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1. Introduction  

 

Recently, interest in high-end machine tools has increased in 

industry to produce a wide variety of precise products and it has 

been strived in various ways to improve both precision and 

productivity of machine tools. Especially, efforts have been 

continuously made to improve contouring accuracy of multi-axis 

CNC systems.1-3 The contouring accuracy of CNC machine tools 

affects directly on machining precision. 

During the operation of CNC machine tools, load variation may 

occur in feed drive systems due to change in cutting force and 

workpiece weight. This load variation causes variation of the 

effective moment of inertia for each drive axis and increases control 

error, which may degrade total precision including contouring 

accuracy. Although investigations have been made on estimation 

and control of variation of the effective moment of inertia, most of 

the previous research has focused on single axis control.4,5 To our 

knowledge, there has been no research that has considered the 

improvement of contouring accuracy for multi-axis CNC systems in 

the presence of load variation in the axes of motion. 

This paper proposes a real-time inertia compensation method 

for multi-axis CNC machine tools including a newly defined 

contour error model. This model represents contour error caused by 

load variation in feed drive systems. Position error due to load 

variation can be calculated based on estimated disturbance torque of 

each drive axis using a full-order disturbance observer. The load 

variation is regarded as being caused by load disturbance which 

should be compensated for. Then, the resulting contour error is 

deduced from the above position error estimation. 

In the proposed compensation method, the velocity loop gains 

for axes of motion are adjusted in real time, which is realizable in 

commercial servo drive systems. The least square method is used 

such that the effect of the variation of the effective moment of 

inertia on the contour error is minimized. The proposed inertia 

compensation method was implemented on a 3-axis CNC testbed. 

The experimental results show that the proposed method can 

improve the contouring accuracy under load disturbance in feed 

drive systems. 

 

 

2. Estimation of effective moment of inertia 

 

The effective moment of inertia for each drive axis needs to be 

estimated for inertia compensation. Variation of moment of inertia 
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due to load variation can be found by system variables such as 

acceleration and disturbance torque. These variables, however, are 

difficult to measure. In this paper, a general full-order observer is 

utilized to estimate the acceleration and disturbance torque for each 

axis. A method to estimate the effective moment of inertia of a feed 

drive system is described below based on the estimated load 

disturbance and acceleration. 

 

2.1 Modeling of a servo system 

The compensation in this paper is for a velocity control system 

shown in Fig. 1 which employs a PI control and is widely used in 

industry. The system variables are listed in Table 1. The load 

disturbance Td affects the system in the form of acceleration 

variation. This system, however, is unobservable, and instead, a 

servo motor in the velocity control system shown in Fig. 2 is 

considered which describes the relationship between acceleration 

and output. The corresponding state equations can be represented as 

follows. 
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Fig. 1 Velocity control loop 

 

Table 1 System variables 

Variables Description 

i
ω  Velocity input 

o
ω  Velocity output 

o
θ  Position output 

d
T  Disturbance torque 

v
K  Velocity gain 

i
T  Integral time constant 

J  Moment of inertia 
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Fig. 2 Servo motor 

This system is observable and therefore a full-order observer can be 

designed. 

 

2.2 Design of a full-order observer 

The observation system shown in Fig. 3 can be expressed by 

 ˆ ( )
d

t
dt

x = ˆ ( ) ( )
r

t T t+Ax B  (3) 

where ˆ ( )tx  is an estimated value of the state vector ( )t =x  
T

[   ] .
o o d

Tθ ω  The observer gains K1, K2 and K3 can be determined 

using pole placement. Based on the information on the input and 

output of the servo motor, the disturbance torque can be observed. 

 

2.3 Estimation of effective moment of inertia 

While the moment of inertia of the motor J is constant, that of 

the axis of motion may vary according to various load conditions 

and this is called effective moment of inertia. The effective moment 

of inertia Ĵ  affects the velocity control system, making the 

acceleration change as represented in the following equation. 
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From Eq. (4), the effective moment of inertia for the velocity 

control system can be given by 
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which indicates that the effective moment acting on the velocity 

control system can be found using the observed disturbance torque 

and input acceleration without additional hardware. 

 

 

3. Real-time inertia compensation 

 

The contour error defined as deviation from the desired tool 

path directly affects the dimensional accuracy of a machined part. 

In this paper, a real-time inertia compensation method is proposed 

to improve contouring accuracy in the presence of load disturbance. 

The proposed method is based on Jee’s contour error model3 and 
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Fig. 3 Full-order disturbance observer 
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compensates for the change in the contour error caused by load 

disturbance and its variation. 

First, the change in the velocity caused by load variation due to 

disturbance for each axis of motion can be expressed by 

 
, ,

  ( , , )
d i i d i

T i x y zω α∆ = =  (6) 

where α is a constant related to the servo motor.6 By integrating Eq. 

(6), the change in the position due to the variation in the effective 

moment of inertia can be obtained. 

 
, ,d i d i

T dtθ α∆ = ∫  (7) 

The current actual position 
i

θ  can be divided into two parts, 

one independent of and the other dependent on load variation: 

 
,i i d i

θ θ θ′= + ∆  (8) 

where 
i

θ ′  is a component independent of load variation. If the 

ballscrew pitch of the machine is l, Eq. (8) can be rewritten in 

machine coordinates as below 

 
,i i d i

P P P′= + ∆  (9) 

where 
, ,

( / 2 ) .
d i d i
P l π θ∆ = ∆  Fig. 4 illustrates the contour error 

model used in the proposed compensation. The contour error is 

denoted by ε  and its magnitude can be given by 

 2( )
i gi

i

P Kε = −∑  (10) 

where Kg is the nearest point on the desired path from the actual 

tool position. On the other hand, by introducing ,
d
P∆  the 

magnitude of the possible contour error ′ε  without the load 

variation can be represented as 

 2( )
i gi

i

P Kε ′ ′= −∑  (11) 

If we define an objective function such as given by (12) which 

indicates the square sum of the difference in the magnitude of the 

contour errors ε  and ε ′  for three consecutive time steps 2,k −  

1k −  and k, 
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Fig. 4 Contour error model for inertia compensation 

the coefficients Ai can be determined by the least square method 

such that the objective function is minimized. Accordingly, the 

contour error caused by load variation can be minimized with 

proper selection of Ai. 

In the meantime, the dominant time constant for the second 

order control system shown in Fig. 1 can be approximated as 

follows 

 
2

system

v
K

τ ≈  (13) 

whereas the time constant for the servo motor system is 

 
motor

Jτ α=  (14) 

Assuming a motor gain of 1, the velocity gain needs to be 
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so that the response of the two systems is approximately identical. 

Eq. (15) shows that Kv is necessarily inversely proportional to J. 

If we define the velocity loop gain as Kvp which is one of few 

real-time adjustable gain parameters in commercial servo drives, 

the relationship between the velocity gain and the velocity loop gain 

is as follows. 

 /
vp v

K K J=  (16) 

Using this relation, inertia compensation is conducted to minimize 

the contour error. The estimated effective moment of inertia Ĵ  is 

considered in the adjustment of the velocity loop gain Kvp such that 

the time constant is maintained in the presence of load variation. In 

the compensation, the coefficients Ai are also considered to 

coordinate the direction of adjustment. Consequently, the velocity 

loop gain is adjusted in real time as given below. 

 
, 0

ˆ/
vp i i v i
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where Kv0 is the velocity gain without load disturbance. Finally, the 

calculated velocity loop gain is fed into a loss-pass filter to reduce 

the effect of high frequency noise from the observer and the system. 

The schematic of the inertia compensation is depicted in Fig. 5. 
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Fig. 5 Schematic of real-time inertia compensation 
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4. Experimental Results 

 

In order to evaluate the proposed real-time inertia compensation 

method, a 3-axis open CNC testbed was built as shown in Fig. 6. 

The X and Y driving axes are connected through couplings to the 

load motors which generate load torque and provide the effects of 

varying effective moment of inertia to the system. The three axes of 

motion are operated by high-speed serial communication between 

the host controller (i.e., PC) and servo drives while the load motors 

by analog communication. 

The proposed compensation method was implemented on the 

testbed for 3-dimensional linear and circular contouring motions. In 

both cases, the load motors were coordinated to exert load torque on 

the control system in the direction normal to the desired path at all 

times in order to maximize the contour error. The experimental 

conditions are listed in Table 2 and the reference paths and the load 

torque are illustrated in Figs. 7 through 10. The contour errors with 

the proposed compensation method are compared with those 

without compensation and those without load disturbance in Figs. 

11 and 12. The experimental results are summarized in Tables 3 and 

4. From the results, it can be seen that the proposed inertia 

compensation method is effective and substantially reduces the 

contour errors due to load disturbance and its variation. The root 

mean square (RMS) error was reduced approximately by factors of 

3 and 2 respectively for linear and circular motion compared with 

the results without compensation. The maximum errors were also 

reduced by a factor of 3 in both cases. 
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Fig. 8 Load torque for linear motion 
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Fig. 9 Circular contour 
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Fig. 10 Load torque for circular motion 
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Fig. 6 Three-axis CNC testbed 

 

Table 2 Experimental conditions 

Parameters Values 

Sampling time [ms] 1 

Position resolution [µm] 0.1 

Feedrate [m/min] 1 

Initial velocity loop gain [Hz] 40 

Integral time constant [ms] 20 

Position control gain 100 

Maximum load torque [Nm] 2.5 
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Fig. 7 Linear contour 
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5. Conclusions 

 

In this paper, a real-time inertia compensation method was 

proposed to improve the contouring accuracy of multi-axis CNC 

machine tools in the presence of load variation. A full-order 

observer was designed based on the input and output of the control 

system to estimate disturbance toque. By the use of the observed 

torque and the acceleration of the motor, the effective moment of 

inertia for each drive axis was estimated. A new contour error 

model was defined which includes position deviation due to load 

variation, based on the estimated disturbance torque. In the 

proposed compensation method, the velocity loop gains for axes of 

motion were simultaneously adjusted in real time in the direction 

that the contour error due to load disturbance is minimized. 

The proposed method was implemented on a 3-axis open CNC 

testbed and was evaluated in terms of contouring accuracy. The 

experimental results show that the proposed inertia compensation 

method substantially improves the contouring accuracy in the 

presence of load disturbance and its variation. 
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Fig. 11 Contour error for linear motion 
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Fig. 12 Contour error for circular motion 

 

Table 3 Comparison of contour errors for linear motion 

Contour error [µm] RMS Max. 

With 

load disturbance 

Without compensation 12.14 19.78 

With compensation 3.98 7.48 

Without load disturbance 1.11 2.86 

 

Table 4 Comparison of contour errors for circular motion 

Contour error [µm] RMS Max. 

With 

load disturbance 

Without compensation 4.51 17.70 

With compensation 2.45 6.71 

Without load disturbance 1.41 5.35 




