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Proportional Navigation-Based Collision Avoidance for UAVs

Su-Cheol Han, Hyochoong Bang*, and Chang-Sun Yoo

Abstract: A collision avoidance algorithm for unmanned aerial vehicles (UAVs) based on the
conventional proportional navigation (PN) guidance law is investigated. The proportional navigation
guidance law being applied to a wide range of missile guidance problems is tailored to the collision
avoidance of UAVs. This can be accomplished by guiding the relative velocity vector of the aircraft to
a vector connecting the current aircraft position to the safety boundary of the target aircraft. Stability of
the proposed algorithm is also studied using the circle criterion. The stability condition can be
established by choosing the navigation coefficient within a certain bound. The guidance law is
extended to 3-dimensional maneuver problems. Inherent simplicity and robustness of the PN guidance
law provides satisfactory collision avoidance performance with different initial conditions.

Keywords: Collision avoidance, proportional navigation, stability, 3-dimensional problem, unmanned

aerial vehicles.

1. INTRODUCTION

Aircraft collision is a serious concern as the number of
aircraft in operation increases. Therefore, further demand
on ground air traffic control workload is expected. So far,
most air traffic controls are operated by ground station
command centres whose staffs play a key role in the safe
operation of air traffic. In particular, UAVs (Unmanned
Aerial Vehicles) will add to the volume of aircraft
needing consideration to ensure increased collisions are
avoided in the future. In the future, autonomous UAVs
are expected to carry sophisticated avoidance systems
when flying together with conventional aircraft. Onboard
sensor systems combined with self-operating algorithms
will ensure collision avoidance with little intervention
from ground stations.

With the rapid increase in air traffic in the near future,
ground station-based air traffic control may not be
sufficient to safely handle all aircraft. Thus, self-
contained onboard air traffic control or collision
avoidance systems are under intensive research. For
autonomy of collision avoidance, avoidance laws for
multiple aircraft in operation are needed. For instance,
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onboard sensors can detect other aircraft nearby.
Information related to the target aircraft such as position,
velocity, and heading angle can be used to build an
avoidance command. This architecture is close to a
feedback control approach. The avoidance law should be
generated in real-time, and simple to implement.

Many collision avoidance laws were also proposed for
applications in the area of robotics. Katib proposed the
potential field-based approach for avoidance law design
[1]. A series of follow-on research has been conducted,
motivated by the potential filed technique. The fuzzy
logic algorithm was proposed by Tang et al. for a robot
soccer problem [2]. Rathbun et al. applied the genetic
algorithm [3] and Tomlin et al. worked on the hybrid
system approach [4] for collision avoidance. Moreover,
Sigurd and How applied the total field approach to
construct an avoidance algorithm [5].

Collision avoidance for UAVs has received intensive
focus recently. Ryan et al. presented an overview of
cooperative UAV control research [6]. Ghose ef al.
studied a collision cone based UAV collision avoidance
algorithm [7]. Other research works on collision

avoidance are reported from [8] to [10]. How et al.
showed flight demonstrations for cooperative control of
multiple UAVs [11].

In this study, a collision avoidance law based upon
conventional PN (Proportional Navigation) guidance
laws is investigated. The PN guidance law is one of the
most general strategies for the missile engagement
scenario [12]. Plenty of source material regarding PN
guidance is available [12-15]. In order to apply the PN
guidance law to collision avoidance problems, a collision
avoidance vector is first defined, then the vector defining
heading angle of the aircraft is guided to the pre-defined
collision avoidance vector. Stability analysis of PN-
based collision avoidance guidance (PNCAG) using so-
called circle criterion is presented to provide a condition
for stabilizing the navigation constant. Moreover, the
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guidance law is extended to 3-dimensional problems.
The collision avoidance vector is designed toward 3-
dimensional cylinder type safety regions. Altitude
constraint is added as an additional variable for the
synthesis of 3-dimensional PNCAG law. Geometric
analysis is largely used to develop the desired collision
avoidance command. In order to prevent relatively
unsafe vertical avoidance, a weighting parameter is
introduced which provides flexibility in choosing
avoidance directions.

The proposed collision avoidance law could be
considered as an extension of the conventional PN
guidance law for the problem of aircraft collision. The
guidance law is designed to steer the aircraft in a flight
path toward the boundary of a safety bound. The safety
bound is a circle and cylinder with a minimum radius to
prevent collision. Thus, the simple modification of the
classical PN guidance law can lead to a UAV collision
avoidance strategy. The inherent characteristics of the
PN are also reflected in the collision avoidance law.
Extension to 3-dimensional maneuvers is another
attractive feature of the proposed method.

This paper is organized as follows. First, the principal
idea of the PNCAG law is introduced. To facilitate
understanding of the proposed approach, linear analysis
of the PNCAG is followed producing an analytical
solution. Next, selection of the stabilizing navigation
constant is discussed through stability analysis. A
linearized solution is presented in section IV to facilitate
understanding of the guidance law. The PNCAG law is
generalized to a 3-dimensional case in section VI. Finally,
concluding remarks are provided.

2. PN-BASED COLLISION AVOIDANCE
GUIDANCE

The main objective of collision avoidance is to
maintain a pre-defined safety range between the aircraft
and target vehicles or obstacles. Geometric configuration
for the collision avoidance problem is presented in Fig. 1.
An aircraft is facing a target aircraft classified as an
obstacle in a two-dimensional plane. For a collision
avoidance algorithm, we apply the PN guidance strategy.
It is a proven technology with numerous applications to
missile guidance problems. Recently, there have been

Fig. 1. Geometric configuration fo collision avoidance
between two aircraft.

Table 1. Summary of PNCAG algorithm.

Do while (Aircraft does not reach the goal)
Calculate the relative velocity vector
Viel =V—=Vr

If (Relative velocity vector is out of the obstacle cone)
Navigation mode is initiated
Else
Collision avoidance mode is initiated
End
End

some related studies using the PN approach for collision
avoidance of UAVs [16-18].

An obstacle cone is defined as a region formed by
three points in Fig. 1. The navigation mode is a normal
mode for which aircraft fly over a designated course
without obstacles. In the collision avoidance mode, the
aircraft should perform the collision avoidance maneuver
on its route. Based upon the geometry in Fig. 1, a
summary on the PNCAG algorithm is presented in Table
1 in a pseudo code.

For collision avoidance, the so-called collision

avoidance vector, XB in Fig. 1 is established first.
Then the relative velocity vector between the aircraft and
the obstacle is steered toward the collision avoidance
vector. From Fig. 1, the PN guidance command can be
expressed as follows:

a= erelé, (1)

is the

relative velocity vector between the aircraft and the
obstacle, 6 represents the direction of collision
avoidance, and N is the proportional navigation constant.
The avoidance law in (1) is essentially equivalent to the
general PN guidance law.

The time rate of change of the collision avoidance
vector satisfies

where a is input acceleration, v,, =v-—v,

6=+
. ; 2
=_[M+&(tan¢+tanﬂ)} @
Rycos¢ Ry

where tan 4=R, /JR% —RIZ, , sing=(yr —y)/ Ry and
cos¢ = (xy —x)/ Ry are satisfied. Thus, the PN guidance

command can be generated from the information, v,,,

Y,e1» Rps @, A and Ry. Derivation of (2) is provided
in Appendix A.

3. STABILITY ANALYSIS OF PNCAG

The PNCAG introduced above can be used effectively
for the collision avoidance maneuver. Performance of the
general PN guidance laws has already been verified in a
number of previous studies. In this section, the stability
of the PNCAG law is investigated to ensure that the
desired collision avoidance is accomplished. The
stability analysis of the PN using the circle criterion has
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been studied by Gurfil et al. [15]. Gurfil assumed that the
approaching velocity is a constant, however the
approaching velocity of the PNCAG is not a constant in
this study. Consequently, some modification is necessary
in applying Gurfil’s stability analysis method. For
stability analysis, Fig. 1 is employed to define the
necessary variables.

In Fig. 1, the equation of the motion of the aircraft
about the radial direction in the polar coordinate system
is derived as

RO+2RO=—a, cosy=—a, (3)

where each parameter is defined in Fig. 1. The approach-
ing velocity v.(f) and average approaching velocity

v.(t) are expressed as

Ve(£) =, cOS Y+ R,6, (4)
‘70 = vrelr’ (5)

where R, is defined in Fig. 1, and

7§+7}+707f+7g+7j’
15 30 420

r=[1-

_Vo7f(76‘+7j‘f—7o7/f)+ R, Gy )
840 RIN-1)0 7 p7f

Derivation of (5) is presented in the forthcoming Section
4.2. Assuming ¥ is very small, the approaching

velocity is expressed as
Ve ()=

27y +4y .
Vol 1_RPM +6
Ry(N =1)

Yotve _ (0
Viell\p —5 Ve go*
Ry (N-1)
Let G(s) denote a transfer function from command

acceleration to real acceleration. Then the equation of
motion has changed form as

N c .
b= {cl +—2} [2- Ng(1)16, %
leo
where
+ R (2y,+4
¢ =6vyR, };0 }/f_, (&3 . l——p( % +47;)
RRN-D T T RW-D)

L{g(®)]=G(s).

And L represents the Laplace operator. The equation of
motion is divided into a time invariant part H(s) and the
time varying gain f(x,¢) such that

Hs) = %[NG(s) ~2], ®)

fn=c +tc—2. 9)

8o

To apply the circle criterion [19], it is necessary to
prove that ¢, +c, /1y, is positive for 7,, €[0,7,]. One

can see that ¢, +c, /1y, is positive when the navigation

constant N is greater than 1.5. Detailed proof on this
statement is presented in Appendix B.

Now we apply the circle criterion [20] to the above
equation in the region ke[, Bl=[c;+c;/ts, 0+
cy/ t;O], where t;) is the minimum time for which

stability is achieved. Then the characteristic equation of
the closed-loop system is expressed as

14+ kH (s) = 1+ X [NG(s)=2]= 0 (10)
S
or
s+k[NG(s)-2]=0. (11)

If the acceleration command system is set to be a simple
first-order ~system such that G(s)=a(s)/a.(s)=

1 . .
%Ts +1) with 7>0 as a time constant, then the
characteristic equation can be rewritten as
Tty,s” +[(1-207)ty, —2¢,7]s

(12)
+(N=2)(¢tg +¢2)=0.

The sufficient conditions for the stability in the region
leo € [1go,15] are given by
sz
1-2¢7

N>2, tg0>2

13)
Therefore, for system stability using the PNCAG law,
the navigation constant N must be greater than 2. Note
that if the actuator dynamics are so fast that 7 is close
to zero, the system is still stable when N >2. The
actuator dynamics G(s) is assumed as a first-order
system for stability analysis.

4. LINEAR ANALYSIS OF PNCAG

4.1. Linearized PNCAG

In this section, analysis using a linearized system for
the PNCAG law is presented. Linearization of the
guidance law and associated geometry help us to
understand the PNCAG law in detail. Analysis with a
linearized system follows Zarchan’s approach [21]. First,
Fig. 2 is introduced for linearization analysis.

The navigation command is again prescribed by Eq.
(1). Furthermore, from the geometry

X =-acos(60-6,) (14)

and

x _ (o2 2
E—sm(ﬁ—eo),R— Ry —R. (15)

If 6-6, is assumed to be small, which is reasonable
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A\

Fig. 2. Geometry for the linearization analysis.

when the two aircraft are initially separated by enough
distance, then

i=-a, (16)
6=6,+x/R. (17)

Thus one can readily derive

¥=-a=-Nv,,0 (18)
and
).C'=—NVF€19+C1 =—NVF€1(60 +x/R)+C1 (19)

In other words,

i+ N——=C - Nv,,0,=C, (20)
t 7 -t
where C, and C are constants to be determined. The
solution to Eq. (20) is given by
_-[(t)t éiT T t (ft .IKT T
x=e 7 {jo[ce e+ Gyl 1)

Let us consider x(0)=0, and from (21) it follows as
C2 =0. AISO, from Flg 2, x(0)= rel(HO_l//rel,O) is
satisfied. By applying the initial condition (#=0) to

(20), the constant C is, determined as follows:

C= x(O) = Vel (90 - Wrel,O)'

Solving (21) yields
Ct
xz—f{l—L—(l—i)N:l. 22)
N-1 ty ty

Furthermore, the linearized acceleration input can be
derived as

N-2
a=—x=£{1—i} (23)
rl
together with the velocity
PO\ LAV NN ) (24)
N-1 ty

Therefore, one can see that if the final time ¢, is available,
then the acceleration command and associated state
variables can be derived analytically. Also by using the
geometry in Fig. 2
0= 90 +x/ R,
X x

= + 5
Vyel (tf _t) Vre/(tf —Z)

the final form of the acceleration command can be
derived as

a:N{ * +L2} 27)
L=t (tp—1)

The acceleration command is a PD (Proportional pulse
Derivative) control law over the cross range variable x in
Fig. 2.

4.2. Estimation of the final time

In the above analysis, the acceleration command and
state variables are formulated in terms of the final time.
Thus, estimation of the final time is needed to derive
linearized guidance solutions. First, a geometry for the
estimation of the final time is presented in Fig. 3.

The trajectory denoted as a dotted line in Fig. 3 allows
us to approximate x as a third-order polynomial of the
variable z [22]. This is also reasonable enough in the
sense that the actual aircraft trajectory is not highly
oscillatory in general. Namely,

x(2) = dy2® +dyz* +dyz+d,. (28)

Fig. 3. Variables defined for final time estimation.
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Moreover, the angle 7 between the collision avoidance
and relative velocity vectors satisfies

7z2)=——=-2(3d;2% +2d,z+d,). (29)

rel rel

If y is small, then z=v

wel>» and (29) can be rewritten

as

Wz)=3d;z* +2d,z+d,. (30)
Also, the initial and final conditions for x and ¥ are
specified as

t=0, z=0, x(z)=0,
x(z)=0.

7(2) =,

tztf, Z:R, }/(Z):yf,

Hence, by making use of the boundary conditions in
conjunction with (28) and (30), d, d;, d>, d; are shown to
satisfy

di =7,

dy=-Qy;+7)/R, dy = (7 +7)/ R
Meanwhile, the approaching velocity v, is defined as

Ve = Vi €OS Y(2) + RPé(z)

(1)
=y 005 (2) =L H2)

Let us represent v, as average approaching velocity
over the range, R to be travelled. Then

Rp .
N1 }/(z)}dz. (32)

_ 1 ¢R
Ve :E'[O |:vreICOSJ/(Z)_

By using the Taylor series expansion of the cosine
function up to the fourth-order terms

12’ | 1)*

cosy(z)=1- Y T (33)
the final time can be estimated as
4., 4
+ : +
tf:tJri 1—}/02 }/‘%+7/07/f+7/0 4
Vel 15 30 420
-1
WG +7r-%rs) R

80 R(N-1)

where all necessary parameters are defined already, and
Yo ¥y aregivenby

% =6 V0

y -0 —y :eo_l/lrel,o
f 0 rel,f 1-N >
where the subscripts 0, and f denote initial and final
states, respectively. (34) provides estimation of the final
time when the aircraft crosses the safety boundary point
in Fig. 3.

5. SIMULATION

Simulation study is carried out to demonstrate
performance of the proposed collision avoidance
algorithm. Both nonlinear and linear acceleration
commands are examined in the simulation. The aircraft is
modelled as a particle in a two-dimensional plane. The
obstacle is also assumed to be a particle in the same
plane. The corresponding kinematics and dynamic
equations of motion for the two-dimensional planar
motion are prescribed as

x(t) = v(t)cosy(t), (35)

y(t) = v(t)siny (1) (36)
and

§(0) = ~a(O)sinW, () Y (1), (37)

Y (1) = a(t)cos(W,q =Y (1)), (38)

where v(f) and w(¢) represent the velocity and heading
angle of the aircraft, and ,,(¢¥)=a(t)/v,,. The

simulation conditions are listed in Tables 2 and 3 for
aircraft and obstacles, respectively. Three different initial

Table 2. Simulation conditions for the linear and nonlin-
ear approaches - Aircraft.

Case | Case 11 Case 11
Initial position (km) (0, 0) 0,0) 0,0)
Target position (km) (0, 20) (0, 20) (0, 20)
Initial speed (m/s) 100 150 200
Heading angle (rad) /2 /2 /2

Table 3. Simulation conditions for the linear and nonlin-
ear approaches - Obstacle.

Case | Case II Case 111
Initial position (km) (-10, 10) |(-4.7,14.,7)| (0, 15)
Target position (km) (10,10) | (4.7,5.3) 0, 5)
Initial speed (m/s) 100 100 200
Heading angle (rad) /2 -rl4 -r/2

i TRAJECTORY OF AIRCRAFTS

nap-

06

0.4

02

0 H H H I H H H H
-1 08 06 04 D2 0 0z 04 0B 08 1

Fig. 4. Simulation results for Case I.
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Fig. 5. Response of the simulation results for Case II.

<10t TRAIECTORY OF AIRCRAFTS

Fig. 6. Simulation results for Case III.

conditions are prescribed for the simulation - Case I,
Case II, and Caselll.

Simulation results for each different initial condition
are presented in Figs. 4 to 6. For all cases with different
initial conditions, in particular different heading angles,
collision avoidance is successfully achieved. The
PNCAG law was able to accomplish collision avoidance
against a moving obstacle.

6. 3-DIMENSIONAL COLLISION AVOIDANCE

6.1. Collision avoidance for 3-dimensional problem

In this section, the collision avoidance problem
formulation is extended to the 3-dimensional flight
dynamics and collision models. The safety region is
modelled as a cylinder for which the height represents
the vertical safety boundary. The collision avoidance
course is designed considering the geometry of the
cylinder-type safety region. Analysis on the collision
course and associated avoidance scenario are conducted

Fig. 7. Collision avoidance problem in the 3-dimension-
al space.

A,

Collision
avoidance
vactor

x
-

A

Collision
avoidance
vector

Fig. 9. Two-dimensional view in the w—z plane.

also in the context of a PN guidance law.

The conflict situation between an aircraft and a target
(obstacle) in the 3-dimensional space is illustrated in Fig.
7. For collision avoidance, the safety boundary of the
target aircraft is made of a cylinder with a safe height
and radius. The exploded view in the two-dimensional
x—y and w—z planes are also displayed in Figs. 8

and 9. Consequently, the approaching aircraft should not
penetrate the safety region to minimize the possibility of
collision. With this goal, the aircraft velocity vector
should be steered toward the edge of the cylinder. The
acceleration-based command for the 3-dimensional
guidance is issued as

a, = Nv,,6,, (39)
a, = Nv,,6,. (40)

The above guidance command is a PN guidance
command essentially identical to that of the previous
two-dimensional case. The vertical (a,) and horizontal
(ay,) acceleration commands consist of angle variables as
displayed in Figs. 8 and 9, respectively.
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6.2. Determination of the avoidance vector

For the guidance law in (39), (40), the collision
avoidance vector should be determined first. For this
goal, Fig. 10 shows an exploded view of the collision
avoidance vector in the 3-dimensional framework.

From Fig. 10, assuming that the obstacle is detected at
a far enough distance, the angle variable satisfies

’

0 ZVBP’/VIB, (41)

where rpp denotes the range between the points B and

’

P, whereas rp. for / and B. From now on, the

notation » with subscripts is used to denote a range
between associated points unless otherwise specified. If
we take the time derivative of (41), it follows as

é, = —fIBQ, /r]B. (42)
It should be noted that 7 >0 and 7 <0, thus

6 <6. Therefore, the minimum acceleration command
is achieved when the collision avoidance vector is
selected as a line connecting the points / to P which
minimizes 6. Furthermore, in order to find the point

P for which @ becomes a minimum, let us consider

the segments AD, A'D", A4 and DD in Fig. 10.

Casel: A4 and DD sector
First, Fig. 11 shows an additional geometry from the

top Fig. 11 to locate the point P.
In Fig. 11, the following relationships hold

OL=0+V~Vyu> (43)

Op = =0+ 7+, (44)
and

8=V, — 9. (45)
Furthermore,

rig = Rpcosd + Rp,

where R), is the radius of the safety cylinder in Fig. 8, and

Fig. 10. Exploded view of the 3-dimensional collision
avoidance vector.

Fig. 11. Additional view for determination of the
collision avoidance vector.

the distance from the aircraft to the target is given by

Ry = \/ (x—xp)? +(y—yr)*. Next another auxiliary

geometry formed by the points A/B is displayed in Fig.
12. The height of AIB, r;;. can be written as

rLerAzzzT+AzT—z, —R;, <Azy <R, 47

Also,
_ \/ 2 2_p2

r =NG&=xp) " +(y=yr)” - Rp (48)
and

1y =1 | cosOy. (49)
Furthermore, it can be shown that » . =r ., and

AA BB
2, 2

g [rip + Tog (50)

Tap =T g = rIBtangL. (51
Therefore,

Voo, 0

_ _ rptan@

6, (Az) =tan VAB _ gt B L > L =
v '
IB }’IB 1+I’BB' /VIB

Since 75 >> rog then &, can be approximated as

6, (Az) = tan” " (tanb; ) = 6, . (53)

The same procedure can be applied to the sector DIB to
produce

Y B W

Fig. 12. New geomegtry A/B for the collision avoidance
vector.
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O (Az) = tan™ (tanby ) = 6. (54)

As a consequence, the arc sectors A’A”, DD’ can be
considered as near-linear lines. Over the linear lines
A'A", D/D", the point for which 6 becomes a
minimum can be determined as the point where the point
B intersects with A,A", D'D" at90 degrees.

Casell: 4D, 4D  sector
In order to find the point P’ for which the angle 6

becomes minimum over the A,D’, A'D" sectors, Fig.
13 is introduced. First, let us note that —y<e<y is
satisfied, and ¢ also satisfies

_6—_COSE_6+_— =V.
R?(e)~2RycoseR(e)+ Rf —Rp =0 (55)

The above equation can be solved for the distance
(R(€)) to the safety circle as shown in Fig. 13.

R(e) = g = ETcos(e) + WIR}% - E%Sinz(e), (56)

where the plus sign denotes the semi-circle behind the
obstacle whereas the minus sign corresponds to the semi-
circle in front of the obstacle.

In Fig. 14, the distance from the aircraft to the
projected plane is given by

rig =1/ cos(d—e) (57)
and

sy v
_nE 1B

=Ry +zp —2)r_,
EE  py, FF R(e)cos(5—e)( n I =

(58)
"B

S TB Ry )
" = Reeos@—0) )

In order to locate a point which results in the

Fig. 13. Two-dimensional view to determine the
collision avoidance vector over A’A", DD’

sector.

N
Fig. 14. Side view to determine the collision avoidance
vector.

minimum range between points B and P, a parameter

R = rap /1y is defined. Then,

1”2 4 }"2 1’2 ’ +r2
R =8P _ BE _ EE BE
2 2 2
7B 7B TiB (59)
2
—z*R
=tan*(6—e)+ ZrTEZ % |
R(€)cos(de)

Taking the differentiation of (59) with respect to e
yields

. z 2R(e)
B_R' B sm(ﬁ—e)[l - R J—cos(ﬁ—e){ © J

e cos>(5—¢)

>

(60)

where Z=z;—z*R  Since R(&)>>|zp—z%R,|,

then (60) can be rewritten as

aizz sin(0 —e¢) 61)
de cos> (5 —¢)

with 9%R /d¢* > 0. This verifies that when ¢ = 0, R
becomes a minimum, the range (73p) between points B

and P, isalsoaminimum.

6.3. Vertical maneuver weighting parameters (77;;,77p)

In general, the safety distance for collision avoidance
is much larger in the horizontal plane than the vertical
plane. Thus, the collision avoidance vector tends to point
in a vertical direction. But in practical cases, the margin
for vertical maneuvers by aircraft is very limited
compared to horizontal maneuvers. Thus, maneuvering
in a vertical direction may be riskier than maneuvering
horizontally. This motivates us weighting parameters by
which we can artificially create maneuvers in the
horizontal direction even if the vertical maneuver is more
efficient in terms of energy consumption (47).

The weighting parameters can be determined by
several factors. For instance, some ground obstacles and
other aircraft should be considered for the weighting
factors. Furthermore, aerodynamic characteristics of the
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VERTICAL WEIGHTING

YVertical Weighting

1 12 14 16 18 2 22 24 ZB 28 3
Estimated Callision Altitute of Obstacle (ft) w10

Fig. 15. Trend of the weighting parameters for the verti-
cal maneuver (alt,,;, = 3048m, alt_,,,,=9120m).

aircraft could be an important factor to be taken into
account. Mathematically, the weighting factor (77) can

be modelled in the form
n=f(altyge,altyin, hg,Corgr=-+°), (62)

and alt

where alt,,,, min  TEpresent maximum and

minimum operational altitude, respectively, A, is the
height of ground obstacles, and c,.,, denotes aerody-
namic coefficients. In this study, only altitude limitations
are considered in the formulation. The weighting
parameters for the vertical maneuver are defined as
follows:

_altest —altyin—Ry

np =1+16e 1000 ) (63)
_altmax—altgst —Ry,
Ny =1+16e 1000 ) (64)

where alt,, represents the expected altitude estimate of
the obstacle, and can be written as

2 2 .
v, (R, €080 — | Rp — Ry, SINO)
alt,, = zp +———2 a . (65)
vrel,xy

where the variable z; and vy represent the target

coordinate and speed in z direction, and the subscript
xy denotes xy— plane. The weighting parameters with

respect to the obstacle altitude are displayed in Fig. 15.

6.4. Computation of 6,

Once the collision avoidance vector is determined, the
time derivative of the angle changes (6,,6,) should be
established for the PNCAG law. The basic idea is
analogous to the 2-dimensional case, and it is simply

extended to the 3-dimensional case as the guidance law
in (39) and (40). First, the time derivative of the vertical

angle is derived. In Fig. 14, the distance, R(J),

Table 4. Algorithm for determining év.

If z>zp+Ry,
év = min[évURsévDF]
elseif zp —R,<z<zp+Ry,
év = min[évUFralvDF]
Else

6, = min[0,yF,6,pr]

where the subscripts U and D correspond to the upper
and bottom parts of the cylinder, whereas F' and R denote
the front and rear sections of the semi-circle.

between the aircraft and obstacle is given by

R(8)= Ry, cosS+, IR - Rf,sind, (66)

where

5=y, —sin”" Wr=y) (67)

Txy
and y,yy; denote y components of the aircraft and
target. Furthermore,

——,Az=z;-z%R, (68)

where plus and minus signs represent top and bottom
parts of the cylinder, respectively. The time derivative of
(68) results in

(v —v)R(8) + Az

5 rel,xy
i R*(8)+AZ> ' (©9)

v

As is shown in Fig. 14, there are four possibilities in the
time derivative of the angle, év. The algorithm for

determining a particular 6, out of four is summarized
in Table 4.

6.5. Computation of 6,
The time derivative of the horizontal angle 6, can be
computed from

6, =97, (70)
where

. % sin R

¢ __ rel,xy Viel Txy tan¢ (71)

RTXycos¢ RTXy
and
R
7=——2tany. (72)
Txy

Collision avoidance direction in the left or right-hand
side can be decided as follows; if w,, >¢, then
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0, =0+7, andif w,,; <@, then 6, =¢—7.

The time rate of changes of the vertical and horizontal
Angles (év,éh)
weighting parameters (77;;,7]p) are derived as follows:

M

where

combined with vertical maneuver

A= max[sign (”6’,, " —"77®V
B= max[sign(”?]@v " —"9h

=y m Mo M,

o),
o),

szgn( VUF||)+1
o, = szgn( vUR")+1 49'V

szgn( VDF||)+1

szgn( vDR||)+1

and sign( ) denotes the signum function. The time rate

of changes of the vertical and horizontal angles (6,,6,)

for the collision avoidance vector can be directly
incorporated into the 3-dimensional PNCAG guidance
command in (39) and (40).

To verify the proposed algorithm, a simulation study
with different initial conditions is performed with the
conditions in Tables 5 and 6, respectively.

Simulations are also conducted with different weight-
ing parameters for the vertical maneuver. First Fig. 16
shows a 3-dimensional collision avoidance scenario for
the Case I initial condition. Collision avoidance takes
place about the vertical direction. Fig. 17 presents
simulation results for Case I but with different design
parameters in altitude limits as well as weighting
parameters. As we can see, collision avoidance is

Table 5. Simulation condition for 3-dimensional colli-
sion avoidance (aircraft).
Case 1
(0,0,5.49)
(0, 74.03, 4.31)

Case 11
(0,0,5.49)
(0,74.03,4.31)

Initial position (km)
Target position (km)

Initial speed (m/s) 102.7 102.7
Heading angle (rad) -r/2 /2
Flight path angle(rad) -0.0165 -0.0165

Table 6. Simulation conditions for the linear and nonlin-
ear approaches (obstacle).
Case 1 Case 11
(-47.22,37.04,4.88) | (0,74.03,4.88)

Initial position (km)

Target position (km) | (28.85,37.04, 4.88) | (0,0, 4.88)
Initial speed (m/s) 102.7 102.7
Heading angle (rad) 0 -/2
Flight path angle (rad) 0 0

TRAJECTORY OF THE AIRCRAFT

ALTITUDE (f)

w100

Y (f) 07 5

X ()

Fig. 16. 3-dimensional simulation results for Case I
(alt,, . =6080m, alt,,;, =3048m, n; =1.7966,

np =1.1078).

ALTITUDE (/)

¥ ()
X ()
Fig. 17. 3-dimensional simulation results for Case I
(alt,,,c =5486m, alt,,;, =3962m, n; = 6.8861,
np =3.1654).

min

achieved in the horizontal direction. It is significantly
different from that of Fig. 16 where the aircraft avoids
collision in the vertical direction. This illustrates again
the effectiveness of weighting parameters in designing
the desired avoidance maneuvers.

In Fig. 18, the simulation result for Case II is
illustrated with appropriate design parameters. The
aircraft and obstacle approach each other from opposite
directions. In this case, collision avoidance also takes
place in the vertical direction. Fig. 19 also shows
simulation results for Case II. With different weighting
parameters, especially large 7, 775, the collision

avoidance vector is steered in the horizontal plane. This
again illustrates the effectiveness of the weighting
parameter.

Through the simulation results, 3-dimensional colli-
sion avoidance is accomplished by the PNCAG law.
Determination of a collision avoidance vector in
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TRAJECTORY OF THE AIRCRAFT

ALTITUDE {9

Y i) ) 0 IEEEE ’_1 05
X

Fig. 18. 3-dimensional simulation results for Case II
(alt,, . =6080m, alt,;, =3048m 1, =1.7966,

np =1.1078).

TRAJECTORY OF THE AIRCRAFT

ALTITUDE ()

Y ()

1
X (ft) o

Fig. 19. 3-dimensional simulation results for Case II
(alt, =5182m, alt,,;, =4572m, 17, =17.0,

77D = 17.0).

conjunction with a weighting parameter to adjust
maneuver directions allows us to design the desired
avoidance maneuvers.

7. CONCLUSIONS

A collision avoidance guidance law motivated by the
conventional proportional navigation guidance method is

applied successfully to the collision avoidance of aircraft.

The proposed guidance law was tested through stability
analysis and simulation study. From the simulation
results, the new approach effectively achieves collision
avoidance against the target aircraft with different initial
conditions. The three-dimensional collision avoidance
guidance law was also verified through simulation. By
simple geometric analysis, the collision avoidance vector
was shown to be uniquely determined. The aircraft
velocity vector was also steered toward designed points

of the safety boundary in the three-dimensional
formulation. The weighting parameter for vertical
maneuver enables us to design avoidance maneuvers in
either vertical or horizontal directions with the same
initial conditions.

APPENDIX A
In this appendix, the kinematic relationship for the
collision avoidance angle in (2) is derived. First, Fig. A.1
shows the angle variables defined to assist the
mathematical derivation.
In Fig. A1, the angle variable ¢ satisfies

. y X
Sing =—, cos¢p=—. Al
¢ R, ¢ %, (A1)

Differentiation of (A1) yields

. JR;—yR ) R
cos¢¢=—y T 2y T =L——Tsin¢. (A2)
Thus,
' R
=Y T iang, (A3)
Rrcos¢p Rp

Since y =-v,siny,,;, (A3) can be rewritten as

b= —| LS Wrer Ry ) (A4)
Rrcos¢p Ry

Similarly, for the angle variable %, it can be shown that

sinAd = Rp (AS)
Ry

and

e

Fig. 20. Angle variables to define the kinematic rela-
tionship.
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cosAA = —R—Tsin/i

R (A6)

thus

A= —ﬁtanﬂ.

R, (A7)

Finally, by using 6=¢+4, one can derive the

kinematic equation for the angle variable & as (2).

V. Sin R
=— ’ez—vlrd+—T(tan¢+tan/1) .

(A8)
Rrcos¢p Ry

APPENDIX B
Since 1., €[0,¢,] is positive, supplementary state-

ments are necessary to prove c¢;+c,/t,, is positive

also over f,,€[0,¢;]. Thus, the following conditions

should hold
1) constant ¢, must have a positive value,

2) ¢ +c,/t; mustbe positive.

Proof 1: Since

2R —
o =L1- 220 N 32 (B1)
r Ry (N-1)
a) If N <3, then ¢, hasapositive value.
b) If N>3 with Ry>R,,% is small and

(N—l)2>(N—3), then it can be regarded that
) :%. In addition, I'>0, therefore ¢, is

greater than zero.
According to a) and b), ¢, is always positive.
Proof 2: Note that

c_2:vr_e,{l+2RP7/0 2N -3 } E2)

Ry Ry (N-1)?

(B2) is positive if N is greater than 1.5.
According to Proofs 1 and 2, ¢ +c¢,/t,, remains

always positive in #,, € [0,¢,] if N>1.5.
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