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Abstract
We present a new comprehensive scheme for generating grain boundary conformed, volumetric mesh elements from a 
three-dimensional voxellated polycrystalline microstructure. From the voxellated image of a polycrystalline microstructure 
obtained from the Monte Carlo Potts model in the context of isotropic normal grain growth simulation, its grain boundary 
network is approximated as a curvature-maintained conformal triangular surface mesh using a set of in-house codes. In order 
to improve the surface mesh quality and to adjust mesh resolution, various re-meshing techniques in a commercial software 
are applied to the approximated grain boundary mesh. It is found that the aspect ratio, the minimum angle and the Jacobian 
value of the re-meshed surface triangular mesh are successfully improved. Using such an enhanced surface mesh, conformal 
volumetric tetrahedral elements of the polycrystalline microstructure are created using a commercial software, again. The 
resultant mesh seamlessly retains the short- and long-range curvature of grain boundaries and junctions as well as the real-
istic morphology of the grains inside the polycrystal. It is noted that the proposed scheme is the first to successfully generate 
three-dimensional mesh elements for polycrystals with high enough quality to be used for the microstructure-based finite 
element analysis, while the realistic characteristics of grain boundaries and grains are maintained from the corresponding 
voxellated microstructure image.
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1  Introduction

For many years, the finite element method (FEM) simula-
tions have been extensively utilized to predict the responses 
and properties of polycrystalline materials such as plastic-
ity, elasticity, diffusion, etc. [1–7]. In order to map micro-
structure-property relationships correctly using the FEMs on 
polycrystalline microstructures, it is required that the micro-
structural mesh elements be as truthful as possible to the 

topology of microstructural entities and have a quality suit-
able for the FEM simulations. Even in ideal static cases, the 
morphology of the polycrystalline microstructures needs to 
satisfy the following aspects at least: (1) an ideal polycrystal 
is populated by more or less isotropically shaped grains that 
form a complex network of conformal grain boundaries and 
junctions without any voids; (2) the curvature of the grain 
boundary changes smoothly, having a short- and long-range 
curvature; and (3) at the intersections or junctions of grains, 
grain boundaries maintain the local energy/force equilibrium 
so that the Herring relations can be applied [8]. Obviously, 
it is not always an easy and tractable task to generate a set of 
realistic and FEM-suitable three-dimensional mesh elements 
on polycrystals that meet the above conditions.

There have been many attempts to approximate realistic 
topology of polycrystalline microstructures, by producing 
mesh elements using either numerical methods or the digi-
tal voxellated images from experimental measurements or 
simulations [9–18]. One of the widely accepted numerical 
algorithms in generating conformal mesh of polycrystalline 
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materials is Voronoi tessellation [4, 5, 9, 10, 19–22]. Voro-
noi tessellation has been a popular choice over other tessel-
lation methods due to its well-defined, simple analytical for-
mulation. However, when a polycrystalline microstructure is 
generated by Voronoi tessellation, the following features are 
not properly represented: (1) The grain boundaries are flat 
faces, and the grain junctions are straight lines. In realistic 
polycrystals, both have smoothly changing short- and long-
range curvatures; (2) it occasionally occurs that grains have 
unrealistic characteristics such as very thin plate-like regions 
or very sharp wedge-like corners, depending on the positions 
of the nearest neighboring grain centers, i.e. Voronoi cells. 
These narrow or sharp regions may generate tetrahedral ele-
ments with a poor quality. In such cases, Voronoi tessella-
tion is not suitable for the FEM analysis unless those poor 
elements are fixed; and (3) the size distribution of Voronoi 
cells constructed from randomly positioned centers is known 
to follow Gamma distributions [20–22]. However, in many 
cases, the real grain size distributions in polycrystals usually 
have wider and less taller shapes with longer tails than that 
of Voronoi cells or the log-normal distributions [23–28].

Other methods have been proposed in order to approxi-
mate the realistic grain boundary shapes and curvatures 
during the surface or volumetric mesh generation for the 
FEM analysis. Some studies used polynomial functions to 
describe realistic grain boundaries, followed by the genera-
tion of the volumetric mesh inside grains [12, 13]. Other 
studies have adopted a surface energy minimization [16, 29], 
or a local volume conservation scheme in order to define 
grain boundaries during the mesh generation [17, 18]. How-
ever, they created either flat [16, 29], or unrealistic, corru-
gated features [17, 18] near grain boundary regions, giving 
rise to unrealistic, distorted grain boundary networks and 
grain morphologies when compared to those from real poly-
crystalline microstructure.

Conversely, numerical methods with experimental mate-
rials characterization often facilitate more accurate measure-
ment of grain morphology. For example, Ullah et al. [23, 24] 
demonstrated three-dimensional reconstruction and visuali-
zation of the grains in α-iron polycrystals. In the studies, 
small sample portions were serial sectioned manually, and 
corresponding optical images were taken and stacked as a set 
of voxellated images. Then, a simple smoothing algorithm is 
applied to mitigate the stair-stepped morphology of the grain 
boundary voxels by averaging the locations of individual 
voxel corners with their closest neighbors. However, their 
smoothing algorithm produces a huge number of triangles 
on the surface of the microstructure. Even though a mesh 
decimation algorithm [30, 31] is implemented to decrease 
the number of triangles, the resultant mesh fidelity is limited 
by the position changes of the vertices. Moreover, repeating 
such smoothing iterations will make grain boundaries move 
towards the center of the curvature, leading to changes in 

grain volumes, which potentially distort the size distribu-
tion of the grains and grain boundaries in the polycrystals. 
A similar issue has been mentioned for other works [28, 29].

Recently, a set of grain boundary approximation algo-
rithms that generate a conformal surface mesh of the grain 
boundary network were developed by one of the current 
authors [32]. At first, the grain boundary network of a digi-
tal polycrystalline microstructure was segmented using the 
multi-material marching cubes algorithm [33]. Unfortu-
nately, the resultant conformal triangular mesh has aliased, 
stair-stepped grain boundaries and junctions. Therefore, in 
order to smooth those features and approximate the real-
istic grain boundary network, a constrained line smooth-
ing (CLS) and a constrained Laplacian smoothing (CLpS) 
algorithms were proposed to approximate grain junctions 
and boundaries, respectively. It was noted that a conformal 
surface mesh of the grain boundary network in the digital, 
voxellated three-dimensional microstructure was generated 
while maintaining the realistic local curvature of the grain 
boundaries and the volumes of the grains at the same time. 
However, as it was pointed out in the paper, additional steps 
(such as mesh quality enhancement, mesh resolution con-
trol, tetrahedral element meshing from a quality enhanced 
grain boundary mesh, and etc.) are required to generate a 
volumetric mesh, appropriate for FEM analyses, using this 
well-approximated grain boundary surface mesh.

To overcome the challenges mentioned above, we propose 
here a new scheme to generate a volumetric mesh proper to 
the FEM analysis, which is true to the three-dimensional 
voxellated microstructures either from simulations or experi-
mental reconstructions. Specifically, a hypothetical digital 
polycrystalline microstructure is prepared from Monte 
Carlo grain growth model, and its grain boundary net-
work is extracted using the previously reported algorithms 
[32]. From now on, it is referred as “original (smoothed) 
surface mesh”. Because the resultant original smoothed 
surface mesh is reported to have sporadically poor qual-
ity elements, the mesh quality is then enhanced by using 
a couple of re-meshing techniques offered by a commer-
cial software (HyperMesh) in this work before generating 
a volumetric mesh (from now on, the quality enhanced, re-
meshed surface mesh is called “(quality-)enhanced surface 
mesh”). Again, the primary interest of this work is a real-
istic representation of a polycrystalline microstructure with 
tetrahedral elements suitable for FEM simulations. Before 
that, the improvement of the quality of the triangles on the 
enhanced surface mesh is quantitatively verified. Also, the 
grain boundary normal distributions with respect to the sam-
ple reference frame (GBNDs) are compared before and after 
the re-meshing steps to make it sure that each re-meshing 
technique from the commercial software does not distort 
the characteristics of the grain boundaries from the original 
smoothed surface mesh. Once the enhanced grain boundary 
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network is prepared, the tetrahedral volumetric mesh ele-
ments are generated inside each grain using the commercial 
software (HyperMesh), while the previous enhanced grain 
boundary mesh remains intact. Again, the qualities of tetra-
hedral mesh elements are evaluated to assess their applica-
bility to the FEM simulations. The remainder of this paper is 
organized as follows. In Sect. 2, the preparation of the three-
dimensional polycrystalline microstructure is discussed. In 
Sect. 3, the grain boundary surface mesh approximation and 
its quality enhancement are reported. In Sect. 4, the gen-
eration of tetrahedral elements using the enhanced surface 
mesh and the relevant quality evaluation are presented. In 
Sect. 5, two exemplary three-dimensional FEM simulations, 
using the resultant tetrahedral mesh, are performed in order 
to validate the usability of the proposed mesh generation 
algorithm. Section 6 includes the discussion and summary.

2 � Preparation of a Three‑Dimensional 
Digital Polycrystalline Microstructure

As an input microstructure for a series of mesh generation 
steps, a voxellated, three-dimensional polycrystalline micro-
structure is prepared using the Monte Carlo Potts model in 
the context of isotropic normal grain growth. The micro-
structure is discretized on a regular cubic voxel grid with 
size 100 × 100 × 100. The grain growth simulation begins 
with a random population of spin numbers from 1 to 500. 
As time elapses, scattered spin numbers nucleate at random 
positions and grow as well-coarsened, isotropic grains. Peri-
odic boundary conditions are applied during grain growth 
process. Figure 1 illustrates the voxellated images of such 
generated microstructure where (a) shows the surface of the 

microstructure and (b) shows partial grains in this micro-
structure, selected to effectively visualize the shape-isotropy 
of the grains obtained from the simulation. In the figure, dif-
ferent color scales represent the different orientations (spin 
numbers) assigned to each grain in the microstructure. The 
total number of grains is 223.

3 � Surface Mesh Generation 
from the Voxellated Polycrystalline 
Microstructure Image

3.1 � Approximation of Grain Boundary Network

In order to approximate the three-dimensional polycrys-
talline microstructure with a conformal triangular surface 
mesh, previously reported surface mesh approximation 
algorithms [32] are applied to the microstructural image 
prepared in Sect. 2. Since the details on the surface mesh 
approximation algorithms are reported in the paper, we high-
light the process here.

The first step of the surface mesh approximation is called 
“segmentation process”, where conformal triangular surface 
mesh elements are created on the surface of the microstruc-
ture and at the grain boundary network. For this process, the 
in-house multi-material marching cubes algorithm is used, 
where the original algorithm [33] is modified in order to 
retrieve information on the microstructural features. Indi-
vidual grain boundaries, triple junctions, quadruple points, 
and, hence, grains are identified as a collection of nodes, 
edges, and faces in the segmented surface mesh. The result-
ant microstructure images from the segmentation process on 
the microstructure shown in Fig. 1 are given in Fig. 2a and 

Fig. 1   Voxellated polycrystalline microstructures from the Monte 
Carlo, isotropic grain growth simulation: a surface and b some 
selected grains. In b, a portion of  grains are selected to effectively 
visualize the fact that fairly isotropic shapes are generated for grains 

obtained from the applied Monte Carlo grain growth simulation. The 
total number of grains is 223 and different color scales denote the dif-
ferent orientations assigned to each grain. (Color figure online)
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b. The total numbers of nodes, edges and triangles in the 
segmented mesh are 227,547, 854,543 and 579,215, respec-
tively. In contrary to Fig. 1, the microstructure images in 
Fig. 2 are visualized using the surface mesh information 
obtained from the segmentation process. Figure 2a shows 
the surface of the microstructure, i.e., intersections of grains 
(colored faces) and traces of grain boundaries (solid black 
lines). Each grain boundary is colored with a unique color 
in Fig. 2b, showing that the proposed segmenting algorithm 
generates full description of the microstructural features in 
terms of nodes, edges and faces of the conformal triangular 
patches. Note, however, that the segmented grain boundaries 
and junctions are stair-stepped due to inherent nature of the 
marching cubes algorithm.

The second step is called “smoothing process”, 
where the segmented grain junctions and boundaries 
are smoothed using in-house algorithms. Because the 
stair-stepped, aliased features are the characteristics of 
the segmentation algorithm, not of the physical, realis-
tic grain boundaries and junctions, a set of smoothing 
algorithms [32] are applied to approximate more realistic 
grain network structures as well as to mitigate the aliased 

morphology. The constrained line smoothing (CLS) 
method is utilized to smooth the grain junctions, and, then, 
the grain boundaries are smoothed using the constrained 
Laplacian smoothing (CLpS) method. In Fig. 2c and d, 
the resultant mesh images after the smoothing process are 
presented. It is evident that the aliased grain boundaries, 
traces, and junctions in Fig. 2a and b are successfully 
smoothed. As reported in the previous work [32], all the 
nodes of the smoothed mesh are positioned well within 
the voxel length from the originally segmented positions, 
since a volume preserving criteria is enforced during the 
smoothing process. Also, the approximated boundaries 
and junctions explicitly feature smoothly changing short- 
and long-range curvatures, implicitly represented in the 
voxellated microstructure in Fig. 1. Note that, using this 
boundary approximation process, the voxellated, three-
dimensional hypothetical polycrystalline microstruc-
ture is transformed into the corresponding surface mesh 
information, representing more realistic polycrystalline 
microstructure. As previously mentioned, such approxi-
mated boundary is referred to “original (smoothed) surface 
mesh”.

Fig. 2   Approximated surface 
mesh of the polycrystal in 
Fig. 1: a and b are visualiza-
tion of segmented surface mesh 
on Fig. 1a and b, respectively, 
and c and d are corresponding 
approximated mesh images 
of a and b. Note that, using 
this boundary approxima-
tion process, the voxellated, 
three-dimensional hypothetical 
polycrystalline microstructure 
is completely represented with 
corresponding mesh informa-
tion, where boundaries and 
junctions explicitly maintain 
smoothly changing short- 
and long-range curvatures, 
representing more realistic 
polycrystalline structure. The 
total numbers of nodes, edges 
and triangles in the segmented 
mesh are 227,547, 854,543 and 
579,215, respectively. (Color 
figure online)
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3.2 � Enhancement of Original Smoothed Surface 
Mesh

Unfortunately, the surface mesh obtained from the grain 
boundary approximation procedures includes a handful 
of triangular elements with poor quality, especially at the 
regions of grain boundary junctions and grain corners. In 
Fig. 3a, the original smoothed surface mesh is visualized. In 
the figure, a portion of the mesh is omitted in order to visual-
ize the smoothed mesh both inside and on the outer surface 
of the microstructure. On the outer surface of the micro-
structure, grain boundary traces are apparently identified 
by naked eyes, signifying that the triangles near the traces 
are more irregular and smaller than those in the interior of 
grain intersections. In addition, as will be shown later, the 
qualities of such triangles are often found to be poor. Since 
the quality and uniformity of the mesh play an important 
role in guaranteeing the solution accuracy and computation 
efficiency in the FEM simulations, it is necessary to take 
mesh enhancement procedures in order to improve the qual-
ity and uniformity of surface mesh elements before creating 
the volumetric mesh elements, representative of the poly-
crystalline microstructure in Fig. 1. Therefore, the original 
smoothed surface mesh shown in Fig. 3a cannot be used as 
an input for the FEM-suitable volumetric mesh generation 
process unless the qualities of the triangles in the mesh are 
improved.

For that regard, two different re-meshing options are 
applied to the original smoothed surface mesh, provided by 
a commercial software (HyperMesh). One is “size and bias” 
and the other is “quality index (QI) optimize”. Figure 3b 
and c show the quality-enhanced, re-meshed surface meshes 
obtained from “size and bias” option and “quality index (QI) 
optimize” option, respectively. The “size and bias option” 
re-meshes the original smoothed surface mesh such that the 
regenerated triangles have fairly constant size. In the option, 

1.0 is assigned to the target size and the triangle type is set to 
be “equilateral triangle element”. The “QI option” optimizes 
the quality of element topology under a set of conditions on 
element criteria. In other words, the option enables to refine 
the mesh until reaching the user-specified value of quality 
index. We set the quality optimize value in accordance with 
the quality criteria for FEM simulations with respect to two-
dimensional element; aspect ratio < 5, Jacobian value range 
from 0 to 1, and warpage < 15 [34]. Note that darker regions, 
created due to the inhomogeneity of triangles in the original 
smoothed surface mesh in Fig. 3a, are mostly eliminated 
after re-meshing procedures as evidently shown in Fig. 3b 
and c. Therefore, it is reasonable to say that both re-mesh-
ing techniques substantially improve the quality of original 
smoothed surface mesh, at least in terms of the homogeneity 
of the size and shape of triangles.

Now, it is of interest to quantify the improvement of the 
qualities of re-meshed triangles. For two-dimensional trian-
gular mesh elements, well-known measures of the element 
quality to be checked for the optimal performance in FEM 
simulations are the aspect ratio, the minimum angle and the 
Jacobian of the triangles [34]. These values are calculated 
and visualized using an open-source software (Paraview). 
In Fig. 4, compared are the aspect ratios of the triangles 
among (a) the original smoothed surface mesh, (b) the qual-
ity enhanced, re-meshed surface mesh from “size and bias” 
option, and (c) the re-meshed surface mesh from “QI opti-
mize” option. For triangles, aspect ratio is defined as the 
ratio of the length of the longest edge to that of the shortest 
one. The optimal and the minimum value is 1.0. Aspect ratio 
between 1.0 and 4.0 is known to be good enough for stable 
FEM simulations [34–39]. Note that, after re-meshing, the 
maximum peak of the distribution becomes much higher 
and skewed to the left towards the optimal value of 1.0, sig-
nifying that triangles from both re-meshing options have 
much better quality than those from the original smoothed 

Fig. 3   Images of surface mesh for a three-dimensional hypothetical 
microstructure: a the original smoothed surface mesh before enhance-
ment, b the quality-enhanced surface mesh using size and bias 
option and c the quality-enhanced surface mesh using QI option. It 

is clear from the figure that the both re-meshing techniques success-
fully improved the quality, especially in the grain boundary/junction 
regions
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surface mesh. In Fig. 5, Jacobian values for the same cases 
are compared. The Jacobian of a triangle shows the degree 
of deviation of its area, shape and orientation from those of 
the ideally shaped triangle by mapping the vertices of the 
triangles back and forth. The Jacobian value ranges from 
0 to 1.0, where 1.0 indicates a perfect shaped element and 

the proper value for the FEM simulations is recommended 
to be larger than 0.6 [34–39]. Note, after re-meshing, the 
maximum peak of the distribution becomes much taller and 
skewed to the right towards the optimal value of 1.0, sig-
nifying that triangles from both re-meshing options have 
much better quality than those from the original smoothed 

Fig. 4   Aspect ratio values of the 
triangles, colored on micro-
structure (left) and number 
distribution (right): a the 
original smoothed surface mesh, 
b the quality-enhanced surface 
mesh using size and bias option 
and c the quality-enhanced 
surface mesh using QI option. 
After both re-meshing steps, the 
maximum peaks of the distribu-
tions become much taller and 
skewed to the left towards the 
optimal value of 1.0, signifying 
that triangles have better quality. 
(Color figure online)
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surface mesh. Finally, changes in the minimum angles of 
the triangles after re-meshing are shown for the same cases. 
The interior minimum angle is encouraged to be larger than 
20° for the FEM simulations [34–39]. From the figure, it 
is obvious that the minimum values from both re-meshing 
techniques exceed 20°, and the distributions are well skewed 

to the right towards the ideal value of 60°. Again, both re-
meshing options create triangles with much better quality 
than those from the original smoothed surface mesh. 

Even though it can be concluded from Figs. 4, 5, and 6 
that the qualities of triangles in re-meshed grain bounda-
ries are vastly improved, it does not guarantee that the grain 

Fig. 5   Jacobian values of the 
triangles, colored on micro-
structure (left) and number 
distribution (right): a the 
original smoothed surface mesh, 
b the quality-enhanced surface 
mesh using size and bias option 
and c the quality-enhanced 
surface mesh using QI option. 
After both re-meshing steps, the 
maximum peaks of the distribu-
tions become much taller and 
skewed to the right towards the 
optimal value of 1.0, signifying 
that triangles have better quality. 
(Color figure online)
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boundaries remain intact during the re-meshing process. If 
the total area and the normal distributions with respect to 
sample reference frame of the grain boundaries (GBNDs) 
remain constant during the re-meshing process, it is reason-
able to say that the grain boundaries remain intact during 

the re-meshing process. In order to examine the changes of 
grain boundaries during the processes, the total area of grain 
boundaries and the grain boundary normal distributions are 
measured for each type of grain boundary mesh. It is found 
that the changes in grain boundary area from both surface 

Fig. 6   Triangle minimum 
angles, colored on microstruc-
ture (left) and number distribu-
tion (right): a the originally 
smoothed mesh b quality-
enhanced surface mesh using 
the size and bias option and c 
re-meshed using the QI option. 
Again, the maximum peaks 
of the distributions become 
much taller and skewed to the 
right towards the optimal value 
of 60°, signifying that triangles 
have better quality. (Color figure 
online)
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re-meshing techniques, “size and bias” and “QI optimize” 
options, are less than 0.1%, respectively, signifying that 
both quality-enhanced grain boundary meshes experience 
virtually no changes in terms of area. In addition, the grain 
boundary normal distributions with respect to the sample 
reference frame are visualized as a value of area on the 
three-dimensional projection globe in Fig. 7 for (a) original 
smoothed surface mesh, (b) the quality-enhanced surface 
mesh using size and bias option and (c) the quality-enhanced 
surface mesh using QI option. It is apparent from the figure 
that the grain boundary normal distributions remain con-
stant during the processes, signifying that morphologies 
and curvatures of individual grain boundaries remain intact 
during the processes. To confirm this, the error difference 
in area for each grain boundary normal types (a) between 
the original smoothed grain boundaries and the quality-
enhanced grain boundaries from size and bias option, and 
(b) between the original smoothed grain boundaries and the 
quality-enhanced grain boundaries from QI option, are cal-
culated and visualized respectively in Fig. 8. Most of the 
boundary types are found to experience very small or virtu-
ally zero area changes during the processes. The big, alter-
nating errors around the + z poles are, however, observed. 
The errors are thought to be the artifacts of equi-angle grid 
visualization technique.

In conclusion, it is demonstrated that the mesh-enhance-
ment processes successfully improve the quality of triangles 
of the surface mesh of the microstructure, while maintaining 
the grain boundary morphologies and areas approximated 
from the reported algorithm [32]. The results are highly 
desired instantiations for generating tetrahedral volumetric 
mesh elements from the surface mesh for the stable FEM 
simulations.

4 � Volumetric Mesh Generation from Surface 
Mesh

In the present study, tetrahedral mesh elements are extracted 
from an enclosed volume of triangular surface mesh gener-
ated from Sect. 3 using a commercial software (HyperMesh), 
again. In the program, several options regarding the tradeoff 
between the number, the resolution and the quality of tetra-
hedral elements are provided, such as “standard”, “aggres-
sive”, “interpolate”, and so on. The “standard” and “aggres-
sive” options are selected here because they are typically 
used for the FEM simulations. Therefore, the two options are 
applied to generate the volumetric mesh of the polycrystal 
from the surface meshes from Sect. 3. Through the “stand-
ard” option, the tetrahedral elements are generated such that 

Fig. 7   Grain boundary normal distributions as a function of area with 
respect to the sample reference frame are visualized on the three-
dimensional projection globe: a original smoothed surface mesh, b 
the quality-enhanced surface mesh using size and bias option, and c 

the quality-enhanced surface mesh using QI option. It is apparent that 
the grain boundary normal distributions remain constant during the 
processes

Fig. 8   Error in area difference 
calculated from grain boundary 
normal distributions a between 
the original smoothed grain 
boundaries and the quality-
enhanced grain boundaries 
from size and bias option, and b 
between the original smoothed 
grain boundaries and the qual-
ity-enhanced grain boundaries 
from QI option
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the size and quality of the elements are targeted to be uni-
form. The “aggressive” option also generate tetrahedral ele-
ments with uniform quality. However, the elements are finer 
near the grain boundaries and junctions while they become 
gradually and aggressively coarser as they get away from the 
grain boundary regions. Naturally, the “aggressive” option 
produces fewer elements than the “standard” option and its 
growth rate of interior volume elements is much higher than 
those in “standard” mesh elements. In addition, the distri-
bution of the quality parameter of the resultant volumetric 
mesh elements will vary depending on the types of the input 
surface mesh. It is found that, by using the “standard” volu-
metric meshing technique, 4,380,491 tetrahedral elements 
are generated on the “original” smoothed surface mesh of 
the polycrystal, 3,186,342 elements on the “size and bias” 
enhanced surface mesh and 3,150,345 elements on “QI 
optimize” enhanced surface mesh, respectively. Through 
the “aggressive” option, corresponding numbers become 
much smaller: 2,779,175 for the “original” smoothed surface 
mesh, 1,938,377 for the “size and bias” enhanced surface 
mesh and 1,921,103 for “QI optimize” enhanced surface 

mesh. Therefore, if the mesh qualities are guaranteed, the 
tetrahedral mesh representation from the “aggressive” option 
may be much more efficient in terms of computation time for 
the FEM simulation on the polycrystal.

As a final step in generating a FEM suitable volumetric 
mesh on a polycrystal, the qualities of tetrahedral elements, 
obtained from both “standard” and “aggressive” options, 
are examined. While various parameters on the quality of 
tetrahedral elements for three-dimensional FEM simulations 
can be found in elsewhere [36–39], the aspect ratio and the 
tetra collapse ratio of the tetrahedral elements are measured 
here in order to guarantee the reliability of generated volu-
metric mesh elements. It is known that good aspect ratio 
with good collapse ratio makes the other quality parameters 
good enough for the FEM applications. The aspect ratio 
smaller than 5.0 and the tetra collapse ratio bigger than 0.5 
are favored for the FEM simulation using three-dimensional 
tetrahedral elements [36–39].

In Figs. 9 and 10, the aspect ratios of the volumetric mesh 
elements are colored on the polycrystalline mesh images 
from “standard” and “aggressive” options respectively. In 

Fig. 9   Aspect ratios of three-dimensional mesh elements obtained 
from the “standard” volumetric mesh technique. The volumetric mesh 
elements are generated from a “original” smoothed surface, b quality-
enhanced surface mesh using “size and bias” option and c quality-

enhanced surface mesh using “QI optimize” option. Note that quality 
enhanced surface meshes result in volumetric mesh of better aspect 
ratio than the original smoothed mesh. (Color figure online)

Fig. 10   Aspect ratio of three-dimensional mesh elements obtained 
from the “aggressive” volumetric mesh technique. The volumetric 
mesh elements are generated from a “original” smoothed surface, 
b quality-enhanced surface mesh using “size and bias” option and c 

quality-enhanced surface mesh using “QI optimize” option. Note that 
quality enhanced surface meshes result in volumetric mesh of better 
aspect ratio than the original smoothed mesh. (Color figure online)
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each figure, the results are visualized for the volumetric 
mesh elements obtained from (a) “original” smoothed sur-
face mesh, (b) the quality-enhanced surface mesh using “size 
and bias” option, and (c) the quality-enhanced surface mesh 
using “QI optimize” option. In both options, the aspect ratio 
becomes smaller when quality enhanced surface meshes are 
used as inputs, compared to original smoothed surface mesh. 
Note that more blue-colored regions are observed in both 
(b) and (c) than (a), while more red regions are found in (a). 
In addition, for “aggressive” option, the mesh shows bet-
ter aspect ratio values near the grain boundary regions than 
those from the “standard” options, as desired. The quanti-
tative analysis on the distribution of aspect ratio is shown 
in Fig. 11. Obviously, the input surface mesh with better 
quality (“size and bias” and “QI optimize”) results in better 
aspect ratio distribution of the resultant volumetric mesh 
than poor input surface mesh (“original”).  

Figures 12 and 13 show the collapse ratio values, colored 
on the polycrystalline mesh images from “standard” and 
“aggressive” options, respectively. Again, the results are 
visualized for the mesh elements obtained from (a) “origi-
nal” smoothed surface mesh, (b) the quality-enhanced sur-
face mesh using “size and bias” option, and (c) the quality-
enhanced surface mesh using “QI optimize” option. Note 
that regions with red color in (a) turn into green and blue, 
which signifies the mesh elements generated from the qual-
ity enhanced surfaces have better collapse ratio than those 
from the original smoothed surface. In Fig. 14, distributions 
of collapse ratio for (a) “standard” option and (b) “aggres-
sive” option are compared. It is found that the minimum 
value of tetra collapse ratio increases for both options when 
enhanced surface meshes are used as inputs. Note that the 
“aggressive” option results in tetra collapse ratio less than 
0.5. However, the portion is small and the minimum value 

Fig. 11   Comparison of distributions of aspect ratio values: a “stand-
ard” meshing techniques and b “aggressive” meshing technique. It is 
found that, for both techniques, input surface meshes with better qual-

ity (“size and bias” and “QI optimize”) result in better aspect ratio 
distribution of the resultant volumetric mesh than poor input surface 
mesh (“original”)

Fig. 12   Tetra collapse ratio of three-dimensional mesh elements 
obtained from the “standard” volumetric mesh technique. The volu-
metric mesh elements are generated from a “original” smoothed sur-
face, b quality-enhanced surface mesh using “size and bias” option 

and c quality-enhanced surface mesh using “QI optimize” option. 
Note that quality enhanced surface meshes result in volumetric mesh 
of better tetra collapse ratio than the original smoothed mesh. (Color 
figure online)
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of 0.4 is known to be acceptable for stable FEM simulations 
[36–39].

5 � Application to FEM Simulations: Examples

It is well known that irregular, badly shaped finite elements 
may give rise to numerical errors during the property simula-
tion using the FEM [40, 41]. This section is dedicated to vali-
date the usability of the resultant finite elements on the digital 
voxellated polycrystals, obtained from the proposed three-
dimensional meshing algorithm. In order to do that, two suc-
cessful examples of FEM simulations on the polycrystalline 
mesh generated using the proposed algorithm are presented. 
Specifically, both thermo-elastic and elasto-viscoplastic simu-
lations were performed on tetrahedral elements on polycrys-
tals. For thermo-elastic simulations, two different polycrystals 

were prepared: one meshed from the voxellated digital micro-
structure of the size 50 × 50 × 50, and with 63 grains, and the 
other of size 100 × 100 × 100, and containing 223 grains. The 
total numbers of tetrahedral elements in the polycrystals are 
464,350 and 3,188,941, respectively. The elasto-viscoplastic 
simulation was only performed on the smaller polycrystalline 
mesh.

5.1 � Thermo‑Elastic Case

The details of the thermo-elastic simulation are highlighted 
as follows. Elastic behavior of the polycrystalline structure is 
governed by Hooke’s law.

(1)�ij = Cijkl�
elastic
kl

,

Fig. 13   Tetra collapse ratio of three-dimensional mesh elements 
obtained from the “aggressive” volumetric mesh technique. The volu-
metric mesh elements are generated from a “original” smoothed sur-
face, b quality-enhanced surface mesh using “size and bias” option 

and c quality-enhanced surface mesh using “QI optimize” option. 
Note that quality enhanced surface meshes result in volumetric mesh 
of better tetra collapse ratio than the original smoothed mesh. (Color 
figure online)

Fig. 14   Comparison of distributions of tetra collapse ratio values: 
a “standard” meshing techniques and b “aggressive” meshing tech-
nique. It is found that, for both techniques, input surface meshes with 

better quality (“size and bias” and “QI optimize”) result in better tetra 
collapse ratio distribution of the resultant volumetric mesh than poor 
input surface mesh (“original”)
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where σij is the stress tensor, Cijkl is the stiffness tensor and 
ɛkl

elastic is the elastic strain tensor. In the thermo-elastic case, 
the total strain inside the polycrystal, ɛkl

total, is contributed by 
the elastic strain, ɛkl

elastic, and the thermal strain, �klΔT  , and 
therefore,

Here, αkl is the thermal expansion coefficient tensor and ΔT  
is the temperature change. The properties of copper, having 
FCC structure, were used for the isotropic thermal expansion 
simulation on the smaller hypothetical microstructure while 
those of HCP zinc were chosen for the anisotropic thermal 
expansion simulation (Table 1). The property information 
was provided as inputs to the thermo-elasticity model in the 
ABAQUS/implicit [42–44] in accordance with the randomly 
chosen orientations for individual grains inside the polycrys-
tals. In order to see the effect of the thermal loading on the 
elastic field distributions in the polycrystal, fixed boundary 
conditions were applied on all six faces of the simulation 
domain, as the temperature of the system was increased from 
60 K through 150 to 300 K.

As a  result from the thermo-elastic FEM simulation, 
elastic energy densities (EEDs) of both cases after thermal 
loading are visualized on the microstructure scale in Fig. 15. 
In the figure, (a) and (b) represent the EED distributions 
of the Cu and Zn polycrystals, respectively. In the figure, 
two-dimensional cross-sectional images are also presented, 
overlapped with the corresponding grain boundary map, to 

(2)�elastic
kl

= �total
kl

− �klΔT .

effectively present the elastic field variation along the grain 
morphology. Note that the elastic fields inside both micro-
structures are predicted such that they change smoothly 
along the curvature-maintained grain boundary network, 
leaving no erratic, peculiar local hotspots.

5.2 � Elasto‑Viscoplasticity Case

A typical crystal plasticity constitutive equation for the FEM 
modeling relates the shear strain rate ( ̇𝛾𝛼 ) to the critical shear 
stress (gα) of the slip systems of the polycrystal. For a given 
resolved shear stress state, the shear strain rate on each slip 
system is given by

where τα is the resolved shear stress on slip system 
α, and n is the rate sensitivity factor for viscoplastic-
ity. gα represents slip hardness on slip system α, and 
𝛾̇0 is the reference shear strain rate. For the exem-
plary simulation, FCC aluminum properties were used 
( C11 = 108.2 GPa,C12 = 61.3 GPa,C44 = 28.5 GPa ) [45] 
and twelve {111} < 110 > slip systems were incorporated 
in the model to predict the elasto-viscoplastic behavior of 
the polycrystalline Al. The reference shear strain rate, 𝛾̇0 , 
and the rate of sensitivity exponent, n were chosen to be 
0.001 s−1 and 10, respectively. The smaller polycrystalline 

(3)𝛾̇𝛼 = 𝛾̇0

(

𝜏𝛼

g𝛼

)n

sgn(𝜏𝛼),

Table 1   Material properties of 
the copper and zinc

Material Stiffness (GPa) Temperature CTE (10−6/K)

C11 C12 C44 C33 C13 C66 α11 α22 α33

Copper 168.4 121.4 75.4 – – – Room temp. 16 16 16
Zinc 160.9 33.5 38.3 61.0 50.1 63.7 60 K − 2 − 2 55

150 K 8 8 65
300 K 13 13 64

Fig. 15   Distributions of elastic energy densities (EEDs) of hypotheti-
cal polycrystalline microstructures when subjected to elastic thermal 
loading: a EED distribution in the smaller polycrystalline micro-
structure with the properties of Copper, and b EED distribution in 

the bigger polycrystalline microstructure with the properties of Zinc. 
Note that the elastic fields along the grain boundaries are distributed 
smoothly without any erratic hotspots as shown in the cross-sectional 
images for both cases
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mesh elements, previously used for thermo-elastic simula-
tion, were used as the representative volume element (RVE). 
The boundary conditions were defined such that U1 = U2 = 0 
for the all nodes on the faces perpendicular to Z-axis during 
the loading. All of the information were input to the rate-
dependent elasto-viscoplasticity model [46–48] in a user-
defined material subroutine (UMAT). Both uniaxial tension 
and compression along Z-direction were applied separately, 
and the mechanical field distribution inside the polycrystal 
for each case was examined. The amount of the elongation 
and contraction was 10% for each case. It took about 50 h 
when 32 nodes of a workstation were used in parallel for 
each simulation.

In Fig. 16, both simulation results are presented. Fig-
ure 16 (a) and (b) show the distribution of von Mises stress, 
σVM, after tension and compression, respectively. Again, the 
resultant cross-sectional images are presented along with the 
grain boundary network in order to highlight the effect of 
the smoothly segmented grain boundaries on the mechanical 
field distribution. Note that the stress field along the grain 
boundaries are distributed smoothly, showing no erratic 
hotspots, as shown in the thermo-elastic simulations. The 
overall mechanical responses of the polycrystal during the 
tension and compression simulations are summarized using 
the stress and strain curve in Fig. 16c. The predicted yield 
strengths are comparable to the reference data [49], and, 
therefore, it is clear that the proposed meshing algorithm 

has successfully generated three-dimensional elements of 
polycrystal, suitable for the mechanical property simulation 
using the FEM.

6 � Conclusions

In this work, we present a new comprehensive scheme for 
generating grain boundary conformed, volumetric mesh ele-
ments from a three-dimensional voxellated polycrystalline 
microstructure. In order to accomplish that, a series of in-
house codes and a commercial software (HyperMesh) are 
sequentially used. First, the three-dimensional, voxellated 
image of a polycrystalline microstructure are prepared from 
an isotropic grain growth simulation using the Monte Carlo 
Potts model. Then, its grain boundary network is segmented 
and smoothed as a collection of conformal triangles. During 
this step, the short- and long-range curvatures of the grain 
boundaries are truthfully approximated. In order to improve 
the surface mesh quality, the “size and bias” option and 
the “QI optimize” option offered by the commercial soft-
ware are used. The resultant mesh qualities are found to be 
well improved while maintaining the characteristics of the 
approximated grain boundaries and junctions from the origi-
nal smoothed surface mesh. Using such an enhanced surface 
mesh, conformal volumetric tetrahedral mesh of the poly-
crystalline microstructure is successfully generated using 

Fig. 16   Distributions of von Mises stress, σVM, in a hypothetical 
polycrystalline microstructure with property of aluminum when sub-
jected to uniaxial tensile loading and compressive loading: a after 
10% tensile loading in z-direction, and b after 10% compression in 
z-direction. Note that the mechanical fields along the grain bounda-

ries are distributed smoothly without any erratic hotspots as shown 
in the cross-sectional images for both cases. Also, the corresponding 
stress and strain curve of the simulations are presented in c. Note that 
the resultant yield strength is found to be comparable to the reference 
data [49]
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the commercial software, again (“standard” and “aggres-
sive” option). The resultant meshes are found to be good 
enough for the FEM applications. Furthermore, two more 
polycrystalline structures are prepared in voxellated images 
using the Monte Carlo grain growth simulation, meshed con-
formally with tetrahedrons using the proposed algorithm, 
and used successfully as inputs for both thermo-elastic and 
elasto-visoplastic simulations. In conclusion, the combined 
approach suggested here is the first to successfully generate 
three-dimensional mesh elements for polycrystals with high 
enough quality to be used for the finite element analysis, 
while the realistic characteristics of grain boundaries and 
grains are maintained from the corresponding voxellated 
microstructure image.
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