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Abstract In many biological and biomedical investiga-

tions, the most effective way to analyze the forms of whole

biological organs or organisms is by recording geometric

locations of landmark points. If we want to compare shapes,

then individuals should be translated, rotated and scaled in

such a way that all of the individuals lie in a standard position

and are centered. Bookstein conducted this process by

choosing two landmarks as reference landmarks. Each indi-

vidual is translated, rotated and scaled according to these

reference landmarks. The aim of the present study was to

examine the change in the p values in the case of choosing

different baseline landmarks when performing the Hotelling

T2 test, which is commonly usedwhen comparing two sample

shape configurations based onBookstein coordinates. For this

purpose, the changes in the pvalueswere investigated in shape

configurations that are composed of a different number of

landmarks by taking all of the possible paired landmark

combinations at different variance levels and sample sizes. As

a result of the present study, it was observed that with the

increase in the landmark number, the number of possible

baseline landmark combinations also increases and, for this

reason, a substantial number of variations occur in the p val-

ues. Therefore, it is an important to decide which landmarks

should be taken as reference landmarks when using the

Bookstein coordinates.

Keywords Bookstein coordinates � Hotelling T2 test �
Statistical shape analysis � Morphometrics

1 Introduction

Most of the studies inmedicine are related to the examination

of geometrical properties of an organ or organism. While in

these studies, the datasets used for statistical analysis are

composed of quantitative or qualitative measuring values,

currently, an organ’s or organism’s appearance or shape is

treated as input data to develop imaging techniques [1].

In many biological and biomedical investigations, the

most effective way to analyze forms of whole biological

organs or organisms is to record the geometric locations of

landmark points [2]. Several different morphometric

algorithms are available for analyzing landmark data. All

of these methods utilize the same raw data: the coordinate

values of landmarks in two or three dimensions. Some

current morphometric techniques that use landmark-based

methods are the finite-element scaling analysis (FESA),

thin-plate splines (TPS), procrustes analysis and Euclidean

distance matrix analysis (EDMA) [3].

When digitizing landmarks from a number of specimens,

it is in general impossible to ensure that each specimen is

measured in the same position and orientation. If we want to

compare shapes, it is, therefore, necessary to translate and

rotate the specimens into a standardized position and orien-

tation. In addition, we would like to scale the specimens to a

standard size. Bookstein suggested performing this task by

selecting two landmarks to form a baseline [4, 5].

With the shape coordinates that are suggested by

Bookstein, different analysis can be performed on these

coordinates. While some of these analyses can be per-

formed by comparing two samples to examine the differ-

ences between the shape configurations, some of them can

be performed on the same subject to examine a single

individual’s shape configuration or can compare two indi-

viduals with each other [4, 6].
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One of the tests that is implemented on Bookstein shape

coordinates to compare shape configurations of the two

samples is the Hotelling T2 test. This test assumes that the

samples are independent, that Bookstein shape coordinates

have a multivariate normal distribution, and that the samples

are drawn from populations that have the same covariance

matrix [7].

The aim of the present study is to examine the change in

p values for choosing different baseline landmarks when

performing the Hotelling T2 test, which is commonly used

to compare two sample shape configurations that are based

on Bookstein coordinates. For this purpose, the changes in

p values were investigated in shape configurations that

comprise a different number of landmarks, by taking all of

the possible paired landmark combinations at different

variance levels and sample sizes.

2 Methods

2.1 Bookstein Coordinates

Let ðxj; yjÞ; j ¼ 1; . . .; k, be k� 3 landmarks in a plane (m ¼ 2

dimensions). Bookstein suggests removing the similarity

transformations by translating, rotating and rescaling such that

landmarks 1 and 2 are sent to a fixed position. If landmark 1 is

sent to (0, 0) and landmark 2 is sent to (1, 0), then suitable

shape variables are the coordinates of the remaining k � 2

coordinates after these operations. To preserve symmetry, we

consider the coordinate system in which the baseline land-

marks are sent to ð�0:5; 0Þ and (0.5, 0).
Bookstein coordinates ðuBj ; vBj Þ

T
, j ¼ 3; . . .; k, are the

remaining coordinates of an object after translating, rotat-

ing and rescaling the baseline to ð�0:5; 0Þ and (0.5, 0),

which results in the following:

uBj ¼fðx2 � x1Þðxj � x1Þ

þ ðy2 � y1Þðyj � y1Þg=D2
12 �

1

2
;

ð1Þ

vBj ¼fðx2 � x1Þðyj � y1Þ
� ðy2 � y1Þðxj � x1Þg=D2

12

ð2Þ

where j ¼ 3; . . .; k, D2
12 ¼ ðx2 � x1Þ2 þ ðy2 � y1Þ2 [ 0 and

�1\uBj , v
B
j \1 (ðvBj ; vBj Þ

T
is the Bookstein coordinates

and T shows the transpose).

If the baseline is taken as (0, 0) and (1, 0), then there is

no �0:5 in the equation for uBj [8].

2.2 Two Independent Sample Hotelling’s T2 Test

Consider two random samples X1;X2; . . .;Xn1 and

Y1; Y2; . . .; Yn2 from independent populations with mean

shapes ½l1� and ½l2�. To test between H0 : ½l1� ¼ ½l2�
versus H1 : ½l1� 6¼ ½l2�, Hotelling’s T2 test can be

performed.

Hotelling’s T2 two-sample test based on Bookstein

coordinates has been explicitly described. Consider two

samples of shapes with sizes n1 and n2. The multivariate

normal model is proposed for Bookstein coordinates (M-

vectors) v1; . . .; vn1 and w1; . . .;wn2 :

vi �NMðn1;RÞ; wj �NMðn2;RÞ;
i ¼ 1; . . .; n1; j ¼ 1; . . .; n2;

and the vi and wj are all mutually independent; common

variance matrices are assumed, and M is the dimension of

the shape space (which is 2k � 4 for planar data). We write

�v, �w and Sv, Sw for the sample means and sample covari-

ance matrices (with divisors n1 and n2) in each group. The

squared Mahalanobis distance between �v and �w is

D2 ¼ ð�v� �wÞTS�1
u ð�v� �wÞ; ð3Þ

where Su ¼ ðn1Sv þ n2SwÞ=ðn1 þ n2 � 2Þ and S�1
u is the

inverse of Su, which will usually exist. Under H0, n1 ¼ n2,
and the test statistic given below is used.

F ¼ n1n2ðn1 þ n2 �M � 1Þ
ðn1 þ n2Þðn1 þ n2 � 2ÞMD2 ð4Þ

The test statistic has an FM;n1þn2�M�1 distribution under H0.

Hence, H0 is rejected for large values of F [8].

2.3 Sample

To investigate the effect of the baseline choice on the

results of the Hotelling T2 test, a total of six landmarks are

included in the present study, which are marked on the

nose images of 100 subjects (Fig. 1). Landmarks have been

identified through some of the anatomical landmarks of

nose which have been described in at [9]. These landmarks

were selected so that they can show the effects of the

landmarks which were found near and far. In the present

study, to examine the effect of baseline choice in the dif-

ferent number of landmarks, separate evaluations were

performed for 3 (landmark 1, landmark 2 and landmark 3),

4 (landmarks 1, 2, 3 and 4), 5 (landmarks 1, 2, 3, 4 and 5)

and 6 (landmarks 1, 2, 3, 4, 5 and 6) landmarks.

2.4 Design of Simulation

In the present study, simulations were performed according

to an isotropic model for four different shape configura-

tions, which comprise 3, 4, 5 and 6 landmarks, respec-

tively. In the simulation study, the mean vectors of

landmarks were obtained from a real dataset as below.
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X ¼ ½586:19; 667:34; 624:90; 440:70; 451:41; 416:55�
ð5Þ

Data were generated from a multivariate normal distribu-

tion for the variances 0.01 and 0.05. Additionally, to

investigate high variance levels, data were generated for

the minimum and maximum variances (737 and 2949)

obtained from the real dataset.

After generating the data, the Hotelling T2 test was

performed on the Bookstein coordinates, which are

obtained by taking landmark 1 and landmark 2, landmark 1

and landmark 3, and landmark 2 and landmark 3 as base-

line landmarks, with the same dataset for the shape con-

figuration, which consists of three landmarks (Fig. 2).

The same application was performed for the other shape

configurations, which consist of 4, 5 and 6 landmarks, by

taking all of the possible landmark pairs as baseline

landmarks.

Maximum change rates were calculated from the per-

centage changes of maximum and the minimum p values,

which were obtained from the test results that were per-

formed on the same individual (shape) by taking different

landmark combinations as baseline landmarks. Change rates

obtained for all of the individuals (shapes) were compared

according to the landmark number in different sample sizes

and different variance levels. The Kruskal–Wallis test and

the Mann–Whitney U test were used in these comparisons.

Bonferroni correction was applied to the post hoc compar-

ison results (a� ¼ a=k ¼ 0:05=6 ¼ 0:008).

In the simulation study, 1,000,000 repetitions were

performed for the n ¼ 25, 50, 100, 250, 500 and 1000

sample sizes. Simulations were performed on an HP Z800

Workstation with a 2.40 GHz dual processor and 16 Gb of

RAM, using R software.

3 Results

Simulation results are given in Table 1 for r2 ¼ 0:01, in

Table 2 for r2 ¼ 0:05, in Table 3 for r2 ¼ 737 and in

Table 4 for r2 ¼ 2949.

In both large and small sample sizes, it is seen that

changes in the p values increase as the landmark number

increases. Also the increase in the variances shows an effect

in the way of increasing the changes in the p values. In the

present study, while the lowest change in the p values

was obtained for the lowest variance level (r2 ¼ 0:01)

and for the three-landmark situation, the biggest change in

the p values obtained for the highest variance level which

Fig. 1 Landmarks used in the present study

(a)

(b)

(c)

Fig. 2 Bookstein coordinates of a baseline landmarks 1 and 2,

b baseline landmarks 1 and 3, and c baseline landmarks 2 and 3
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we obtained from the real dataset ðr2 ¼ 2949Þ and for the

six-landmark situation.

4 Discussion

Morphometrics is a field that is concerned with the varia-

tion and change in the form (size and shape) of objects and

organisms. There are various methods that are used for the

analysis of shapes. These methods can be considered to be

traditional methods that use linear distances, ratios or

angles in the analysis or can be considered to be modern

geometric morphometric methods, which include statistical

shape analysis applications based on landmarks [1, 10, 11].

One of the approaches in modern geometric morphometrics

is the use of Bookstein coordinates. Bookstein coordinates

are the coordinates of the remaining k � 2 coordinates after

removing the similarity transformations by translating,

Table 1 Statistical comparison of the maximum percentage changes in the p values according to the number of landmarks, for a variance of 0.01

Sample size Number of landmarks Overall p Post hoc p

3 4 5 6

n ¼ 25 Median 0.0075 0.0119 0.0119 0.0148 \0.001 3–4:\0.001

3–5:\0.001

3–6:\0.001

Q1–Q3 0.0039–0.0131 0.0066–0.0195 0.0065–0.0194 0.0081–0.0241 4–5:\0.001

4–6:\0.001

5–6:\0.001

n ¼ 50 Median 0.0074 0.0120 0.0120 0.0149 \0.001 3–4:\0.001

3–5:\0.001

3–6:\0.001

Q1–Q3 0.0038–0.013 0.0066–0.0197 0.0066–0.0196 0.0082–0.0243 4–5: 0.005

4–6:\0.001

5–6:\0.001

n ¼ 100 Median 0.0073 0.0120 0.0120 0.0150 \0.001 3–4:\0.001

3–5:\0.001

3–6:\0.001

Q1–Q3 0.0038–0.013 0.0065–0.0198 0.0065–0.0197 0.0082–0.0245 4–5: 0.227

4–6:\0.001

5–6:\0.001

n ¼ 250 Median 0.0073 0.0119 0.0120 0.0151 \0.001 3–4:\0.001

3–5:\0.001

3–6:\0.001

Q1–Q3 0.0037–0.0129 0.0065–0.0198 0.0065–0.0197 0.0082–0.0247 4–5: 0.963

4–6:\0.001

5–6:\0.001

n ¼ 500 Median 0.0073 0.0119 0.0120 0.0151 \0.001 3–4:\0.001

3–5:\0.001

3–6:\0.001

Q1–Q3 0.0037–0.0129 0.0065–0.0197 0.0065–0.0198 0.0082–0.0247 4–5: 0.062

4–6:\0.001

5–6:\0.001

n ¼ 1000 Median 0.0073 0.0119 0.0120 0.0150 \0.001 3–4:\0.001

3–5:\0.001

3–6:\0.001

Q1–Q3 0.0037–0.0129 0.0064–0.0197 0.0065–0.0197 0.0081–0.0247 4–5: 0.010

4–6:\0.001

5–6:\0.001

Q1 first quartile, Q3 third quartile
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rotating and rescaling such that landmarks 1 and 2 are sent

to a fixed position. There are debates on the choice of

baseline landmarks in the Hotelling T2 test for when two

groups are compared based on Bookstein coordinates.

There are no found similar studies to the present study in

the literature, but Rohlf [12] stated that different choices for

the base (reference) landmarks of the shape lead to some-

what different results. The present study was conducted to

investigate this discussion. For this reason, we have per-

formed a simulation study with different landmark num-

bers, in cases of changing baseline landmarks, for low and

high variance levels and in small, moderate and large

sample sizes.

In the present study, significant differences were

observed in terms of the variations in the p values derived

from the changes in the baseline landmarks, according to

Table 2 Statistical comparison of the maximum percentage change in the p values according to the number of landmarks, for a variance of 0.05

Sample size Number of landmarks Overall p Post hoc p

3 4 5 6

n ¼ 25 Median 0.0166 0.0265 0.0263 0.0326 \0.001 3–4:\0.001

3–5:\0.001

3–6:\0.001

Q1–Q3 0.0087–0.029 0.0147–0.0431 0.0146–0.0427 0.018–0.0531 4–5:\0.001

4–6:\0.001

5–6:\0.001

n ¼ 50 Median 0.0164 0.0266 0.0266 0.0331 \0.001 3–4:\0.001

3–5:\0.001

3–6:\0.001

Q1–Q3 0.0085–0.0289 0.0146–0.0436 0.0146–0.0432 0.0181–0.0536 4–5:\0.001

4–6:\0.001

5–6:\0.001

n ¼ 100 Median 0.0163 0.0266 0.0266 0.0332 \0.001 3–4:\0.001

3–5:\0.001

3–6:\0.001

Q1–Q3 0.0084–0.0288 0.0145–0.0437 0.0145–0.0435 0.0182–0.054 4–5: 0.009

4–6:\0.001

5–6:\0.001

n ¼ 250 Median 0.0162 0.0264 0.0266 0.0334 \0.001 3–4:\0.001

3–5:\0.001

3–6:\0.001

Q1–Q3 0.0084–0.0286 0.0144–0.0436 0.0145–0.0436 0.0181–0.0543 4–5: 0.059

4–6:\0.001

5–6:\0.001

n ¼ 500 Median 0.0162 0.0264 0.0266 0.0334 \0.001 3–4:\0.001

3–5:\0.001

3–6:\0.001

Q1–Q3 0.0083–0.0286 0.0144–0.0436 0.0145–0.0437 0.0182–0.0544 4–5: 0.001

4–6:\0.001

5–6:\0.001

n ¼ 1000 Median 0.0161 0.0264 0.0267 0.0333 \0.001 3–4:\0.001

3–5:\0.001

3–6:\0.001

Q1–Q3 0.0083–0.0286 0.0144–0.0436 0.0145–0.0436 0.0181–0.0544 4–5: 0.007

4–6:\0.001

5–6:\0.001

Q1 first quartile, Q3 third quartile
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the landmark numbers. These differences were observed in

both high and low variance levels and in small, moderate

and large sample sizes. It was observed that the variations

in the p values increased with an increase in the landmark

number. When the effect of the increment of the landmark

number on the p values was examined in the low and high

variance levels, major variations were observed in the

p values, especially at high variance levels.

5 Conclusion

While working with a small number of landmarks leads to

fewer effects on the p values because of the selection of

baseline landmarks, this approach can be insufficient for

describing the shape. As we know, the more landmarks we

study with, the more power we obtain when describing the

shape. However, the results of the present study which is

Table 3 Statistical comparison of the maximum percentage change in the p values according to the number of landmarks, for a variance of 737

Sample size Number of landmarks Overall p Post hoc p

3 4 5 6

n ¼ 25 Median 0.6652 0.8105 0.8481 0.8759 \0.001 3–4:\0.001

3–5:\0.001

3–6:\0.001

Q1–Q3 0.4755–0.8223 0.6868–0.9036 0.7401–0.9259 0.7811–0.9417 4–5:\0.001

4–6:\0.001

5–6:\0.001

n ¼ 50 Median 0.6749 0.8249 0.8625 0.8873 \0.001 3–4:\0.001

3–5:\0.001

3–6:\0.001

Q1–Q3 0.4821–0.8319 0.7047–0.9127 0.7612–0.9342 0.7996–0.9477 4–5:\0.001

4–6:\0.001

5–6:\0.001

n ¼ 100 Median 0.6820 0.8337 0.8731 0.8976 \0.001 3–4:\0.001

3–5:\0.001

3–6:\0.001

Q1–Q3 0.4878–0.8381 0.7161–0.9185 0.7766–0.9403 0.8155–0.9530 4–5:\0.001

4–6:\0.001

5–6:\0.001

n ¼ 250 Median 0.6865 0.8422 0.8834 0.9078 \0.001 3–4:\0.001

3–5:\0.001

3–6:\0.001

Q1–Q3 0.4909–0.8434 0.7263–0.9243 0.7914–0.9461 0.8308–0.9585 4–5:\0.001

4–6:\0.001

5–6:\0.001

n ¼ 500 Median 0.6899 0.8467 0.8891 0.9135 \0.001 3–4:\0.001

3–5:\0.001

3–6:\0.001

Q1–Q3 0.4930–0.8464 0.7314–0.9271 0.7994–0.9494 0.8400–0.9616 4–5:\0.001

4–6:\0.001

5–6:\0.001

n ¼ 1000 Median 0.6914 0.8495 0.8936 0.9178 \0.001 3–4:\0.001

3–5:\0.001

3–6:\0.001

Q1–Q3 0.4937–0.8484 0.7350–0.9292 0.8057–0.9519 0.8466–0.9638 4–5:\0.001

4–6:\0.001

5–6:\0.001

Q1 first quartile, Q3 third quartile
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based on the Bookstein coordinates show that with the

increase in the landmark number, the number of possible

baseline landmark combinations also increases and, for that

reason, a substantial number of variations occur in the

p values. Therefore, it is important to determine which

landmarks should be taken as reference landmarks in the

case of using Bookstein coordinates.
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