can be more applicable and less
conservative than the ones in [19].

5. CONCLUSIONS

This paper has studied the global exponential
synchronization for arrays of coupled delayed neural
networks. Two novel conditions have been established
by employing Lyapunov-Krasovskii functional and
convex combination techniques. It is worth pointing out
that, the addressed systems can be of more general forms
than the present ones and some good mathematical
techniques have been employed. The derived
synchronization criteria are presented in terms of LMIs,
which can be checked easily by resorting to Matlab LMI
Toolbox. Finally, three numerical examples are utilized
to illustrate the efficiency of the derived methods by
simulation results.
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