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Abstract

This study investigates machining stability considering the rotational and thermal effects of a spindle-bearing system. Con-
ventional method for analysis of machining stability only has regarded the static response of spindle system, which does not
represent actual machining conditions as some investigations mentioned. Bearing stiffness change caused by a contact angle
change is applied to the analytical approach for a dynamics of spindle system. At the same time, in a frequency response func-
tion (FRF) of rotating spindle, disturbance-induced signals are included such as a slip between hammer and tool, a spindle
run-out and a noise due to insufficient impulse force. In this paper, a conventional impact exciting method which has been
popular for characterization is refined in order to obtain dynamic characteristics of rotating spindle-bearing system on the
consideration of coherence function. Those disturbances in the output signal are remarkably reduced through finding both
the optimal conditions in terms of impulse force and the filtering of false responses. The proposed refined impact exciting
tests, which can manage both rotational and thermal effects under rotating conditions, lead to provide FRFs matching more
accurately. Stability lobe diagrams (SLDs) derived from FRFs obtained by experiments were derived to evaluate the effective-
ness of the dynamic characteristic change in bearing-spindle systems. As a result, the axial depth of cut limitations at chatter
occurrence points were well matched to actual depth limits with a deviation of 3% or less. Chatter vibration generation condi-
tions can be well estimated, which proved that SLDs considering the dynamic characteristic of spindle-bearing system reveal
the actual cutting condition since it includes thermal and rotation effects of spindle-bearing system during milling process.

Keywords Stability lobe diagram (SLD) - End milling - Thermal effect - Rotational effect - Spindle-bearing system
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a, Axial depth of cut (mm)

a Directional milling force coefficient

N Number of cutters

n Phase distance in one tooth period (°/
tooth)

O Frequency response function

w, Chatter frequency (Hz)

A Eigenvalue

€ Phase shift between the inner and outer
modulations (°)

Subscripts

a Axial direction

r Radial direction

i Inner race or contact

0 Outer race or contact

h Bearing housing

s Shaft

t Tangential direction

th Thermally induced component

rot Rotational

j Position of rolling element inside bearing
or j* cutter of end mill

XX, Xy, yX, yy Direction of frequency response function
in cutting force matrix

st, ex Start and exit angle

R Real part

1 Imaginary part

1 Introduction

Many engineers and researchers have investigated the chatter
phenomenon that occurs during turning, drilling, and milling
operations conducted with computer numerically controlled
(CNC) machine tools. Basically, this work assumes that a
cutting tool and workpiece mounted on the machine tool
have mutually influenced cutting forces or vibrations that are
exerted on each other. Even though all effective conditions
are carefully considered, forced and self-excited vibrations
during the cutting process are difficult to avoid [1, 2]. Pre-
vious investigations have been focused on simple features
induced by cutting conditions, such as a radial immersion
[3] or a type of relative motion between the workpiece and
tool [4]. In general, a chatter vibration is mainly affected
by characteristics of the machine tools, which can be first
realized in spindle-holder-tool assemblies or the frequency
response reflection in the time domain [5, 6]. To examine
the dynamic characteristic changes of high-speed spindle
systems, it is essential to identify various conditions using
methods such as the inverse stability solution with frequency
response function (FRF) to avoid chatter vibration effec-
tively [7], multi-objective optimization considering natural
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frequencies, stiffness, friction torque inside achieves 26%
increased static stiffness of spindle-bearing system [8]. In
addition, dynamic cutting force model with cutter stiffness
was identified, and it has possibility to improve chatter vibra-
tion researches since chatter vibration is mainly influenced
by system characteristics including stiffness change [9].
Also, the key point is about the change of dynamic char-
acteristic of spindle system, which is generated by bear-
ings inside since the bearing produces rotation and thermal
effects on mechanical system including itself [10, 11].

A theoretical model has already been established for the
change in properties of a milling system affected by the gyro-
scopic effect occurring in the spindle [12-14]. And one of
researches suggested that time-varying stiffness system into
fixed step time invariant could be used for the high speed
spindle system with same theoretical model [15]. After that,
the rotation effect on the shaft and bearings, which influ-
ences the stiffness, was investigated in accordance with vari-
ous spindle speeds to show the change of FRFs compared
to the static condition [16]. Also, the rotation effect on the
micro milling process was suggested to predict chatter stabil-
ity when using a simple geometrical model for micro milling
[17]. The governing equations for chatter vibration predic-
tion include gyroscopic effects and centrifugal forces exerted
on the spindle system, especially for the support bearings
[18]. Furthermore, in order to practically evaluate the effec-
tiveness of these models, various experimental methods for
the axial depth of the predicted cutting limit and the occur-
rence of chatter are continuously being studied. [19, 20]. To
date, chatter analysis considering only the rotational effect
of bearings has been actively conducted [21, 22], and results
explain that the rotational effect of bearings will decrease
the radial stiffness of spindle system from 5 to 15% on aver-
age. However, since the bearing continuously generates heat
due to the spindle rotation, the characteristic analysis of the
spindle considering only the rotation effect is insufficient to
accurately analyze the milling stability.

High speed motorized spindle has complicated nonlin-
ear and non-stationary features, but displacement-based
model was reputed as one of notable solution to analyze
thermal characteristic of the spindle [23]. Although ther-
mal effects for chatter analysis were adopted after rotation
theory, a thermomechanical model for a spindle-bearing
system is well applied to stability analysis for the spindle-
bearing system [24]. Research into the coupled heat gen-
eration relation between the bearing thermal expansion
and the heat source change shows that the stable condition
varies with the bearing thermal preload change [25, 26].
Also, the thermal effect induced by the relation between
the workpiece and tool interfaces was found to affect
the unstable cutting condition shift [27]. After several
researchers identified that the thermal effect should be
simultaneously considered with the rotational influence,
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one study of the stability analysis for both effects depicted
that the stable region could be changed within a 10%
range given by the spindle operation [28]. Moreover, the
cutting process considering the thermal effect increases
the depth of the cut limit from 0.1 to 0.2 mm compared to
static stable depth values [29]. This can be explained by
the stiffness change in the spindle-bearing system, as the
thermal expansion of the bearing causes a preload change
with radial stiffness variation of 10-30% at the maximum
increase ratio [30]. These results show that it is possible
to increase the stiffness of the spindle system through
thermal effects of bearings, which is directly related to
the chatter stability enhancement.

Based on many researches, bearings have the greatest
influence on the machining stability of the spindle sys-
tem since it is rotating and has thermal effects. Hence,
many attempts have been made to improve the accuracy
of milling stability analysis such as the nonlinear spindle-
bearing system modeling, thermomechanical model, or
experimental verifications [31-36]. Currently, the ther-
momechanical dynamic model is widely applied to chatter
stability analysis with experimental solutions [37, 38].
In addition, combination of tool-tool holder mode and
spindle speed effect on this physical model were sug-
gested and showed machining stability boundary change
during milling process [39]. Commonly, studies depict-
ing natural frequency values would be reduced 5-15%
on average when the model only evaluates the rotational
effect, and thermally induced factors are increasing the
stability depth level by 10% at maximum. However, it
is still necessary to verify the actual change and domi-
nant parameters, such as a thermal time constant of the
spindle, characterization methods including reliability of
newly suggested tests. As described, thermal and rota-
tional effects are critical factors for milling stability; how-
ever, experimental verifications about the non-stationary
state of rotating spindle are insufficient to obtain accurate
estimation.

This study investigates the effectiveness of the refined
impact excitation to the non-stationary rotating spindle,
particularly based on a coherence function of FRF dur-
ing excitation. For the analytical approach, a thermome-
chanical model of the spindle-bearing system through
simplification of major parameters is adopted, where the
rotation and thermal effects of bearings are regarded as
the major factors to analyze dynamic characteristics. In
the experiments, three types of coupled spindle system
are compared; thermal effect without rotation, rotation
without thermal effect, coupled with thermal and rota-
tion effects. FRFs obtained from refined impact excitation
results are employed to draw respective SLDs, and the
milling tests are carried out to evaluate the effectiveness
of the SLDs obtained from the experiments, in which a

workpiece having a specific slope for continuous change
in the axial depth of cut is used [40, 41].

2 Theoretical Background of Bearing
Stiffness

2.1 Contact Angle Change with Rotational
and Thermal Effects

In basic bearing analysis model, loads acting on the roll-
ing elements or raceways in bearings are developed in only
small and narrow regions at contact area between rolling ball
and raceway. Hertzian theory demonstrates a relationship
between load and deflection at the contact point as given by
Eq. (1). According to the assembly conditions of bearing
such as radial and axial fitting clearances, the contact angle
readily changes, which eventually determines the friction
heat as well as the initial stiffness of bearing as depicted in
Fig. 1.

The combined load and ball center position are modi-
fied depending on the thermal deformation and the centrifu-
gal force, which affects the system characteristics overall
as shown in Fig. 1b. Due to the rotation effect, the contact
angles at the outer and inner raceway are given by Eq. (2),
which mainly affect the stiffness of spindle-bearing system.

Q = K6'3(Point loading of rolling bearings) H

72 (@)
0,= ll + <cot (a;) + Q—C> ] [

The final geometric interference is equivalent to the new
contact angle, changed with the summation of thermal defor-
mation, and the total radial displacement based on the Love’s
displacement equation for the hollow shaft problem can be
expressed as Eqs. (3) and (4), and the detailed derivations
are referred to Wan C. and Harris T.A. [42, 43];

o (1 +vo)r0
£, = ?W [TO(ZrU + rh) + Th(Zrh + ro)], £, 3)
= a1 AT}, €5 = €, F Upprg i1 AT;

Etotal = 5[01{11 = 5rot + €p + Enitial +0.5 (gi - EO)COS((Xth) (4’)
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Fig. 1 a Contact angle change of rolling element with raceways and b ball and raceway groove center point shift

2.2 Contact Stiffness and Bearing Heat

Rotational and thermally induced displacement inside the
bearing is defined by the final contact angle. From Fig. 1b,
the final location at each position (A;) will be found with
radial deformation between the location of groove curva-
ture centers of each raceway (A,), which consider the total
deformation values at each position and angular location
(5), and the ball center position (6), where X is the projec-
tion of distance between the ball center and outer raceway
curvature center and X, is the projection toward the radial
direction:

Ay = BDsin(ay,) + 6
A2j = BDSil’L(O(,h> + 5total,rcos(wj)

+ OR;cos (u/j), and

total,a

®

(A= Xy)* + (A = Xy)* = |(f; — 0.5)D +6;]° = 0,and
X2+ X2~ [(f,~05)D+5]" =0
(6)

The inner and outer raceway deformation for calcu-
lating the inside ball location can assume that the ball
gyroscopic moment is regulated entirely by the frictional
force between the ball and outer raceway contact. Then,
the given equilibrium of forces in the horizontal and verti-
cal directions are explained respectively by the rotational
and thermally induced forces where, «; and a,; are equal
to final contact angle a, ;, a, ,:
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final position I 5, cos(a)
Ball center,
initial position !
1
X, j
Outer raceway
groove center
8, : relative axial deformation of the inner and outer race
§,. : relative radial deformation of the inner and outer race
6 : relative angular deformation
. . My,
Q;;sin (@) — Q,;sin (@) — - (4 cos (a;) — Ayjcos (a,)) =0
0y 05 (o) = Quyc05 (i) 4 12 (300 ) = 05 () 4 Fy =0
i €os () — O, cos (a,; D i cos (@) — 4,5 cos (a,; G =
(7

From this equation, the final inner and outer contact
angles of each bearing are used for the determination of
the final contact angle from the thermal terms. Also, the
substitution of the above equations with the normal loads
on balls, related to normal contact deformations, are as
follows with coefficients equal to 1. Then, it is simplified
using the force equilibrium assumption as follows:

AgiM i Xn: AiiM;
S = K6l Xy Kbl (A = Xy) = S5 (Ay - Xy) _
(f,—05)D+56, (,—0.5)D+35;
AgiM i X1 AiMy;
o K8 Xy Kby (Agy = Xy) + A5 (A - Xy) o
(f, —0.5)D +36, (fi—0.5)D+6; 9
(®)

Equations are rearranged with the gyroscopic moment
and centrifugal force for rolling balls of angular contact
bearing, where the deformed variables are evaluated from
a numerical method such as Newton—Raphson. The input
conditions are the axial force, radial force, moment, defor-
mation or displacement values can be determined by force
equilibrium. After obtaining the primary unknown quanti-
ties, the contact angle of each contact spot are as follows:
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. AgMy;
F _J:Z K;(Ay; _le)'si}'5 -5 (A -Xy) -
- (f; = 0.5)D +§;
- AM,
F— G| KAy = X5)8)° = 252 (A ~Xy) _
r 5 (fl —0.5)D + 5,]
o M,
22 KAy = Xy)8)° = 254 (Ay = Xyy)
i b * ¥ 7 =
M-z 7, —05D+3, o+ Al st ) =0

©))

As a result, solutions for bearing stiffness are determined
by the relation between the force and deformation for each
direction with a summation of those for each ball position as

Eq. (10) and the detailed derivations are referred to Harris
T.A. and Hartnett M. [43, 44]:

F,

total,a
Ka = 5 N Kr =

total,a

F

total,r
o

(10)
total,r

Overall friction moment induced by the initial load is
given by Eq. (11):

M, = {0.0262(0.5F, +0.44F,)" " }

-{(0.9F,cot (ay;) = 0.1F,,,) } - d,, an

In addition, friction moment caused by the lubrication
can be considered as Eq. (12) depending on the lubrication

type (fo) [37]:

M, = 107y (v,,8)°d> - [v,5s - S = 2000]

12
M, =160 (107"fyd> ) -+ [v,;, - S < 2000] (12

Vis

Tool holder

(a) i
Housing (BBT40)

4

2.3 Simulation Based on FEM Analysis

Through the theoretical approach for bearing stiffness
change, rotation and thermal effects can be determined.
To estimate the stiffness change caused by thermal expan-
sion, thermostatic model of the spindle system is adopted.
In Fig. 2a, ‘Temperature measurement I’ is monitored by
a K type thermocouple, and its value is displayed on the
CNC control panel, while ‘Temperature measurement II” is
for the spindle nose temperature measurement using same
type thermocouple with a LabVIEW C-board (NI-9213,
National Instruments Co.) (Table 1). Also, in order to esti-
mate contact stiffness of interfaces, displacements of the tip
of milling tool and the tool holder are compared to the static
stiffness that are measured experimentally as depicted in
Fig. 2¢ and Table 2. The HSC spindle used in this paper is
commercially equipped in a 5-axis CNC machining center
(Hwacheon M2-5AX), which is prepared to conduct cutting
tests. In Table 1, basic properties of the spindle and bearing
are listed.

As mentioned, simplified simulation spindle model was
using input parameters for the calculation of temperature
change of the spindle inside. In the simulation, the rotational
speed from O to 18,000 RPM is applied to all rotating ele-
ments at 500 RPM intervals, and the heat generation of the
bearing is calculated by the following equation derived from
curve fitting method:

Heat generation = 2.04 - 10712 . RPM?

1
+4.96-107% - RPM? +4.74 - 1073 - RPM + 0.1 (13)

‘_S~pindle-holder interface

(o)

Holder-tool interface

_%H*é | |

Tool end | | Spindle-holder |

Temperature
measurement I

Bearings

(b) Tool

Spindle housing  (air convection)

(air convection) . \

Spindle housing
[Ambient temp. : 20°C]

: Tool holder
#(air convection)

Convection
(grease)

Convection
(shaft, air)

L~

External force

Temperature I: @ @ §|
measurement IT &l

] g

Jacket oil cooling
(bearing housing)
L/

&
(8]

Contact area

(Heat generation)

P
Output Static force
¢ ¢ Disp. 200 -
Output Static force (Disp,) (200 - 700N)
(Disp.) (0 - 400N)

Fig.2 3D FEM simulation model for a stiffness and b temperature of spindle inside, and c static stiffness measurement test
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Heat flow is applied at the contact surface between race-
ways and balls, and convection conditions for the spindle
system affect temperature changes, including ambient tem-
perature. Bearing cooling mechanism is composed of jacket
oil cooling on bearing housing and the oil mist lubrication
inside. Also, convection conditions given by air on tool, tool
holder, and spindle inside are considered as bearing cooling
factors. Interface conditions among tool-holder-spindle are
having a joint connection is assumed to be unchanged dur-
ing operation, where the conduction is emerged based on the
material property listed in Table 3. Convection is the main
sink for heat generation of bearings, the input parameters
and model are tuned until the errors between those values
converge within 3%. Since the heat is generated by spindle
rotation, it was set to the same speed in the heat generation
calculation.

Table 1 Basic properties of the spindle and bearing

As aresult, Fig. 3a shows the temperature change of the
front bearing and spindle nose obtained through simula-
tion and measurement test. Front bearing temperature of
the simulation reaches 41.4 °C, when actual measurement
value is 40.9 °C (1.1% error). The reason for this error is that
the elaborate cooling system actually acting on the spindle
is simplified into convection including bearing grease, air
around shaft and housing. Since the error between the meas-
ured value of temperature change and the simulation result
converged into 1%, it can be regarded as reasonable assump-
tion to predict the internal temperature of the spindle based
on the FEM thermal model simulation. Hence, based on this,
simulation results of spindle inside temperature values were
estimated as shown in Fig. 3b, c. In accordance with the
spindle rotation speed, a trend of the maximum temperature
value reached after a specific time was calculated.

Spindle Bearing

Type Commercial spindle Type Angular ball bearing

Bearing configuration Back-to-back Number of balls 18

Number of bearings 3 (2 on front, 1 on rear) Initial contact angle 18°

Shaft diameter 70 mm Outer diameter 110 mm

Taper (shank) BBT40 (7/24 taper) Bore diameter 70 mm

Power 18.5 kW Ball diameter 8 mm

Maximum speed 20,000 RPM Radius from ball center to inner race groove center 39 mm

Spindle nose Flat nose type Radius from ball center to outer race groove center ~ 52.5 mm

Maximum feed speed (X, Y, Z) 50,000 mm/min Lubrication type High-temperature

resistance grease

Oil jacket cooling on bearing housing 550 W Kinematic viscosity of bearing lubrication 20 mm/s

Iableé Initi;'zl inlqu parameters Parameter Tool-holder  Spindle-holder Tool-holder Spindle-holder Shaft-bearing

or stiffness simulation interface interface
Stiffness (N/mm) 20 x 103 60 x 10 6.3x 103 28 x 10 39 x 103
Damping ratio 0.07 0.01 0.11 (tool) 0.08 (holder) 0.12

Table 3 Material properties and convection coefficients for FEM simulation

Material Density (kg/m?) Thermal conduc-  Thermal expansion coefficient  Elastic modulus Poisson’s ratio
tivity (W/(m K)) (K™ (GPa)
Ceramic (ball) 3300 5 2.5-107° 300 0.23
Resin (cage) 1300 0.15 4.6-107 0.375 0.2
Structure steel (housing, shaft) 7850 60.5 1.2-107° 200 0.3
SUJ2 (raceway) 7830 46 1.25-107 220 0.35
Housing Spindle inside Bearings Tool holder and tool Shaft
Convection coefficient 25 150 (Air, rotation) 300 (Lubrication, inside) 530 60 (Air, rotation) 45 (Air, rotation)
(W/m? K) (Jacket oil cooling, housing)
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Fig.3 Temperature change of the bearing: a comparison between experiment and simulation results of 18,000 RPM rotation, b simulation result

of 18,000 RPM and ¢ simulation result of 12,000 RPM
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The temperature change results from the FEM simulation
are substituted to the theoretical Eqgs. (3) and (4) for ther-
mal deformation, so that the contact angle change caused by
rotation and thermal effects could be calculated as shown in
Fig. 4. Contact angle changes are depicted following rota-
tion speed orders, where the spindle speed is replaced by
the heat generation of the contact region between the balls
and raceways of two support bearings. Figure 4a shown
increased contact angle between balls and inner race, and
Fig. 4b shows reciprocal result. Input parameters and prop-
erties of bearing are inserted into MATLAB to calculate
total load ‘Q’ on rolling elements with contact angle change
obtained from the simulation result. Final deformation of
each bearing part is also computed considering rotation and
thermal effects induced by certain rotation speed, 18,000
RPM at maximum. The bearing stiffness according to rota-
tion speed was used in the spindle model, and the system
stiffness change caused by rotation and thermal effects was
derived.

The stiffness can be estimated based on the result reflect-
ing this phenomenon as expressed in Fig. 5, interface stiffness

Rotation speed [RPM, x1000]

(Fig. 5b) values calculated through iterative simulation process
using FEM model, hence static values at zero rotation speed
are same with the experimental measurement process meas-
ured from Fig. 2c test setup. The results are clearly appeared
in two ways: the decrease in stiffness due to the rotation effect
and the increase in stiffness affected by the bearing thermal
effect depicted in Fig. Sa—c. The reduction in stiffness is not
noticeable in the low-speed range where it increases up to 3000
RPM, as the rotation speed increases up to 10,000 RPM, a
sharp decrease proceeds. The deformation amount of the
bearing balls and rings increases linearly under the influence
of centrifugal force and moment, but the stiffness change is
reduced when the system reaches a certain rotational speed. It
appears that the rotational influence on bearings is diminished
by the fixed spindle housing and the shaft element expand-
ing by rotation. As mentioned previously, higher stiffness is
one of essential parameters to improve maximum/minimum
performance or stability of spindle system. Based on stiffness
graphs, it suggests that bearing thermal effects will produce
better stable machining condition since stiffness is increased
from rotation effect of spindle system.
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Fig. 5 FEM simulation results for stiffness at: a tool end, b tool holder-spindle interface, and ¢ end point of the shaft-bearing assembly

3 Characterization of Spindle-Bearing
System

3.1 Impact Excitation

In Fig. 6, vibration signals were measured using the acceler-
ometer (ICP® 352A21, PCB Piezotronics), with the impact
force applied at the tip of the dummy tool given by the
impulse hammer (ICP® 086C03, PCB Piezotronics). When
controlling the other disturbances caused by a difference
between the real and dummy tool, the existence of the tool
flute is the only disparity in the given tests. Both data sets
were acquired using a LabVIEW board (USB6363, National
Instruments Co.) given by the experimental conditions listed
in Table 5. For evaluating the rotational and thermal effects,

(a) (b)

’ Initial static status

uonjerad

hammer Tool

holder Impact
¢ signal
i : . Acc.
i s sensor hnpact
hammer

a noncontact sensor (Capacitance type, 5810 system, ADE
Technology) was used instead of the acceleration sensor.

Thermal effects of spindle bearings were investigated
using the conventional impact hammer test at the state of
temporary stop. Rotation effect was measured during the
spindle rotation and it readily generate noise signals as
well as frequency deviation. To securely acquire the FRF,
coherence functions described in below were cautiously
monitored.

2
|Gr ()

G,(f) - Go(f)

Namely, coherence function could be regarded as the cor-

respondence between excitation and response signals when
the spindle system is exerted to the input signal, and it could

Coherence function = (14)

Dynamic status (thermal & rotation effect) ‘

Thermal
effect

Thermal
effect

Rotation
effect

—

Operatio:

e
Disp.
sensor

Fig. 6 a Impact excitation test for rotating spindle and b schematic diagram of the whole test process
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demonstrate two states: response has anti-resonance points
where vibration responses are very low after it encounters
structural resonance points, and excitation force was not
exerted well to regulate the relation between the impulse
force and tool vibration. Moreover, there are essential fac-
tors to be considered in order to evaluate the effectiveness
of refined impact hammer tests for rotating spindle system,
which is indicated as a flow diagram depicted in Fig. 7.

Based on the process of coherence check, Fig. 7 depicts
that the reference response gained from conventional impact
hammer process is necessary to compare the result of rota-
tion system. Also, it needs to check the time interval between
impulse points while the residual vibration generated by pre-
vious impulse signal could have an effect on present vibra-
tion signal. The time it takes to rise to the peak value of the
impulse force and the noise are the processes for verifying
the accuracy of the input signal, where those are determined
by the reference impulse force signal obtained from the sta-
tionary condition.

In Table 4, major factors for coherence check are listed.
First consideration factor of refined impact hammer test

method is about impact point exerted on rotating tools
(Exp. T-1). When the tool is rotating, a slip will be gen-
erated between the impact hammer tip and the surface of
rotating dummy tool. Then, the input signal for system
response is deviated as shown in Fig. 8. The bad impact
position provides incomplete input signal, then the results
reveal lower coherence at specific frequency as well as noise
in high frequency band because incidental impulse peaks are
included by friction between the hammer tip and tool. This
disturbance could be minimized through observing coher-
ence function and choosing the impact position.
Furthermore, the false response (300 Hz) caused by
the spindle run-out was removed using filtering method.
On the other hand, the weak impulse force produces noise
response particularly in the high frequency band because
of the contact joint of tool-clamp-shaft. From the results
of different exciting forces, at least 200 N of impulse mag-
nitude was required to obtain high level coherence func-
tion in this system as shown in Fig. 8a. When the spindle is
rotating, to overcome the slip problem between the hammer
tip and dummy tool, sufficiently larger impulse magnitude

Preliminary process for rotation characteristic measurement

Input signal Impulse magnitude

Impulse position Impulse force noise and

(Impact hammer)

(maximum & minimum)

(impulse force shape)

peak time duration

Output signal
(displacement sensor)

Time interval between
impact force signal

Noise and special signal
during rotation time

Coherence of vibration
(input/output ratio)

Main process for rotation characteristic measurement }
Check

Results Comparison

Input signal
(Impact hammer)

Impulse magnitude
(based on the reference)

Frequency response Reference response
from rotation status from static status

‘ |

Impact position

Check

Rotation frequency (from resonance points)

Output signal Residual vibration given

filtering process l
I

(displacement sensor) by previous impact

High/Low frequency
noise filtering

Frequency response of
rotation system

Fig. 7 Flow chart of coherence check process for rotation spindle-bearing system

Table 4 Test conditions for
refined impact hammer test

Test factor

Impulse force magnitude

Rotation signal filtering Impact position Rotation speed

verification

Exp. T-1 300 (+10%) N
Exp. T-2 300 (£10%) N
Exp. T-3 50, 100, 200, 300 N

With filtering Bad position 18,000 RPM
Best position

Without filtering Best position

With filtering

With filtering Best position
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Fig.8 a Impact points on tool tip, b impulse amplitude and shape given by impact point, and ¢ specific noise signal induced by rotation

is necessary. In Fig. 8b, frequency response results were
derived from various impact hammer tests with different
impulse force amplitude. In order to gain higher coherence
of frequency response, impulse amplitude should be reach-
ing at least 200 N. In the case of 50 N force, resonance
frequencies after first range are removed or shifted. Because
the frequency response is essential to derive the milling sta-
bility lobe diagram, uncertain information caused by lower
impulse force should be avoided. In addition, the lower
amplitude of impulse forces such as 50 or 100 N was not able
to measure the system response after 2.5 kHz. In accordance
with rotation speed of the spindle, repetitive noise or dis-
turbance in specific frequency value can be included in the
displacement sensor as shown Fig. 8c. They are generated by
the runout of tools. But it is simply solved by the information
of system characteristic using the conventional method. In
order to avoid false resonance point generated by spindle

(a)
Frequency response results
o 3000 q y resp .
o 8 1 = Bad impact
T o 2000
£ i Anti-resonance = Best impact
g o 1000 | (
e -
= |
S % -1000 ]
= -2000 v v
0 1000 2000 3000 4000 5000
Coherence
1.0
34 0.8
o
5 Weak high
eak hi;
3 0.6 False § ) g
= | frequency signal
[<] resonance
@) 04
6 1000 2000 30b0 4000 5000
Frequency [Hz]

—_
=3
~

Real magnotude [um/N (Disp./Force)]

rotation speed, FFT filtering at the frequency corresponding
to spindle speed is adopted.

Refined impact hammer tests on the rotating spindle can
be applied to provide dynamic characteristics of rotating
spindle-bearing system. In Fig. 9a, the average value of
the highest coherence signal was obtained above 0.98 (not
exceed 1 since ‘1’ means the perfectly matched coherence),
and it was confirmed that the anti-resonance point decreased
to 0.58 of the lowest average value. In order to maintain the
coherence of measurement results, impulse point screening
process based on impulse signal analysis is conducted. At
the same time, impulse signal amplitude determines useful
cases for frequency response calculation. And filtering for
rotating signal and high frequency noise is accompanied to
gain proper frequency response results as shown in Fig. 9b.

In the characterization process, at the first stage, the
impulse was exerted on the stationary spindle at the tool

2000 - Impulses ;Enal magnitude
1000 -
0-
-1000 ——_wj
-2000
0 1000 2000 3000 4000 5000
Frequency [Hz]

Fig.9 a Coherence check with frequency response results, and b test results under different impulse force magnitude
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end. After that, the impulse was exerted on the rotating tool
end, which was repeated in accordance with the operation
time with setup conditions listed in Table 5. Therefore, to
measure the thermal effect, the spindle is shortly stopped
after each specified operation time. When the spindle FRF
is kept unchanged after certain operation time, that specific
operation time is set as a thermally stable period.

In the test, the dummy tool was adopted by consider-
ing the mass and length effects given by the discrepancy
between the real milling tool and dummy itself and when
the characteristic does not change even if the rotation of the
spindle continues, it is considered as the thermally steady
condition. Although the real tool produces the most accurate
characteristics, sharp edge may cause impulse errors. From
Fig. 10a, the thermal time constant of the spindle could be
derived from the shift trend of frequency response. The spin-
dle was stopped temporarily every hour to measure the FRF
influenced by the thermal effect. It is clear that, as the opera-
tion time increases, the resonance frequency shifted toward

Table 5 Impact hammer test setup conditions

right, which means the stiffness increases. After the spindle
operation time reaches 3 h, there is no change in the charac-
teristics of the spindle due to the thermal effect. Therefore,
the thermal effects increase the stiffness as expected from
Sect. 2, and 3 hours of operation needed for the minimum
saturation for the spindle condition.

In Fig. 10c, d corresponding to the first and second reso-
nances of Fig. 10b, due to the rotational effect of bearings,
the rigidity was lowered and the resonance frequency was
decreased. The thermal effect of bearings increases the reso-
nance frequency as like compensation of the reduced stiff-
ness, but it has a lower value than the resonant frequency of
the stationary condition. In Table 6, the larger shift of the
resonance frequency is observed in high frequency bands,
but the vibration magnitude becomes significantly lower
than the first resonance. Chatter vibration has a frequency
nearby natural frequency of a system [1] since structural
FRFs are dominantly related to chatter occurrence. Hence,
chatter vibration generated near the first resonance frequency

Tool Tungsten carbide, ¢10 (Dummy tool) Impact force 300 N (+10%)
Tool holder BBT 40 shank, Shrink fit tool holder Sampling frequency 50 kHz
Overhang 45 mm Sensor 1. Acceleration sensor
2. Capacitance sensor
Status 1. Stationary Weight of sensor (acceleration) 0.002 kg
2. Rotating (1, 2, 3,4 h)
Fig. 10 Impact excitation test (a) 3000+ (b)
results: a thermal time constant 20004 —
test, b impact hammer test 20004 |+ 1% resonance
results of all cases, ¢ first reso-
nance area around 1100 Hz, and 1000 1000 : .
d second resonance area around | | 2, (TeSOrance
1750 Hz = o | S \
8 == | — Initial status 01—
o | — 1 hour \1 — Static
2 10004 — 2 hours -1000- —
g 1000 — === Only thermal effect
2 ' — 4 hours ' 2000 L] '— Thermal + 'Rolation
g_ 1000 1100 1200 1300 1000 2000 3000
o
T 30007 (¢) 5007 (d)
E-
s 2000+
= 2501
<
Q
& 10001
0 4
04— “ /
| = Static \“ | == Static
1000 [ e 2501 T :
. ' === Only thermal effect === Only thermal effect
=== Thermal + Rotation === Thermal + Rotation
-2000 T T ] -500 T T T 1
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Frequency [Hz]
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Table 6 Resonance frequency values of each impact hammer test result

Resonance Stationary (Hz) Only thermal effect (Differ- Only rotational effect (Differ-  Both effects (Difference onto static)
ence onto static) ence onto static)

First 1125 1135 Hz (0.8% increase) 1095 Hz (2.6% decrease) 1110 Hz (1.3% decrease)

Second 1735 1780 Hz (2.6% increase) 1725 Hz (0.5% decrease) 1745 Hz (0.5% increase)

Third 3000 3160 Hz (5.3% increase) 2870 Hz (4.3% decrease) 2885 Hz% decrease)

Fig. 11 SLD derived from FRF (a) (b)
of experimental and simula- 04- FRF obtained from 04-
tion method: a SUS303 case, b = Static status
major area for the SUS303 case = === With rotation effect
é 03— Both effect 034
=]
o
kS
= 0.2 1 0.2+
o,
(]
<
S 011 0.1+
0.0 T T r r 0 T T T
5000 10000 15000 20000 10000 15000 20000
Spindle speed [RPM]
of spindle system will have the highest magnitude among  Table 7 Minimum depth of cut limit for the SUS303 case
chatter vibration components. Based on the test results, the ) - ’

. A . Experiment Experiment Experiment
chatter component will have the highest amplitude level (Stationary) (Rotation effect) (Both effects)
around 1.1 kHz (first resonance frequency value of spindle
system) and the lowest amplitude after 2.8 kHz. In addi- D(epth )Of cut 0.047 0.019 0.035

mm

tion, owing to the stiffness increase, the thermal effect of the
bearing is expected to reduce vibrations generated during
machining.

4 Stability Lobe Diagram and Machining
Conditions

4.1 Stability Lobe Diagram (SLD)

It is difficult to exactly solve the nonlinear relation for the
cutting mechanism, so it is necessary to approximate it as
a linear form to obtain a solution for the stable machining
conditions. In order to predict the actual cutting situations,
frequency responses considering rotational and thermal
effects are applied to obtain the SLD shown in Fig. 11. As
rotation effect of bearings generates stiffness drop, stable
cutting conditions will be decreased when it is compared to
the reference lobe obtained from impact hammer test of the
stationary spindle. And stiffness increase given by thermal
effect of bearings is reflected to SLDs as the compensation
of stable machining area, critical depth of cut moves upward
compared to the case of rotation effect.

@ Springer KE;E

The major difference in SLDs is clearly depicted in
Fig. 11, and when the rotation effect is applied, the minimum
limitation of the axial depth decreases as much as 7.4% on
average. In addition, in Fig. 11b, it increases to 10.3% while
the spindle speed change is also observed corresponding to
same axial depth. Only the case considering the rotational
effect had the lowest stiffness, resonance frequency, and
vibration amplitude, which were associated with the criti-
cal depth shown in Table 7. Usually, minimum depth of cut
value in SLD is sunken area of graph, and the zone under
this value would represent stable depth of cut for corre-
sponding spindle system. For instance, stiffness decrease of
bearings can be interpreted as stable depth reduction, since
SLD is calculated from FRF (“Appendix 1”). In conven-
tional SLDs, the conditions for maximum performance of
the high-speed spindle are determined based on the station-
ary condition of the system. Consequently, the cutting depth
where chatter vibration occurs does not reflect the dynamic
characteristics of spindle-bearing system. In order to predict
chatter vibration accurately, the shift of the SLD should be
carefully observed according to the spindle rotation speed,
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even though the stable area gets larger due to the thermal
effect of the bearing.

4.2 Machining Experiment

The machine tool in the experiments was the 5-axis CNC
machining center, Hwacheon M2-5AX, with a spindle
power of 18.5 kW, a max speed of 20,000 RPM, and BBT
40 for tool fixture. Cutting forces were measured using a
Kistler type 9257B dynamometer and a LabVIEW device
with 50 kHz sampling frequency. The surface roughness
was measured by a contact-type surface tester (SURFT-
EST® SJ-410, Mitutoyo) with 2.5 pm window size, and
the status of tool marks induced by chatter vibration were
observed by digital microscope (Dino-Lite, AM4815
series, ANMO Corp.). Basic conditions for tests are
listed in Tables 8 and 9 presents the cutting conditions. In
Fig. 12, a workpiece with a slope will produce a changed

axial depth of cut in feed direction, and chatter vibration
will cause large portion of cutting force increase if the
spindle reaches critical axial depth value.

The effect of tool wear or breakage on chatter vibration
should be minimized to compare only the effect of bear-
ings; hence, it was fixed at 0.01 mm/tooth for all condi-
tions, as shown in Table 9. Feed per tooth value might be
extremely low for the 10 mm milling tool, but this prevents
tool damage and reduces factors other than bearing effects.
Also, each cutting test is conducted by the new tool with-
out any damages on it to maintain initial condition. For
the thermal effect observation during the end milling pro-
cess, the pre-operation time was set as 3 h before cutting
each workpiece in order to proceed with next machining. It
reduced the temperature through a cooling time of at least
one day. To refrain the tooth passing frequency and its
harmonics from encountering chatter frequencies, rotation
speed conditions are selected as shown in Table 9.

Table 8 Basic conditions of the

Pre-operation time for thermal effect 3 h

. Tool (mm) ¢10 Tungsten carbide 2
cutting tests for SUS303 flutes, square end mill with-
out wear
Tool holder

Overhang (mm) 45

BBT 40, shrink fit tool holder Milling type

Dry & Slotting
(Radial depth:
10 mm)

Pre-operation time for thermal effect 3 h

Table 9 Experiment numberings with cutting conditions

Workpiece material and pre-operation time Experiment number Spindle speed Feed rate (mm/  Feed per tooth (mm/tooth)
(RPM) min)
SUS303: A, B, C Exp. #A-1, 2 18,000 360 0.01
-1: No pre-operation Exp. #B-1, 2 15,000 300
-2: 3 h pre-operation Exp. #C-1, 2 12,000 240
Fig. 12 Schematic diagram .
for machining experiment | Workpiece with slope Spindle
setup with Kistler type 9257B
dynamometer Tool holder
(Shrink fit)
Feed direction
C—
Possibility of

v i
namometer
Y g =

chatter vibration Tool

Axial depth of cut

Dynamometer
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4.3 Results of Cutting Tests: SUS303

Previously, the coherence calculation of impact hammer
tests for rotating spindle system shows that refined method
can be available to predict SLDs considering dynamic char-
acteristics of spindle-bearing system. However, if machining
experiment results do not match with SLDs, coherence check
process may not prove the reliability of refined impact ham-
mer tests. In order to examine the effectiveness of refined
tests and SLDs, critical axial depth of cut at the chatter
occurrence points should be matched to predicted values,
which will be investigated in two terms: chatter frequencies
and surface roughness. Chatter frequencies are generated
after the spindle exceeds the axial depth limit during milling
process, and surface roughness will indicate abrupt changes
from chatter occurrence area.

In the case of 18,000 RPM, depicted in Fig. 13, there
are particular features to detect the chatter vibration dur-
ing the end milling process. At first, when the milling tool
goes in the feed direction, the cutting force increases in a
linear relationship with axial depth of cut changes. Second,
when the force signal reaches the chatter occurrence limit,
abrupt signal peak points are periodically generated in the
time domain, resulting in chatter oscillations around the
resonance frequencies acquired from experimental method.
The chatter frequency corresponding to the first resonant
frequency has the highest chatter vibration amplitude, while
second and third components have lower values in order,
since the first resonance is determined by the tool and tool
holder interface or tool end where the cutting forces are

applied dominantly. And, tooth passing frequency com-
ponent is escalated constantly since the cutting volume is
increased at the same time. However, since cutting force
signals are not showing specific trend in accordance with
chatter development, it is hard to determine the chatter only
by the tooth passing frequency amplitude.

Table 10 and the dotted lines in Fig. 13 indicate that the
rotational effect of the bearing is compatible with the actual
cutting situation, and the chatter starts notably after the criti-
cal axial depth of cut. Difference of chatter occurrence limit
observed in the rotation effect and the both effects could be
explained by thermally stable period. This result verifies that
the refined impact hammer tests are effective for predict-
ing actual stability conditions, even including thermal effect
of bearings. Each chatter frequency has an error of 1-3%,
which seems to be caused by the change of the interfaces or
the difference of each tool. Also, since the chatter frequency
does not have the same frequency value as the resonance
frequency of the system, each component has an error of 1
to 2% with the resonance frequency.

From the surface measurement, it is possible to observe
notable tool marks from the point of the chatter borderline
compared to the normal cutting condition. For instance,
Fig. 14c depicts that measurement point after the chat-
ter vibration has severe tool marks when it is compared
to other two measurement results. It would be appeared
certainly as the surface roughness difference induced by
the thermos-elastic effect is shown in Fig. 15. As listed
in Table 10, critical axial depth values of rotation cases
are 10.2% lower than depth values of both cases, which is

Fig. 13 Cutting force analysis (a) (b)
results for without thermal 105 Chatter occurrence point 105 4 Chatter occurrence point
effect using SUS303: time- | ™" Reference (Staticy ] e Reference (Static)
. j 704
domain data for a Exp. #C-1, b = 70 v N
Exp. #C-2 and FFT for ¢ Exp. 5 {7 Both cffects 35|~ Both effects
#C-1, d Exp. #C-2 2
p (8 0 i 0 -
=g Lo
g .35 -35 [
= b
O .70 -70 [
-105 P . . \ -105 L T y
0.00 0.08 0.16 0.24 0.32 0.00 0.08 0.16 0.24 0.32
(c) o Force [N] (d) o Force [N]
3000 1 L 2920Hz 1800 3000+ | 2925 Hz 1600
i Vo -14.00 I v 14.00
N L L i b
oo} -} 12.00 b 12.00
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b5, i 8000 Har 8.000
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Table 10 Axial depth of cut values at critical stability point of SUS303

Rotation speed From impact hammer test (mm)

Static Rotation Rotation
and Thermal
(Both)
18,000 RPM 0.351 0.331 0.342
15,000 RPM 0.367 0.317 0.336
12,000 RPM 0.106 0.062 0.076
From cutting tests (mm)
#A-1 (Rotation) #A-2 (Both) #B-1 (Rotation) #B-2 (Both) #C-1 (Rotation) #C-2 (Both)
0.333 0.344 0.315 0.338 0.065 0.078
@) © Before chatter Chatter occurrence After chatter
120 M @ ®) 3 :
o
L
04
40 4
§ 2 02 04 06 é
&
g’ (b)
120+
5 X (E) (2§) &)
s & |
04
i B
01 .
-120 ; i i

0.0 0.2 04 0.6
Height of workpiece with slope [mm]

Magnification : X35

Fig. 14 Non-stationary signal of a Exp. #A-1, b Exp. #A-2 and surface status of ¢ Exp. #A-1, d Exp. #A-2

caused by stiffness change of the bearing thermal effect.
It is hard to distinguish chatter occurrence points from
time domain signals in Fig. 14a, c, but Fig. 14d shows
that tool marks are less severe than Fig. 14b. Notable
result is depicted in Fig. 15b, which is comparing the
results of Exp. #C, and showing that chatter occurrence
depth is increased as much as 20%. The point at which the
rapid change in surface roughness occurs obviously cor-
responds with the starting time of axial depth to generate
chatter vibration, and since then, the surface roughness
is increases. Once chatter vibration occurs, the surface
roughness increases more than 11% compared to the nor-
mal condition. And thanks to the bearing stiffness com-
pensated by the thermal effect of bearing, increase of sur-
face roughness after the chatter was regulated by 3.7%

on average. Based on the experiment results, minimum
machining performance in stable cutting conditions are
enhanced by thermal effects of spindle-bearing system
owing to stiffness increase.

Through the experiment results, the actual cutting ten-
dency could be projected properly by adopting a refined
impact hammer test on the rotating spindle even though
small deviations exist. The critical axial depth of cut dif-
ference predicted through experiments had a low error rate
compared with the actual machining results. From Table 10,
the average deviations in critical axial depth between stabil-
ity lobe and the actual cutting test were 1.9%, and 1.2% for
both effects. The refined impact hammer tests can predict
machining conditions considering chatter vibration during
milling process within 2% error rate.
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Fig. 15 Surface roughness values (Rz) measured after cutting tests (SUS303): a without thermal effect, b 3-h pre-operation

4.4 Discussion

In previous researches [32, 35], conventional methods
have been adopted for characterization and it only reflect
that the responses of the static spindle-bearing system.
Meanwhile, refined method includes response of the
dynamic condition (rotation, thermal effects) accompany-
ing with coherence check for the test reliability. Results
depict that thermal effect of inside bearings will increase
the stiffness measured at tool end as much as 3.7% on aver-
age, which is directly related to machining stability. From
the experimental results, maximum improvement of axial
depth limit was 20% since system stiffness is enhanced
by thermal effect of bearings as shown in FRF results. In
addition, coherence check process removes unnecessary
signals in order to draw precise SLDs. In previous inves-
tigation [40, 41], the experimental identification of SLDs
was conducted on workpiece surface and cutting force
analysis in frequency domain, which perfectly reflected
practical milling situation. However, it does not compare
difference of SLDs induced by thermal effects since ther-
mal influence would be generated after specific operation
time of spindle. This research certainly suggests that ther-
mal effects induced by mechanical parts of spindle-bearing
system should be considered in characterization process
with adopting refined method.

Consequently, improved SLDs given by refined impact
excitation tests can accurately predict the limitation of
the axial depth of cut in the practical machining opera-
tion while it presents dynamic characteristics of spindle-
bearing system. Also based on spindle feature changed by
thermal effect of bearings, the axial depth limit at chatter
point is sufficiently corresponding to the actual axial depth
of cut limit.
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5 Conclusion

In this study, machining stability was investigated through
SLDs with consideration of the rotational and thermal effects
of the spindle-bearing system. In the analytical approach, the
bearing stiffness corresponding to the contact angle change
was determined, as both the centrifugal force and thermal
deformations of the elements were considered. At the same
time, in order to reduce the complexity of the system, sug-
gested analytical model of the spindle-bearing was applied
to simplify nonlinear or uncertain parameters.

In the experiment, suggested refined impact excitation
test method was applied to reflect both rotational and ther-
mal effects. Through observing the coherence functions and
adopting signal filtering method, the influences of distur-
bances such as the slip between tool and hammer tip, the
effect of run-out and the weakness of impulse magnitude
were remarkably minimized. Through the simulation and
an impact excitation test, it was shown that the rotational
effect decreases stiffness while the thermal effect increases
stiffness. Due to the stiffness change induced by spindle
operation, stable cutting conditions are reduced after a short
operation time of the spindle, while it is increased 10% to
20% after longer operation time accompanied by the thermal
effect.

Next, SLDs using frequency responses obtained from all
processes were created and evaluated using cutting tests.
A stability check based on the bearing rotation effect was
well matched with the actual chatter occurrence points
when tested without pre-operation. On the other hand, pre-
operation case accompanying thermal effect agreed with the
stable depth of cut calculated from an examination of all the
bearing effects. As a result, conventional impact hammer test
could be substituted by refined methods in order to apply the
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Fig. 16 2D model of a end milling model and b cutting force on tool cutter

dynamic characteristic of spindle system for accurate critical
stability prediction. In the actual machining process, thermal
conditions vary depending on the environment, therefore it
is recommended to use additional experimental conditions
or signal processing techniques to find them appropriately.

Appendix 1: Stability lobe diagram
generated by zero-order solution [1]

The stability lobe diagram shows the relationship between
the cutting conditions, which is expressed linearly through
general equations of the cutting parameters. Partial nonlinear
parameters could be applied to the cutting force equation or
other terms for solutions, but basically the milling model
in Fig. 16 using dynamic chip thickness theory is defined
at the first stage, so it starts with the uncut chip thickness
calculation.

h(dy) = [ssin (¢7) + (00 = 0;)] ()

where g( ) 1( by <P < qbex)orO(others) (15)

The static chip calculation process could be omitted,
since it is not included in the dynamic chip load generation
mechanism. When the cutter of the tool cuts the workpiece
and comes into contact with the chip, the cutting forces are
generated as in Eq. (16):

Fj=—F;cos (¢;) — Fysin (¢;), F,; = F,sin (¢;)
where F; = K,a;h(¢;), F,; = K, F,;

~Fycos (9)

(16)

Since the cutting forces are exerted on all cutters, those
for the milling tool having N cutters are equal to the sum of
those force components applied to each cutter, as in Eq. (17):

F—Z andF—Z

J= F,
—_ la K aXX Xy Ax (17)
B Oyx Ay Ay

The angular position of the cutter is changed in accord-
ance with time and the angular velocity, which are trans-
formed into the frequency domain using a Fourier transfor-
mation based on the convolution integral. As the definition
of the time-varying constants is determined by the cutter of
the milling tool rotating at the start-exit angle, it is calcu-
lated by the touch point between the radial immersion and
workpiece (18).

1aa,K {[A(w)] * (Aw)}
(18)
Fourier coefficients ‘A’ are approximated if the harmonic
number is equal to zero, and the average component of the
series expansion is entered into the governing equations.
The time period is switched into the angular position of the
milling cutters, which shows from the start angle to the exit
angle position. If it considers the vibration vector is in the
frequency domain, Eqgs. (19) and (20) are as follows:

F() = ladK [AD)]{ At} or{F(w)) =

F(w) = adK {[[Ao][1 = ™| [@o(i)] (F(@)}]}  (19)
1 n 1 ¢ex N (X a
= — = — d = — xy
[Ao] = /1AWl g A@s = [ayx ayy}

(20)
The directional force coefficients in matrix ‘A’ are valid
for simplifying other geometrical constraints, and the critical
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stable conditions of the chatter frequency will be calculated
by the characteristic equation from the determinant of F(w).
Eigenvalues include solutions for the chatter frequency,
static cutting force coefficients, radial immersion angles
between cutter and workpiece, and FRF structure (21, 22).

det [[1] - %Ktad(l — e [Ao] [tbo(iwc)]]

N —iw,
= 0,where A = —EadK,(l —e7io)

@n

when®  =® =0:aA*+aA+1=0

where a, = <I)n<ia)c)<l)yy(ia)¢.) ((:urm,ocyv - axyayx),
anda, = axxd))cx(iw(,) + ayyCI)yy(ia)(,) (22)
Regardless of the number of vibration modes, a simple
quadratic function with two constants has the eigenvalue
obtained as below if the system keeps considering the plane
of the cut in two degrees of freedom. The eigenvalue consists
of areal and imaginary part, where it substitutes exponential
terms into a trigonometric function. The critical depth of the
cut at the chatter frequency is the same as in Eq. (23).

2r | Ar{1—cos (wen)} + A sin (w.n)

g lim =

_N_K, 1- cos(a)cn)
. (23)
A {1 =cos (w.n)} = Agsin (o.n)
+
l 1 —cos (a)cn)

The depth of cut is a real-value term in the limit of axial
depth, and the phase shift of the eigenvalue problem is
matched with the spindle speed, where the axial depth of
cut counts toward the critical stability of respective cutting
conditions. Minimum depth of cut is calculated when chatter
frequency is corresponding to each spindle speed values in
accordance with constant ‘k’ in Egs. 24 and 25

. . 2z 2
stable axial depth of cut limit : a,,, = — (1 +K )
’ NK,
(24
,
corresponding spindle speed : n = 13—(’)1 = ?V_O (m)
(25)
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