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This paper presents an active control method for a quasi-zero stiffness (QZS) isolator using flexures based on a Lyapunov function.

First, shown is a dynamic model of an active QZS isolator having indirect horizontal actuation. In the model, the control force

is applied along the horizontal direction to compensate for vertical vibrations. Next, a nonlinear control algorithm for the active

isolator is developed based on a Lyapunov function. Simulation of the active isolator model which consists of passive QZS

isolators, sensors and actuator dynamic models is done to study the effects of control tuning gain on the system performances. In

order to verify the active isolation performances, developed is an experimental model including an active QZS isolator, an exciter

device and various sensors. Finally, experiments for such as impulse disturbance rejection and transmissibility are performed and

the results show that the indirect horizontal actuation by the active QZS isolator using flexure attenuates impulse disturbance as

well as isolates the base vibration effectively.
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1. Introduction

Recently, a growing interest in the study of nonlinear isolation has

arisen to overcome the inherent drawback of the linear isolator.1 In the

NOMENCLATURE

A1-3 Coefficients of nonlinear model of notched flexure

a1-3 Control gains

B1-3 Coefficients of Lyapunov functions

C,c Dimensional and non-dimensional damping coefficient of the

isolator system

f Non-dimensional vertical restoring force of the flexures

Fch, fch Dimensional and non-dimensional control force produced by

the horizontal actuator

fcv Non-dimensional control force produced by the horizontal

actuator

fmg Non-dimensional weight of the payload

Gs The transfer function of a sensor

kh, kv Non-dimensional stiffness of horizontal and vertical spring

Kl, kl Dimensional and non-dimensional linear stiffness of the

isolator

Kn, kn Dimensional and non-dimensional nonlinear stiffness of the

isolator

The Lyapunov function and its derivative

La, Lb Length of the notched and thick parts of the flexure

M, m Dimensional and non-dimensional supported mass

MB Base mass

n Flexure shape ratio (Lb/La)

g Number of flexures

L L
·,

p Non-dimensional compression force

p0 Non-dimensional initial compression force

s The number of flexures in one lateral side of the isolator.

T1, T2 Coefficients for flexure stiffness

xl Non-dimensional horizontal parasitic motion of flexure at

right end of flexure

y Non-dimensional vertical coordinate

y0 Non-dimensional initial deflection of vertical spring for

gravity compensation

YB Base excitation

Ym, ym Dimensional and non-dimensional vertical displacement of

payload mass

z1, z2 System states for Lyapunov function

W(t), w(t) Dimensional and non-dimensional external disturbance force

ωc Cut-off frequency of the sensor

ξ Damping ratio of the sensor model
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linear isolator, a smaller stiffness resulting in a wider frequency range

of isolation causes the problem of undesired static deflection.2,3 A

desirable vibration isolator should possess high-static–low-dynamic

stiffness so that it can support a large load statically while having low

dynamic stiffness to enlarge frequency ranges of vibration isolation.

When an isolator has zero or near zero dynamic stiffness, it is referred

to as a quasi-zero-stiffness (QZS) isolator. 

Although various configurations of passive QZS isolators have been

proposed and studied,1,6-12 the passive isolators still have a couple of

dynamic limitations.11 For example, passive QZS isolators respond

very weakly to impulsive force since they have almost zero dynamic

stiffness near the operating point. In addition, the nonlinear dynamic

characteristic of the QZS isolators may cause chaotic vibration

responses at resonance frequencies.11 Accordingly, the active QZS

isolators were studied and investigated to improve and optimize the

isolation performance. Recently, some studies were made available on

the active QZS isolators using simulation,13 but few experimental

researches have been done on the active QZS isolators.14,15 

In this paper, presented is an active nonlinear control method using

a quasi-zero stiffness isolator based on a Lyapunov function. In this

method, a vertical QZS isolator using flexures is controlled indirectly

by horizontal actuation using a voice coil actuator. A nonlinear control

force for active isolation is derived from the Lyapunov function and

then the effects of nonlinear control gains are studied through

simulations. Finally, a testing model is built to investigate system

responses to impulse disturbance and transmissibility. In both

simulation and experiment, it is shown that good disturbance rejection

characteristics and vibration isolation performances are obtained using

the active QZS isolator with indirect horizontal nonlinear actuation. 

2. Active Control for QZS Isolator with Flexure

2.1 The QZS isolator using flexure

The QZS isolator using flexures is shown in the Fig. 1(a). Also,

shown in the Fig. 1(b) is the schematic diagram of the passive isolator.

The QZS isolator consists of flexures, vertical spring, horizontal spring

and vertical gravity compensator, as shown in Fig. 1(a). Although the

flexure has positive stiffness without any compression force, stiffness

of the flexure becomes negative as the compression force is increased

by preloading of horizontal spring at the right end of flexure. Finally,

the isolator has nearly zero stiffness as the compression force increases,

which means low dynamic stiffness. In addition, a gravitation

compensation device is installed under the vertical coil spring. The

worm gear lifts the spring support upward (y0) and increases preload of

the vertical spring to compensate the initial sag of the payload, which

means high static stiffness.

2.2 Dynamic model of the QZS isolator using flexures16,17

Applying the second Newton’s law to the model in the Fig. 1(b), the

motion equation of the payload mass on the QZS isolator’s top is

expressed as 

    (1)

Here, all variables are non-dimensional. 

The vertical restoring force (f) of the flexure is obtained through the

following steps. The first step of conversion from bidirectional vertical

motion (ym) of the payload mass to a small horizontal parasitic

unidirectional motion (xl) of the flexure can be expressed

approximately as Eq. (2).

  (2)

Secondly, the horizontal parasitic motion (xl) of flexures perturbs

initial deflection of horizontal spring or compression force (p0 - 2khxl) on

flexures. Since the total compression force is shared by s flexures at one

side, a compression force applied to each side can be shown as Eq. (3), 

 
(3)

Finally, a total vertical restoring force (f) produced by the flexures

is obtained by summation of all the vertically paralleled restoring

forces of every flexure in both sides of the mode, as shown in Eq. (4),

(4)

where, , ,

, n = La/Lb, g = 8 and s = 4. 

Assuming that payload weight is compensated by initial deflection

of vertical spring (y0) and substituting Eqs. (2) and (3) into Eq. (4) and

the resulting equation into Eq. (1), the final motion equation of the

passive QZS isolator using flexures is obtained as shown in Eq. (5).

The cubic stiffness denotes small stiffness near the equilibrium point

and high stiffness out of the equilibrium point. 

    (5)
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Fig. 1 The vertical QZS isolator using flexures 
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2.3 Active control configurations

Two possible control configurations for the QZS isolator using

flexures are shown in Fig. 2. Horizontal actuation needs small stroke

and large force, while vertical actuation requires large stoke and small

force.18 In case of active isolation, direct vertical actuation is

conventionally used as shown in the Fig. 2(a). However, the space for the

vertical actuator is limited by the presence of the vertical spring and

gravity compensation mechanism under the payload. Therefore, the

horizontal actuation is used for active control of the QZS isolator. The

isolator’s stroke is not limited by the actuator’s stroke and the control

force can accurately be adjusted because of wide range of required force.

Substituting p0 + fch into p0, the equation of the active dynamic model

with indirect horizontal actuation force (fch) is expressed as Eq. (6).

  (6)

where  is linear stiffness and kn = T2 is nonlinear stiffness. 

The non-dimensional system equation or Eq. (6) can be

dimensionalized as Eq. (7) by multiplying  and substituting

 into ym. 

 (7)

In case of base exciation, dynamic equation can be easily obtained by

replacing Ym as (Ym – YB) and W(t) as , respectively.19 

3. Nonlinear Control based on Lyapunov Function

A nonlinear feedback control against impulse force to payload is

focused in this paper. In particular, a nonlinear control rule for Eq. (6)

is derived using Lyapunov’s stability criteria. Letting z1 = Ym, 

and substituting these into Eq. (6), we obtain

 (8)

By choosing a Lyapunov function L as Eq. (9), and differentiating

the function with respect to time, its derivative yields Eq. (10).

 
(9)

(10)

In general, the system is asymptotically stable if the following

conditions are met: L ≥ 0 and . The first condition (L ≥ 0) is

fulfilled by choosing Lyapunov coefficients . The second

condition ( ) is satisfied under assumption of B3 ≥ 0 and Eq. (11)

since .

(11)

The nonlinear control rule can be determined as Eq. (12) by

substituting Eq. (8) into Eq. (10). 

 (12)

If augmented control gains are introduced and z1 and z2 terms are

replaced by ym and , respectively, Eq. (12) can be simplified as Eq.

(13). 

     (13)

where a1, and a2 are displacement and velocity gain, respectively, a3 is

nonlinear gain to cancel the system nonlinear characteristic. The values

of a1, a2, and a3 are chosen in consideration of Eq. (13) for system

stability. The max(ym, y0) is introduced to prevent the actuator

saturation and chattering while the supported mass operates at the

equivalent position Ym = 0.

4. Experiment Configuration Setup

The experimental set-up consists of the passive QZS isolator using

flexures, a digital controller, sensors, an actuator and an exciter base, as

shown in Fig. 3. The specification of the vertical passive isolator is

summarized in Table 1. A voice coil motor (VCM60-25) is used to

generate the horizontal control force. Specifications of VCM and its

driver are shown in Table 2. A DSP control system or DS110318 is used

to implement the nonlinear control. Several sensors are used: laser

displacement sensors (Keyence LK-G80), a gap sensor (XS4-

P30AB120), a velocity sensor (Geophones GS-11D) and an

accelerometer (TA-25J-02-1). The laser sensors are used for verification

of isolation performance while others are used for feedback control.

Specifications of the sensors are given in Table 3. The exciter base is

comprised of an exciter (HEV 200, Max. force 200N, Stroke 10 mm),

a linear amplifier (20 A and 10 V), and an Al top plate and spring.
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Fig. 2 Isolator control configurations

Fig. 3 Experimental setup
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Two active isolation performances, namely impulse disturbance

rejection and vibration transmissibility, are evaluated experimentally.

The experimental set-up for impulse disturbance rejection is shown in

Fig. 4. A ball is dropped from a certain height to the top of the isolator.

A collision between the ball and the isolator top transmits impulse

force to the isolator. Although the controller is designed for disturbance

to the payload, stiffness and damping of the closed loop system can be

adjusted by the nonlinear control gain and the transmissibility can be

improved. Therefore, the isolation performance to the base motion is

evaluated by measuring the transmissibility of the closed system.

Figure 5 shows the test device to measure the vibration transmissibility,

the base is excited to have sinusoidal motions with frequencies of 0.1

to 1.5 Hz and vibrations of both the base and isolator top are measured

using laser sensors. Then, the vibration transmissibility of Eq. (14) is

obtained using a dynamic signal analyzer (HP 35670A).

 (14)

5. Simulation

5.1. Sensor model

Sensor dynamics is modeled with a low pass filter whose

characteristic is shown as

.  (15)

where Gs is a transfer function of a sensor, ωc is cut-off frequency and

ξ is a damping ratio. Specifications of a displacement sensor, a velocity

sensor and an accelerometer are shown in Table 3.

5.2 Voice coil motor (VCM) with current feedback loop

VCM is modeled considering current controller of the driver,

mechanical characteristic and electrical parameters of VCM such as

resistance and inductance of Table 2.20

5.3 Model validation

A simulation model for the active QZS isolator with horizontal

actuation is built and verified by measuring open-loop frequency

responses from VCM to the displacement of the isolator top, as shown

in Fig. 6. Simulation using the model matches well with experimental

measurement.

5.4 Simulations of control gain effects

The active isolation performances in relation with control gain

variation are investigated by using both impulse disturbance rejection

and vibration transmissibility.20 Initially, gains are set as a1 = 0.01,

a2 = 3, and a3 = 0.02, and then each gain is increased by 10 times in

sequence. The effects of displacement, velocity and nonlinear gains on

impulse disturbance rejection are investigated, as shown in Fig. 7.

Simulation results show that, although the velocity gain is very

effective, the nonlinear gain has some effects on disturbance rejection.

In addition, the effects of displacement, velocity and nonlinear gain

Transmissibility
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Table 1 Isolator specifications

Parameter Value Parameter Value

Allowable mass 25 - 48(Kg) Stroke ± 0.005(m)

Horizontal spring3.626 × 105(N/m) Vertical spring 1.02 × 104 (N/m)

Damping 2.87 (Ns/m) Natural frequency 0.5-1 (Hz)

Table 2 Specifications of VCM and its driver

Max. force EMF constant Bandwidth Resistance Inductance

119 (N) 7.25 (N/A) 500 (Hz) 5.2 (ohm) 6.42 (μΗ)

Table 3 Specifications of sensors

Sensors Range Bandwidth Gain Noise

Laser sensor ±15 (mm) 10 (kHz) 1.5 (mm/v) ±10-5 (m)

Gap sensor 1 ∼ 15 (mm) 300 (Hz) 1.67 (mm/v) ±0.5 × 10-4 (m)

Velocity sensor ±12 (m/s) 3.5 (Hz) 0.32 (Vs/cm) 0.05 (m/s)

Accelerometer ±18 (m/s2) 450 (Hz) 0.51 (Vs2/m) ±0.01 (m/s2)

Fig. 4 Impulse disturbance rejection

Fig. 5 Transmissibility 

Fig. 6 Identification of open-loop frequency response function 
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variations on vibration transmissibility are shown in Fig. 8. The

velocity gain reduces resonance peaks but increases transmissibility

above resonance frequencies. The nonlinear gain can compensate for

nonlinear dynamic characteristic of the isolator. Finally, the control

gain is set as a1 = 1, a2 = 350, and a3 = 3, considering the simulation

results.

6. Experiments

6.1 Impulse response 

For the passive QZS isolator with the natural frequency of 0.8 Hz,

experiments of impulse disturbance rejection are performed with

various control gains. Figure 9 and 10 show acceleration responses of

payload and the control forces according to various control gains under

impulse disturbance. Figure 11 shows displacement responses and

corresponding actuator forces under impulse disturbance. The

nonlinear control shows a better disturbance rejection performance than

the linear control. The nonlinear control reduces the settling time by

50% more than the feedback control, although the maximum

magnitudes of the control forces are similar. 

6.2 Transmissibility

Vibration transmissibility of the isolator is experimentally measured

as shown in Fig. 12. The linear feedback control reduces vibration

resonance by 58 percent. However, it cannot remove the nonlinear

characteristic of the system. The nonlinear control not only reduces the

resonance magnitude by 91 percent, but can remove system

nonlinearity of transmissibility jumping and lower the natural

frequency to around 0.6 Hz.

Fig. 7 Effect of control gains on impulse disturbance rejection

Fig. 8 Effect of control gains on vibration transmissibility

Fig. 9 Acceleration response according to various gains

Fig. 10 Control force according to various gains

Fig. 11 Experiments for impulse disturbance rejection

Fig. 12 Experiments for vibration transmissibility 
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7. Conclusion

A nonlinear control for an active quasi-zero stiffness isolator is

investigated through both simulation and experiment. The nonlinear

control algorithm is derived based on a Lyapunov function and isolator

dynamic motion. The simulation model of the active QZS isolator is

built to study the effects of control gains. To validate simulation results,

the experiment is conducted and nonlinear control performance is

examined. As shown in the experimental results of impulse disturbance

and transmissibility, the settling time of system vibration response, the

resonance magnitude and the natural frequency of system

transmissibility are reduced significantly. In addition, the jumping

nonlinearity of the system transmissibility is completely removed by

the nonlinear control method. In summary, the active QZS isolator

using the nonlinear control algorithm has good performance of

vibration isolation and disturbance rejection as well. 
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