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Bi-43 wt.% Sn eutectic samples were directionally solidified upward with five different growth rates (V = 8.3-
164.8 µm/s) at a constant temperature gradient (G = 3.55 K/mm) in a Bridgman type directional solidification
furnace. The lamellar spacings (λ) and microhardness values (HV) were measured from the quenched samples;
the directionally solidified Bi-43 wt.% Sn eutectic alloy and the minimum undercoolings (∆T) were determined
from the Jackson–Hunt eutectic theory. The dependency of lamellar spacings (λ), microhardness (HV) and
undercooling (∆T) on the growth rate (V) were analyzed. According to these results, it has been found that
the value of λ decreases with the increasing value of V and that the values of HV and ∆T increase for
a constant G. The values of λ2V, λ∆T and ∆T V-0.5 were determined by using the values of λ, ∆T and V.
The results obtained in the present work have been compared with those predicted by the Jackson–Hunt
eutectic theory and with similar experimental results.
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1. INTRODUCTION

Eutectic alloys are the basis of many engineering materials
[1-4]. Thus, the eutectic microstructure and the relationship
between the microstructure and the solidification conditions
have been studied extensively for both scientific and techno-
logical reasons [5-34]. This kind of microstructure is a clas-
sic example of spontaneous two-phase pattern formation in
nature, and has important applications as an in-situ grown
composite material. Eutectic growth involves the interacting
nucleation and cooperative growth of two or more solid
phases within one liquid phase. A general model for eutectic
growth was first developed by Jackson and Hunt (JH) [11]
for eutectic growth in eutectic as well as off-eutectic alloy
compositions. The result of this model was examined to obtain
relationships between eutectic spacing, interface undercool-
ing and growth rate.

From an experimental point of view, different eutectic
microstructures have been found and have been classified as

regular lamellar, regular rod eutectic, and irregular or anom-
alous eutectic. Directional solidification of binary or pseudo-
binary eutectics may result in regular structures of fibrous or
lamellar type. When two solid phases (α and β) grow from a
liquid of eutectic composition CE, the average undercooling,
∆T at the interface results from three contributions and can
be expressed as

(1)

where TE is the eutectic melting temperature and TL is the
local interface temperature; ∆Ts is the solute undercooling,
∆Tr is the curvature undercooling and ∆Tk is the kinetic
undercooling. For regular metallic eutectic systems, however,
∆Tk can usually be ignored compared with ∆Tc and ∆Tr,
which are equal for eutectic growth at the extremum [11].

The Jackson-Hunt (J-H) eutectic theory [11] gives the fol-
lowing relationship between the undercooling (∆T), the
growth rate (V) and the lamellar spacing (λ) for an isother-
mal solidification front as

(2)

∆T TE TL– ∆Ts ∆Tr ∆Tk+ += =

∆T K1 Vλ K2 λ⁄+=
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where K1 and K2 can be calculated from the phase diagram
and thermodynamic data and are expressed as

(3)

(4)

where m = mα mβ/(mα + mβ) in which mα and mβ are the slopes
of the liquidus lines of the α and β phases at the eutectic tem-
perature, Co is the composition difference between the α and
the β phases, fα and fβ are the volume fractions of α and β
phases, respectively, Γα and Γβ are the Gibss-Thomson coef-
ficients of α and β phases, respectively, D is the solute diffu-
sion coefficient for the melt, θα and θβ are the groove angles
of α/liquid phases and β/liquid phases at the three-phase con-
junction point, P is the Peclet number and δ is the growth
parameter. These thermodynamic data [15,35-39] concerning
Sn-Bi eutectic alloy are given in Table 1. The parameter δ is
unite for the lamellar growth and the Peclet number (P) for
lamellar eutectic growth is defined as [11],

(5)

Investigation of Eq. 2 gives the relationship between the
extremum lamellar spacing (λe) growth rate (V) and under-
cooling (∆T) as, 

(6(a))

(6(b))

(6(c))

where λe is the extremum lamellar spacing and ∆Tm is the
minimum undercooling. A well known conjecture of this cri-
terion is the minimum undercooling argument. This indicates
that the spacing λ, as indicated in Fig. 1, will be the operating
point of the spacing selection [25]. Although the extremum
condition has been confirmed as equivalent to the marginal
stability criterion [40], experimental investigations [17,18]
have shown that there is no sharp selection criterion for eutec-
tic lamellar spacings. 

The experimentally confirmed inter-relationship between
the lamellar spacing (λ), the growth rate (V) and the under-
cooling (∆T) in a eutectic system implies that a mechanism
is available for changing the lamellar spacing when the
growth rate and/or undercooling vary. Figure 1(a) shows the
variation of the undercooling with lamellar spacing accord-
ing to the minimum undercooling criterion. As shown in Fig.
1, λe is the extremum lamellar spacing, λm is the minimum
lamellar spacing, λM is the maximum lamellar spacing and λa

is the average lamellar spacing. λe is obtained from Eq. 6(a)
to (c) and the λm, λM, λa, and λe were measured on the trans-

K1
mPCo

fαfβD
--------------=

K2 2m Γαsinθα

mα fα
------------------- Γβsinθβ

mβ fβ
------------------+⎝ ⎠

⎛ ⎞δ=

P 0.3383 fαfβ( )1.661=

λe
2V K2 K1⁄=

∆Tmλe 2K2=

∆Tm
2

V
---------- 4K1K2=

Fig. 1. (a) Schematic plot of average undercooling ∆T versus lamellar
spacing l for a given growth rate V. The stable and unstable regions, as
predicted by the Jackson-Hunt theory (b) Readjustment of local spac-
ing by the positive terminations. (c) The readjustment of local spacing
by the negative terminations.

Table 1. The some physical parameters for Bi- 43 wt.% Sn eutectic alloy
Properties Values

TE (K) 412 [35]
mα K(% wt.)-1 -2.58[36]
mβ K(% wt.)-1 3.09 [36]

CE (% wt.) 43[36]
Co (% wt.) 78.9[36]

fα (-) 0.543 [36]
fβ (-) 0.467 [36]

Γα (K.µm) 0.102 [37]
Γβ  (K.µm) 0.105 [38]

θα (o) 35.0 [15]
θβ (o) 37.88 [38]

D (µm2/s) 1600 [39]
K1 (K s/µm2) 0.0278*
K2 (µm K) 0.717*

25.80*

*calculated from the physical parameters

λ2V
K2
K1
------ µm3/s( )=
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verse section of the samples. When λ is smaller than λe, the
growth will be unstable and when λ is smaller than λm, an
overgrowth occurs as shown in Fig. 1(b). When λ becomes
greater than λM, tip splitting also occurs, as shown in Fig.
1(c) [9]. So lamellar spacings for the steady growth must sat-
isfy λm<λa<λM conditions. For eutectic growth, the ∆T-V-λ
relationships can be predicted by the Jackson-Hunt (J-H) [11]
and Trivedi-Magnin-Kurz (TMK) [12] theories. The maxi-
mum spacing for lamella can be treated by examining the
time-dependent growth of a single cell. It was found that
maximum stable spacing for lamella was close to the maxi-
mum steady-state and that the maximum spacing must be
greater than twice the minimum spacing (λM≥ 2λm), other-
wise the new lamella cannot catch up [9].

It is well known that some important solidifcation parame-
ters, such as growth rate, significantly affect the microstructural
scale as well as the mechanical properties of metals. Materials
processed via directional solidification tend to show advantages
of refined micro-structure, reduced microsegregation, etc.
[41,42]. Because the mechanical properties of a material
depend largely on its microstructure, controlled formation of
such microstructures is essential to develop new materials
with desired properties [43-46].

The mechanical properties, i.e. microhardness (HV) of the
directional solidified materials, also depend on the solidifica-
tion parameters, i.e. the growth rates (V). The relationships
among the microhardness (HV), the growth rate (V) and
lamellar spacings (λ) can be expressed on logarithmic scales.
The Hall-Petch type relationships can be written as follows
[47,48]:

(7)

(8)

where m and n are exponent values for the growth rate and
the lamellar spacing, respectively, and k1 and k2 are the con-
stants that can be determined experimentally. 

Accordingly, the purposes of the present work were to
investigate the effect of growth rate on the lamellar spacings
and microhardness of Bi-Sn eutectic alloy and to compare
the results with the previous experimental results and the
existing theoretical model. Thus, the composition of Bi-Sn
alloy was chosen to be a eutectic composition (Bi-43 wt.%
Sn) to observe the lamellar spacings.

2. EXPERIMENTAL PROCEDURE

2.1. Sample production and microstructure observation 
The eutectic samples (Bi- 43 wt.% Sn) were prepared by

melting the weighed quantities of Sn and Bi of (>99.99 %)
high purity metals in a graphite crucible, which was placed
into a vacuum melting furnace [23]. After allowing time for

melt homogenization, the molten alloy was poured into thir-
teen graphite crucibles (250 mm in length, 4 mm ID and
6.35 mm OD) which were placed into the hot filling furnace.
Then, each sample was positioned in a Bridgman type fur-
nace in a graphite cylinder (300 mm in length, 10 mm ID
and 40 mm OD). After stabilizing the thermal conditions in
the furnace under an argon atmosphere, the sample was
grown by pulling it downwards at various growth rates (8.3
µm/s to 164.8 µm/s, G constant) by means of different
speeded synchronous motors. After 100 mm to 120 mm steady
state growth of the samples, they were quenched by pulling
them rapidly into the water reservoir [49]. After metallo-
graphic processes including mechanical and electro polish-
ing techniques, the microstructures of the samples were
revealed. The microstructures of the samples were character-
ized using an LEO scanning electron microscope (SEM)
equipped with an energy dispersive X-ray (EDX) spectrom-
eter as well as with a computer controlled image analyzer.
Microstructures of the samples were photographed from
both transverse and longitudinal sections by means of scan-
ning electron microscopy (SEM). Typical SEM images for
different growth rates are shown in Fig. 2. In addition, to
designate and make sure of solid phases, quantitative com-
position analysis of solid lamella phases in the sample was

HV k1V
m=

HV k2λ
n–=

Fig. 2. Some SEM images of the growth morphologies of direction-
ally solidified Bi- 43 wt.% Sn eutectic alloy with different growth
rates (8.3 µm/s to 164.8 µm/s) in a constant temperature gradient (G =
3.55 K/mm), (a) longitudinal section (b) transverse section (V = 8.3
µm/s), (c) longitudinal section (d) transverse section (V = 40.2 µm/s),
(e) longitudinal section (f) transverse section (V = 164.8 µm/s).
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carried out by using EDX spectrometers, as shown in Fig. 3.
The solubility of Bi in Sn and the solubility of Sn in Bi are

2.7 wt.% Bi and less than 0.1 wt.% Sn at room temperature,
respectively [50]. According to EDX results and the solubil-

Fig. 3. The composition analysis of the Bi- 43 wt.% Sn eutectic alloy by using SEM EDX (a) Pure Bi (grey phase) (b) Sn-rich phase (dark phase)
(c) Lamelllar eutectic structure (homogenous phase).
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ity of phases in each phase, the grey phase is the pure Bi
phase and the black phase is the Sn solid solution phase.

2.2. The measurements of lamellar spacings, tempera-
ture gradient and growth rate

The lamellar spacings (λa, λa
*, λ*

m and λ*
M) were measured

from the photographs with a linear intercept method [24].
These spacings were measured from transverse and longitu-
dinal sections. The values of λa, λa

*,  λ*
m  and λ*

M  are given in
Table 2 and shown in Fig. 4 as a functions of V at a constant

Fig. 4. (a) Variation of lamellar spacings as a function of growth rates
(V) at a constant temperature gradient (G = 3.55 K/mm), (b) Compar-
ison of the experimental results obtained in present work with the
results of J-H eutectic theory for the Bi- 43 wt.% Sn eutectic alloy.

Fig. 5. (a) Variations of the calculated values of minimum undercool-
ing (∆T) versus the lamellar spacing (λ) at a constant temperature gra-
dient (G = 3.55 K/mm). (b) The variation of the minimum undercooling
(∆T) as a function of growth rates (V) at a constant temperature gradi-
ent (G = 3.55 K/mm).
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G. K-type thermocouples were used for measurement of
temperature gradient and growth rate during solidification.
All the thermocouple leads were taken to the data-logger
and the computer [49]. The thermocouples were both
recorded simultaneously for measurement of the temperature
gradients on the solid/liquid interface in the liquid by means
of the data-logger. The details of measurements of G and V
are given in refs [7,23,30-32].

2.3. The determination of minimum undercooling (∆Tm)
If the values of K1 and K2 are known or calculated from

phase diagram and growth rate (V) and the extremum lamel-
lar spacing (λe) measured, then the value of the extremum
undercooling (∆Te) can be determined from Eqs. 6(b) and
(c). The minimum undercooling values (∆Tm) for Bi- 43
wt.% Sn eutectic alloy were obtained from Eqs. 6(b) and (c);
the detailed ∆T-λ curves are shown in Fig. 5; these curves
were plotted by using experimental V and G values with the
system parameters K1 and K2 .

2.4. The measurement of microhardness, Hv

Microhardness measurements were made with a standard-
ized Vickers indenter using a 25 g load and a dwell time of
10 s by using Fujitech FM-700 model hardness measuring

test device. The microhardness was the average of at least
ten measurements on the transverse section (HV(tr)) and the
longitudinal section (HV(long)), as shown in Fig. 6. The mini-
mum impression spacing (the centre to the edge of adjacent
impression) was about three times the diagonal and at least
0.5 mm from the edge of the sample. The values of λ, V and
HV are given in Table 2.

3. RESULT AND DISCUSSION

In order to see the effect of growth rates (V) on the lamel-
lar spacings (λ) and the undercooling (∆T) in Sn-Bi eutectic
system, the samples were unidirectionally solidified with
different growth rates (8.3 µm/s to164.8 µm/s) at a constant
temperature gradient (3.55 K/mm). As can be seen from Figs.
2 and 3, a large number of eutectic grains can be formed dur-
ing eutectic growth. All grains seem to be oriented parallel to
growth direction but usually differ in rotation about the
growth axis. The normal of the α and β planes must be par-
allel to the polished longitudinal plane [23]; however, this
situation is not always possible. When the normals of the α
and β planes are not parallel to the longitudinal plane, the
lamellar spacings λ* observed on the longitudinal plane give
larger value than the lamellar spacings λ from the transverse

Fig. 6. Optical microscopy images of microindentation traces of directionally solidified Bi- 43 weight pct Sn eutectic samples, (a) from longitudi-
nal section (b) from transverse section.

Table 2. The values of lamellar spacings (λ), growth rate (V), undecooling (∆T) and microhardness (HV) for the directionally solidified Bi- 
43 weight pct Sn eutectic alloy at a constant temperature gradient (G = 3.55 K/mm)

Solidification parameters Lamellar spacings Microhardness
G (K/mm) V (µm/s) ∆T (K) λe (µm) λa (µm) λa

* (µm) λm
* (µm) λM

* (µm) HV(tr) (kg/mm2) HV(long) (kg/mm2)

3.55

8.3 0.28 1.76±0.15 1.90±0.17 2.45±0.22 2.12±0.20 2.84±0.26 18.5 17.8
16.5 0.39 1.25±0.13 1.48±0.15 1.97±0.18 1.67±0.14 2.15±0.20 20.1 19.4
40.2 0.61 0.80±0.09 0.94±0.10 1.24±0.13 1.06±0.09 1.60±0.14 22.4 21.3
81.0 0.87 0.56±0.06 0.66±0.07 0.90±0.08 0.78±0.06 1.13±0.10 24.2 22.6

164.8 1.23 0.40±0.03 0.44±0.04 0.58±0.05 0.47±0.04 0.76±0.06 26.6 24.8
λ: The values of the lamellar spacing obtained from the transverse section of the samples. 
λ*: The values of the lamellar spacing obtained from the longitudinal section of the samples.
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polished plane [49]. As can be seen in Table 2, even some of
the λ*

m values can be higher than the average λa values.
From a longitudinal view, the lamellar spacing seems to be
different in each grain because grains were cut under differ-
ent angles θ to the polished surface. The value of θa was
obtained to be 40.9o±1.3o by using the measured values of
λa

*  and λa, which are given in Table 2. For that reason, longi-
tudinal sections are inadequate for evaluation of the lamellar
spacing without geometrical correction. It was observed that
the values of λa

 measured on the transverse section of the
sample are more reliable. In this work, the values of λa have
been compared with those of the J-H theory and with the
previous results [7,18,23,25,26,31,32] and the comparison is
given in Table 3.

For eutectic and near-eutectic composition alloys, the
fluid-flow effect is negligible [27]. Although fluid-flow does

not exist in thin samples (<1 mm I.D.), its effect is small in
the bulk samples. Because the density of the liquid also
depends on the solute concentration, the rejection of solute
modifies the density field within the solute layer. If the solute
layer is heavier than the solvent (as in Sn-Bi) then both the
solutal and thermal buoyancy forces are parallel to the grav-
ity vector. Under this ideal case of no horizontal variation of
temperature, this arrangement is hydrostatically stable (i.e.,
fluid motion is negligible), and the transport of solute must
be solely due to molecular diffusion along the growth direc-
tion [27]. The inner diameter of the crucible used in the
present work is 4 mm. So, the fluid-flow effect on the lamel-
lar eutectic is negligible.

In addition to the above microstructural characteristics,
several solidification faults like layer mismatches and lamel-
lar termination were observed. As can be seen in Fig. 1(b),

Table 3. The values of growth rate (V), temperature gradient (G) and lamellar spacing (λ), for directionally solidified some metallic alloy 
with different growth conditions and the experimental relationships between them

Alloy TE  (K) G (K/mm) V (µm/s)  λ (µm) 

Relationships
λ2V (µm3/s)

∆T2/V(K2·s/µm)
λa∆T (K·µm)

Ref.

Sn-Bi eutectic 412 3.55 8.3-164.8 0.44-1.90 λ2V=33.76 This work
∆T2/V=0.0093
λa∆T=0.56
λ2V=25.80 J-H Theory

Cd-Sn eutectic 449 4.38. 1-165 0.51-2.19 λ2V=44.02 [49]
∆T2/V=0.020
λa∆T=0.96 

Cd-Sn eutectic 449 12.0 3-14 1.6-3.4 λ2V=34.6 [54]
Cd-Sn eutectic 449 2.0 7-84 0.64-2.22 λ2V=34.7 [55]

∆T2/V=0.017
Al-Cu eutectic 821 2.0 7-84 1.10-3.84 λ2V=103.0 [55]

∆T2/V=0.016
Bi-Cd eutectic 418 1.9-4.78 .3-167.3 0.50-3.15 λ2V=39.06 [57]

∆T2/V=0.0027
λa∆T=0.32

Pb-Sn eutectic 456 - 0.5-50 0.55-5.4 λ2V=14.6 [28]
Pb-Sn eutectic 456 1.1-4.7 9.6-144.9 0.49-1.90 λ2V=35.1 [7]
Sn-Zn eutectic 471 6.58. 3-165.1 0.50-2.21 λ2V=40.6 [32]

∆T2V=0.0072
λa∆T=0.529

Pb-Cd eutectic 521 6.4 8.3-163.5 0.38-1.69 λ2V=23.7 [31]
∆T2V=0.063
λa∆T=1.13

Pb-Cd eutectic 521  7.3-10.9 0.36-13700 0.042-8.5 λ2V=21.1 [18]
Pb-Cd eutectic 521 - - - λ2V=21.8 [25]

∆T2V=0.0022
Al-Cu eutectic 821 18.5-26.0 1.1-25 1.82-8.68 λ2V=83.0 [56]
Pb-Sn eutectic 456 10.0-15.0 6-17 1.41-2.37 λ2V=33.8 [56] 
Al-Cu eutectic 821 5.8-38.0 9.5-483.2 0.57-4.04 λ2V= 156.0 [23]
Al-Cu eutectic 821 7.6 21.6-432 0.62-2.75 λ2V=164.0 [24]
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the α-β boundary tilts toward the β lamella side and α
pocked range will appear in the liquid in the front of the α-L
interface with finally a new β lamella growing in the pocked
range and a positive termination forming. Through this
dynamic mechanism, the local spacing will decrease (λm

* ).
The α-β boundary tilts toward the α lamella side and the
local α-L interface disappears with the α lamella being over-
lapped by two neighboring β lamella (a negative termina-
tion) [20-22]. Despite this microstructure, which changed by
positive and negative termination mechanism, the values of
λ*

m and λ*
M  were measured as closely as possible on each

specimen. 
The measured values of lamellar spacings ( ), growth rate

(V), undecooling (∆T) and microhardness (HV) for the direc-
tionally solidified Bi- 43 wt.% Sn eutectic alloy at a constant
temperature gradient (G = 3.55 K/mm) are given in Table 2
and the experimental relationships among them are given in
Table 4. The dependence of the lamellar spacings ( ), the
undecooling (∆T) and the microhardness (HV) on the growth
rate (V) and the dependence of the microhardness (HV) on
the lamellar spacings ( ) is given in Table 5 for the direc-
tionally solidified Bi- 43 wt.% Sn eutectic alloy at a constant
temperature gradient (G = 3.55 K/mm).

3.1. The effect of the growth rate on the lamellar spacings
Variations in lamellar spacings (λ) with growth rates (V) at

a constant temperature gradient (G = 3.55 K/mm) are given
in Table 2 and shown in Fig. 4(a). The variation of lamellar
spacings versus growth rate is essentially linear on the loga-
rithmic scale. As can be seen in Table 2 and Figs. 4(a) and
(b), the data form straight lines; the linear regression analysis
gives the proportionality equation as,

 (for the constant G) (9)

As can be seen in Table 5, the values of exponent relating to
the growth rate for λe, λa, λa

*, λ*
m  and λ*

M are equal to 0.50,
0.49, 0.47, 0.48 and 0.43 respectively. It is apparent that the
dependence of λ values on the growth rate is exponent ional

and the average value of exponent relating to the growth rate
was found to be 0.47 that is close to 0.50 predicted by J-H
eutectic theory. This exponent value (-0.47) is in a good
agreement with the values of -0.50 and -0.52 obtained by Liu
[51] for Pb-Sn eutectic system and Ravishangar et al. [52]
for MnBi-Bi eutectic system but it is smaller than value of
-0.66 obtained by Baragor et al. [53] for Bi-Pb eutectic. 

As can be seen in Table 4, the experimental measurements
in the Sn-Bi eutectic system obey the relationships λ2V =
constant at a constant temperature gradient (G = 3.55 K/mm),
{λe

2V 25.80 µm3/s (calc.), λa
2V = 33.76 µm3/s, λe

2*V = 59.34
µm3/s, λm

2*V = 42.83 µm3/s, λM
2* V = 88.95 µm3/s}. The experi-

mental value of λ2V = 33.76 is very close to the theoretical
value of λ2V = 25.80 calculated from J-H eutectic theory.

The value of λ2V = 33.76 µm3/s is very close to the values
of 34.6 µm3/s, 34.7 µm3/s, 33.8 µm3/s, 35.10 µm3/s, 40.61
µm3/s and 39.06 µm3/s obtained by Clark and Elliott [54]
and Borland and Elliott [55] for the Cd-Sn eutectic system,
Jordan and Hunt [56] and Çadlrll and Gündüz [7] for the Pb-
Sn eutectic system, and Kaya et al. [32,57] for the Sn-Zn and
the Bi-Cd eutectic systems, respectively.

λ·

λ·

λ·

λ k2V
n–=

Table 4. The relationships between growth rate, lamellar spacings and undercooling for the Bi- 43 wt.% Sn eutectic alloy solidified with 
different growth rates at a constant temperature gradient (G = 3.55 K/mm). The undercooling (∆T) was calculated from eutectic theory (Eq. 

6) by using the experimental values of V and λ

λe ∆T
(Kµm)

λa∆T
 (Kµm)

λa
* ∆T

(Kµm)
λm

* ∆T
(Kµm)

λM∆T
(Kµm)

λe
2 V

(µm3/s)
λa

2 V
(µm3/s)

λa
2* V

 (µm3/s)
λm

2* V
(µm3/s)

λΜ
2* V

(µm3/s)
∆T2/V

(K2·s/µm)
0.49 0.53 0.69 0.59 0.80 25.71 29.96 49.93 37.30 66.94 0.0094
0.49 0.58 0.77 0.65 0.84 25.78 36.14 64.03 46.02 76.27 0.0092
0.49 0.57 0.76 0.65 0.98 25.73 35.52 61.81 45.17 102.91 0.0093
0.49 0.57 0.778 0.68 0.98 25.40 35.28 65.61 49.28 103.43 0.0093
0.49 0.54 0.71 0.68 0.93 26.37 31.91 55.44 36.40 95.19 0.0092
0.49 0.56 0.74 0.63 0.91 25.80 33.76 59.34 42.83 88.95 0.0093

The bold values are averaged values.
*calculated from J-H theoretical model

Table 5. The values of lamellar spacings (λ), growth rate (V), 
undecooling (∆T) and microhardness (HV) for the directionally 

solidified Bi- 43 wt.% Sn eutectic alloy at a constant temperature 
gradient (G = 3.55 K/mm) and the experimental relationships 

between them

The relationships Constant (k) Correlation 
coefficients (r)

∆T=k1 V0.50 k1=0.097(K·µm−0.50·s0.50) r1 = 0.999
λe=k2 V−0.50 k2=5.04 (µm1.50·s−0.50) r2 = -0.999
λa=k3 V−0.49 k3=9.54 (µm1.49·s–0.49) r3 = -0.997
λa

* =k4 V−0.47 k4=12.30 (µm1.47·s−0.47) r4 = -0.994
λm

* =k5 V−0.48 k5=10.96 (µm1.48·s−0.48) r5 = -0.992
λM

* =k6 V−0.43 k6=12.4 (µm1.43·s–0.43) r6 = -0.985
HV(tr)=k7V0.12 k7=32.94 (kg.mm−2.12.s0.12) r7 = 0.998
HV(tr)=k8λa

−0.24 k8=4.07 (kg.mm−1.76) r8 = -0.998
HV(long)=k9V0.11 k9=30.13 (kg.mm−2.11.s0.11) r9 = 0.993
HV(long)=k10 (λa

* )−0.22 k10=4.82 (kg.mm−1.78) r10 = - 0.993
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The value of λa
2V = 33.76 µm3/s is slightly higher than the

values of 21.1 µm3/s, 21.8 µm3/s, 23.7 µm3/s and 19.6 µm3/s
obtained by Trivedi et al. [18], Moore and Elliot [25] and
Çadlrll et al.[31] for the Pb-Cd eutectic system, and Whelan
and Haworth [33] for the Bi-Cd eutectic system, respec-
tively. The value of λa

2V = 33.02 µm3/s is fairly smaller than
the value of 156 µm3/s obtained by Çadlrll et al. [23] for the
Al-Cu eutectic. As can be seen from these results and from
the information in Table 4, the values of λ2 V obtained in the
present work are closer to the values of λ2V obtained in pre-
vious experimental works for Cd-Sn, Pb-Sn, Sn-Zn, Bi-Cd
eutectic systems except for the value for the Al-Cu eutectic
system. So, λ2V values might be dependent on components
of the eutectic systems.

3.2. Effect of growth rate on the minimum undercooling 
Figure 5 shows the minimum undercooling (∆T) of the

solidifying interface. This value was obtained from Eq.
6(c) and the ∆T-λ curves that were plotted by using the
experimental values of V and G. Figure 5(a) shows the rela-
tionship between ∆T and λ for the Sn-Bi eutectic alloy
solidified with different growth rates (V) at a constant tem-
perature gradient (G = 3.55 K/mm). As can be seen from
Fig. 5(a), the influence of V on the lamellar spacings (λ)
and the undercooling (∆T) is certain. The value of ∆T
increases with the increasing value of V, whereas λe

decreases with the increasing value of V. Although V val-
ues increased approximately 20 times, ∆T value increased
approximately 4.5 times. 

Figure 5(b) shows the variation of ∆T as a function of V in
a constant G. ∆T increases with the increasing V. As can be
seen in Table 4 and in Fig. 5(b), the dependence of ∆T on V
and λ can be given as

∆T2/V = 0.0093 (K2·s/m) (for the constant G) (10(a))

λa∆T = 0.56 (K µm) (for the constant G) (10(b))

The exponent value of growth rate (0.50) is in a good
agreement with the values of 0.53, 0.48, 0.50, 0.56, 0.50
and 0.50 obtained by Gündüz et al. [30] for Al-Si eutectic
alloy, Çadlrll et al. [31] for Pb-Cd eutectic alloy, Kaya et
al. [32,57] for Sn-Zn and Bi-Cd eutectic alloys, and Çadl-
rll et al. [49] for Sn-Cd eutectic alloy and J-H eutectic
theory, respectively.

The value (0.0093) is slightly smaller than the value 0.017
obtained by Borland and Elliott [55] for the same alloy sys-
tem. The values of λa∆T = 0.56 and ∆T2/V = 0.0093 are in a
good agreement with values of λa∆T = 0.53 and ∆T2/V =
0.0072 obtained by Kaya et al. [32] for the Sn-Zn eutectic
system. Also, the same values are lower than the values of
λa∆T = 1.134 and ∆T2/V = 0.054 obtained by Çadlrll et al.
[31] for the Pb-Cd eutectic. These discrepancies in the val-
ues of ∆T2/V and λa∆T might be because of the components

of eutectic systems.

3.3. Influence of growth rate or lamellar spacing on the
microhardness

Table 2 and Fig. 7(a) show the variations of microhardness
(HV) as a function of growth rate (V) at a constant tempera-
ture gradient (G = 3.55 K/mm). The value of HV increases

Fig. 7. (a) Variation of the microhardness (HV) as a function of (a)
growth rate (V), (b) lamellar spacing (λ) for directionally solidified
Bi- 43 weight pct Sn eutectic alloy with different growth rates (8.3 µm/s
to 164.8 µm/s) in a constant temperature gradient (G = 3.55 K/mm).
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with the increasing value of V. As can be seen in Table 5, the
exponent values of m that relate to growth rate are equal to
0.12 and 0.11 for the transverse and longitudinal sections of
the Sn-Bi eutectic alloy, respectively. These exponent values
have been compared with those found in the previous results
[58-65] for similar solidification conditions in different
eutectic alloys. The exponent values of m obtained in the
present work are fairly close to the values 0.12, 0.07, 0.08,
0.10, 0.11, 0.14 and 0.10 of m obtained by Khan et al. [58],
Vnuk et al. [59], Telli and Klsakürek [60], Kaya et al.
[35,61], Lapin et al. [62] and Vnuk et al. [63] for different
eutectic alloy systems, respectively. Our exponent values of
m are rather higher than the values of 0.04, and 0.034,
obtained for the Al-Si eutectic alloys by Yllmaz and Elliot
[64] and Yllmaz [65], respectively. 

As can be seen in Table 2 and in Fig. 7(b), the values of HV

decrease with the increasing values of λ in a constant tem-
perature gradient, G. Dependence of microhardness on the
growth rates and lamellar spacing is given in Table 5. The
exponent values of n, which is related to lamellar spacing, λ,
are equal to 0.24 and 0.22 for the transverse and longitudinal
sections of the same eutectic alloy. These values of n are in
the good agreement with the values of 0.22, 0.18 and 0.22
obtained by Khan et al. [58] and Kaya et al. [35,61], but
higher than the value of 0.08 obtained by Yllmaz and Eliot
[64], and do not confirm the value of 0.5 suggested by Telli
and Klsakürek [60] for Al-Si eutectic alloys. 

4. CONCLUSIONS

The lamellar spacing is strongly dependent on the growth
rate, since an increase in growth rate causes microstructure
refinement, which is shown in Table 2. At 3.55 K/mm tem-
perature gradient, the highest and the smallest lamellar spac-
ings were obtained with 8.3 µm/s and 164.8 µm/s growth
rates, as shown in Figs. 4(a), 4(b), 3(e), and 3(f), respec-
tively. Lamellar spacings decrease inversely as the square
root of the growth rate for directionally solidified Bi- 43
wt.% Sn alloy with different growth rates (8.3 µm/s to 164.8
µm/s) at a constant temperature gradient (G = 3.55 K/mm).
The relationships between these values were obtained by
binary regression analysis as follows:

λa=k3 V-0.49 (where the value of k3 is equal to 9.54 µm1.49.s–0.49)

This exponent value is in a good agreement with that in the J-
H eutectic theory [11] and with that found in some other
experimental works [51,52].

By using experimental values of λa and V, the bulk growth
rate (λa

2 V) was found to be 33.76 µm3/s. The value of bulk
growth rate determined is slightly higher than the calculated
value 25.80 µm3/s from the J-H theoretical approach but is in
a good agreement with the values found in some other exper-

imental studies [7,32,54-56].
Effect of growth rate, V on the undercooling, ∆T, at a con-

stant temperature gradient was examined and the relation-
ship between these factors was found to be ∆T2/V=0.0093
K2.s/mm. The constant value, 0.0093, is slightly smaller than
the value 0.017 obtained by Borland and Elliott [55] for the
same alloy system.

The minimum undercooling (∆T) increases with the increas-
ing growth rate (V) for a given temperature gradient (G),
whereas the extremum lamellar spacing (λe) decreases. On
the other hand, the value of λa ∆T was found to be 0.56
Kµm, which is fairly close to some other results in the liter-
ature [31,32].

The values of microhardness (HV) for directionally solidi-
fied Bi- 43 wt.% Sn eutectic alloy at a constant temperature
gradient (G = 3.55 K/mm) increase with the increasing value
of growth rates (V) and decreasing value of lamellar spacing
(λ); the relationships between these factors has been found to
be HV = kV0.11 (k = 30.13 kg.mm-2.11.s0.11) and HV = kλ-0.22 (k =
4.82 kg.mm-1.78). These exponent values are in a good agree-
ment with those of the previous experimental works [35,58-
63].
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