Fuzzy Inf. Eng. (2013) 4: 383-397
DOI 10.1007/512543-013-0153-1

ORIGINAL ARTICLE

Prime Fuzzy Ideals, Weakly Prime Fuzzy Ideals of
I'-semigroups

Sujit Kumar Sardar - Pavel Pal

Received: 10 March 2013/ Revised: 26 August 2013/

Accepted: 12 September 2013/

© Springer-Verlag Berlin Heidelberg and Fuzzy Information and Engineering Branch of the Operations
Research Society of China

2013

Abstract Using fuzzy points the notions of prime fuzzy ideals and weakly prime
fuzzy ideals of a I'-semigroup have been introduced. Some important properties and
characterizations of these ideals have been obtained. The concluding result shows
that our work sharpens previous works on prime fuzzy ideals of I'-semigroups.
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1. Introduction

Uncertainty is an attribute of information and uncertain data are presented in various
domains. The most appropriate theory for dealing with uncertainties was introduced
by Zadeh [17] in 1965 by defining fuzzy set which has opened up keen insights and
applications in vast range of scientific fields. Rosenfeld [9] pioneered the study of
fuzzy algebraic structures by introducing the notions of fuzzy groups and showed
that many results in groups can be extended in an elementary manner to develop
algebraic concepts. After that Kuroki [7, 8] started the study of fuzzy ideal theory in
semigroups. Xie [16] used the notion of fuzzy points to introduce prime fuzzy ideals
in semigroups. The notion of I'-semigroups was introduced by M.K. Sen [14] as a
generalization of semigroups. T.K. Dutta and N.C. Adhikari [3] developed the theory
of I'-semigroups by introducing the notion of operator semigroups. I'-semigroups
have also been the object of study of many researchers like Chattopadhyay [1, 5],
Chinram et al. [2]. The notion of I'-semigroups have been extended to fuzzy setting
by S.K. Sardar and S.K. Majumder [11-13]. They have studied fuzzy ideals, fuzzy
prime ideals, fuzzy semiprime ideals and fuzzy ideal extensions in I'-semigroups in
usual way as well as via operator semigroups. Since I'-semigroups generalize the
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notion of semigroups, in order to develop the theory of I'-semigroups one takes the
impetus from the results of semigroups and investigates their validity in the general
setting. In this paper mainly focusing on this philosophy in the context of fuzzy
setting, we investigate in I'-semigroups the validity of various properties of fuzzy
prime ideals of semigroups. We study here prime fuzzy ideals, weakly prime fuzzy
ideals in I'-semigroups by using the notion of fuzzy points. Results of Sardar and
Majumder [12] are encompassed in our work (cf. Remark 6).

It is important to mention here as to why different types of prime ideals arise in
fuzzy setting in contrast with the crisp setting of semigroups or I'-semigroups. When
we formulate some fuzzy notions, to check the correctness of the formulation, we
always verify whether the level subset criterion and characteristic function criterion
are satisfied. Some situations are very nice where translations of crisp notions to
fuzzy setting become compatible with the level subset criterion and characteristic
function criterion. But in case of prime fuzzy ideals, the situation is not so nice.
Just by analogy with the definition of prime ideal in crisp algebra (c¢f. Definition
12), if we define prime fuzzy ideal (c¢f. Definition 14) in ['-semigroups, then we see
that (strong) level subset criterion does not hold (¢f. Example 5). In order to make
the notion compatible with the level subset and the strong level subset criteria (cf.
Theorem 9), the notion of weakly prime fuzzy ideal (¢f. Definition 15) is introduced.
In this regard, we refer to [6].

We organize the paper as follows. In Section 2, we recall some preliminary notions
of I'-semigroups as well as of fuzzy subsets in I'-semigroups. In Section 3, we define
fuzzy points and their composition in a I'-semigroup and subsequently characterize
composition of two fuzzy points in I'-semigroups (cf. Theorem 1). Also some related
properties of fuzzy points are studied in this section. In Section 4, prime fuzzy ideals
of I'-semigroups are defined. We then obtain various properties of prime fuzzy ideals
(cf. Propositions 5, 6, 7, Theorems 3, 5, Corollary 2). Some important characteriza-
tions of prime fuzzy ideals are also obtained (c¢f. Theorems 6, 7, 8). Weakly prime
fuzzy ideals of I'-semigroups are then defined and studied. It is shown that unlike
prime fuzzy ideals they satisfy level subset criterion (c¢f. Theorem 9). Some other im-
portant properties of weakly prime fuzzy ideals are also obtained (¢f. Theorem 10).
To conclude it is shown that weakly prime fuzzy ideals in a commutative I'-semigroup
is nothing but the fuzzy prime ideals [12] of both sided I'-semigroups which means,
as mentioned earlier, that results of [12] are encompassed in our work.

2. Preliminaries

In this section, we discuss some elementary definitions that we will use later in this
paper.

Definition 1 [14] Let S and T be two non-empty sets. S is called a T'-semigroup if
there exist mappings from S X I' X S to S, written as (a,a,b) — aab, and from
I'x S X T toT, written as (a,a,5) — aap satisfying the following associative laws
(aab)Bc = a(abB)c = aa(bBc) and a(afb)y = (aB)by = aa(Bby) for all a,b,c € S
and for all o, B,y €T.

Remark 1 Definition 1 is the definition of both sided I'-semigroup. It may be noted
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here that in 1986, Sen and Saha [15] introduced the notion of one sided I'-semigroups.

Definition 2 [15] Let S = {x,y,z,---}and T = {a,B,y -} be two non-empty sets.
Then S is called a T'-semigroup (one sided) if there exists a mapping S XI' X § —
S (images to be denoted by aab) satisfying

(1) xyy € S,

(2) (xBy)yz = x8(yyz) for all x,y,z € S,a,B,y €T.

Throughout this paper unless otherwise mentioned S stands for a one sided I'-
semigroup.

Example 1 [14] Let S be the set of all 2 x 3 matrices over the set of positive integers
and I" be the set of all 3 x 2 matrices over same set. Then S is a both sided as well as
a one sided I'-semigroup with respect to the usual matrix multiplication.

Example 2 Let S be a set of all negative rational numbers. Obviously, S is not a
semigroup under usual product of rational numbers. Let ' = { —ﬁ: p is prime}. Let
a,b,c € S and @, € I'. Now if aab is equal to the usual product of rational numbers
a,a,b, then aab € S and (aab)Bc = aa(bBc). Hence S is a one sided I'-semigroup.
It is also clear that it is not a both sided I'-semigroup.

Definition 3 A I'-semigroup S is called a commutative T'-semigroup if aab = baa for
alla,be S and a €T.

Definition 4 [17] A fuzzy subset u of a non-empty set X is a function u : X — [0, 1].

Definition 5 Let u be a fuzzy subset of a non-empty set X. Then the set i, = {x €
X :u(x) >t} for t € [0, 1], is called the level subset or t-level subset of u and the set
e ={x e X :ulx) >t} fort € [0, 1], is called the strong level subset or strong t-level
subset of u.

Definition 6 [11] Let S be a I'-semigroup and u,, us be two fuzzy subsets of S. Then
the composition of uy and y, is defined by

V Amin{u (), p2(D)Y}, if there exist y,z € S,y €T with x = yyz,
(urop)(x) = =72
0, otherwise.

Definition 7 [3] Let S be a I'-semigroup. A non-empty subset I of S is said to be a
right ideal (left ideal) of S if ITS C I (resp. ST'I C I). I is said to be an ideal of S if
it is a right ideal as well as a left ideal of S.

Definition 8 [11] Let S be a I'-semigroup. A non-empty fuzzy subset y of S is called
a fuzzy left ideal (fuzzy right ideal) of S if u(xay) > u(y) (resp. w(xay) > u(x)) for
all x,y € S, and for all « € T'. y is said to be a fuzzy ideal of S if it is a fuzzy right
ideal as well as a fuzzy left ideal of S. Equivalently, a non-empty fuzzy subset u of S
is called a fuzzy ideal if S oo S C u, where S is the characteristic function of S.

@ Springer



386 Sujit Kumar Sardar - Pavel Pal (2013)

3. Fuzzy Points

In this section, we define fuzzy points and their composition in a ['-semigroup. Many
of their properties are also observed here for their use in the sequel.

Definition 9 Let S be a I'-semigroup of S. Leta € S and t € [0, 1]. We now define a
fuzzy subset a; of S as follows

1, if x=a,
a(x) = .
0, otherwise

forall x € S. We call a; a fuzzy point or fuzzy singleton of S.

Remark 2 For any fuzzy subset f of S, itis clear that f = U a,.

acf

Definition 10 Let a, and b, be two fuzzy points of a I'-semigroup S. Then the compo-
sition of these two fuzzy points is defined by

Vv {minf{a;(y), b,(z)}}, if there exist y,z€ S,y € ' with x = yyz,
a; © by(x) = 4%

0, otherwise.

Theorem 1 Let S be a I'-semigroup, a, and b, be two fuzzy points of S. Then
aob. = U (a’yb)t/\r-
yel’

Proof Letx e S. If there do not exist any y,z € S and y € I" such that x = yyz, then
(@ 0 b)) = 0= (U (ayb)u)().

Again for y,z € § and y € I" if x = yyz implies either y # a or z # b, then also
(ar0by)(x) =0 = (ygr(ayb)m)(n

Now if x = ay'b for some vy € I, then
(@, 0 b)(x) = a@) Aby(b) =t Ar = (ay by (x) = (ygr(ayb)m)(x}
Hence a; o b, = U (ayb)a,.
yell

Lemma 1 Let S be aT-semigroup, f, g and h be fuzzy subsets of S. Then fo(gUh) =
(feg)U(foh).

Proof LetxeS. Then
(fo(gUm)(x) = sup {f(») A(gU M)} = sup {f(y) A{g(z) V h()}}

= fed

= sup (L) A 8@V (FO) A K@)
x=yyz

= sup {f() A g}V sup {f) A ()
= i

= ((f o 9) U (f o h)(X).

This completes the proof.
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Definition 11 Let S be a T'-semigroup and a, be a fuzzy point of S. Then the fuzzy
ideal generated by a, denoted by < a, >, is the smallest fuzzy ideal containing a, in
S.

Proposition 1 Let S be a I'-semigroup and a, be a fuzzy point of S. Then the fuzzy
ideal generated by a, denoted by < a; >, is

t, ifxe<a>,
<a,>(x)={ 7

0, otherwise

forany x € S, where < a > is an ideal of S generated by a.

Proof Let f be a fuzzy ideal of S such that @, C f. Then f(a) > a,(a) = t. Now let
ze<a>={a}Ual'S USTaU STal'S. If z = a, then f(z) = f(a) > t. If z = aax for
some x € S and a € I, then f(z) = f(aax) > f(a) > t (¢f. Definition 8). Similarly,
we can show that f(z) > tif z = yBa or z = xaaBy for some x,y € § and @, € I'. So
<a; >C f.

Again let x,y € S andy € I If x,y €< a >, then xyy €< a >. So < a; >
(xyy) =t =< a; > (x) =< a; > (y). Again if x,y ¢< a > but xyy €< a >, then
<a;>yy)=t>20=<a > (x)=<a,> ). If x,y ¢< a > and xyy ¢< a >, then
<a > (xyy) =0=<a > (x) =<a, > (y). Againif x e< a > and y ¢< a >, then
xyy €<a>. So<a; > (xyy) =t =<a, > (x) >0 =<a, > (y). So < a, > is a fuzzy
ideal. Since < a; > (x) > a,(x) for all x € S, < a, > contains a,. Hence < a; > is the
fuzzy ideal generated by a;.

Proposition 2 Let S be a I'-semigroup and a; be a fuzzy point of S. Then

t, if xe STal's,
0, otherwise

S oatOS(x):{
forall x € S.

Proof Letx e S.If x # wazBy for any w,z,y € S and o, € T, then x ¢ STal'S
and S oa, o S(x) = 0. Now let x = wazBy for some w,z,y € S and @, 8 € I'. Then

SoaoS(x)= VvV {Soa(p)AS(g)}
X=pyq
V(S ca(p)}
X=pyq

v A{S () Aa(n)
xX=50ryq

= VvV aql(r).
xX=s0ryq

If there exists one r = a, then a,(r) = 1 andso S oca;, 0o S(x) = 1, 1i.e.,if x € STal'S,
then S o a, o S(x) = ¢, otherwise S ca; o S(x) = 0.

Proposition 3 Let S be a I'-semigroup and a, be a fuzzy point of S. Then < a;, >=
aUaoSUSoaqUSoaoS.
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Proof By Proposition 1, we can say that for any x € S,

t, ifxe<a>,
<a >(x)=

0, otherwise.

Letx e S. If x ¢< a >= {a} USTaUal'S U STal'S, then < a; > (x) = 0. Now
x ¢ STal'S implies that S o a; o S(x) = 0, x ¢ STa implies that S o a,(x) = 0,
x ¢ al'S implies that a, o S(x) = 0 and x # a implies that a,(x) = 0. So a; U a, o
SUSoaq,USoqo0S(x)=0.Againif x e<a>={a}USTaual'S USTal'S, then
< a; > (x) =t. Now x € STal'S implies that § o @, o S(x) = ¢, x € STa implies that
S oa,(x) =t, x € al'S implies that @, o S (x) = ¢ and x = a implies that a,(x) = t. So
aUa,0oSUSoq,USoaq,0S8(x)=t. Hence<a, >=aq,Uag,0SUSoq,USoa,0S.

Corollary 1 Let S be a T-semigroup and a; be a fuzzy point of S. Then < a, >3C
SoaolS.

Proof <a;>*=(a;Ua;0SUS oa,US oa,08)0(a;Ua0S US 0a,US og;08)C
So(a;Uag;0SUS 0q,US 0a;08) =8 o0a,US 0a;0S8. So < a, >=<a, >% o < a; >C
(Soa,USoa,08)o(a,Ua,0SUS oq,US 0aq,05)C (Soa,USo0aq,085)0S CSoa,oS.

Proposition 4 Let S be a I'-semigroup, A and B be subset of S and C4 be the char-
acteristic function of A. Then for any t,r € (0, 1], the following statements hold.

(1) tCq 0 rCp = (t Ar)Carp.
>i1) 1Co NtCp = tCynp.
(iii) 1Cy = aLEJAa,.
(iv) S otCy = tCsra.
(v) IfAisanideal (right ideal, left ideal) of S, then tCy is a fuzzy ideal (fuzzy right

ideal, fuzzy left ideal) of S .

4. Prime Fuzzy Ideals and Weakly Prime Fuzzy Ideals

In this section, we deduce various properties and characterizations of prime fuzzy
ideals and weakly prime fuzzy ideals of I'-semigroups.

Definition 12 [5] Let S be a T'-semigroup. Then an ideal I1(# S) of S is called prime
if for any two ideals A and B of S, AUB C I implies A CIor BC 1.

Definition 13 Let S be a I'-semigroup. Then anideal I(# S) of S is called completely
prime if forany a,b € S, al'b C I impliesa € I orb € I.

Definition 14 Let S be a T'-semigroup. Then a fuzzy ideal f of S is called prime
Sfuzzy ideal if f is a nonconstant function and for any two fuzzy ideals g and h of S,
gohC fimpliesgC forhcC f.
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Example 3 Let S =Z; and I' = Z;, where Z; denotes the set of all negative integers
with 0. Then S is a I'-semigroup. Let p be a prime number. Now we define a fuzzy
subset f on S by

L for x € PZys
fl@ = {0.6, otherwise.

Then f is a prime fuzzy ideal of S.

Example 4 Let S = {a,b,c}. LetT" = {a, 5} be the non-empty set of binary operations
on S with the following Cayley tables.

Table 1: I'-semigroups of Example 4.

ala b c||Bla b c
ala b bial|lb b b
b|b b b|b|b b b

c ¢ c ¢ ¢

By a routine verification, we see that S is a I'-semigroup. Now we define a fuzzy
subset ¢ on S by u(a) = 0.5, u(b) = 1 = u(c). It is easy to observe that u is a prime
fuzzy ideal of S.

Theorem 2 Let S be a commutative I'-semigroup and f be a fuzzy ideal of S. Then f
is prime fuzzy ideal if and only if for any fuzzy subsets g and h of S, g o h C f implies
gC forhCf.

Proof Let f be a prime fuzzy ideal and g, / be two fuzzy subsets such that goh C f
and g € f. Then there exists x, € g such that x, £ f. Lety, € h. Then x, oy, C
g o h whence x, oy, C f. By Proposition 3, < x; > o <y, >= (x,; Ux; 08§ U
Sox;USox,08)o(y,Uy,oSUS o0y, US oy,oS8). Since § is commutative,
<x>0<y >C (xoy)U(xoy 08U ox0y) U ox oy 08). So
<X >0< Yy >C(foS)US of)U(SofoS). Hence < x; > o <y, >C f (cf.
Definition 8). Since f is a prime fuzzy ideal, < x, >C for<y, >C f. Asx, £ f,
<x;>¢ f.So <y, >C f. Hence y, C f. Consequently, i C f.
Converse part is obvious.

Theorem 3 Let S be a I'-semigroup and I be an ideal of S. Then I is a prime ideal of
S if and only if Cy is a prime fuzzy ideal of S where C; is the characteristic function

of I.

Proof Let I be a prime ideal of S. Then C; is a fuzzy ideal of S (¢f. Proposition
4). Now let f and g be two fuzzy ideals of S such that f o g C C;and f € C;. Then
there exists a fuzzy point x, C f (¢ > 0) such that x, £ C;. Let y, € g (r > 0). Then
<X >0 <y >C fog C (. Again for all z € S, in view of Proposition 1 and
Proposition 4, we obtain

tAr, ifze<x>T<y>,
<x>o<y>@= 0 otherwise
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Hence < x > I' <y >C [I. This together with the hypothesis, implies that < x >C I or
<y >C I (¢f. Definition 12). Since x, £ Cy, t = x,(x) > C;(x). So C;(x) = 0 whence
x ¢ 1. Hence < x >¢ I. Consequently, < y >C [. Then y, € C; and so g € C;. Hence
C is a prime fuzzy ideal of S.

Conversely, suppose C; is a prime fuzzy ideal of S. Let A and B be two fuzzy
ideals of § such that AT'B C I. Then by Proposition 4, C4 and Cp are fuzzy ideals of
S and C4 o Cp = Csrp € C;. So by hypothesis, C4 € Cyor Cp € Cy. Hence A C I or
B C I. Consequently, / is a prime ideal of S.

Proposition 5 Letr S be a U-semigroup and f be a prime fuzzy ideal of S. Then
[Imf] = 2.

Proof By Definition 14, f is a nonconstant fuzzy ideal. So |Imf| > 2. Suppose
[Imf| > 2. Then there exist x,y,z € S such that f(x), f(y), f(z) are distinct. Let us
assume, without loss of generality, f(x) < f(y) < f(z). Then there exist r,t € (0, 1)
such that f(x) <r < f(y) <t < f(z)---(1). Then forallu € S,

rat, ifue<x>IT<y>,

<xr>o <y > )= {0 otherwise

Letu e<x>T <y>.Then f(u) > f(x)V f(y) > rAt. Therefore < x, > o <y, >C f
which, by Definition 14, implies that < x, >C f or < y, >C f. Suppose < x, >C f.
Then f(x) >< x, > (x) = r which contradicts (1). Similarly, < y, >C f contradicts
(1). Hence |Imf] = 2.

Theorem 4 Let S be a T'-semigroup and f be a prime fuzzy ideal of S. Then there
exists an xy € S such that f(xo) = 1.

Proof By Proposition 5, we have |[Imf| = 2. Suppose Imf = {t, s} such that ¢ < s.
Let if possible f(x) < 1 forall x € S. Thent < s < 1. Let f(x) = t and f(y) = s for
some x,y € S such that f(x) =t < s = f(y) < 1. Now we choose t;,#, € (0, 1) such
that f(x) < #; < s < t, < 1. Then by the similar argument as applied in the proof of
Proposition 5, we obtain < x,, > o <y, >C f. Since f is a prime fuzzy ideal of S,
< x, >C for<y, >C fwhence f(x) > t; or f(y) > t,. This contradicts the choices
of ¢, and ;. Hence there exists an xy € S such that f(xp) = 1.

Theorem 5 Let S be a I'-semigroup and f be a prime fuzzy ideal of S. Then
(1) each level subset f; (+ S ), t € (0, 1], if non-empty, is a prime ideal of S, and

(ii) each strong level subset f;> (# S), t € [0, 1], if non-empty, is a prime ideal of
S.

Proof (i) Since f is a fuzzy ideal, each level subset f;, ¢ € (0, 1], if non-empty, is an
ideal of S (¢f: Theorem 3.3 [11]). Let ¢ € (0, 1] be such that f; (# §) is non-empty.
Now let I, J be two ideals of S such that /IT'J C f,. Then tC;r; C f. By Proposition
4(v), g = tC;and h = tC; are fuzzy ideals of S. Since g o h = tC; o tC; = tCiry (cf.
Proposition 4(i)), g o h C f. Since f is a prime fuzzy ideal, g C f or h C f. Hence
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either tC; C f ortC; C f whence we obtain I C f; or J C f;. Hence f; is a prime ideal
of §.

(ii) Let ¢ € [0, 1] be such that f;> (# §) is non-empty. Then f;” is an ideal of S
and 7 < supf(x). Now let r € Imf. Then there exists x € S such that f(x) = ¢. Since

Imf is ﬁxriiste (cf. Proposition 5), there exists ¢’ € Imf satisfying ¢t < ' and there is
no element in Imf lying between ¢ and ¢'. Hence f;” = fy. By the first part of this
theorem, f is a prime ideal of S. Hence f;” is a prime ideal of S. Again let ¢ ¢ Imf.
Since f;” is non-empty and f,> C f;, f; is also non-empty. If x € f;, f(x) > t. But
t ¢ Imf. Hence f(x) > t,1i.e., x € f;”. Thus f; C f;” whence f; = f;”. In view of the
first part of this theorem, f; is a prime ideal of S. Consequently, f;” is a prime ideal
of S.

As a consequence of Theorems 4 and 5 (i), we obtain the following result.

Corollary 2 If f is a prime fuzzy ideal of a T'-semigroup S, then fi is a prime ideal
of S.

Remark 3 The converse of Theorem 5 is not true which is illustrated in the following
example.

Example 5 Let S be a I'-semigroup and A be a prime ideal of S. Let

o= {t, if x € A,

0, otherwise.

Then f is a fuzzy ideal of S. Here f;, = A = f;,”, where 0 < f; < tand 0 < £, < 1.
Hence each of non-empty level subsets and strong level subsets of f is a prime ideal
of §. Butif 0 <7 < 1, then f is not a prime fuzzy ideal of S (¢f. Theorem 4).

Lemma 2 Let S be a I'-semigroup. Then a fuzzy subset f of S satisfying (i) and (ii)
@ [mfl=2.
(i1) fi1 # @ and f, is a prime ideal of S,

is a fuzzy ideal of S .
The following result characterizes a prime fuzzy ideal of a I'-semigroup.

Theorem 6 Let S be al'-semigroup. Then a fuzzy subset f of S is a prime fuzzy ideal
of S if and only if f satisfies the following conditions:

(i) [Imf]=2.
(i1) f1 # @ and fi is a prime ideal of S.

Proof The direct implication follows easily from Proposition 5, Theorem 4 and
Corollary 2.

To prove the converse, we first observe that f is a fuzzy ideal of S (¢f. Lemma 2).
Then let g and & be two fuzzy ideals of S suchthat goh C f. If g € fand h € f,
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then there exist x,y € S such that g(x) > f(x) and h(y) > f(y). Thus x,y ¢ fi, which
implies xXI'ST'y € fi (¢f. [5]), then there exist s € S, @, € I such that xasBy ¢ fi
which means f(xasBy) < 1. So f(xaspy) =t = f(x) = f(y), where Imf = {t, 1}. But
by using Definition 6 and Definition 8, we obtain (g o h)(xasBy) > g(x) A h(sBy) >
gx) Ah(y) > f(x) A f(y) =t. Hence g o h € f which is a contradiction. Hence f is a
prime fuzzy ideal of S.

Corollary 3 Let S be a T'-semigroup and f be a prime fuzzy ideal of S. Then there
exist a prime fuzzy ideal g of S such that f is properly contained in g.

Proof By Theorem 6, there exists xo € S such that f(xo) = 1 and Im(f) = {t, 1}
for some ¢ € [0, 1). Let g be a fuzzy subset of S defined by g(x) = 1, if x € f; and
g(x)=r,if x ¢ fi, where t < r < 1. Then by Theorem 6, g is a prime fuzzy ideal and

f&eeg

Proposition 6 Let S be a I'-semigroup, f be a prime fuzzy ideal of S and g,h be
Sfuzzy subsets of S such that goS oh C f. Theng C forh C f.

Proof Leta, Cg,b, C h,wheret,r € (0,1]. Thenag;0S ob, C goS oh C f and so
(Soa,08)o(Sob,oS)CSo(a,0oSob)oS CSofoS. Since fis afuzzy ideal
of §,S o foS C f. Hence f being a prime fuzzy idealand S oa; oS and S 0 b, 0o §
are fuzzy ideals of S, we deduce that S ca; 0§ C forS ob. oS C f. Suppose
Soa oS Cf. Then<a, >>C S oa,0S C f (cf Corollary 1) which together with
primeness of f implies a;, €< a, >C f. Hence g C f. Similarly, S ob, 0§ C f implies
hcf.

Proposition 7 Let S be a I'-semigroup, [ be a fuzzy ideal of S satisfying that for all
fuzzy subsets g,h of S, go S o h C f implies g C f or h C f. Then

(i) For each fuzzy right ideal g and each fuzzy subset h of S, g o h C f implies
gC forhcf.

(1) For each fuzzy subset g and each fuzzy left ideal h of S, go h C f implies g C f
orhCf.

Proof (i) Let g be a fuzzy right ideal and % be a fuzzy subset of S such that goh C f.
Leta, C g, b, C h, wheret,r € (0,1]. Thena, oS ob, C go S o h. Since g is a fuzzy
right ideal of S, go S o h C f. Hence by hypothesis, a; € f or b, C f. Consequently,
gC forhCf.

Proof of (ii) is similar to that of (i).

Combination of Propositions 6 and 7 gives rise to the following characterization
of a prime fuzzy ideal of a I'-semigroup.

Theorem 7 Let S be a I'-semigroup and f be a fuzzy ideal of S. Then f is prime
fuzzy ideal if and only if for all fuzzy subsets g,h of S, go S o h C f implies g C f or
hcf.
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Proof  The necessity of the condition follows from Proposition 6.

In order to prove the sufficiency, let g and & be two fuzzy ideals of S such that
goh C f. Then g is a fuzzy right ideal and % is a fuzzy subset of S as well. So by
Proposition 7, g € forh C f.

Lemma 3 Let S be a I'-semigroup. Then the fuzzy ideals of S are idempotent if and
only if for all fuzzy ideals f,g of S, we have f Ng = fog.

Proof Let f and g be two fuzzy ideals of S. Then f N g is also a fuzzy ideal of S.
Leta, € fNg, wheret € (0,1]. Then a, € f and a, C g whence by Definition 11,
< a, >C f and < a, >C g. By hypothesis, < a; >=< a; >2 and so < a, >C fog.
Hence a; € f o g. Consequently, f N g C f o g. Again clearly, f o g C f N g. Hence
fng=fog.

Converse part is obvious.

The following result shows when every fuzzy ideal of a I'-semigroup is a prime
fuzzy ideal.

Theorem 8 Let S be a T'-semigroup. Then the set F of all fuzzy ideals of S and the set
P of all prime fuzzy ideals of S coincide if and only if each element of F is idempotent
and F forms a chain under fuzzy set inclusion.

Proof Let each element of F be prime and f,g € F. Then fngeF. Leta, C fNg,
where ¢ € (0,1]. Then a, C f and a, C g whence < @, >C f and < a, >C g. So
<a; >o <a >C fog. Since f o g is also a fuzzy ideal, it is prime by hypothesis.
Hence the above inclusion implies < a; >C fogandsoa; C fog. Hence fNg C fog
and f N g = f o g. Consequently, by Lemma 3, each element of F is idempotent.

Now for f,g € F,leta, C f and b, C g, where t,r € (0,1]. Then < a, >C f and
< b, >C g. Hence < a, > o < b, >C f o g. Since f o g € F, by hypothesis, f o g € P.
Hence < a;, >C fogor<b, >C fog. Again fogCgn f.Hencea, Cgorb, C f
whence f C g or g C f. Consequently, F forms a chain.

Conversely, let the elements of F be idempotent and form a chain. Let f,g,h € F
such that go h C f. Leta, C g and b, C h, where t,r € (0, 1]. Then < a; >C g and
< b, >C h. Since < g, >,< b, >€ F, by hypothesis < a, >C< b, > or < b, >C< a, >.
Suppose < a, >C< b, >. Then < a;, >=<a, > N < b, >C gNh = go h (using
hypothesis and Lemma 3) whence a, C f. Hence g C f. Similarly, < b, >C< a; >
implies that 4 C f. Consequently, f € P.

In Theorem 5 we have shown that every non-empty level subset of a prime fuzzy
ideal is a prime ideal. But Example 5 shows that the converse need not be true. In
order to make the level subset criterion to hold, a new type of fuzzy primeness in
ideals of a I'-semigroup can be defined what is called weakly prime fuzzy ideal.

Definition 15 Let S be a I'-semigroup. A nonconstant fuzzy ideal f of S is called
a weakly prime fuzzy ideal of S if for all ideals A and B of S and for all t € (0, 1],
tCa 0 tCp C f implies tCs C f ortCp C f.
Theorem 9 Let S be a I'-semigroup and f be a fuzzy ideal of S.
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(1) Then f is a weakly prime fuzzy ideal of S if and only if each level subset f;
(#S),t €(0,1], is a prime ideal of S for f, # ¢;

(i) If Imf is finite, then f is a weakly prime fuzzy ideal of S if and only if each
strong level subset f;” (£ S ), t € [0, 1], is a prime ideal of S for f;” # @.

Proof (i) Let f be a weakly prime fuzzy ideal of S, A and B be ideals of S and
t € (0,1] such that f; # g and f; # S. Let ATB C f;. Then tCarp C f which means
tCy o tCp C f (cf. Proposition 4). Hence by hypothesis, tC4 C f or tCp C f (cf.
Definition 15). Hence either A C f; or B C f;. Consequently, f; is a prime ideal of S.

Conversely, suppose each f; (# S), t € (0, 1], is a prime ideal of S for f; # ¢. Let
A and B be ideals of S such that 1C4 o tCg C f where ¢ € (0, 1]. Then tCarp C f (cf:
Proposition 4) whence AI'B C f;. Hence either A C f; or B C f; whence tC4 C f or
tCp C f. Hence f is a weakly prime fuzzy ideal of S.
(i1) Let f be a weakly prime fuzzy ideal of S. Then by applying similar argument
as applied in the proof of Theorem 5 (ii), we deduce from the first part, that each f;”
(#8),1t€[0,1], is a prime ideal of S for f;> # @.

Conversely, suppose each strong level subset f;” (# S), t € [0, 1], is a prime ideal
of S for f;> # ¢. Lett € [0,1] with f; # g and f; # S. Now let € Imf. Then three
cases may arise.

Case 1 t =inff(y). Then f; = S. So t cannot be inf f(y).
yes yes

Case 2 t = supf(y). Then since Imf is finite and f is nonconstant by Definition 15,
yes
there exists ¢’ € Imf satisfying ¢ < t and there is no element in /mf lying between ¢’

and z. So f” = f;.

Case 3 insff(y) < t < supf(y). Then since Imf is finite, there exists ' € Imf
Y& yes

satisfying ¢’ < r and there is no element in Imf lying between ¢ and t. So f.~ = f,.

Now for ¢ ¢ Imf, clearly f; = f;”. By hypothesis, f;” is a prime ideal of S and
hence so is f;. Consequently, by the first part we conclude that f is a weakly prime
fuzzy ideal of S.

As an easy consequence of Theorems 5 and 9, we obtain the following corollary.

Corollary 4 In a T'-semigroup S, every prime fuzzy ideal is a weakly prime fuzzy
ideal.

The following example shows that the converse of the above corollary is not always
true.

Example 6 Let S = {0,a,b,c}. LetT' = {a,B,y} be the non-empty set of binary
operations on S with the following Cayley tables.
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Table 2: I'-semigroups of Example 6.

a|l0 a b c||B|0 a b c|y|0 a b c
0|0 0O O OfO|O O O OIfO]O0O O O O
al0 0 O bialO0O O O bY|al|0O 0 0 O
b|0 0 O b|b|O O O D||Db|O O 0 O
c|lb b b c|lc|b b b b|c|0O 0 0 O

By a routine but tedious verification, we see that S is a I'-semigroup. Now we
define a fuzzy subset f on S by f(0) = f(a) = 0.8, f(b) = 0.3 and f(c) = 0. It can be
checked that f is a weakly prime fuzzy ideal of S. But f is not a prime fuzzy ideal of
S (cf- Theorem 6).

Remark 4 The above corollary and the example together show that the notion of
weakly prime fuzzy ideal generalizes the notion of prime fuzzy ideal. For similar
notion in semigroups, we refer to [8].

The following theorem characterizes weakly prime fuzzy ideals of I'-semigroups.

Theorem 10 Let S be a T'-semigroup and f be a fuzzy ideal of S. Then the followings
are equivalent.

(1) f is a weakly prime fuzzy ideal of S.
(ii) Forany x,y € S andr € (0,1], if x,0S oy, C f, then x, C f ory, C f.
(iii) Forany x,y € S andr € (0,1], if<x, >0 <y, >C f, then x, C f ory, C f.

(iv) If A and B are right ideals of S such that tC4 o tCp C f, then tCy C f or
tCp C f.

(v) If A and B are left ideals of S such that tC40tCp C f, thentCy4 C f ortCp C f.

(vi) If Ais aright ideal of S and B is a left ideal of S such that tCy o tCp C f, then
tCy C fortCpC f.

Proof (i) = (ii).

Let f be a weakly prime fuzzy ideal of S. Let x,y € S and r € (0, 1] be such that
x,08 oy, C f. Then by Proposition 2, rCsrrs © rCsryrs = (S 0 x,08) 0o (S oy, 08)
CSo(x,0S0y)oS cSofoS C f. Hence by hypothesis, rCsr,rs S f or
rCsryrs € f whence S ox, 08§ C forSoy, oS C f.LetS ox.0S8 C f. Then
< x, >3C f (¢f Corollary 1). Hence (rC.,»)* C f. Since f is weakly prime fuzzy
ideal, this implies that < x, >C f whence x, C f.

(1) = (iii).

Let x,y € S and r € (0,1] be such that < x, > o < y, >C f. Then since
x,08 C<x,>and § oy, C<y, >, x, 08 oy, C f. Hence by (ii), x, € fory, C f.
(i) = (@v).

Let A, B be two right ideals of S such that tC4 o tCg C f and tC4 € f. Then there
exists a € A such thata, € f. Now forany b € B, < a;, > o < b; > = tC4> 0 tCp>
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=1Cpsr<p> S tCsrarg = S 0tCprp =S 0tCy0tCp. Again S otCyotCg CSof C f
whence < a, > o < b, >C f. Hence by (iii), b, C f. Consequently, tCy C f.
(>iii) = (vi).

Let A be a right ideal and B be a left ideal of S such that 1C4 o tCp C f and
tC4 € f. Then there exists a € A such that @, € f. Now for any b € B, < a, >
0 < by >=1Crys 0tCeps = tCeqysrap> € tCsrarprs = S 0 tC4 0 tCp 0 S. Again
SotCypotCpoS CSofoS C fwhence <a, >o < b, >C f. Hence by (iii), b, C f.
Consequently, tCp C f.

@iv) = 1, (v) = (i), (vi) = (i) are obvious and (iii) = (v) is similar to (iii) = (iv).

Remark 5 The above result is analogous to Theorem 3.4 [4]. This theorem of [4]

plays an important role in radical theory of ['-semigroups. So the above theorem will
help study radical theory in I'-semigroups via fuzzy subsets.

Theorem 11 Let S be a commutative I'-semigroup and f be a fuzzy ideal of S. Then

f is weakly prime fuzzy ideal if and only ifingf(xyy) = max{f(x), f(y)} for all x,y €
YE

S.

Proof Let f be a weakly prime fuzzy ideal and x,y € S. Then f being a fuzzy ideal,
f(xyy) = max{f(x), f(y)} for all y € T". So ingf(xyy) > max{f(x), f(y)}. Now let
ye
ingf(xyy) =t wheret € [0,1]. If = O, then inﬁf(xyy) < max{f(x), f(y)}. Otherwise,
e ye
f(xyy) > tforally €T, ie., (xyy), C fforally eI'. So Ur(xyy), C f which means
YE
x; 0y, € f (c¢f. Theorem 1). By Proposition 3, < x, > o <y, >= (x,; Ux, 085 U
Sox;USox,08)o(y,Uy, oS US oy, US oy 0S8). Since S is commutative,
<x>0<y>C(xoy)U(x;0y,08)U(S ox;0y)U(S ox;0y,08). This implies
<X >0<y >C (foS)U(Sof)U(SofoS). Hence < x; > o <y, >C f(cf. Definition
8). Since f is a weakly prime fuzzy ideal, in view of Theorem 10 (iii), we deduce that
x; € fory, C f.Hence f(x) > tor f(y) > t, whence max{f(x), f(y)} >t = ingf(xyy).
YE
Consequently, inﬁ J(xyy) = max{f(x), f(}.
YE

Conversely, suppose the condition holds. Let x; and y; be two fuzzy points of S

such that < x, > o <y, >C f, where t € (0, 1]. Then x, oy, C f whence Ul_(x)’y)r cf
ye

(cf: Theorem 1). So (xyy), € f forally € T, i.e., f(xyy) > ¢ for all y € I'. Hence
ing f(xyy) > t. So by the hypothesis, max{f(x), f(y)} = ¢. Then f(x) > tor f(y) > ¢
ye
whence x; C f or y, C f. Hence in view of Theorem 10 (iii), f is a weakly prime
fuzzy ideal of S.

Remark 6 The above characterization of weakly prime fuzzy ideal coincides with
the definition of fuzzy prime ideal of both sided I'-semigroups [12]. This indicates
that all the results obtained in [12] for fuzzy prime ideals in both sided I'-semigroups
are valid for weakly prime fuzzy ideals in commutative one sided I'-semigroups.

5. Concluding Remark

Semigroup theory has a wide range of applications in many significant disciplines like
computer sciences, information sciences and coding theory etc. I'-semigroup, being
a generalization of semigroup, carries forward those applications. On the other hand,
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fuzzy sets generalize the theories of crisp sets. Prime ideal plays an important role in
semigroup theory. So fuzzy notion of prime ideal in I'-semigroups also characterizes
I'-semigroups. We, taking into account the fuzzy points in describing prime fuzzy
ideals in I'-semigroups, generalize semigroups in a significant way. Using this work
in future we can characterize fuzzy m-system and fuzzy radicals in I'-semigroups (cf.
Remark 5).
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