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Abstract
The cutting characteristics of unidirectional carbon fiber-reinforced plastic (CFRP) during zig-zag milling, which is the 
most used milling tool path in the industry, were analyzed. Cutting force and chip formation are the most useful indicators 
of cutting performance. Here, cutting force and chip formation were analyzed in up- and down-milling, then compared with 
those parameters in zig-zag milling. CFRP cutting force models for up- and down-milling were used for analysis of cutting 
force. Chip formations were predicted via simulations of fiber cutting angle. This simulation-based study overcame vari-
ous experimental limitations regarding CFRP cutting force. The specific cutting forces of various fiber cutting angles were 
derived from cutting experiments involving unidirectional CFRP. The specific cutting forces decreased with increasing chip 
thickness. These results are similar to the size effect observed in metal machining. Cutting force analysis was performed 
with a focus on change in feed direction and rate of radial immersion. In zig-zag milling, the optimal feed direction rapidly 
changed at a radial immersion of 30%. At a radial immersion of 75%, the difference in cutting force related to the change in 
the feed direction was large. Type I (delamination-type) chip formation was dominant in the optimal feed direction because 
specific cutting force was lower in the Type I section than in regions of other chip formation types.

Keywords  CFRP · Chip formation · Cutting force model · Down-milling · Tool path · Up-milling · Zig-zag milling

Abbreviations
h	� Chip thickness [mm]
ap	� Axial depth of cut [mm]
fz	� Feed rate [mm/rev-tooth]
�	� Cutting tool rotation angle [°]
∅	� Fiber cutting angle [°]
�	� Fiber orientation angle [°]
�a	� Absolute fiber orientation angle [°]
�s	� Cutting tool entry angle [°]
�e	� Cutting tool exit angle [°]
�c	� Immersion angle range of cutting tool [°]
ae	� Radial depth of cut [mm]
D	� Cutting tool diameter [mm]
fd	� Feed direction [°]

Ft,Fr	� Tangential cutting force [N], radial cutting 
force [N]

Fx,Fy	� Milling force in x-direction [N], milling force 
in y-direction [N]

Kt,Kr	� Tangential specific cutting force [N/mm2], 
radial specific cutting force [N/mm2]

R	� Cutting tool radius [mm]
Nt	� Number of teeth on cutting tool
Fup,Fdown	� Up-milling resultant cutting force [N], down-

milling resultant cutting force [N]
Fsum	� Sum of resultant cutting forces [N

1  Introduction

Carbon fiber-reinforced plastics (CFRPs) are increasingly 
used in high-value-added industries, such as aerospace, 
automotive, and renewable energy. The superior mechanical 
properties of CFRP are the driving force behind its increased 
use [1–3].

Generally, high precision and surface quality stabilization 
are essential when cutting CFRP parts. However, CFRP is a 
challenging material to cut because of characteristics such 
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as anisotropicity, inhomogeneity related to differences in 
the physical characteristics of fibers and polymers, and chip 
fragmentation [4]. These characteristics cause various cut-
ting quality problems, including uncut fibers, fiber failures, 
fiber pull-out, delamination, and subsurface damage [5–7].

Extensive research has been conducted to solve these 
issues. First, attempts were made to analyze the cutting 
characteristics of CFRP via parametric studies [4, 5, 8–11]. 
Haddad et al. [4] evaluated the machined surface and chip 
according to cutting tool geometry and cutting conditions 
during CFRP trimming. They showed that the chip size was 
smaller than the theoretical size; the chip was fragmented 
and generated in the form of small particles. They also 
found that cutting tool geometry determined the chip shape. 
Hocheng et al. [5] investigated cutting force, quality, and 
cutting tool wear under various cutting conditions. They 
found that the cutting force increased at all fiber orienta-
tion angles when the feed rate was increased; cutting force 
in the direction parallel to the fiber was lower than cutting 
force in the orthogonal direction. Abrao et al. [8] examined 
how cutting tool geometry affected the delamination of glass 
fiber-reinforced plastic. They concluded that thrust force and 
delamination were not directly related; these parameters 
were affected by feed rate and cutting speed. Gaitonde et al. 
[9] experimentally analyzed drilling hole delamination. They 
found that delamination decreased with increasing cutting 
speed; the combination of feed rate and point angle signifi-
cantly affected delamination. Gaugel et al. [10] analyzed 
tendencies of cutting tool wear and delamination through 
experiments involving uncoated carbide drills and coated 
drills, respectively. They found that diamond coating could 
significantly increase cutting tool performance; one- and 
two-dimensional delamination factors differed because of 
the anisotropic nature of CFRP. Geier [11] analyzed cutting 
force according to cutting condition (e.g., up- and down-
milling of unidirectional CFRP). In that study, multiple-
order polynomial models were developed to identify the 
fiber orientation that corresponded to the minimum cutting 
force. However, the study was experiment-based, and it pro-
vided few insights regarding CFRP cutting mechanisms in 
different experimental paradigms.

Methods to predict the cutting force of CFRP have also 
been explored [5, 12–15]. Sheikh-Ahmad et al. [12] pre-
dicted the cutting force based on specific cutting energy 
functions. They found that, compared with regression tech-
niques, the neural network was a better simulation method. 
Mullin et al. [13] predicted the cutting forces of unidirec-
tional and multidirectional CFRP by deriving cutting force 
coefficients from the mean cutting force. Ning et al. [14] 
determined the specific cutting force by simplifying chip 
thickness to a uniform value; the mean cutting force was pre-
dicted during milling. Wang et al. [15] attempted to predict 
the periodic fluctuations of the CFRP milling cutting force, 

then compensated the cutting force through a frequency 
response function test. Kim et al. [16] used a CFRP cutting 
force model to optimize the cutting force and demonstrated 
that the model could be used to optimize feed direction. 
Existing literature indicates that the derivation of a specific 
cutting force within a CFRP cutting force model is complex; 
thus, further research is needed to improve its accuracy and 
efficiency. However, there is limited research focused on 
cutting force optimization using a model that includes the 
influence of tool path.

Additionally, efforts are underway to improve machining 
efficiency through the addition of advanced technologies 
such as ultrasonic [17, 18], cryogenic [19–21], and preheat-
ing [22] machining. However, commercial adoption of these 
advanced technologies has not been achieved.

Critical indicators of machinability in the above stud-
ies were cutting force and chip formation [4, 5, 8, 11–16]. 
Therefore, many studies have attempted to improve CFRP 
machinability through the development of a cutting force 
model [17–23]. However, among the studies related to CFRP 
cutting force and chip formation, there has been limited 
emphasis on the tool path. With respect to metals, extensive 
research has been carried out regarding the effect of tool 
path on cutting characteristics; difficult-to-cut materials, new 
materials, new tool development, and multi-axis machin-
ing remain active research topics [23–30]. With respect to 
CFRP, some studies have examined the effect of tool path on 
cutting force and delamination [11, 31] and on hole machin-
ing using a helical tool path [32]. However, there is minimal 
literature regarding the cutting characteristics of a typical 
tool path, such as zig-zag milling. Because cutting charac-
teristics substantially vary depending on cutting conditions 
in CFRP machining, there is a need to analyze the behavior 
of cutting characteristics according to various zig-zag mill-
ing conditions.

With respect to CFRP, the fiber cutting angle—influenced 
by cutting tool diameter, fiber orientation angle, radial depth 
of cut, and feed direction—affects cutting force and chip 
formation. Additionally, because repetitive up- and down-
milling occurs during zig-zag milling of CFRP, the cutting 
force and chip formation during up- and down-milling must 
also be considered. Numerous variables must be considered 
for cutting force analysis of CFRP zig-zag milling; the num-
ber of experiments required is infeasible.

This study analyzed cutting force and chip formation in 
zig-zag milling using the CFRP cutting force model. First, we 
derived the CFRP zig-zag milling cutting force model for cut-
ting force analysis via simulation, rather than experimentation. 
Second, we investigated zig-zag milling cutting force trends 
by analysis of up- and down-milling, followed by comparison 
of those results with the results of zig-zag milling. Third, we 
categorized the chip formation type through analyses of fiber 
cutting angles. Zig-zag milling is the most representative tool 
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path in rough milling; however, CFRP cutting force analysis 
was not performed because of the excessive number of vari-
ables. This study explored cutting force trends during CFRP 
zig-zag milling under various conditions. Our findings suggest 
that the field of CFRP machining could achieve productivity 
improvement and cutting force stabilization by determining the 
optimal feed direction during zig-zag milling.

2 � CFRP Milling Cutting Mechanism

2.1 � CFRP Zig‑Zag Milling

In general, zig-zag milling involves repeated up- and down-
milling. The chip thickness h is a function of the feed rate fz 
[mm/rev-tooth] and cutting tool rotation angle � (Eq. (1)). Here 
hdap is the chip area [mm2] of one disk when the axial depth 
of cut is divided into infinitesimal depths.

Figure 1 presents the results of chip area calculations for 
up- and down-milling using Eq. (1). During up-milling, the 
chip area is 0 at the cutting start point and maximum at the 
endpoint (Fig. 1a). The results for down-milling are opposite 
to the results of up-milling (Fig. 1b). As the cutting force for 
isotropic materials, such as metals, is proportional to both 
the chip area and specific cutting force, the cutting force 
behavior is generally similar to that of the chip area.

The fiber cutting angle ∅ , which is the angle between 
the cutting tool tooth and the fiber, continues to change 
during cutting tool rotation. The absolute fiber orientation 
angle �a is the angle between the fiber and the x-direction; 
it is determined by the direction in which the CFRP is 
fixed to the machine tool table. The fiber cutting angle 
and chip thickness differ during up- and down-milling. 
For example, consider an absolute fiber orientation angle 
of 30°, and a radial depth of cut ae that is 50% of the 
cutting tool diameter (i.e., 50% radial immersion). Dur-
ing up-milling, the fiber cutting angle begins at 150° and 

(1)
h = fzsin�

hdap = dap ⋅ fzsin�

ends at 60°; during down-milling, the fiber cutting angle 
begins at 60° and ends at 150° (Fig. 2). These findings 
indicate that CFRP milling is considerably more complex 
than metal machining.

Equation (2) describes the fiber cutting angle as a func-
tion of cutting tool rotation angle and fiber orientation angle 
� . Here, the fiber orientation angle lies between the feed 
direction fd and the fiber. The fiber orientation angle is influ-
enced by feed direction.

The angle at which the cutting tool tooth begins cutting 
is �s ; the angle at which the cutting ends is �e , which can be 
determined using Eq. (3). ae is the radial depth of cut, and D 
is the cutting tool diameter.

2.2 � CFRP Cutting Force Model

The prediction of cutting force during milling requires 
knowledge of the specific cutting force and prediction of 
the chip removal area over an infinitesimal interval of time. 
The chip removal area can be calculated based on cutting 
tool rotation angle and feed rate. The chip removal area per 
infinitesimal section of cutting tool tooth can be calculated 
according to the cutting conditions [33]. This chip removal 
area can be used to predict tangential, radial, and axial cut-
ting forces (Eq. (4)). Here, dFt , dFr , and dFa are the tangen-
tial, radial, and axial cutting forces of the infinitesimal disk 
of the cutting tool tooth, respectively; Kt , Kr , and Ka are the 
specific cutting forces in each direction. The chip area hdap 
can be calculated using Eq. (1).

(2)
� = (𝜃 − 𝜑)◦ + 180

◦ for − 180
◦ < 𝜃 − 𝜑 ≤ 0

◦

� = (𝜃 − 𝜑)◦ for 0
◦ < 𝜃 − 𝜑 < 180

◦

� = (𝜃 − 𝜑)◦ − 180
◦ for 180

◦ < 𝜃 − 𝜑

(3)

�e = 180
◦

�s = 180
◦ −

{(
arc cos

(
1 −

ae

D

))
×
180

�

}

�c = �e − �s

Fig. 1   Chip area during up- and 
down-milling (cutting tool 
diameter: 20 mm; radial depth 
of cut: 10 mm). a Up-milling 
and b down-milling
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The cutting force in cylindrical coordinates can be 
expressed as the cutting force in Cartesian coordinates via 
coordinate transformation (Eq. 5), as follows:

Continuous cutting force can be predicted by dividing 
the cutting tool rotation angle into infinitesimal angles, cal-
culating the corresponding cutting force using Eq. (4), and 
then summing the results. Continuous cutting force can be 
derived from the amount repeated in units of the sampling 
rate (Eq. 6). The resultant cutting force in the x-, y-, and 
z-directions is F . Here, k is the index number indicating the 
number of cutting edges, Nt is the number of teeth of the 
cutting tool, l is the total number of disks in the axial depth 
of cut, and j is the index number.

(4)

dFt = Kthdap

dFr = Krhdap

dFa = Kahdap

(5)
⎡⎢⎢⎣

dFx

dFy

dFz

⎤⎥⎥⎦
=

⎡⎢⎢⎣

cos� sin� 0

−sin� cos� 0

0 0 1

⎤⎥⎥⎦

⎡⎢⎢⎣

dFt

dFr

dFa

⎤⎥⎥⎦

(6)

Fx =

Nt∑
k=1

l∑
j=1

dFxkj

Fy =

Nt∑
k=1

l∑
j=1

dFykj

Fz =

Nt∑
k=1

l∑
j=1

dFzkj

F =

Nt∑
k=1

l∑
j=1

√
dF2

xkj
+ dF2

ykj
+ dF2

zkj

According to Eq. (2), the fiber cutting angle is affected by 
the immersion angle ( �s~�e ) and the fiber orientation angle. 
Therefore, changes in these two values can also influence the 
fiber cutting angle. The immersion angle during cutting can 
be expressed as a function of cutting tool diameter and radial 
depth of cut (Eq. (3)). Additionally, the fiber orientation angle 
can be defined as a function of the absolute fiber orientation 
angle and the feed direction. Therefore, during CFRP cutting, 
the fiber cutting angle—which significantly affects cutting force 
and chip formation—varies according to cutting tool diameter, 
radial immersion, absolute fiber orientation angle, and feed 
direction in milling. Although the fiber cutting angle is diffi-
cult to control, the fiber orientation angle can be easily adjusted 
by modifying the feed direction. Although the machining area 
and fixture orientation determine the absolute fiber orientation 
angle, the fiber orientation angle can be changed via modifica-
tion of the feed direction when designing the CNC code. It is 
generally easy to modify the feed direction in a process focused 
on removal of workpiece volume, such as face milling [16].

Zig-zag milling is mainly used in the face-milling pro-
cess; it comprises repeating cuts during up- and down-
milling. Up- and down-milling feed directions are always 
opposite to each other. The fiber cutting angle determined 
by changing the feed direction (clockwise) (expressed by 
the term (� − �) in Eq. (2)) is modified to 

(
� − (�a − fd

)
) . 

Moreover, the cutting characteristics of both up- and down-
milling, as determined by changing the feed direction, 
should be considered simultaneously.

When analyzing changes in cutting force according to 
feed direction, the range of fiber cutting angle depends on 
radial immersion; thus, radial immersion should also be 
considered. Cutting force must be analyzed through the divi-
sion of radial immersion and feed direction in various con-
ditions. The cutting force in each feed direction is derived 

Fig. 2   Schematic illustration of geometrical relationship between CFRP and cutting tool during up- and down-milling. a Up-milling and b 
down-milling
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at each radial immersion. Comparison of cutting force in 
each feed direction at one radial immersion can be used to 
determine minimum cutting force. The cutting force can 
be analyzed by repeating this process for all radial immer-
sions ranging from 0 to 100%. This analysis is conducted 
by assigning an index number to each radial immersion and 

feed direction (Fig. 3a), and the cutting forces during up- 
and down-milling are predicted (Fig. 3b); the immersion 
angle varies between up- and down-milling. Determination 
of the optimal feed direction index m that corresponds to 
the index q of each radial immersion allows identification of 
the feed direction in which the cutting force is minimized.

Fig. 3   Flow charts for analysis of cutting force according to feed direction and radial immersion
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2.3 � Prediction of Chip Formation Type

The five types of chip formation in unidirectional CFRP 
machining are determined by the fiber cutting angle and the 
rake angle of the cutting tool tooth. Figure 4 shows chip 
formation under the cutting tool conditions used in this 
study. Type I is a delamination-type chip; Type II is a fiber-
buckling chip, which occurs when the rake angle is negative. 
The polycrystalline diamond (PCD) milling tool used in this 
study has a positive rake angle; thus, Type II chip formation 
does not occur. In Type III, continuous chips are formed by 
shearing, similar to chip formation that occurs during metal 
machining. Type IV is similar to Type III, but discontinuous 
chips are formed. In Type V, macro fractures of the fiber are 
dominant because of extensive elastic bending [34].

Figure 4 shows the classification of chip formation type in 
our experimental conditions. Figure 4a illustrates the classi-
fication according to fiber cutting angle: 0°–45° corresponds 
to a Type I delamination-type chip, 45°–90° corresponds to 
a Type V macro fracture chip, 90°–120° corresponds to a 
Type IV discontinuous chip, and 120°–180° corresponds to 
a Type III continuous chip. This chip formation classification 
scheme applies when the cutting tool rake angle is 10°; how-
ever, the chip formation type is varied by alteration of the 
rake angle. Figure 4b illustrates the up- and down-milling 
chip formation types, along with chip area, when the fiber 
orientation angle is approximately 120° and radial immer-
sion is 50%. Using Eqs. (1) and (2), the chip area for each 
chip formation type can be determined according to cutting 
tool rotation angle. During up-milling, Type I chip forma-
tion is initially observed; Type V formation is observed as 
the cutting tool rotates, and Type IV formation is observed 
when the cutting tool exits the workpiece. At this time, the 
Type I chip area is smallest, whereas the Type IV chip area 
is largest. During down-milling, chip formation begins with 
Type IV, progresses to Type III, and finishes with Type I. 

The Type IV chip area is smallest, whereas the Type III 
chip area is largest. Because this model can predict the fiber 
fracture mode during cutting, engineers can estimate cutting 
characteristics that are difficult to confirm prior to cutting.

2.4 � Experiments

The specific cutting force is usually a scalar value for met-
als, whereas it is a function of the fiber cutting angle for 
CFRP. The chip generation mechanism and fracture mode 
vary according to the fiber cutting angle, as discussed above. 
The chip area and specific cutting force are required to pre-
dict the cutting force using Eq. (4), and the chip area can be 
calculated according to Eq. (1). However, the specific cutting 
force differs according to the specifications of the CFRP; 
thus, it was derived by experimentation.

To derive the specific cutting force, machining tests were 
conducted on unidirectional CFRP with fiber orientation 
angles of 0°, 30°, 60°, 90°, 120°, and 150° using a PCD 
milling tool. The cutting force was measured using a tool 
dynamometer (model 9257B; kistler.com, Switzerland) at 
a sampling rate of 5000 Hz (Fig. 5a). Toray yarn T700 12 k 
prepreg (thickness, 0.137 mm) was used as the CFRP. The 
cutting tool was a two-tooth PCD milling tool with rake 
angle of approximately 9°, relief angle (clearance angle) of 
20°, and helix angle of 0°. The corner radius of the cutting 
tool tooth edge, which affects CFRP cutting characteristics, 
was maintained using a Lasertec 20 machine (dmgmori.com, 
Germany). The PCD (CFW grade; iljindiamond.co.kr, South 
Korea) was brazed to a carbide body (Fig. 5b).

The derivation of a specific cutting force requires 
measurements of cutting force in the tangential, radial, 
and axial directions. However, the fixed tool dynamom-
eter can generally measure cutting force in the x-, y-, and 
z-directions (Fig. 5c). These values must be converted 
into the cutting force in a cylindrical coordinate system 

Fig. 4   CFRP chip formation. a 
Classification of chip formation 
type according to fiber cutting 
angle and b chip formation type 
during up- and down-milling
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by using the inverse matrix of Eq. (5). Subsequently, the 
specific cutting force can be derived by matching the phase 
of the cutting force with the chip area, based on the cutting 
tool rotation angle (Fig. 5d). Finally, the cutting force can 
be converted into a specific cutting force according to the 
fiber cutting angle using Eqs. (2) and (3).

Table 1 shows the milling test cutting conditions used in 
this study. First, to derive a specific cutting force, 10 mm was 
set as the radial depth of cut (50% radial immersion); cutting 
experiments were performed at six fiber orientation angles. 
The axial depth of cut was 2 mm, and the cutting speed was 
250 m/min. The cutting force model shown in Fig. 3b was 

Fig. 5   Experimental setup and analysis for determination of specific cutting force

Table 1   Cutting conditions for the milling test

Parameter Specific cutting-force derivation Cutting force model validation

Rotational speed [rpm] 3776 2547, 3776
Cutting speed [m/min] 250 160, 250
Feed rate [mm/min] 189, 378, 567 127.3, 189, 378, 567
Up-/down-milling Up Up, down
Radial/axial depth of cut [mm] 10/2 2–10/1, 2
Cutting tool 20 mm diameter, two-tooth

PCD milling tool
20 mm diameter, two-tooth
PCD milling tool

Material and fiber orientation angle [°] UD CFRP 0, 30, 60, 90, 120, 150 UD CFRP 0, 30, 60, 90, 120, 150
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created using the derived specific cutting force. The cutting 
force model was validated by up- and down-milling, and the 
predicted and experimental values were compared. After the 
cutting force model had been constructed and its reliability 
had been confirmed, the changes in cutting force accord-
ing to feed direction and radial immersion were determined; 
conditions with minimal cutting force were established as 
shown in Fig. 3a. The optimal feed directions were derived 
for up- and down-milling, as well as zig-zag milling.

3 � Results and Discussion

3.1 � Cutting Force Model

Figure 6 presents the specific cutting force derived after the 
cutting experiment under the conditions listed in Table 1. 
Figure 6a shows the specific cutting force in the radial direc-
tion, whereas Fig. 6b shows the specific cutting force in the 
tangential direction. The results for each feed rate are shown. 
The specific cutting force in the radial direction is reduced at 
a fiber cutting angle of 0°–40°, increases from 40° to 120°, 
and then decreases to 180°. The specific cutting force in the 
tangential direction is reduced at a fiber cutting angle of 
0°–40°; it rapidly increases from 40° to 60°, along with an 
increase in variance. Then, the force plateaus from 60° to 
120°, and finally decreases to 180°. Variance is larger in the 
tangential direction than in the radial direction; the differ-
ence rapidly increases around the fiber cutting angle range 
of 40°–90°. This difference arises because the fiber cutting 
angle considerably influences CFRP cutting characteristics. 
Because this influence has strong effects on chip formation 
type, cutting force magnitude, and fluctuation, the specific 
cutting force is also affected [34].

The specific cutting force varies according to feed rate. 
As the feed rate increases, the overall specific cutting force 
decreases for both radial and tangential directions. This 
result is similar to the size effect phenomenon observed in 
metal machining: the specific cutting force increases as the 
chip thickness decreases, whereas the specific cutting force 
decreases as the chip thickness increases. As the feed rate 
increases, the specific cutting force is reduced because a 
thick chip is used to derive the specific cutting force for the 
same fiber cutting angle. The size effect is not apparent at 
the fiber cutting angle of 0°–40°, but it is evident after 40°. 
From 0° to 40°, chip formation by delamination (rather than 
machining) is dominant. Therefore, no size effect is expected 
during machining.

To predict CFRP cutting force, the specific cutting force 
should be expressed as a function of the fiber cutting angle. 
Generally, methods such as a simple sine function or polyno-
mial regression are used because the specific cutting force of 
CFRP can be approximated by the sine function of the fiber 
cutting angle. In this study, a specific cutting force model 
was derived using a simple sine function (Eq. (7)), and a size 
effect term was generated according to the chip thickness. 
Here, a , b , and c are coefficients that represent the change in 
specific cutting force according to fiber cutting angle; d is 
the coefficient that expresses the exponential function related 
to the size effect.

The specific cutting force varies periodically with the 
fiber cutting angle, and is the same at 0° and 180°. To 
deal with differences in specific cutting force between 
these angles, the sine function is utilized. Differences can 
occur if the fiber cutting angle is directly included in the 

(7)K = (a + b ∙ sin(2∅ + c))hd

Fig. 6   Specific cutting forces. a Radial and b tangential
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regression model. The coefficient d is negative because of 
the size effect, and the specific cutting force decreases as 
the chip becomes thicker but increases as the chip becomes 
thinner. Higher absolute values of coefficient d indicate 
greater sensitivity of the specific cutting force to changes 
in chip thickness. Table 2 shows the coefficients for spe-
cific cutting forces.

Figure 7 shows the results of fitting the specific cutting 
force using Eq. (7). The R-squared value (R2) was 0.90 for 
the radial direction, whereas it was 0.77 for the tangential 
direction. Figure 5 shows that in the tangential direction, 
when the feed rate is slowed, the variance and specific 
cutting force rapidly increase at the fiber cutting angle 
of 40°–90°. Moreover, there is a substantial difference in 
variance according to the feed rate. These variance and 
size effects resulted in large errors in fitting results in the 
tangential direction.

Figures 8 and 9 present the cutting force prediction 
results for up- and down-milling using the specific cutting 
force model with the cutting conditions listed in Table 1, 
validated for each feed rate. The shape of the cutting force 
waveform and the maximum and minimum values can be 
adequately predicted at all fiber orientation angles.

3.2 � Cutting Force Variation According to Feed 
Direction and Radial Immersion

Figure 10 shows the cutting force behavior according to 
the change in the feed direction and radial immersion at the 

absolute fiber orientation angle of 0°, as determined using 
the cutting force model. This figure considers up- and down-
milling separately. Red dots indicate the feed direction where 
the cutting force is lowest at a particular radial immersion. 
During both up- and down-milling, as the radial immersion 
increases in each feed direction, the chip removal volume 
increases; this leads to an increase in cutting force. Because 
the cutting tool immersion angle and chip thickness differ 
between up- and down-milling, the resultant cutting force 
is generally different. Although the chip removal volumes 
are identical for a particular radial immersion, there is a 
substantial difference in cutting force according to the feed 
direction. This difference is caused by changes in the range 
of the fiber cutting angle according to feed direction. Dur-
ing up-milling, the resultant cutting force is high in the feed 
direction, at approximately 50°–100°; during down-milling, 
the force is low.

Figure 11 presents the optimal feed direction correspond-
ing to the lowest cutting force for each condition (red dots 
in Fig. 10). This was derived using the flow charts shown in 
Fig. 3; it is the feed direction in which cutting force is mini-
mized when cutting at the absolute fiber orientation angle 
of 0°. The slope of the optimal feed direction according to 
radial immersion is steeper than the slope of the optimal feed 
direction according to feed rate. These values can be used in 
various radial immersions and feed rates when selecting the 
feed direction and generating G codes. Variations in cutting 
force related to radial immersion are more sensitive than 
changes in feed rate, and the gradient according to change 
in the optimal feed direction is generally constant.

Table  3 shows the optimal feed directions for radial 
immersions of 5% and 100%, as well as feed rates of 0.02 
and 0.2 mm/r. At 0.02 mm/r, the changes in optimal feed 
direction according to radial immersion are 70° (–37° to 
33°) for up-milling and 76° (33° to 109°) for down-milling. 
At 0.2 mm/r, these changes are 50° (− 19° to 49°) for up-
milling and 78° (49°–127°) for down-milling. The gradient 

Table 2   Coefficients of the specific cutting force

Specific cutting 
force [N/mm2]

Coefficients

a b c d

Kr 116.4 100.6 3.084 − 0.6056
Kt 115.2 71.52 − 2.188 − 0.5322

Fig. 7   Fitting of specific cutting force. a Radial direction and b tangential direction
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of change in optimal feed direction according to radial 
immersion is larger for down-milling than for up-milling. 
Therefore, a change in radial immersion during down-mill-
ing has considerably greater effect on the optimal feed direc-
tion, compared with a change during up-milling. However, 
according to the feed rate, the optimal change in feed direc-
tion is identical (18°) for both up- and down-milling at 5% 

radial immersion. Even when the radial immersion is 100%, 
the change is 16° for both up- and down-milling conditions.

The optimal feed direction according to radial immersion 
and feed rate was fitted via polynomial regression. A reli-
able, optimal feed direction model with R2 > 0.99 was identi-
fied for both up- and down-milling. Therefore, optimal feed 
direction models could be established using this regression 

Fig. 8   Comparison of real 
(experimental) and predicted 
up-milling cutting forces
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approach for different types of CFRPs, which would be use-
ful when designing G code.

Figure 12 presents the difference, expressed as a percent-
age (reduction ratio)), between the maximum and minimum 
cutting forces occurring in the feed direction for both up- 
and down-milling. This value represents the extent to which 
cutting force can be reduced in each condition. For both 

up- and down-milling, lower radial immersion and lower 
feed rate result in greater reductions in cutting force. The 
rate of cutting force reduction is important for finishing. 
However, these results are calculated as a cutting force per-
centage. The values are larger in the roughing condition (i.e., 
high radial immersion, high feed rate) when calculated as an 
absolute value of the cutting force.

Fig. 9   Comparison of real 
(experimental) and predicted 
down-milling cutting forces
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Figure 13 presents the cutting force as a function of 
feed direction and radial immersion for zig-zag milling. 
The total cutting force is the sum of the cutting forces of 
up- and down-milling during zig-zag milling. The optimal 
feed direction (red dots) rapidly changes from 111° to 27° 
after 30% radial immersion. For 0–30% radial immersion, 
the change in cutting force according to feed direction is 
unclear, although the change is evident after 30%. This find-
ing contrasts with the results shown in Fig. 10, where the 

optimal feed direction follows a continuous curve. Figure 14 
shows the optimal feed direction for each condition depicted 
in Fig. 13. For all feed rates, a sharp change in the optimal 
feed direction occurs at 30% radial immersion, as discussed 
above.

Figure 15 shows the reduction ratio results for zig-zag 
milling. The reduction ratio decreases up to 30% radial 
immersion; after 30%, it exhibits a parabolic form. The 
reduction ratio is largest at 75% radial immersion: 47.5% 
at the feed rate of 0.02 mm/r and 30.8% at 0.2 mm/r. For 
up- or down-milling, lower radial immersion results in a 
higher reduction ratio. In zig-zag milling, the reduction 
ratio increases from 30% radial immersion and reaches a 
maximum at 75%, which is a roughing condition. Cutting 
force optimization is more frequently required in roughing 
than in finishing, where quality is important. These findings 
indicate that the use of tool path optimization in zig-zag 
milling is more appropriate than the use of up- or down-
milling alone.

Fig. 10   Resultant cutting force as a function of feed direction and radial immersion

Fig. 11   Optimal feed direction as a function of radial immersion and feed rate

Table 3   Optimal feed directions under various cutting conditions

Radial immersion (%)/fn 
[mm/r]

Optimal feed direction [°]

Up milling Down milling

5/0.02 − 37 (143) 109
100/0.02 33 33
5/0.2 − 19 (161) 127
100/0.2 49 49
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3.3 � Chip Formation Type According to Tool Path

Figure 16 shows the chip areas removed in the optimal feed 
direction. First, we present the results of up- and down-
milling alone [Fig. 16a] followed by the results of zigzag 
milling [Fig. 16b]. Zig-zag milling involves sequential up- 
and down-milling; we define up-and down-milling during 
zigzag milling as “zig-zag up-milling” and “zig-zag down-
milling”, respectively. Figure 16a presents the results of 
classifying the chip area according to the type of chip when 
machining with the optimal feed direction in up- and down-
milling. The type is determined by the fiber cutting angle 
during chip removal, according to the cutting tool immersion 
angle. Type I chip formation is dominant in both up- and 
down-milling, whereas Type V formation has the smallest 
proportion. Figure 6 shows that the specific cutting force 

Fig. 12   Reduction ratio of cutting force as a function of radial immersion and feed rate

Fig. 13   Resultant cutting force as a function of feed direction and 
radial immersion during zig-zag milling

Fig. 14   Optimal feed direction as a function of radial immersion and 
feed rate for zig-zag milling

Fig. 15   Reduction ratio of cutting force as a function of radial immer-
sion and feed rate in zig-zag milling
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is lowest near the fiber cutting angle of 40°, and the sur-
rounding chip formation is Type I; therefore, its portion is 
largest. In contrast, during chip formation in zig-zag milling, 
Type I is not dominant from 10 to 30% radial immersion 
in up-milling, whereas Type I is not dominant from 40 to 
100% radial immersion in down-milling [Fig. 16b]. In zig-
zag milling, up- and down-milling are considered simulta-
neously; thus, the dominant chip formation type is unclear 
when considered at only one of the two conditions. However, 
if the values of up- and down-milling of zig-zag milling are 
considered together, Type I is dominant.

Chip formation can significantly affect the machined 
surface. However, because chip formation has the greatest 
influence at the point where the machined surface is cre-
ated, further research is needed to determine whether the 

distributions in Fig. 16 are directly related to the machined 
surface quality. Therefore, the optimal feed direction is use-
ful when cutting force and productivity are more important 
than quality (e.g., during roughing); in the context of finish-
ing (where quality is essential), there is a need to consider 
chip formation near the machined surface. Further research 
is necessary because the shape and machining position of a 
CFRP workpiece are more difficult to adjust.

4 � Conclusion

In this study, cutting force and chip formation were ana-
lyzed as functions of radial immersion, feed rate, and feed 
direction in zig-zag milling of CFRP using the cutting force 

Fig. 16   Chip formation type as a function of radial immersion during milling in the optimal feed direction. a Up- and down-milling and b zig-
zag milling
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model. The specific cutting force decreased with increas-
ing feed rate and chip thickness. This result resembles the 
size effect observed in metal machining; the behavior can 
be modeled by regression. In zig-zag milling, the optimal 
feed direction did not follow a continuous path; instead, it 
rapidly changed after 30% radial immersion. Furthermore, 
the cutting force reduction ratio changed to a parabolic form 
after 30% radial immersion. In zig-zag milling, the cutting 
force reduction ratio was large at approximately 75% radial 
immersion. Regarding chip formation type in the optimal 
feed direction, Type I chips were predominantly removed 
during both up- and down-milling. Individual analysis of 
the up- and down-milling components of zig-zag milling 
could not clearly identify the chip formation type, but Type 
I chip formation was dominant if up- and down-milling were 
considered in combination. This behavior occurred because 
Type I has the lowest specific cutting force.

The main results of the study are as follows.

1.	 The reduction ratio of cutting force in zig-zag milling is 
large at 75% radial immersion. Because this is a rough-
ing condition, it is appropriate for optimization of the 
cutting force. The cutting force optimization method is 
commonly used in roughing conditions; with respect to 
CFRP, zig-zag milling is effective in a process focused 
on cutting force reduction and enhanced productivity.

2.	 With respect to unidirectional CFRP, the magnitude of 
the specific cutting force can substantially vary accord-
ing to the CFRP specification; however, the effect of 
fiber cutting angle on specific cutting force is similar. 
Therefore, our cutting force prediction model-based 
analysis and optimization method can be applied to 
CFRP of various specifications. Some experiments are 
required to derive the specific cutting force, but once 
this is known it is possible to check the cutting force 
under various conditions via simulation. If it is difficult 
to obtain the specific cutting forces by experimentation, 
trends could be validated using data from this study.

3.	 More variables affect cutting force and chip formation 
in CFRP than in metals; the presence of these additional 
variables hinders experimental analysis. Additionally, 
cutting force prediction model-based analysis is more 
efficient because results measured under specific experi-
mental conditions are only applicable to a limited range 
of conditions. This study used cutting force models to 
expand the scope of previous studies, which were lim-
ited to the development of cutting force models. The 
technology described here can be used in the develop-
ment of CFRP cutting force optimization software.

4.	 In milling, according to the CFRP shape and machining 
part, up-, down-, and zig-zag milling may require indi-

vidual or simultaneous consideration. Importantly, there 
are tool paths other than zig-zag milling; these paths can 
also be modeled based on up- and down-milling cutting 
force models. Therefore, the cutting force and chip for-
mation analysis method presented in this study can be 
used to assess the cutting characteristics of more diverse 
CFRP milling approaches.
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