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In this paper, numerical aspects of a sensitivity control for the semi-active suspension system with a magneto-
rheological (MR) damper are investigated. A 2-dof quarter-car model together with a 6th order polynomial model
for the MR damper are considered. For the purpose of suppressing the vertical acceleration of the sprung-mass,
the square of the vertical acceleration is defined as a cost function and the current input to the MR damper is
adjusted in the fashion that the current is updated in the negative gradient of the cost function. Also, for improving
the ride comfort, a weighted absolute velocity of the sprung-mass is added to the control law. The implementation
of the proposed algorithm requires only the measurement of the relative displacement of the suspension deflection.
The local stability of the equilibrium point of the closed loop nonlinear system is proved by investigating the
eigenvalues of the linearized one. Through simulations, the passive suspension, the skyhook control, and the

proposed sensitivity control are compared.

1. Introduction

Magneto-rheological (MR) fluids have recently become a
widely studied smart fluid and being widely used in industrial
applications (such as car suspension, seat suspension, bridge
vibration control, washing machine vibration control, and gun

vibration control) since it require only small voltages and currents

compared to other classes of fluids that exhibit a rheological change.

This paper focuses on a sensitivity control (a type of gradient
approach) in a car suspension system, which can adjust the current
input to the MR damper.''® However the concept presented herein
can be extended to other applications.

The performance of a suspension systems can be evaluated by
three criteria. These are the ride quality, which is related to the
suppression of road disturbances; the handling performance of a
vehicle, which is achieved by maintaining the traction force
between the tire and the road surface; and the cost of the suspension
system, which is related to the control force mechanism. According
to the mechanism that produces the damping/control forces,
suspension systems are classified into passive, semi-active, and
active systems. A passive suspension consists of an energy
dissipating element, which is a damper with a fixed-size orifice, and

an energy-storing element, which is a spring stiffness for sustaining
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the vehicle weight. These two elements of passive suspension can
not add energy to the system (such as the damping force generated
from a fixed-size orifice is dependent only on the relative velocity
of the suspension system), therefore it can not provide sufficient
control force to improve the ride quality and handling performance
for various road disturbances.

Due to the fact that a passive suspension cannot satisfy the
comfort and handling requirement in different road conditions, a
great deal of interest is being devoted to the control of semi-active
and active suspension systems by both academia and industry.'*
To improve the ride quality, it is important to isolate the sprung-
mass (the car body) from the road disturbances and, particularly, to
suppress the vertical vibrations near 5 Hz (4-8 Hz), which is a
sensitive frequency range to the human body (and the lateral
vibrations at 1-2 Hz) according to ISO 2631.12° On the other hand,
to improve the handling performance of the vehicle, it is important
to keep the tire in contact with the road surface so that the engine
torque can be transmitted, as a traction force, to the road surface.
Different kinds of control strategies have been proposed, which are
more or less effective and attractive from a commercial point of
view. Particularly in the control of active suspension systems,
interesting results have been presented by Alleyne and Hedrick®

where a modified adaptation scheme based on Lyapunov analysis is
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used to provide solutions for the problems at hand.

Since a semi-active suspension system was introduced in the
early 1970s, it has shown a comparable performance with that of a
fully active suspension but with lower energy consumption.
However, the fully active suspension system produces the control
force with a separate hydraulic/pneumatic unit. Therefore, the cost
and the weight of a fully active suspension system are
disadvantageous in medium size cars. The semi-active suspension
system uses a varying damping force as the control force. For
example, a hydraulic continuous-damping-control (CDC) damper
varies the size of an orifice in the hydraulic flow valve to generate
the desired damping forces. On the other hand, a MR damper
applies various levels of magnetic fields to vary the viscosities of
the MR fluids.*7**** However, the semi-active suspension system
shows worse performance than the active system because the
control force can be generated only when the desired control force
and the damping force act in the same direction. From this view,
semi-active suspension systems are better than the fully active
systems because of their low cost and competitive performance.

For a fixed suspension spring stiffness coefficient, a better
isolation of the sprung-mass from the road disturbances can be
achieved with the use of a soft damping that allows a larger
suspension deflection. However, a better road contact can also be
achieved with the use of a hard damping that avoids unnecessary
suspension deflections. These requirements are mutually conflicting
in the control system design of suspension systems. To meet these
requirements, many kinds of semi-active suspension are currently
being employed and studied.

Since the skyhook control strategy was introduced by Karnopp
et al.,” in which a fictitious (skyhook) damper is assumed between
the sprung-mass and the stationary sky as a way to suppress the
vibratory motions of the sprung-mass and as a tool to compute the
innovative control

desired damping force, a number of

methodologies have been introduced in the literature. The skyhook

configuration™”!7-*?

isolates the sprung-mass from base excitations,
at the expense of an increased unsprung-mass motion. Notice that
as the skyhook damping ratio increases, the resonant
transmissibility near 1 Hz decreases, but the transmissibility near 11
Hz increases. In essence, the skyhook configuration is adding more
damping to the sprung-mass and taking away damping from the
unsprung-mass. Hence, the skyhook damper alone cannot reduce
both resonant peaks at the same time. For this reason, Besinger et
al.* proposed a modification of the skyhook control, which
includes both a passive damper as well as a skyhook damper, for the
computation of desired control inputs. Novak and Valasek™ have
proposed the groundhook control, which assumes an additional
fictitious damper between the unsprung-mass and the ground, to
decrease the dynamic tire force.

Moreover, the implementation of the skyhook control needs two
pieces of information: the absolute velocity of the sprung-mass and
the relative velocity between the sprung and unsprung masses. In
this paper, the measurement of only the suspension relative
displacement between the sprung and unsprung masses and the use

of a MR damper are assumed. The damping force of the MR

damper is modeled as a 6th order polynomial equation of the
relative velocity with coefficients as affine functions of the input
current. The current input to the MR damper is adjusted, in
principle, in the negative direction of the gradient vector of the
square of the vertical acceleration of the sprung-mass, but
considering the handling performance, a weighted absolute value of
the sprung-mass velocity has been added in the law. The stability of
the proposed nonlinear control law has been analyzed at
equilibrium points.

In this paper, first, a new polynomial model for MR dampers
that utilizes the peak damping forces due to sinusoidal velocity
inputs is proposed. Second, with the use of only the relative
displacement between the sprung and unsprung masses, a control
algorithm that adjusts the current input to the MR damper such that
the square of the vertical vibration is minimized is proposed and its
stability is proved. Third, for balancing the ride quality and the
handling performance, two adjustable parameters are incorporated
in the control law.

This paper has the following structure. In Section 2, a quarter-
car model and a new model for MR dampers are introduced. In
Section 3, a modified gradient algorithm for adjusting the current
input to the MR damper that minimizes the square of the vertical
acceleration is proposed. In Section 4, the stability of the closed
loop system at equilibrium points is proved. In Section 5, the
performances of a passive system, a skyhook control system, and
the system with the proposed modified gradient algorithm are
compared by simulations. Section 6 presents the conclusions.

2. Quarter Car and MR Damper

2.1 A Quarter-Car Model

In semi-active suspensions, while the conventional suspension-
spring configuration is kept, the damper with a fixed orifice is
replaced with a controllable one. Fig. 1 depicts a control block
diagram of the semi-active suspension system, where z_, z,, and

z, are the sprung-mass, the unsprung-mass, and the road
displacements, respectively. The values of the parameters in this
model are collected in Table 1. Based on the measurement of the
relative displacement z, —z,, the control strategy is to adjust the

damping force f,

" by applying the desired current input / to the
MR damper. The estimation and modified sensitivity control will be
discussed in Section 3.1 and Section 3.2, respectively. In addition to

the intrinsic vertical motions limited to this quarter model, other

Zg | Estimator [«
|_> Eq.(7)
- z
0 + Estimator ;‘ Modified I i
Reference Eq. (14) ‘SEnSlthlIty H—»{ MR Damper Vehicle (Zs—2)
» Contro Eq. (3) 4Ol >
Eq. (15) 2
) —
= [ Eilter

Fig. 1 Control block diagram of the semi-active suspension system
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issues such as the pitch and roll controls of the vehicle are not
discussed in this paper. The equations of motion are as follows,

m.rzs +ks(Zs _Zu)+f;nr(Z.x _Z.u’l):O’ (1)

mz, +k(z,~2,)=k(z,~z2)~ .

u“u

-z,,1)=0, 2)

where f,, is a function of the relative velocity Z, —Z, and the

current input /. Note that only the relative displacement z, —z, is

measured.

Table 1 Parameter values used in simulation

Parameters definitions values
my Sprung-mass 390 kg
m, Unsprung-mass 41 kg
k, Spring stiftness coefficient 25,000 N/m
k, Tire stiffness coefficient 170,000 N/m

2.1.1 MR Damper Modeling

The semi-active dampers include the hydraulic discrete
damping control damper using a step motor, the hydraulic
continuous variable damper (CVD) using a solenoid valve, the ER
damper, and the MR damper. Since the fluid used in an ER or MR
damper has a fast response time, it can be used to cope with a
broader range of road conditions. Also, the MR damper is the most
suitable for car applications since the strength of an MR fluid is 20-
50 times higher than that of an ER damper and less performance
degradation due to impurities and precipitation has been reported.
One notable feature of MR fluids is the hysteresis characteristics
appearing in the expansion and contraction processes. Among the
various models available in the literature, the model of Bingham™
is the simplest model, but it may not fully characterize the

hysteresis behavior; the model of Bouc-Wen’+>¢

needs a very small
step size when solving a steep differential equation numerically;
and the nonparametric model of Song et al.* might be another
potential candidate.

In this paper, an algebraic approach rather than a differential

equation approach is pursued. Fig. 2 shows three hysteresis curves
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Fig. 2 Hysteresis curves of the used MR damper when
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Fig. 3 Hysteresis curves for three sinusoidal relative displacements
with 3 A current input'' (z, -z, =0.04sin2.5¢, 0.04sin7.5¢,

0.04sin15¢, and I =34)

for three current inputs, respectively, for a typical MR damper,
z -2,=03 cos 7.5t (ie,z,—z,=0.04sin7.5¢). The
damping force increases as the relative velocity increases. Also, the

when

slope gets steeper as the current input increases. However, for a
fixed current input, the damping forces follow different curves in
the expansion (the lower curve) and contraction (the upper curve)
regions; this behavior is known as the hysteresis effect.

On the other hand, for a fixed current input at 3 A, Fig. 3 shows
three different hysteresis curves of three different sinusoidal
relative-displacement profiles with the same magnitudes but
different frequencies, that is, z, —z, = 0.04 sin 2.5¢, 0.04 sin 7.5¢,
and 0.04 sin 15¢. By differentiating them, z —z, =0.1cos2.5¢,
0.3cos 7.5t and 0.6cos15¢ are obtained, which correspond to three
peak velocities 0.1, 0.3, and 0.6 m/s, respectively. The strategy in
this paper is to consider the peak damping forces at individual peak-
velocity points (instead of considering two hysteric curves in the
expansion and contraction regions). In this case, one polynomial
equation for a given current input (representing the peak damping
forces) will be sufficient in representing the damping force
characteristics as follows:

f;nr(z.x _211’1): Z(aI: +bl<l)(z.v _Z.u)k’ l/l:6 (3)
k=0

where 7 is the order of the polynomial (n =6 is used in this paper)
and a) and b} are the coefficients that should be determined

through experiments. Fig. 4 shows the characteristics of the actual
nonlinear force-velocity of MR damper used in this work (seven of
such curves correspond to seven different current inputs, and the
lowest slope represents the passive system with zero current input).
Table 2 shows a typical combination of the coefficients obtained
from experiments for a SM_FRONT Left MR CDC damper of
Daewoo Precision Industries, Ltd., Korea. Fig. 5 depicts the
experimental test bed using an MTS system. The closeness between
experimental data and the values calculated from the polynomial
model of (3) for three different current inputs (0, 1, and 2 A) is well
depicted in Fig. 5 of reference 11.
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Table 2 Coefficients a, and b, in (3) obtained from experimental

data using the peak values'!

Coefficients Values Coefficients Values
a, 0 b, 11.6
a 989.1 b 1228.5
a, 17.4 b, -56
a; -316.3 by -970.5
a, 19 b, 522
a; 98.1 b, 2543
ag 1.1 b, -16.9
.
2
L=
2.50 — = g e =
R, ] _'_——.F“ 'I_Jr‘/‘ = -a—00A
Z e 4] "_‘/II’/ —0
% 500 ; —4—10A
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Fig. 4 Peak values of a typical MR CDC damper for various current
inputs

Fig. 5 Damping force measurement with an MTS System

3. Sensitivity Control

3.1 Control Law

In this paper, the measurement of the relative displacement is
assumed. The square of the vertical acceleration is considered as a
performance criterion to be minimized as follows.

J=Z. )

In (1), Z, is a function of / (of course, it is also a function of other

variables and parameters). For computing the current input, the
following control law is proposed.

. aoJ .
[:_M**’ﬂzlzsl’ ®)

ol

where 7 is updated in the negative gradient of J with a gain 4, and

the second term s, is an additional term that has been

Z‘S
introduced to improve the ride comfort without sacrificing the
handling performance of the vehicle on purpose. To implement (5),
the term 0.J /0! is calculated as follows.

aJ . &
— =27 =,
ol S ol

(6)

where 0Z/0I is the sensitivity of the vertical acceleration with

respect to 7 (detailed derivations are given in Section 3.2), and the
term

z | is estimated using (1) as follows.

L ORI 0|} ™
m

s

Again, Z_ can be calculated by integrating (7).

3.2 Sensitivity Calculation
The differentiation of (1) with respect to / yields.
dz d(z,-z,)

d
m s g S5 E L © p (-2 [)=0.
s s dlnfl‘nl(.i' u )

dl dl ®

The last term in (8) can be split into two parts as follows.

oy dCG-2) O
oz, —-2,) dl oI

ifmr(z.s _le’[) =

o ©

Using (3), of,,./0(z, - z,) and &f,,. /0l can be written as follows.

af;m'

— $ o ° NS
G2 ;k(ak+b,r1)(zx ) (10)
/R S PR
o = hGon (i

Since the tire spring coefficient is ten times larger than that of
the spring stiffness coefficient, and the unsprung-mass m, is one-

tenth of the sprung-mass m_, the displacement and velocity of the

unsprung-mass are not much affected by the current input /. Hence,
d(z,—z2,)/dl and d(z,—z,)/dl canbe computed as follows.

dG,-2) _ &, (12)
dl dl

d(z,—z,) _dz, (13)
dl di

Using (9)-(13), (8) can be written as follows.
6 6
ms + {Z k(a, +bI)(2, - z,)" ]}S +hks+Y bz -z, =0, (14)
k=0 k=0

where §, § and s correspond to dZ /dI, dz /dl, and dz /dI,

respectively. Therefore, the sensitivity § appears as a second-order
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differential equation, and by solving (14), dJ/dI in (6) is obtained.

Finally, the control law (5) is given as follows.

6
i= ﬂl’i{ks(zs —z,)+ Y. (a, + bz, —z'u)k}iv' +mlz | (15
s k=0

3.3 Effect of 1, |z,

As discussed earlier, the second term ,uz‘z's‘ in (5) has been

added in order to improve the ride comfort without sacrificing the

handling performance of the vehicle. In the case of a passive
damper, where F,,, , =c(Z —Z,), the resonant peaks are

lamper

attenuated as the damping coefficient ¢, increased; however, the
isolations are lost both at high frequency and at frequencies range
between the two natural frequencies (see Fig. 6). Therefore, it is
desirable to have a large damping coefficient at the resonant

10°
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Magnitude of Sprung-Mass Acceleration [mlsz]

0r ¢_=500
S
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e G 21500
¢.=2000
S
100 n Lol n ol n P SRR
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Frequency [Hz]
Fig. 6 Frequency responses of the sprung-mass acceleration for
three different damping coefficients (simulation results with the
values in Table 1)

Magnitude of Sprung-Mass Velocity [m/s]

102 P | L SR | L R S
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Fig. 7 Frequency response of the sprung-mass velocity in the
passive case of Fig. 6

frequency and to have a small damping coefficient in the frequency
range above the resonant frequency. Fig. 7 depicts the frequency
response of the sprung-mass velocity of a typical passive damper.
As shown, the maximum magnitude of the sprung-mass velocity

appears at the resonant frequency of the sprung-mass. Henceforth,

by adding the term g, |z,
coefficient at the resonant frequency can be obtained.

4. Stability Analysis

In this section, the stability of the proposed control law in (15)
is analyzed. The following state variables and state vector are
defined.

xl = Z.v - Zu’ x2 = Z.v’ x3 = Zu _Zr’ x4 = Zu’ (16)
x;=1, x,=s5, and x,=35,
r
X=[x x x..x%]. (17)

Using (16), the state equations including (1), (2), (3), (6) and (15)
are given as follows.

X, =z,-%,=x,—x, = {(X,0), (18)

X, =Z = _L{ksxl + 26:(511; +b,x5)(x, _x4)k} = f,(X,0), (19)
m k=0

i,=2 -2 =x,= fi(X,0), (20)

since z, =0 can be assumed for stability analysis,

.. 1 &,
Xy =z, = _m{_kxxl +k,x; - Z(ak +bexs)(x, - x4)k} = f,(X,0, (21)
=0

u

X5 =j= H— {kx]+2(ak+bx)(x2 x4)}

m; (22)
S X0+ i |x,| = £i(X,0),

Xy =5=x, = f(X,1), 23)

_x4)k 1

i = {x726:0(ak + by, )k (x

+kx, + Zb;’ (x, - x, )k} (24)
k=0
=f (X ,Z).
By solving the equations (18)-(24), the equilibrium points X, can
be obtained.
a, +by x;
(. ks s
X,=x;=x,=x,= 0,
(25)
X5 =any value,
b,
X, =——.
ok
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Recall that x; denotes the current input in the range of [0, 3] A.

Now, the linearization of equations (18)-(24) with respect to the
equilibrium point X, =[—(a, + b;x;)/k,,0,0,0,x,,~b, / k,,0]" yields.

x=F X, (26)
ox|,,
where
[0 1 0 -1 0 0 0
_E al + bl Xs 0 al + bl:‘xs bO 0 0
mS mS Wls }’}’Zs
0 0 0 1 0 0 0
ai — £ al +b|xs L a‘|‘+blux5 ﬁ 0 0 (27)
x|, |m  m, m, M,
0 73 0 0 0 0
0 0 0 0 0
0 717‘ 0 ﬂ 0 _E Lblxﬁ
L m, m, m; m. |

Observing the first, third, and fifth rows in (27), the existence of a
linear dependence relationship among them can be seen. Hence,
OF | 0X \_\, has nullity 1 and any value in the nullspace can be an

equilibrium point. Also, since OF/dX ‘ . involves x;, the
eigenvalues of OF /0X \_\, is given as a function of x;. Over the
range of x; (the current input 0~3 A), the real parts of all the

eigenvalues are negative except one (see Fig. 8 of reference 11).
Therefore, the local stability is proven.

5. Simulations

Simulation is performed for three aspects, which are the role of
the second term in (5), the performance of the sensitivity control
law in comparison with the skyhook control, and the robustness of
the proposed control algorithm against the variations of the sprung-
mass and spring stiffness coefficient.

5.1 The effect of 11,z |

Fig. 8 compares the sprung-mass acceleration of the sensitivity
algorithm for £ =0.5 and g, =0 with that of a passive damper.

As shown in Fig. 8, the sensitivity control shows poor performance

in the lower frequency range. However, as shown in Fig. 9, by
increasing g, values, improved performances in the lower

frequency range as well as in the high frequency range can be
obtained. It is desirable to have a large 1, -value below 3 Hz and to

have a small y, -value above 3 Hz.

5.2 Comparison with the Skyhook Control

The skyhook control algorithm is given as follows.

f;m' = cslryzs ’ lf
fr‘nr = 07 lf

:(5.-2)>0, ¢, =1,500,
.c( s u) sky (28)

z(z,-2,)<0.

3
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Fig. 8 Frequency responses of the sprung-mass acceleration with

#,=0.5and x,=0
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Fig. 9 Frequency responses of the sprung-mass acceleration for
various values of 1, (1,=0.5)

Fig. 10 compares the passive damper, the skyhook control law
with ¢, =1,500, and the sensitivity control law for g =0.5 and

M, =25. At the resonant frequency, both the skyhook control and

the sensitivity control show the similar performance, but at the
resonant frequency of the unsprung-mass of 11.7 Hz, the sensitivity
control shows better performance than the skyhook control. Notice

that skyhook control focuses on the sprung-mass in which, as the
value of ¢ increases, the motion of sprung-mass decreases but

the motion of the unsprung-mass increases.

5.3 Robustness
§ in (14) is calculated with the sprung-mass (m, =390 kg) and

the spring stiffness coefficient (k, =25,000 N/m). Therefore,

deterioration of the control performance may be expected if there is
some discrepancy between the used values and real values. To
check for deterioration, the sprung-mass was increased from 390 kg
to 450 kg and the spring stiffness coefficient was decreased from
25,000 N/m to 22,000 N/m. Figs. 11 and 12 depict the
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transmissibility of the sprung-mass displacement from the road
displacement. Figs. 13 and 14 compare the frequency responses of
the sprung-mass acceleration in the presence of uncertainties.

-
o
N
T

— —— - Passive system
— — Skyhook control
Sensitivity control (z4=0.5, 1, =25)

Magnitude of Sprung-Mass Acceleration [m/sz]
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Fig. 10 Comparison of the frequency responses of the sprung-mass
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Fig. 11 Transmissibility comparison between two sprung masses
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Fig. 12 Transmissibility comparison between two spring stiffness
coefficient
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Fig. 13 Comparison of the frequency responses of the sprung-mass
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Fig. 14 Comparison of the frequency responses of the sprung-mass

6. Conclusions

In this paper, a sensitivity control law combining the negative
gradient of the performance index and the weighted absolute
velocity of the sprung-mass is developed to improve the ride quality
without sacrificing the handling performance. The proposed
algorithm demonstrated similar performance with the passive
damper at the resonant frequency of the unsprung-mass, but an
improved performance of the ride quality at the resonant frequency
of the sprung-mass. It was desirable to have a large value of u, for
a low frequency road input, but to have a small value for a high
frequency road input.
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