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1. Introduction  

 

The friction heat generated between two sliding bodies causes 

thermoelastic deformation which alters the contact pressure 

distribution between the two bodies. This coupled thermo-

mechanical process is referred to as frictionally-excited 

thermoelastic instability or TEI.1 If the sliding speed is above the so 

called critical speed, the resulting thermo-mechanical feedback 

becomes unstable, leading to the developments of non-uniform 

contact pressure and local high temperature with important 

gradients called ‘hot spots’.2 The formation of such localized hot 

spots is accompanied by high local stresses that can lead to material 

degradation and eventual failure.3 Also, the hot spots can be a 

source of undesirable frictional vibrations, known in the automotive 

disc brake community as ‘hot roughness’ or ‘hot judder’.4 

Numerous studies have been devoted to the analysis of 

thermoelastic instability. Barber5 first demonstrated the mechanism 

of TEI. Button6 investigated the stability of the contact between two 

sliding half-planes using a perturbation method and showed that a 

small perturbation in the otherwise uniform contact pressure 

between two sliding half-planes can cause instability if the sliding 

speed exceeds a critical speed. Yi7 implemented Burton’s method 

numerically for the limiting case where the friction pads are non-

conductors, in which case the perturbation is stationary with respect 

to the disc. Lee8 solved the TEI problem by assuming that 

perturbations in the temperature and stress field increase 

exponentially with time. Recently, the finite element (FE) technique 

has been used to perform a transient analysis of thermoelastic 

contact problems with frictional heat generation. Zagrodzki9 

discretized both the thermoelastic contact problem and the transient 

heat conduction problem by using the two-dimensional axis-

symmetric element, considering the migration of thermoelastic 

disturbance in the sliding direction. Choi10 developed an FE model 

for an axis-symmetric coupled thermoelastic contact problem which 

simulated a disc brake and investigated the TEI phenomena of disc 

brakes during the drag braking process. Ahn11 performed a transient 

FE simulation for the two-dimensional contact problem involving 

thermo-elastroplastic instability. These studies have limited 

application in the industry because the systems were assumed to 

represent a two-dimensional problem for just one-way coupling 

condition (mechanical to thermal analysis). On the other hand, Li12 

approximated the temperature and contact pressure distribution of a 

typical multidisc clutch system using the transient modal analysis 

method. Du13 used the FE techniques to determine the critical speed 

by solving an eigen value problem based on Burton’s perturbation 

method. This study shows weakness if the rotating speed of the disc 
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varies rapidly, in which case, convergence may not be reached. 

In this study, a transient FE analysis method was used to 

analyze the fully coupled thermoelastic instability problem for a 

disc brake system. The three-dimensional mechanical and thermal 

models for the disc brake were generated separately, and solved 

iteratively using the staggered approach.14 Brake dynamo tests are 

performed, and BTV and temperature variation of the disc are 

measured. Simulation and test results are compared, and the 

usefulness of the analysis method presented in this paper is 

discussed. 

 

 

2. Theoretical Background 

 

The equation of motion of a constrained dynamic system is 

introduced for the finite element approach;15 more specific 

information can also be found in.16,17 The general heat equation is 

briefly reviewed and the basic analysis strategy for the coupled 

thermo-mechanical system is described based on the staggered 

approach. 

 

2.1 Dynamics of a constrained flexible multibody system 

The constraints on the system are efficiently taken into account 

using the Augmented Lagrangian method. The augmented 

functional of Hamilton’s principle is 

 
2
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where k is s the scaling factor and p is the penalty coefficient. λ is 

the vector of Lagrange multipliers and Φ is the vector of constraints. 

L is the Lagrangian of the mechanism defined as L=T-V. T and V 

are the kinetic and potential energies of the system, respectively. W 

is the virtual work of external forces. The penalty coefficient p is 

generally chosen in terms of the characteristic stiffness of the 

system, and each constraint of the system can be affected to the 

penalty coefficient and scaling factor. At an equilibrium state, kλ 

represents the reaction force of the constraints. The Augmented 

Lagrangian method tends to combine the advantage of the Lagrange 

Multiplier method and Penalty Function method. The term kλTΦ 

allows the constraints to be exactly imposed on the problem while p 

does not need to be infinite. At each iteration, pΦTΦ reinforces the 

positive definiteness of the system matrix via the introduction of a 

moderate penalty coefficient p and scaling factor k. Using the 

virtual displacement principle, the motion equations are obtained as 
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where q is the vector of generalized coordinates. Eq. (2) can be 

written in the matrix form as 
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where B is the gradient matrix of the constraints(B=∂Φ/∂q) and g is 

the vector of apparent force 
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The linearized form of the motion Eq. (2) can be described as 
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where r denotes the residual vector of equilibrium 

 ( , , ) ( )Tr g q q t Mq B p kλ= − − Φ +� ��  (6) 

CT is a tangent damping matrix obtained by differentiating the 

apparent force g with velocity vector q�  
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KT is a tangent stiffness matrix resulting from the variation of the 

apparent force g, constraints Φ and mass matrix M with 

displacement vector q 
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In this study, the differential-algebraic equations of motion of the 

system of Eq. (5) have been solved using the time integration 

scheme of Chung-Hulbert algorithm with the Newton-Raphson 

iteration. 

 

2.2 Transient Computation of Heat transfer equation 

The temperature within in an element is computed based on the 

nodal temperature vector 

 ( , ) ( ) ( )T x t x T tϕ= ⋅  (9) 

where x is the nodal coordinate, φ(x) is the interpolation function 

vector and T(t) is the nodal temperature vector. The governing 

equation of the heat transfer problem is 

 ( ) ( ) ( )C T T K T T Q T+ =
�  (10) 

where C(t) and T(t) are the temperature-dependent heat capacity 

and thermal conductivity matrices, respectively, of the discretized 

system. T is the nodal temperature vector, T�  is the time derivative 

of the temperature vector, and Q(t) is the heat flux vector. The 

solution vector Tγ of Eq. (10) at time γ, which is located at time 

intervals between the n and the n+1 step, can be expressed as 
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The variation rate of the temperature can be written as 
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Using Eq. (12), the equilibrium equations at time γ are 
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The solution Tγ is calculated iteratively as 
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where the correction is calculated as 
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Once the solution is known at time γ, one can obtain the solution at 

time n+1 as 
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�  (16) 

In this paper, the Crank-Nicholson scheme is used to calculate the 

transient temperature of the system. 

 

2.3 Heat generation due to frictional contact 

In disc brakes, friction heat is generated between the disc and 

pads. Frictional heat generation per unit time at the node i is 

calculated as 

 i

cf cq ηµσ ν=  (17) 

where η is the factor defining the percentage of mechanical power 

converted into heat, µ is the friction coefficient, σc is the contact 

pressure and ν is the local velocity. The amount of heat going to the 

contractor and target bodies, q1
i and q2

i, are determined with the 

parameter ω 
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2.4 Analysis strategy based on the staggered approach 

In the monolithic approach,14 two different analysis domains 

such as the dynamic and thermal system are solved simultaneously 

and data is exchanged at the iteration level. Although the monolithic 

approach calculates the two fields in a unified domain and has the 

advantage of good convergence, it is expensive to compute. In the 

staggered approach, both domains are solved separately in 

succession always using the latest information provided from 

another part of the coupled system. This iteration is continued until 

convergence in the solution of the coupled equations is reached. 

The negative aspects of the staggered approach are that the 

convergence is not guaranteed and stability has to be determined. 

However, the staggered approach allows the use of the existing 

powerful software and it is relatively cheap to implement. The 

staggered approach is more suitable for solving large problems 

provided with contact conditions. This study analyzes the 

thermoelastic instability of disc brakes based on the staggered 

approach. 

Fig. 1 shows the computational analysis strategy. The thermal 

model sends the nodal temperature distribution to the mechanical 

model, and the mechanical model transfers the nodal position and 

mechanical power to the thermal model. At time t = 0 s, the initial 

static state of the mechanical model and the initial steady-state of 

the thermal model are calculated. The initial position and power of 

the mechanical model are transferred to the thermal model. In step 1, 

the nodal temperature of the thermal model is updated considering 

the initial deformation and power of the mechanical model. In step 

2, using the nodal temperature distribution, the amount of thermal 

expansion of the material is calculated. This expansion affects on 

the constraints including the contact condition. If the expansion of 

the material due to the temperature is too large, the Newton-

Raphson iteration may fail to converge. The power due to plastic 

deformation and friction contact is computed in this step. In step 3, 

the power is changed to the heat flux and the heat flux is applied to 

the thermal model as a thermal load. In this step, the temperature 

distribution of the nodal point is estimated in equilibrium state. 

Steps 2 and 3 are repeated by the end of the simulation time. At 

every step, the time step is controlled automatically according to the 

residue of Eqs. (6) and (15) and if the residue does not converge in 

the allowed number of iterations, calculation stops. 

 

Fig. 1 Analysis strategy based on the staggered approach 
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Fig. 2 Configuration of automotive inertia brake dynamometer 

model 300 

 

 

(a) Thermocouple in disc (b) Thermocouple in pads 

Fig. 3 Thermocouples in disc and pads 

 

 

3. Brake Dynamo Test 

 

3.1 Description of test environment 

Brake dynamo test was done using LINK model 300. LINK 

model 300 can produce the maximum torque of 185 kW, and 

control the rotational speed of the disc up to 2000 rpm. Fig. 2 shows 

the dynamo test configuration. The disc brake component is 

equipped in the test chamber and connected with the driving motor. 

The air outside the building is pumped into the test chamber 

through the cooling air duct, and temperature and wind velocity in 

the chamber are controlled by adjusting the air flow. The hydraulic 

pressure control pump is used to control the pressure applied to the 

pad. 

Fig. 3(a) and (b) show how thermocouples are inserted in disc 

and pads. Thermocouple is used to measure dynamic temperature 

variation of disc and pads. In Fig. 3(a), a thermocouple is inserted at 

the hole of the disc to a depth of 1 mm, and the hole is located at the 

center line of contact surface of the disc and pads. In Fig. 3(b), a 

thermocouple is inserted into the pad to a depth of 2 mm. 

 

3.2 High speed judder test 

Brake dynamo test was carried out according to the high speed 

judder test mode using the vehicle and brake information as shown 

in Table 1. The high speed judder test mode is widely applied for 

estimating the hot judder performance of a disc brake system. The 

high speed judder test is carried out as following procedure. 

1) Initial measurement: The initial disc run-out, DTV and pad 

thickness are measured.  

2) Pre-Burnish: The contact surfaces of disc and pad become 

to coincide, and then the ‘1st Judder’ test is carried out.  

3) 1st Judder test: Test results represent the initial judder 

performance of the disc. 

 

Fig. 4 Test results of ‘Fade braking’ mode 

 

Table 1 Vehicle and brake information 

 Category Value 

Vehicle information

Vehicle weight 14.05 kN 

Front axle weight 9.0 kN 

C.G height 549 mm 

Wheel base length 2650 mm 

Slip ratio 0.95 

Brake information

Dynamic radius of tire 305 mm 

Diameter of wheel cylinder 57 mm 

No. of wheel cylinder 1 EA 

Brake effective radius 113 mm 

Brake effective factor 0.76 

Valve cut-in 294 N/cm2 

 

4) 2nd Judder: there are two types of test modes- ‘General 

braking’ and ‘Fade braking’. The ‘Fade braking’ test results 

are the most important, because hot spots occur on the disc 

surface most definitely during the ‘Fade braking’ mode. In 

the ‘Fade braking’ mode, the disc rotates with an initial 

rotational speed of 160 km/h, and then decrease to 80 km/h 

at a constant deceleration of 0.4g. This braking process is 

repeated five times at intervals of 90 seconds. In order to 

maintain the constant deceleration, the hydraulic pressure 

control pump controls the pad pressure. 

5) Final measurement: The final disc run-out, DTV and pad 

thickness are measured.  

 

Fig. 4 shows the test results of the ‘Fade braking’ mode. The 

disc rotational speed, disc temperature and brake torque were 

measured and are represented in Fig. 4. The disc temperature rises 

gradually according to time, and after the fifth braking, the disc 

temperature reaches its maximum temperature of 321℃. The BTV 

keeps a constant level of 101.9 ~ 116.6 Nm. 

 

 

4. Hot Judder Simulation 

 

The commercial finite element analysis code, SAMCEF, was 

used to perform the hot judder analysis of the disc brake system. A 

non-linear structural-dynamic model was created using SAMCEF/ 

Mechano, and an unsteady state heat transfer model was created 

using SAMCEF/Thermal. The analysis results of the two models 

were exchanged using SAMCEF/Supervisor which is an 

intermediate processor based on ‘Staggered approach’. 

The hot judder simulation was performed in the fifth braking of 

the ‘Fade braking’ mode. ‘Fade braking’ includes five braking and 
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four intervals, and takes about 400 seconds. Thus, it took a long 

time to simulate the model for the entire time. Therefore, in this 

study, the fifth braking of the ‘Fade braking’ mode was selected 

since the hot spots appeared the most clearly at this braking. The 

simulation was performed by applying the initial data of the test 

results of the fifth braking to the model as initial conditions. 

 

4.1 Description of test environment 

Fig. 5 shows the finite element model of the disc brake system. 

The disc and pads are constructed using the 8-node hexahedron 

element. The disc consists of 24,048 nodes and 15,696 elements, 

and the pad consists of 2,250 nodes and 1,599 elements. The piston 

which applies the pressure to the pad is created using the 6-node 

pentahedron and 8-node hexahedron elements. The material 

properties of each model are shown in Table 2. In Table 2, the 

thermal expansion coefficient determines the amount of thermal 

expansion of the material, and makes the contact force between the 

disc and pads varied very sensitively. When a high thermal 

expansion coefficient is used, the contact force becomes very large 

and the equations of motion of a mechanical system may not 

converge. Thus, in this study, material properties of the disc and 

pads were obtained from the dynamic material tests. 

 

4.2 Boundary conditions 

Fig. 5 also shows the boundary conditions. In ‘Fade braking’, 

the vehicle speed varies from 160 km/h to 80 km/h with a constant 

deceleration of 0.4 g. The dynamic radius of a tire of 305 mm, slip 

ratio of 0.95, gravitational acceleration of 9.8 m/s2 were used as 

vehicle data, to calculate the rotational speed of the disc as follows, 

Initial

Final

Braking

1000 305
Rot 160 2 60 0.95 1322(rpm)

3600 1000

1000 305
Rot 80 2 60 0.95 661(rpm)

3600 1000

1000 1000
T 160 80 /9.8 5.67(s)

3600 3600

π

π

   
= × × × × × =   
   

   
= × × × × × =   
   

    
= × − × =    

    

 (19) 

where RotInitial and RotFinal are the initial and final rotational speed 

of the disc, and TBraking is the braking time. If the initial rotation 

speed of 1322 rpm is applied to the mechanical model as an initial 

condition, lots of calculation would be necessary to stabilize the 

model and convergence would not be guaranteed. Thus, the 

rotational speed of the disc increases from 0 rpm at t = 0 s to 1322 

rpm at t = 0.1 s, and the speed is maintained for 0.1 second. The pad 

pressure is activated at t = 0.1 s, and the pad contacts the disc 

between t = 0.1 s and t = 0.2 s when the disc rotates at the constant 

speed of 1322 rpm. By making the pad contact the disc when the 

disc is at dynamic equilibrium, the solution of the dynamic 

equations of motion of the constrained multibody system presented 

in Part.1 can be obtained with small number of the Newton-

Raphson iteration. The disc decelerates from 1322 rpm at t = 0.2 s 

to 661 rpm at t = 5.87 s at a constant deceleration of 0.4 g. The 

piston is fixed to the pad, and pressure of 30 bar is applied to the 

piston. The friction coefficient (µ) of 0.4 was set as the contact 

condition between the disc and pad. The average friction coefficient 

of 0.4 was obtained from the dynamo test results. The initial 

temperature of the disc and pad were 160 ℃, which is the first 

value of temperature from the result of the fifth braking test. The 

reference temperature of the air was 25 ℃ and the convection 

coefficient (h) was 40 W/m2
℃. The radiation between the disc and 

air was ignored. 

 

4.3 Simulation result 

If there is one piston in a caliper and the center axis of the 

piston is coincident with the center of mass of the pad, the pad 

pressure would be non-uniformly distributed.18 Fig. 6 shows the 

contact pressure distribution between the disc and both pads. The 

contact pressure varies according to the rotational direction of the 

disc. The pressure of the region where the disc starts to contact the 

pad (leading end) is higher than that of the region where the disc 

ends contact with the pad (trailing end). 

Fig. 7 shows the temperature distribution of the disc surface 

according to time. At each time step, following results are obtained. 

Fig. 5 Finite element model of the disc brake system for hot judder 

analysis 

 

Table 2 Material properties of each component 

Properties Disc Pad Piston

Elastic modulus (GPa) 135 30 70 

Poisson’s ratio 0.29 0.3 0.33 

Mass density (kg/m3) 7,200 2,150 2,710

Thermal expansion coefficient (10-5/℃) 1.05 0.76 2.3 

Thermal conductivity (W/m℃) 53 1.5 177 

Mass Capacity (J/kg℃) 642 465 875 

 

 

Fig. 6 Contact pressure distribution between the disc and pads 
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(a) t = 0 s (Tmax = 160℃) (b) t = 0.13 s (Tmax = 160℃) 

 

(c) t = 0.2 s (Tmax = 190℃) (d) t = 0.5 s (Tmax = 253℃) 

 

(e) t = 1.0 s (Tmax = 306℃) (f) t = 2.0 s(Tmax = 538℃) 

 

(g) t = 2.5 s (Tmax = 630℃) (h) t = 3.0 s (Tmax = 624℃) 

 

(i) t = 4.0 (Tmax = 631℃) (j) t = 5.0 (Tmax = 515℃) 

 

(k) t = 5.87 s (Tmax = 483℃) (l) t = 6.0 (Tmax = 362℃) 

Fig. 7 Temperature distribution of the disc surface according to time 

1) t = 0 s: The initial temperature of the disc is 160 ℃. 

2) t = 0.13 s: Only convection heat transfer between the disc 

surface and air affects on the system. Contact between the 

disc and pad occurs after 0.13 s. 

3) t = 0.2 s: Heat is generated by the friction contact between 

the disc and pad. 

4) t = 0.5 s: Heat is generated along the center line of the 

contact surface. The maximum temperature of the band is 

253℃. 

5) t = 1.0 s: Regions of heat concentration are being created. 

Thermoelastic instability (TEI) is the main cause of this 

heat concentration. 

6) t = 2.0 s ~ 3.0 s: Heat concentration is accelerated and these 

regions appear clearly. 

7) t = 3.0 s ~ 4.0 s: Heat concentration develops to the hot spot. 

Six hot spots are generated and the maximum temperature 

of the center of the spots is 635℃. 

8) t = 5.0 s: The temperature gradient around the hot spots 

becomes gentle. That is, the difference of temperatures 

between the center nodes of the hot spots and around the 

nodes decreases, because the rotating speed of the disc 

decreases. The maximum temperature of the hot spots is 

585 ℃. 

9) t = 5.87 s: Braking stops. Deceleration of the disc ends and 

there is no contact between the disc and pads. After this 

moment, the temperature of the disc decreases rapidly due 

to the convection between the disc surface and air. 

10) t = 6.0 s: The maximum temperature of the disc reduces to 

362 ℃. The temperature gradient at the hot spot becomes 

obscure. 

 

 

5. Result comparison between simulation and dynamo 

test 

 

To compare the simulation results to the dynamo test data, the 

disc temperature, BTV and DTV were obtained. The disc 

temperature was measured at the center node of the contact surface 

between the disc and pads. BTV was replaced by the reaction 

moment of the hinge joint applied at the rotation axis of the disc. 

The distance between two nodes, one at inboard and the other at 

outboard of the disc, is used as DTV. The two nodes are 10 mm far 

from the outer circle of the disc. 

Fig. 8 shows the change of the disc temperature according to 

time. In Fig. 8, the solid line represents the simulation and the 

dashed line represents the dynamo test data. The disc temperature, 

whose initial value is 160 ℃, increases linearly, and reaches 320 ℃ 

at the end of braking. The maximum temperatures of the disc are 

321 ℃ and 335.6 ℃ at the dynamo test and simulation, respectively. 

The error of the temperatures is only 1.4 %, and thus it is concluded 

that the simulation result is very reliable. 

Fig. 9 shows the BTV results of the simulation and dynamo test. 

In Fig. 9, the solid line represents the simulation result and the 

dashed line represents the dynamo test data. In order to verify how 
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well the simulation results match with the test data, the Pearson 

correlation coefficient19 and root mean square (RMS) values of data, 

which was obtained during braking as shown in Fig. 9, were 

calculated. The Pearson correlation coefficient was 0.741, and thus 

one can say that two data have a positive and strong linear 

relationship. The RMS values of the simulation and dynamo test 

were 722.5 Nm and 742.0 Nm, and the error was 2.6 %. Therefore, 

the BTV result of the simulation model followed the test data 

successfully. The maximum BTV of the dynamo test was 104.9 Nm. 

The maximum BTV of the simulation results, which was 

determined by the difference of the mean values of the first and last 

10 simulation data as shown in Fig. 9, was 132.5 kgf, and this is 

very close to the test data. 

Fig. 10 shows the DTV results of the simulation. The disc 

thickness, whose initial value was 26 mm, changed according to 

time, and the maximum DTV was 10.2 µm. The dynamic DTV of 

the dynamo test could not be measured since the sampling rate of 

the gap sensor was lower than the rotational speed of the disc. DTV 

of 10.2 µm was also very close to the actual value measure from the 

normal ventilated disc brakes.20 

 

 

6. Conclusion 

 

In this study, hot judder of a ventilated disc brake system was 

simulated. Based on the analysis technique presented in part.1 of 

this paper, the mechanical and thermal models of an actual brake 

system were created, and simulated using the analysis module of 

SAMCEF. During simulation, six hot spots were generated on the 

surface of the disc. These hot spots are very important contribution 

of this paper since no previous studies could produce hot spots. 

Brake dynamo test was done according to the high speed judder test 

mode, and simulation and test results such as the variation of the 

disc temperature and brake torque were compared with the test data. 

The disc temperature shows only 1.4 % difference between the 

simulation and test, and BTV of the simulation model agreed well 

with the actual BTV with an error of 0.17 %. DTV obtained from 

simulation was 10.2 µm, and this value is very close to the actual 

value of the normal disc brake system. Therefore, the simulation 

technique and hot judder analysis model presented in this paper 

were verified. For the future work, an optimization of the shape of 

the ventilated disc will be performed by using the response surface 

methodology,21 and the results will be verified. 
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