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Abstract In this paper, we introduce the concept of fuzzy generalized bi-ideal of
a I'-semigroup, which is an extension of the concept of a fuzzy bi-ideal of a I'-
semigroup and characterize regular I'-semigroups in terms of fuzzy generalized bi-
ideals.
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1. Introduction

A semigroup is an algebraic structure consisting of a non-empty set S together with
an associative binary operation [10]. The formal study of semigroups began in the
early 20" century. Semigroups are important in many areas of mathematics, for ex-
ample, coding and language theory, automata theory, combinatorics and mathemat-
ical analysis. The concept of fuzzy sets was introduced by L.A. Zadeh [27] in his
classic paper in 1965. Azirel Rosenfeld [17] used the idea of fuzzy sets to intro-
duce the notions of fuzzy subgroups. Nobuaki Kuroki [12-15] is the pioneer of fuzzy
ideal theory of semigroups. The idea of fuzzy subsemigroup was also introduced
by Kuroki [12, 14]. In [13], Kuroki characterized several classes of semigroups in
terms of fuzzy left, fuzzy right and fuzzy bi-ideals. The notion of fuzzy generalized
bi-ideals in semigroups was in introduced by Kuroki [15]. Others, who worked on
fuzzy semigroup theory, such as X.Y. Xie [25, 26], Y.B. Jun [11] are mentioned in
the bibliography. X.Y. Xie [25] introduced the idea of extensions of fuzzy ideals in
semigroups.
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The notion of a I'-semigroup was introduced by Sen and Saha [23] as a generaliza-
tion of semigroups and ternary semigroup. I'-semigroup have been analyzed by a lot
of mathematicians, for instance by Chattopadhyay [1, 2], Dutta and Adhikari [4, 5],
Hila [8, 9], Chinram [3], Saha [21], Sen et al [21-23], Seth [24]. S.K. Sardar and S.K.
Majumder [6, 7, 18, 19] have introduced the notion of fuzzification of ideals, prime
ideals, semiprime ideals and ideal extensions of I'-semigroups and studied them via
its operator semigroups. In [20], S.K. Sardar, S.K. Majumder and S. Kayal have in-
troduced the concepts of fuzzy bi-ideals and fuzzy quasi-ideals in I"-semigroups and
obtained some important characterizations. The purpose of this paper is as stated in
the abstract.

The structure of the paper is organized as follows. In Section 2, we recall some
preliminaries of I'-semigroups and fuzzy notions for their use in the sequel. In Section
3, we introduce the notion of generalized bi-ideal and fuzzy generalized bi-ideal of a
I'-semigroup. We use these concepts to characterize regular I'-semigroup. Theorem
5 characterizes regular I'-semigroup in terms of generalized bi-ideals and rest of the
theorems characterize regular I'-semigroup in terms of fuzzy generalized bi-ideals.
The conclusion is drawn in Section 4.

2. Preliminaries

Definition 1 [22] Let S = {x,y,z,---} and T = {a,B,7,- - -} be two non-empty sets.
Then S is called a T'-semigroup if there exists a mapping S X I' X S — S (images to
be denoted by aab) satisfying

1) xyyeS.

(ii) (xBy)yz = xB(yyz),¥x,y,z € S,¥Vy € T.

Example 1 LetT' = {5,7}. For any x,y € N and y € I, we define xyy = x.y.y where

(731}

2 is the usual multiplication on N. Then N is a I'-semigroup.

Definition 2 [20] Let S be a I'-semigroup. By a subsemigroup of S, we mean a non-
empty subset A of S such that ATA C A.

Definition 3 [20] Let S be a I'-semigroup. By a bi-ideal of S, we mean a subsemi-
group A of S such that ATSTA C A.

Definition 4 [4] Let S be a I'-semigroup. By a left (right) ideal of S, we mean a non-
empty subset A of S such that STA C A(AT'S C A). By a two sided ideal or simply an
ideal, we mean a non-empty subset of S which is both a left ideal and right ideal of
S.

Definition 5 [27] A fuzzy subset u of a non-empty set X is a function u : X — [0, 1].

Definition 6 [20] A non-empty fuzzy subset p of a I'-semigroup S is called a fuzzy
subsemigroup of S if u(xyy) > min{u(x), u(y)} ¥x,y € §, Vy e I.

Definition 7 [20] A fuzzy subsemigroup u of a T'-semigroup S is called a fuzzy bi-
ideal of S if u(xayBz) = minfu(x), u(z)} ¥x,y,z€ S, Va,p €.
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Definition 8 [18] A non-empty fuzzy subset u of a I'-semigroup S is called a fuzzy
left ideal of S if u(xyy) > u(y) ¥x,y € S, ¥y € I.

Definition 9 [18] A non-empty fuzzy subset u of a I'-semigroup S is called a fuzzy
right ideal of S if u(xyy) > u(x) ¥x,y € S,¥y € I.

Definition 10 [18] A non-empty fuzzy subset of a T'-semigroup S is called a fuzzy
ideal of S if it is both a fuzzy left ideal and a fuzzy right ideal of S .

In the next section, we obtain some important properties of fuzzy generalized bi-
ideal of a I'-semigroup and characterizations of regular I'-semigroup in terms of fuzzy
generalized bi-ideal.

3. Fuzzy Generalized Bi-ideal

Definition 11 Let S be a I'-semigroup. A non-empty subset A of S is called a gener-
alized bi-ideal of S if ATSTA C A.

Definition 12 A non-empty fuzzy subset u of a I'-semigroup S is called a fuzzy gen-
eralized bi-ideal of S if u(xayBz) > min{u(x), u(2)} ¥x,y,z€ S,Va,B T

Remark 1 It is clear that fuzzy bi-ideal of S is a subset of fuzzy generalized bi-ideal
of S. But in general, the converse inclusion does not hold which will be clear from
the following example.

Example 2 LetS = {x,y,z,r} and " = {y}, where y is defined on S with the following
cayley table:

Y| xyzr
X | xxxx
y | xxxx
Z | xxyx
r|xxyy

Then S is a I'-semigroup. We define a fuzzy subset u : S — [0, 1] as u(x) = 0.5,
u@) =0, u(z) = 0.2, u(r) = 0. Then u is a fuzzy generalized bi-ideal of S, but u is
not a fuzzy bi-ideal of S.

Theorem 1 Let I be a non-empty set of a I'-semigroup S and y, be the character-
istic function of 1. Then y, is a fuzzy generalized bi-ideal of S if and only if I is a
generalized bi-ideal of S.

Proof Let I be a generalized bi-ideal of a I'-semigroup S and y, be the characteristic
function of . Let x,y,z € S and B, ¥ € I'. Then xByyz € I if x,z € I. It follows that
X,(xByyz) = 1 = min{y,(x), x,(z)}. Let either x ¢ I or z ¢ 1. Then

Case (i) If xByyz ¢ I, then y,(xByyz) = 0 = min{y, (x), x,(2)}.

Case (ii) If xByyz € I, then y,(xByyz) = 1 > 0 = min{y,(x), x,(2)}.

Hence y; is a fuzzy generalized bi-ideal of S.

Conversely, let y, be a fuzzy generalized bi-ideal of S. Let x,z € I. Then y,(x) =
X,(@) = 1. Thus x,(xByyz) = min{y,(x), x,(2)} = 1 Vy € S, VB,y € I'. Hence xByyz € I
Vy e S, VB,y € I'. Hence I is a generalized bi-ideal of S.
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Definition 13 [4] A T'-semigroup S is called regular if for each element x € S, there
existy € § and a, 8 € T such that x = xaypx.

Proposition 1 Let S be a regular T'-semigroup. Then every fuzzy generalized bi-ideal
of S is a fuzzy bi-ideal S .

Proof Let u be a fuzzy generalized bi-ideal of S. Let a,b € S. Since S is regular,
there exist x € § and «, 8 € I such that b = baxBb. Then for any y € T,

ulayb) = p(ay(baxpb)) = p(ay(bax)pb) = min{u(a), u(b)}.

So p is a fuzzy subsemigroup of S and consequently u is a fuzzy bi-ideal of S. Hence
the proof.

Remark 2 In view of above proposition, we can say that in a regular I'-semigroup
the concept of fuzzy generalized bi-ideal and fuzzy bi-ideal coincide.

Proposition 2 Let u and v be two fuzzy generalized bi-ideals of a T'-semigroup S.
Then p N v is a fuzzy generalized bi-ideal of S, provided p N v is non-empty.

Proof Let u and v be two fuzzy generalized bi-ideals of S and x,y,z € S, a,B € T.
Then

(N V) (xaypz) = min{u(xayBz), v(xayBz)}
> min{min{u(x), #(z)}, min{v(x), v(z)}}
= min{min{u(x), v(x)}, min{u(z), v(z)}}
{

= min{(u N v)(x), (u N v)(2)}.
Hence u N v is a fuzzy generalized bi-ideal of S.

Definition 14 Let y and o be any two fuzzy subsets of a I'-semigroups S. Then the
product p o o is defined as

{ sup [min{u(y), 0(2)} : y,z € S;y €T,
(1o 0)(x) =  +=v

0, otherwise.

Lemma 1 Let S be a I'-semigroup and u be a non-empty fuzzy subset of S. Then
u is a fuzzy generalized bi-ideal of S if and only if g o y o u C u, where y is the
characteristic function of S.

Proof Let u be a fuzzy generalized bi-ideal of S. Suppose there exist x, y, p, g € S
and 3, y € I" such that @ = xyy and x = pfBq. Since u is a fuzzy generalized bi-ideal
of S, we obtain u(pBqyy) = min{u(p), u(y)}. Then

(nox op(a) = sup [min{(u o x)(x), u(»)}]

a=xyy
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= sup [min{ sup {min{u(p), x(@)}}, u()}]

a=xyy x=pPq

= sup [min{ sup {min{u(p), 1}}, u(")}]
a=xyy x=pPq

= sup [min{u(p), u(»)}]
a=xyy

< u(pBayy) = u(xyy) = u(a).

So we have (i o y ou) C u. Otherwise (o y o u)(a) = 0 < u(a). Thus (uo you) C u.

Conversely, let us assume that poyou C u. Letx,y,z€ S and B,y € I" and
a = xByyz. Since pto y oy C u , we have

H(xByyz) = u(a) = (u o x o u)(a)
sup [min{(u o Y)(xBY), u(2)}]

a=xByyz
min{(u o x)(p), u(z)}(let p = xBy)

= min[ sup {min{u(x), y(y)}}, u(2)]
P=xBy

min[min{u(x), 1}, u(z)]
= min{u(x), u(z)}.

\%

\%

Hence p is a fuzzy generalized bi-ideal of S.

In view of the above lemma, we have the following theorem.

Theorem 2 The product of any two fuzzy generalized bi-ideals of a T'-semigroup S
is a fuzzy generalized bi-ideal of S.

Proof Let u and v be two fuzzy generalized bi-ideals of S. Then

(,UOV)OXO(HOV):/JOVO(XO/J)OV
Cuo(voyov)
Cuow.

Hence u o v is a fuzzy generalized bi-ideal of S. Similarly, we can show that v o y is
also a fuzzy generalized bi-ideal of S.

Theorem 3 Let S be a I'-semigroup. Then following are equivalent:

(1) S is regular,

(2) For every fuzzy generalized bi-ideal 1 of S, po x o u =y where y is the charac-
teristic function of S.

Proof (1) = (2) Let (1) hold, i.e., S is regular. Let i be a fuzzy generalized bi-ideal
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of S and a € S. Then there exist x € S and @, € I such that a = aaxBa. Hence

(o x ou)(a) = sup [min{(u o Y)(¥), u(z)}]
a=yyz

> sup [min{(u o x)(aax),u(a)}]

a=(aax)Ba
> min{(u o y)(aax), u(a)}
=min[ sup {min{u(p), x(¢)}}, u(@)](let aax = pyq)

aax=pyq
> min{u(a), x(x), u(a)}
= minfu(a), 1, wa)} = u(a).

SopuCpuoyou ByLemmal, ppoyouCu Hencepoyopu=pu.
(2) = (1) Letus suppose that (2) holds. Let A be a generalized bi-ideal of S. Then
by Theorem 1, y, is a fuzzy generalized bi-ideal of S, where y, is the characteristic

function of A. Hence by hypothesis, y, oy oy, = x,. Leta € A. Then y,(a) = 1.
Thus

(raoxox,)a =1
= sup [min{(x, o x)(b), x,()}] =1

a=byc

= sup [min{ sup min{y, (p), x(¢)}, x,()}] =1
a=byc b=pdq

= sup [min{ sup min{y, (p), 1}, x,()}] = 1
a=byc b=pdq

= sup [min{ sup x,(p), x,(c)}] = 1.
a=byc b=pdq

Thus we get p,c € S such that a = byc and b = péq with y,(p) = x,(c) = 1
whence p,c € A. So a = byc = pdgyc € ATSTA. Consequently, A € AI'STA. Since
A is a generalized bi-ideal of S, so ATSTA C A. Hence A = AI'STA and so S is
regular.

Theorem 4 A T'-semigroup S is regular if and only if for each fuzzy generalized bi-
ideal y of S and each fuzzy ideal v of S,uNv =puovopu.

Proof Let S be regular. Let u be a fuzzy generalized bi-ideal of S and v be a fuzzy
ideal of S. Then by Lemma 1, povou C uoyou C u. Again, by Theorem 4.3 [18],
povouCyovoy CyovCv.SouovouCpuny.Nowleta € S. Since S is regular,
there exist x € § and «, 8 € I" such that a = aaxfa = aaxBaaxfa. Then

(o vou)a) = sup minfu(y), (v o u)(z)}

a=yaz

2 min{u(a), (v o p)(xBaaxpa)}
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=min[u(a), sup min{v(p), u(g)}]

xBaaxpa=ppq
> min{u(a), v(xfaax), u(a)}
= min{u(a), v(xBaax)}
> minf{u(a), v(a)}(since v is a fuzzy ideal of S)
= (unNv)a).
SopunvCpuovou Hencepovou=puny.
Conversely, let us suppose that the necessary condition holds. Let u be a fuzzy

generalized bi-ideal of S. Then by hypothesis, u = u N y = o xy o u, where y is the
characteristic function of S. Hence by Theorem 3, S is regular.

Theorem 5 Let S be a I'-semigroup. Then the following are equivalent:

(1) S is regular,

(2) AN L € AT'L for each generalized bi-ideal A of S and each left ideal L of S,
(B)YRNANL C RITATL for each generalized bi-ideal A of S, each left ideal L of S
and each right ideal R of S.

Proof (1) = (2) Let S be aregular I'-semigroup and let a € A N L. Then there exist
x €S and «, B € I' such that a = aaxBa. Then a € A and a € L. Since L is a left ideal
of S, so xBa € L. This implies that a = aaxBa € ATL. Hence AN L C ATL.

(1) = (3) Let S be a regular I'-semigroup and @ € R N A N L. Then there exist
x € S and a, B € I such that a = aaxBa = aaxBaaxPBa. Thena € R and a € A and
a € L. Since L is a left ideal and R is a right ideal of S, so xBa € L and aax € R. This
implies that a = aaxBaaxBa € RTAT'L. Hence RN AN L C RTATL.

3)= () Let RNANL C RTAT'L, for each generalized bi-ideal A of S and for
each left ideal L, each right ideal Rof S. Leta € S. Let L = {a}USTa, R = {a}Ual'S
and A = {a} Ual'a U al'STa. Then
RTATL
={a}Ual'SYI'{a} UalaUal'STa)l'({a} U STa)
=(@laUalal’'aUal’'al’'STa U al'STaU al'STal'a U al’'STal'STa)l'({a} U STa)
=al'allaUal’al’'STa U al’'al’'al’'a U al'al’'al'STa U al’'al'STal'a U al’'al'STal'STa
Ual'STallaUal’'STal'STa U al'STal'al'a U al'STal'al’'STa U al'STal'STal'a
Ual'STal'STal'STa € al'STa.

Since a € RN A N L, then by hypothesis, a € RTATL C al'STa. So there exist
x € § and «, B € I' such that a = aaxBa. Hence S is regular.

(2) = (1) Let AN L € AT'L for each generalized bi-ideal A of S and for each left
ideal Lof S.Letae S.Let L ={a}USTaand A = {a} Ual'aU al'STa. Then

AI'L = {a} Ual'a U al'STa)'({a} U STa)
=alaUal’'STaUal'al’'a U al'al' STa U al'STal'a U al'STal'STa
Callaual'STa.
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Since a € AN L, then by hypothesis, a € ATL C al'laUal'STa. If a € al'a, then for
some @ € I', a = awa = acaaa € al'STa. So there exist x € S and a, € I" such that
a = aaxPa. Hence S is regular.

Theorem 6 Let S be a I'-semigroup. Then the following are equivalent:

(1) S is regular,

(2) uNv C uovforeach fuzzy bi-ideal u of S and for each fuzzy left ideal v of S,
B)unyv C uovfor each fuzzy generalized bi-ideal u of S and for each fuzzy left
ideal v of S,

@ ANnunvC Aouovforeach fuzzy bi-ideal u of S, for each fuzzy left ideal v of S
and for each fuzzy right ideal A of S,

B)Anuny C Adouovforeach fuzzy generalized bi-ideal u of S and for each fuzzy
left ideal v of S and for each fuzzy right ideal A of S.

Proof (1) = (2) Let S be regular, u be a fuzzy bi-ideal of S and v be a fuzzy left
ideal of S. Let @ € S. Then there exist x € S and @, € I such that a = aaxBa =
aaxBaaxfa. Then

(uov)(a) = sup [min{u(y), »(2)}]

a=ypz
> min{u(aaxBa), v(xBa)}(since a = aaxPfa = aaxPaaxfa)
> minf{u(a), v(a)}(since yu is a fuzzy bi-ideal of §
and v is a fuzzy left ideal of S)
= (unNv)a).

Hence povounv.

Similarly we can prove that (1) implies (3).

(2) = (1) Let (2) hold, i.e., u N v C u o v for each fuzzy bi-ideal u of S and for
each fuzzy left ideal v of S. Since every fuzzy right ideal of S is a fuzzy quasi ideal
of §[20] and every fuzzy quasi ideal of §' is a fuzzy bi-ideal of S (cf. Proposition 5.2
[20]), so uNv C uov for each fuzzy right ideal i of S and for each fuzzy left ideal v
of §. Also ytov € unvalways holds. Then N v = o v and hence by Theorem 4.7
[18], S is regular.

(3) = (1) Let us suppose that (3) holds. Let A be a generalized bi-ideal of S, L
be a left ideal of S anda € AN L. Thena € A and a € L. Since A is a generalized
bi-ideal of S, so by Theorem 1, y, is a fuzzy generalized bi-ideal of S, where y, is the
characteristic function of A. By Theorem 3.1 [18], y, is a fuzzy left ideal of S, where
X, 1s the characteristic function of L. Hence by hypothesis, y, N x, € x, © x,. Then

Oraox )@ = (x, Ny, )a) = min{y, (@), x, (@)} = 1. Thus sup [min{y, (), x,(2)}] = 1.

a=yyz

So there exist b,c € S and 6 € I with a = bdc such that y,(b) = x,(c) = 1.
Consequently, b € A and ¢ € L. So a = béc € ATL. So AN L C AT'L. Hence by
Theorem 5, § is regular.

(1) = (4) Let S be regular. Let u be a fuzzy bi-ideal, v be a fuzzy left ideal and
A be a fuzzy right ideal of S, respectively. Let a € S. Then there exist x € S and
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a,f € I' such that a = aaxfa = aaxpaaxfa = aaxBaaxBaaxfa. Then

(Ao pov)(a)= sup [minfA(y), (u o v)(2)}]

a=ypz
> min{A(aax), (u o v)(aaxBaaxfa)}
> min{A(a), (u o v)(aaxBaaxBa)}(since A is a fuzzy right ideal of S)
= min{A(a), sup min{u(aaxpBa), v(xBa)}}
(aaxBa)e(xpa))=ppq
> min[A(a), min{u(aaxBa), v(xBa)}]
> min[A(a), min{u(a), v(a)}](since y is a fuzzy bi-ideal of §
and v is a fuzzy left ideal of )
> min{A(a), u(a), v(a)}
=ANunv)a).

Hence AnunNnvCAdouow
Similarly, we can prove that (1) implies (5).

(4) = (1) Let (4) hold. Let A and v be any fuzzy right ideal and fuzzy left ideal of
S, respectively. Since y, is itself a fuzzy bi-ideal of S, where y, is the characteristic
function of S, by assumption, we have ANv=ANy, Nv C Aoy, ov<C dov. Also
Aov C ANy Therefore A o v = AN v. Hence by Theorem 4.7 [18], S is regular.

(5) = (1) Let us suppose that (5) holds. Let A be a generalized bi-ideal of S, L be
aleftideal of S, R be arightideal of S anda € RNANL. Thena € R,a€ Aanda € L.
Since A is a generalized bi-ideal of S, so by Theorem 1, y, is a fuzzy generalized bi-
ideal of S, where y, is the characteristic function of A. By Theorem 3.1 [18], y, is
a fuzzy left ideal of S and y, is a fuzzy right ideal of S, where x, and y, are the
characteristic functions of L and R respectively. Hence by hypothesis, y, Ny, Ny, €
X 0X, 0x,- Then (x, ox, ox,)(@) = (x, Nx, Nx,)(a) = min{y,(a). x,(@).x, (@)} = 1.
Thus sup [min{(x, o x,)("), x, (2} = 1.

a=yyz
So there exist b,c € § and ¢ € I" with a = bdc such that (v, o x,)(b) = x,(c) = 1.

Then ¢ € L and sup [min{y,(p).x,(¢)}] = 1. Then b = dfe for some d,e € S and
b=ppq
0 € I with y,(d) = x,(e) = 1. Consequently, d € R and e € A. So a = bdc = dfedc €

RIATL. So RN AN L C RTAT'L. Hence by Theorem 5, S is regular.
4. Conclusion

Definition 1 is the definition of one sided I'-semigroup introduced by M.K. Sen.
It may be noted here that in 1981 M.K. Sen [22] introduced the notion of both
sided I'-semigroups, later T.K. Dutta and N.C. Adhikari [4] introduced the notion
of both sided I'-semigroup and also introduced the notions of operator semigroups of
a both sided I'-semigroup. Throughout this paper, S serves the role of one sided I'-
semigroup. In this paper, the concept of fuzzy generalized bi-ideal of a I"-semigroup
has been introduced and a regular I'-semigroup has been characterized in terms of
fuzzy generalized bi-ideal. Theorems 3-6 illustrate this fact. It is also worthwhile
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noting that the corresponding fuzzy generalized bi-ideals of the operator semigroups
of a I'-semigroup may play important roles in furthering the study of the properties
of fuzzy generalized bi-ideals of a I'-semigroup.
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