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NOMENCLATURE 

 

Vin = input voltage of piezoelectric actuator 

Xr , Xf = displacements of piezoelectric actuator for 

 extension and shrinkage.  

)(ku  = output of sliding mode controller 

n
S  = signum function  

β  = model uncertainty 

L  = gain of Kalman filter 

 

 

1. Introduction  

 

The need of the high precision driving equipment1 is being 

dramatically increased in the field of semiconductor, LCD 

equipments, machine tools, cell biology and measurement 

technology etc.. Recently many researches on the piezoelectric 

materials have been performed. the piezoelectric materials may be 

used for not only various actuators but also various sensors. The 

piezoelectric materials have the good properties for actuator and 

sensor such as light and small size, high speed response, high power 

and resolution.2 Various actuator using piezoelectric materials are 

being continually developed,3-6 i.e., a linear device moving along 

the friction surface using impact drive mechanism, an inch-worm 

type that produces large displacement through the repetition of 

extension and shrinkage among three piezoelectric actuators, a tube 

type piezoelectric actuator which is used in scanner device 

equipment for high precision surface measurement and a slider 

using friction force generated by two stack type piezoelectric 

actuators etc.. 

Since the piezoelectric element has highly nonlinear 

characteristics, it degrades the accuracy of the system. To 

incorporate these nonlinearities in the modeling process, many 

researches have been performed. Kaizuka et al. removed 

nonlinearities by connecting capacitor in series between input 

voltage amplifier and piezoelectric actuator.7 However, it needs 

relatively high voltage in operation. Goldfarb et al.8 described the 

hysteresis characteristic using Maxwell model. Ge et al. modeled 

the hysteresis characteristic using Preisach model.9 However, this 

model is available for only a constant, repetitive, and periodic 

signal. Tzen et al.10 proposed a numerical expression by 

approaching geometric shape of the hysteresis to the exponential 

function. The dynamic stiffness of inchworm during motion 
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operation is generally low compared to its driving condition, so that 

mechanical vibration of inchworm degrades accuracy of the 

displacement. Therefore, a robust control algorithm11-14 to suppress 

the mechanical vibration of a system are required. 

The purpose of this paper is to develop a new modeling scheme 

to incorporate the nonlinearities of the piezoelectric stack actuator 

and the preload characteristics of the inchworm. For the precision 

motion control, the hysteresis behavior is compensated by the 

inverse hysteresis model and the sliding mode control and the 

Kalman filter are developed to suppress the mechanical vibration of 

inchworm. Experiment is performed to show the feasibility of the 

proposed modeling scheme and control algorithm. 

 

 

2. Modeling of the Inchworm  

 

2.1 Specifications of Inchworm  

An inchworm which is a linear moving device is developed to 

produce a large displacement from the transformation of stack 

piezoelectric actuators. Even though the transformation quantity of 

piezoelectric actuators is just several micrometers, the inchworm 

generates large displacement along the moving guide surfaces using 

a friction mechanism as a worm crawls. Fig. 1 describes one cycle 

of inchworm motion which is composed of six processes. To find 

the dynamic characteristic of piezoelectric actuator, the frame 

including the propulsion part of the inchworm is mounted at the 

 

 

 

Fig. 1 The structure and the operation diagram of the inchworm  

 

 

Fig. 2 The experiment device for propulsion part of inchworm 

experiment device shown in Fig. 2. The piezoelectric actuator is 

21mm length and has 150 piezoelectric thin layers. Table 1 shows 

its specification. In experimental modeling process, signal generator 

(LMS, CADA-X with Scadas II front-end), FFT analyzer (LMS, 

DI-2200), and digital signal processor (Loughborough, 

TMS320C40) are used for the hysteresis modeling and the 

frequency domain identification. 

 

Table 1 The Specification of piezoelectric stack actuator 

MODEL 15C Unit 

Capacitance 900±20% C(nF) 

Insulation Resistance >1×108 Ro(Ω) 

Max. Driving Field 150 Eo(V) 

Effective Displacement 20±2 Xo(µm) 

Xo/Eo 0.16 (µm/V) 

Material SPEM-5D 

Response Time 20µsec 

Maximum Clamping Force 700 N 

 

2.2 Hysteresis Modeling without Preload  

The behavior of the inchworm consists of both the hysteretic 

nonlinearity and the dynamic characteristics. To describe the 

hysteresis of an actuator, a linearly decreasing triangle wave of low 

frequency input signal is applied to the actuator to eliminate the 

effects of dynamic characteristics. From the hysteresis loops shown 

in Fig. 3, following properties are assumed. First, the hysteresis 

loops are divided into an initial rising curve, repetitive falling 

(shrinkage) curves and repetitive rising (extension) curves. Second, 

the shape of the hysteresis loops is changed by Vmax (maximum 

input voltages). Third, the residual displacement exists when input 

voltage is removed as indicated in Fig. 3 and is also changed by 

Vmax. The discrepancy between the initial value of the initial rising 

curve and the lowest value of other curves is caused by microscopic 

ferroelectric polarization effect of PZT stack. Only the plus voltage 

is applied to PZT stack as shown in Fig. 3. Size of hysteresis loop is 

increased as the range of applied voltage is increased. From the 

analysis of hysteresis loops behaviors, each curve can be described 

by the second-order polynomial function of argument Vin (input 

voltage) and the coefficients of the polynomial are to be determined. 

The hysteresis loops are now described by the following equations 

 2

1 2r r r in r in
X D C V C V= + × + ×  (1) 

 

 2

1 2f f f in f inX D C V C V= + × + ×  (2) 

where Vin is an input voltage. The subscripts of r and f in the 

equations indicate the rising and the falling curves, respectively. Xr 

and Xf are output displacements, Dr and Df are residual 

displacements, and Cr1 and Cr2 are coefficients for rising curves and 

Cf1 and Cf2 are coefficient for falling curves. In order to determine 

these coefficients in Equations (1) and (2), the hysteresis loops are 

analyzed with the change of various input voltages. It is observed 

that the shape and the residual displacement of hysteresis loops are 

varied by the magnitude of applied Vmax.  

To figure out the behavior of hysteresis loops against Vp 

(transition peak point voltage), the triangle input voltage of 2Hz is 

Driving Unit 

Front Clamp Rear Clamp 
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applied to the actuator starting from 6 volt to 120 volt increasing by 

6volt. Each hysteresis loop is modeled by the curve fitting method 

determining all coefficients, Dr, Df, Cr1, Cr2, Cf1, Cf2. Fig. 4 shows 

all coefficient values. From this figure, it is observed that each 

coefficient is a function of Vmax and each curve is described by the 

second-order polynomial function of argument Vmax. From the 

analysis of hysteresis loop behaviors, each curve is described by the 

second-order polynomial function of argument Vin and the 

coefficients of the polynomial are described by the function of 

argument Vmax. 

Followings are the procedures for determining the coefficients 

in Equation (1) and (2) and the flowchart is shown in Fig. 5. 

Simulation starts when first input voltage is applied to the system. 

The coefficients of initial rising function, Dr, Cr1, Cr2, substitute into 

Equation (1). The coefficients of initial rising function are fixed 

until the direction of the input voltage changed.  

When the input voltage reaches peak point, decide whether the 

direction of input voltage is down or up. Then determine the output 

displacement by Equations (1) and (2). If the input voltage reaches 

first peak, the maximum input voltage is updated by new Vmax. 

Then the coefficients of function Xf(Vin) are updated and fixed until 

new Vmax reaches. Fig. 6 shows the comparisons of the hysteresis 

loops and the modeling error between measured and simulated data 

is within 0.125µm. 

START

Decide Initial Rising Xr

Xr=Dr + Cr1*Vin + 

Cr2*Vin^2 

Input 

Direction

Change?

Vpu  or  Vpd

Decided Xf by Vin

Xf = C+ Df1*Vin+ 

Df2*Vin^2

Decided Xr by 

Vin

Xr=Dr + Cr1*Vin 

+ Cr2*Vin^2 

T=Tfinal

End

Yes

Down

Up

No

No

Yes

 

Fig. 5 Flow chart for hysteresis loop modeling 
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Fig. 6 Simulated and measured data; (a) input voltage, (b) measured 

displacement (dashed) and simulated displacement (solid), (c) 

modeling error, (d) measured hysteresis loop, (e) simulated 

hysteresis loop 

 

2.3 Hysteresis Modeling under Preload  

Inchworm in this paper is designed for high precision 

positioning device with low constant payload (or no payload), low 

energy consumption for operation and large translational movement 

per cycle. Because the preload is not used to prevent hysteresis of a 

PZT stack in this research, only a low preload (5N) is applied to the 

PZT stack. Note that when preload is increased, hysteresis of a PZT 

stack is reduced and the necessary energy to extend the PZT stack 

(or to operate inchworm) is also increased and deformation range of 

propulsion part of inchworm is decreased. 
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Fig. 3 Hysteresis loop for decreasing input sine wave 
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Fig. 4 The identified coefficients by curve fitting 
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In the modeling process, the preload applied to the inchworm 

must be considered. Fig. 7 shows the schematic of the experiment 

to study how the preload affects the displacement of the inchworm. 

The effect of a piezoelectric actuator to the preload variations is 

examined. Fig. 8(a) shows the changes of output displacement to 

the variation of preload varying input voltages. As the results of the 

experiment, we observed that the preload up to 6N does not affect 

much the output displacement of the piezoelectric actuator since the 

maximum clamping force of the piezoelectric element is 700N as 

shown in Table 1. Fig. 8(b) shows the variations of the hysteresis 

loops to the preload with 60V input sine wave. There are no serious 

changes of hysteresis loops. However, the preload seriously affects 

the inchworm because the frame of front fixed part as shown in Fig. 

1 makes a role of mechanical spring. Fig. 9 shows compressed 

 

displacements at the tip of the inchworm varying the preload. From 

Fig. 9, we observed that the displacement at the tip of the inchworm 

varies linear to the applied preload and the mechanical propulsion 

part of inchworm is designed to be very flexible structurally 

(stiffness: 0.41N/µm). 

To incorporate the preload effect in the modeling process, the 

following equation is suggested as 

 2

1 1 2o o
W A B L B L= + × + ×  (3) 

Where Lo is magnitude of preload, A1, B1, and B2 are coefficients, W 

is the compressed displacement of the inchworm by preload. The 

equation (3) is added into Equations (1) and (2) and rewritten as 

To incorporate the preload effect in the modeling process, the 

following equation is suggested as 

 2

1 2r r r in r in
X D C V C V W= + × + × +  (4) 

 

 2

1 2f f f in f inX D C V C V W= + × + × +  (5) 

Fig. 10 shows the hysteresis loops of the experimentally 

measured and the calculated displacement using identified model of 

inchworm in case of applying 5.88N preload and 20V input sine 

wave. This figure shows a good agreement between calculated and 

measured displacements.  
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Fig. 10 Calculated and measured data with 5.88N preload; (a) input 

voltage, (b) measured displacement (dashed) and calculated 

displacement (solid), (c) measured hysteresis loop, (d) calculated 

hysteresis loop 
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Fig. 7 The experimental setup for preload characteristic 
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2.4 Modeling of Dynamic Characteristics  

Dynamic characteristic of inchworm is remained constant 

because the inchworm is operated under no payload (or a low 

constant payload). And control strategy is not considering of the 

time variant system or payload. The experimental identification 

process is used to model the dynamic characteristics of inchworm 

because theoretical modeling for inchworm shows the some 

practical limit. In this study, among many frequency domain 

identification methods, the novel method using the matrix-fraction 

rather rational matrix function for the curve fitting is adopted.15 

This method enables curve-fitting operation to be linear and 

requires no iteration calculation. The frequency domain 

identification procedure is performed by the following procedure. 

First, acquire frequency responses from input and output data 

sequences. Second, curve-fit the frequency response function using 

the matrix fraction description method. Third, conduct minimum 

realization, which cancels matched poles and zeros within a 

tolerance. 

Fig. 11 shows comparison between the measured and modeled 

frequency responses. Modeling order of the system is determined as 

3. Interest bandwidth is 1 kHz at the center of 635Hz.  

Fig. 12 shows a reference square input and the measured output 

of uncontrolled inchworm system. Although the system operates 

under low frequency, it shows the dynamic characteristic due to 

square input. The reference input voltage of each step is 1V and 

period of each step is 0.4sec. It is shown that the system has 

dynamic characteristic of the system together with the hysteresis of 

the piezoelectric actuator. The maximum overshoot is 3.8㎛ and the 

residual vibration still remains after a half of period. 

 

 

3. Controller Design 

 

3.1 Sliding Mode Controller (SMC) 

Consider the nth order linear time invariant system with m 

inputs and known uncertainty f  which can be obtained by the 

experimental identification process given by 

 ( 1) ( ) ( ) ( , , )x k Ax k Bu k f k x u+ = + +  (6) 

 

 ( , , ) ( , , )f k x u B k x uξ=  (7) 

where ,A B  are system matrices or vectors related with system 

states ( ),x k  u(k) is the control input and ξ  presents uncertainties 

or nonlinearities. Define a switching function s(k) as 

 ( ) ( )s k Sx k=  (8) 

where m n

S R
×

∈  is of full rank and the hyperplane is defined as 

{ : ( ) 0}n

S x R s x= ∈ =  and is designed from reference.13 SMC u(k) 

has two part, linear feedback component ( )
l

u  and nonlinear 

feedback component ( ).
n

u  The SMC law can be expressed as  

 ( ) ( ) ( )
l n

u k u k u k= +  (9) 

where 

 1( ) ( ) ( )
l
u k SB S x k

−

= − ∧ −Φ  (10) 

 

 
1

( ) ( ( ) ) ( ( ))
n n

u k s k S s kη β
−

= − Λ +  (11) 

 

 
( )

( ( ))
( )

n

s k
S s k

s k δ
=

+

 (12) 

where .SBΛ =  η  is positive scalar. β  is model uncertainty, and 

Φ  is eigenvalue of the switching function which makes chattering 

amplitude lower and reaching time to the sliding surface faster. 

( ( ))
n

S s k  is a signum function and the slop of the signum function 

depends on .δ  

 

3.2 Observer Design  

In practice, not all state variables are available from direct 

measurement. In order to form the desired control output it is 

necessary to estimate the state variables that are not directly 

measurable. Current type Kalman filter may be used to estimate all 

state variables based on the measured output: 

 ˆ ˆ ˆ( 1) ( ) ( ) ( ( ) ( ) ( ))x k Ax k Bu k L y k Cx k Du k+ = + + − −  (13) 

where ˆ( )x k  and L  are the estimated state variables and gain of 

Kalman filter respectively. y is a measured displacement. Gain of 

current type Kalman filter is determined by the following equation 

that minimizes covariance of error ( ( ) ( )).x k x k−

�

 

 1

0
( )T T

L APC R CPC
−

= +  (14) 

where P is a solution of Riccati equation expressed as  
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Fig. 11 Frequency response function 
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Fig. 12 Input and uncontrolled output displacement 
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 1

0 0
( )T T T T T

P APA APC R CPC CPA LQ L
−

= − + +  (15) 

where R0 and Q0 are gain matrices.  

 

 

4. Experimental Result 

 

4.1 Open-loop Control using Hysteresis Modeling  

The modeling method of the hysteretic characteristics was 

described in section 2. The inverse hysteresis model is needed for 

the control implementation. It can be achieved by removing 

hysteretic characteristics of the system so that the relationship 

between inputs and outputs is linear. The procedures for the inverse 

hysteresis modeling are following. First, multiply the output 

displacement by constant rate, second, compensate the difference 

between input voltage and output displacement, and finally obtain 

the compensated input voltage. The procedure is described by the 

following equation 

 
( ) ( ) ( )

( ) ( ) ( )

com r r

com r f

u k V k X k R

u k V k X k R

= − ×

= − ×

 (16) 

where R is a rate, Vr(k) is the reference input voltage, Xr(k) and 

Xf(k) are the displacements derived from Equations (1) and (2), and 

ucom(k) is the compensated input voltage.  

Fig. 13 shows the relationship between an input voltage and 

output displacements with an open-loop control. In the modeling 

process, set the value of the rate be 0.5475. The reference input is 

the triangle wave of 2Hz shown in Fig. 13(a). Fig. 13(b) shows the 

comparison of output displacements with compensation (solid line) 

and without compensation (dot line). Fig. 13(c) and (d) show the 

hysteresis loops without compensation and with compensation, 

respectively. The inverse hysteresis modeling is performed well as 

shown in this figures.  

 

4.2 SMC based on the Dynamic Characteristics Modeling  

The sliding mode control is applied to suppress the mechanical 

vibration of the inchworm. The hysteresis of the actuator is not 

considered in the dynamic model. The block diagram of the control 

system is shown as Fig. 14. The state matrix A and the input matrix 

B are derived from in section 2.4 and substituted into Equation (6). 

The transformation function S in Equation (8) is set at [-1.0744, -

0.0904, 0.0781]. The gain of linear control term is set [0.5130, -

1.6069, 1.1001]. Coefficients in the nonlinear control term are set 

η =0.002 and β =0.0002. Next, observer gain L in Equation (13) is 

set [0.0040, 0.5771, 0.3558]. Fig. 15 shows that the settling time is 

reduced from 0.5 to 0.02 and maximum overshoot is suppressed 

from 3.7㎛ to 2.25㎛. However, the system output doesn't become 0

㎛ even though the reference input is 0 volt. This is due to the 

hysteretic characteristics of the system.  
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Fig. 14 Schematic of the servo control system 

 

0.1 0.2 0.3 0.4 0.5 0.6 0.7

-1

0

1

2

3
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6

-2

-1

0

1

2

3

4

Time (s)

O
u
tp
u
t 
d
is
p
la
c
e
m
e
n
t 
(µ
m
)

 

 Measured output displacement

 Reference output displacemetn
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4.3 SMC based on the Hysteresis and Dynamic 

Characteristics Modeling  

From Fig. 15, it is recognized that the hysteresis characteristic 

of a piezoelectric actuator must be considered. Both the hysteretic 

characteristics of the piezoelectric actuator and the dynamic 

characteristics of the inchworm are considered in the control 

process. Fig. 16 shows the block diagram of the control system. All 

values on SMC are same as the values in section 4.2.  
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Fig. 16 Schematic diagram of the servo control with compensator 
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Fig. 17 Response of the controlled system with compensator 

 

Fig. 17 shows the displacement of the controlled system. There 

exists the residual displacement of approximately 0.25㎛ in Fig. 15. 

But in Fig. 17, the residual displacement is removed by applying 

the compensator.  

 

 

5. Conclusions  

 

A modeling method for the hysteresis of piezoelectric actuator 

is presented. This model describes displacements of piezoelectric 

actuator for extension and shrinkage in a second-order polynomial 

function of input voltage and preload. Dynamic characteristic of the 

inchworm for control purpose is modeled experimentally using 

matrix-fraction curve fitting method in frequency domain.  

The displacement of inchworm is controlled using sliding mode 

controller with Kalman filter designed on the base of identified 

model. Experimental result shows that the presented control scheme 

is effective for the displacement control of inchworm. The 

overshoot of output displacement is suppressed from 1.5㎛ to 0.2㎛, 

and the residual displacement of 0.25㎛ due to the hysteresis is 

completely removed.  
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