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List of symbols

N The set of nodes in a network

E The set of edges in a network

P.q Line active and reactive power flow

v, 0 Voltage magnitude and angle

p8,q8  Generator active and reactive power output
p?.q¢ Load active and reactive power demand
r,x Line resistance and reactance

g, b Line conductance and susceptance

t, 0" Line thermal and angle difference limits

cp, ¢1, ¢ Generation cost coefficients

oM Big-M value for line angle differences
xt Upper bound of x

x! Lower bound of x

X Convex relaxation of x

x A constant value

1 Introduction

Optimization technology is widely used in modern power systems [43] and has resulted
in millions of dollars in savings annually [45]. Optimal power flow [31,41], energy
market calculations [44,46], transmission switching [19,23], distribution network
configuration [1], capacitor placement [3,17,26], expansion planning [54,60], vul-
nerability analysis [8,9,50,51], and power systems restoration [16,58] represent just
a subset of power systems optimization problems. The core ingredient common to all
such applications is the power flow equations, which model the steady-state power flow
of Alternating Current (AC). These equations form a system of nonconvex nonlinear
constraints, which constitute a challenge when embedded in optimization problems.

There is a rich literature on various approaches for handling these constraints
ranging from metaheuristics [17,26,32] to linear approximations [15,29,61]. These
methods offer no optimality guarantees or lead to infeasible solutions in the original AC
model. Jabr [27] was the first to introduce a Second-Order Cone (SOC) relaxation of the
power flow equations. Thereafter, Bai et al [5] presented a Semidefinite Programming
(SDP) relaxation, that was used by Lavaei and Low [31] to provide tight optimality
bounds on traditional test cases for the continuous optimal power flow problem.

This paper presents a further attempt to bridge the gap between approximate meth-
ods and global optimization for power systems. It introduces a novel convex quadratic
relaxation of the AC power flow equations that is easily embedded in mixed-integer
programming frameworks. As a side result, the paper shows that it is possible to
strengthen the relaxation by exploiting redundancy. This idea extends the line of work
introduced by Liberti in [33] and Ruiz and Grossmann in [49]. In the mixed-integer
case, based on the work of Giinliik and Linderoth in [21], and Hijazi et al. in [24,25],
perspective formulations of second-order cone and linear on/off constraints are pre-
sented.
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The new relaxation is evaluated on three standard power systems problems: opti-
mal power flow, optimal transmission switching and capacitor placement. To the best
of our knowledge, this work constitutes the first attempt to provide global optimality
guarantees on discrete optimization problems featuring the nonlinear power flow con-
straints on non-tree topologies. The experimental results show that the new relaxation
provides an appealing tradeoff between accuracy and efficiency with computational
time reductions up to two orders of magnitude when compared to the SDP relaxations
[31]. In some test cases, the new relaxation provides stronger lower bounds than the
SDP relaxation, which suggests that it captures a different convex structure of the
power flow equations.

The rest of this paper is organized as follows. Section 2 reviews basic concepts
defining the nonlinear power flow equations. Section 3 presents the prior art. Section 4
derives the new relaxation in the continuous space and Sect. 5 investigates the mixed-
integer nonlinear extension with on/off constraints. Finally, case studies are developed
in Sects. 6 and 7 concludes the paper.

2 A brief overview of AC power system optimization
2.1 AC power flow

A power network is composed of several types of components such as buses, lines,
generators, and loads. The network can be interpreted as a graph (N, E) where the set
of buses N represents the nodes and the set of lines E represents the edges linking pairs
of nodes. Every busi € N has two variables, a voltage magnitude v;, and a phase angle
0;. Lines (i, j) € E have two constant electrical properties: the susceptance b;; and
the conductance g; ;. All of the network components are governed by two fundamental
physical laws: (1) Ohm’s Law,

pij = &ijV; — 8ijviv; cos(6; — 0;) — bijviv; sin(6; — 6;) VG, j), (j.DE€E (1)
qij = —bijv} + bijvivj cos(@; — 0;) — gijviv; sin(0; — 0,) Vi, j), (j,i)eE (2)
where p;; and g;; respectively denote the active and reactive power flow online (7, j) €

E. Note that AC power flow is asymmetric and typically p;; # —pji, gij # —qji-
And (2) Kirchhoff’s Current Law (i.e. flow conservation),

f—pl= > pi+ > pjieN 3)

(i,J)eE (J,))eE
_q, Z qij + Z gij 1L €N “)
(,J))eE (J,)ekE

where pig and qig respectively denote the active and reactive power generation, pf’
and ql.d represent the predefined load at bus i € N. Observe that > over (i, j) € E
collects the edges oriented in the from direction and ), over (j,i) € E collects the
edges oriented in the fo direction around bus i € N; Thus capturing the asymmetry of
AC power flow.
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2.2 Network operation constraints

In addition to physical properties, power system optimization problems share a set
of common operational constraints. The voltage magnitude v; at every node i € N
should be maintained around a nominal value of 1.0. The acceptable deviations from
this value (usually around 20 %) are captured by the voltage bounds (vf, v;'). The
network contains generators, which can produce active and reactive power respectively
denoted p;g and qig forbusi € N.The size and design of each generator enforces upper
and lower bounds ( pgl, pf “y and (qfl, qig ") on the quantities they can output. A line

l
(i, j) € E has two operational properties: A bound 01.‘;. on the phase angle difference

|6; — 6] and a thermal limit #;; on the line flow pl.2j + qlzj

vl<wv <o VieN (5)

pfl <pi <pf" VieN (6)

qigl <gi<q" VieN (7N

Py +al <ty VG j).(.i)€E ®)
—0/; <6, —0; <6 ¥i, j)€E 9

These operational constraints (5)—(9) combined with the power flow equations (1)—(4)
form a common basis for all power network optimization problems.

2.3 Network operation objectives

Power network operations have traditionally focused on two natural objective func-
tions: (1) power transmission loss minimization,

min Z p¥ (10)

ieEN
and (2) generator fuel cost minimization,

min " e2i(pf)? + 1 (pf) + coi (11)
ieN

Observe that objective (10) is a special case of objective (11) where ¢2; =0, ¢j; =
1, cg; =0 for bus i € N [55]. Hence, one can focus on objective (11) w.o.l.g.

3 State-of-the-art
Many approaches for handling the AC power flow equations have been devised.

Broadly, they can be grouped into three categories: local methods, approximations,
and relaxations.
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Local methods attempt to solve the nonconvex AC power flows without offering any
optimality guarantees. A comprehensive survey on different local nonlinear program-
ming technologies for the Optimal Power Flow (OPF) problem is presented in [12].
When considering discrete variables, methods producing feasible solutions mainly
rely on meta-heuristics and local search methods [17,26,32].

Several approximations of the AC power flow equations have been proposed [15,
29,61]. These models have various tradeoffs in complexity, quality, and performance.
Their key advantage is to produce a linear programming model that can be used as a
building block in mixed-integer programs. Nevertheless, on a variety of applications,
these approaches suffer from a lack of accuracy and may return solutions that are
infeasible in the original AC model.

Convex relaxations of the AC equations are of great interest since they can be
used for solving hybrid discrete/continuous optimization problems, offering optimality
bounds for a global optimization approach and optimality measures for local methods.

Jabr [27] was the first to propose a SOC relaxation of the nonlinear power flow
equations. More recently, Lavaei and Low [31] used the SDP relaxation of [5] to
provide tight lower bounds for the OPF problem, and closing the optimality gap on
a number of traditional instances. Sojoudi and Lavaei [52] were able to show how
both relaxations are related, deriving the SOC model by further relaxing the SDP
formulation. To the best of our knowledge, there has not been any relaxations directly
handling the trigonometric functions defined in equations (1), (2). Although, there
have been a number of problem-specific relaxations such as [47] or [54], that are not
considered here. From a computational standpoint, SDP solvers are less mature than
nonlinear solvers and their scalability remains an open question [40]. Furthermore,
solvers integrating discrete variables on top of SDP models [34] are very recent and
do not have the scientific maturity of convex mixed-integer nonlinear programming
(MINLP) solvers [10].

The convex relaxations proposed here are tailored to scalable solving technology
for continuous and mixed-integer programs, offer tight optimality gaps, and can be
used in a variety of power systems applications.

4 The new quadratic convex (QC) relaxation

The new relaxation is based on exploiting convex envelopes of quadratic and trigono-
metric terms appearing in the AC power flow equations (1), (2). The approach is
motivated by the narrow bounds observed on decision variables involved in power
systems. All of the relaxations presented here are valid for a bound 6 < 7/2. How-
ever, in practice, the design of the power network can make the acceptable phase angle
difference as small as /36 [48].

To the best of our knowledge, the quadratic relaxation of the cosine function and the
polyhedral relaxation of the sine function are novel contributions. While few global
solvers handle trigonometric functions, the usual approach consists of using general-
purpose linearization techniques.

Quadratic Relaxation of the Cosine Function. We first introduce cos(), an approxi-
mation of the cosine function on the interval [—6%, 8“]:
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326 H. Hijazi et al.

cos(@) = 1 — (I—LS(O“)) 02

(64)*

This approximation over-estimates the original function.

Proposition 1 ¥0 € [0, 6"]: cos(8) > cos(6).

Proof Based on the symmetry of both functions, one can only consider interval [0, 0" ]
Observe that EE)S(O) = cos(0) and cvos(0”) = cos(#"). One can also prove that
cos(8" /2) > cos(8"/2) based on the trigonometric identity

cos(#*) + 1

cos(0"/2)* = >

Indeed, observe that

1 —cos(9")  cos(0")+3

cos(0"/2) = 1 —
cos(0"/2) ) )

We have

(cos(6) —1)* = 0 = cos(8)> — 2cos(8") + 1> 0
= c0s(0")? + 6.cos(0*) + 9 > 8cos(8*) + 8
u\2 u u
N cos(0*)~ 4+ 6 cos(0*) + 9 - cos(0*) + 1
16 - 2
(cos(8") + 3)?
16
04) +3
N cos( 4)

> cos(0"/2)?
> cos(0"/2).

Finally, since both 56s(0) and cos(0) are concave strictly decreasing on the inter-
val [0, %] and intersect on the lower and upper bounds of this interval, and since

cos(8"/2) > cos(8"/2), the property is true on the whole interval. O

Error Estimation. Anupper bound on the maximum estimation error can be expressed
in terms of 6“.

Proposition 2

cos(f) — cos(9) < (8")?/2 + cos(8") — 1, Y0 € [0, "]
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2
Proof Consider the function cos(9) = 1 — %. First, it can be shown that

cos(9) > cos(9) > cos(9), YO € [0, 0"]

Based on the symmetry of both functions, this only needs to be proven on the interval
2

[0, 6*]. Consider the function f : R — R, f(0) = cos(d) — 1 + (97). Observe that

f(0) =0and Vf() = 6 — sin(@). Since Vf(0) > 0, V8 € RT, f is positive on

this interval, and thus cos(6) > cos(d), VO € [—0“, 0“].

Now, given the bounds [O, o4 ] , the maximum difference between cos () and cos(9)
can be obtained by solving the following optimization program:

1 _ 1—cos(8") 2
max (2 o ) @)

s.t. 0<6 <o0“.

Since the objective function is strictly increasing, the optimal solution is attained at
the upper bound #* with the corresponding optimal value (8*)%/2 + cos(#*) — 1. O

Based on Proposition 1, we define the quadratic relaxation of the cosine function
as follows (Fig. 1a),

- 1 —cos(6*) ,
o= Ty
cs > cos(0")

o 1
=7 !
1
i
0 |
1 1 N
1 i !
o i i o !
s i =
a i ,
1 \ ]
0 i ; g 1
T ! —— Cosine ! ! Sine
! ---- Bound ! ---- Bound
! - - - Constraint < & - - - Constraint
37 ! Feasible Region A Feasible Region
! T T T T T Y T T T T
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
Radians Radians
(a) Cosine function relaxation (b) Sine function relaxation

Fig. 1 Quadratic and polyhedral relaxations of trigonometric functions
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Polyhedral Relaxation of the Sine Function. A polyhedral relaxation of the sine func-
tion is defined based on the following inequalities (Fig. 1b):

0" 0 0"
cos (?) (9 - 7) + sin (7)
~ 0" 0 0"
s >cos| — 0+ —)—sin| —
2 2 2
Although the convex envelope for the sine function is polyhedral, its linear description

involves solving a trigonometric equation and thus contains non-rational coefficients.
The polytope defined here slightly overestimates this envelope.

“
IA

Proposition 3

Vo € [-0", "] :

0lt 9 014 ) 0M o 9 - 014 0 ou ) 014
cos 5 -3 + sin 5 > sin(f) > cos 5 —i—? — sin 5

Proof The proof will focus on cos (68“/2) (6 —0"/2) + sin (#*/2) > sin(d), a
similar reasoning applies for the right-hand side constraint. Observe that the left-
hand side of the inequality represents the equation of the tangent line to the sine
function at point (6*/2, sin (% /2)). This line intersects respectively with bounds
—0" and 0" at points p = (—0", —(3/4)cos(0"/2) 0" + sin(0*/2)) and p =
(6“, cos (8*/2) (6" /2) + sin (6“/2)). One can show that both points are respectively
above p* = (—0", sin (—0")) and p* = (6%, sin (8")).

Lett'ﬁlg g(0) — f(6) =sin(9) +sin(0/2) — (3/4) cos(0/2)0 = yp — yp+, One can
prove that y, > yp+ by showing that g(6) > f(6) V0 € [0, 7/2].

On the one hand, consider the function f : R — R, f(0) = (3/4)cos(6/2)6,
and observe that sz(Q) = —(3/8)(0/2cos (8/2) + 2sin (6/2)).

Let h(0) = —(3/8) ((3/2)cos (60/2) — 0 /4sin (6/2)) denote the first derivative
of V2 f. Note that both cos(f) and — sin(0) are strictly decreasing functions on the
interval [0, 7/2], and hence i (0) is strictly increasing on this interval. Since 2 (0) < 0
and h(w/2) < O, it follows that h(6) < 0, VO € [0, 7 /2], and thus sz(Q) is
strictly decreasing on the same interval. Finally, since V2 f(0) = 0, this function is
always negative on this interval and consequently f is concave. On the other hand,
consider the function g : R — R, g(8) = sin(#) + sin(8/2). Observe that V2g(8) =
—sin (f) —sin (6/2) /4. Since — sin(#) is strictly decreasing on the interval [0, 7 /2]
and V2g(0) = 0, this function is always negative over this interval and consequently
g is concave over the same interval. Since f(0) = g(0) = 0 and g(r/2) > f(7/2),
because both functions are concave and strictly increasing on this interval, one can
deduce that g(0) > f(0), VO € [0, m/2]. A similar proof can be derived for the pair
of points (p, p*). O

Multilinear Terms. Multilinear expressions have been extensively studied in the liter-

ature and corresponding convex envelopes are well-defined in some cases. For bilinear
expressions, convex envelopes were introduced by McCormick in [4,37] (Fig. 2a, b)
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1.0
0.5
g
o
E °E
e} o
j
o -0.5
N -1.0
Qi 0.5 0.0 -0.5
sin(60;;)
(a) Wide Bounds (b) Tight Bounds
Fig. 2 McCormick envelopes for bilinear terms
Fig. 3 Square function convex ~ [ )
envelope = !
1 y 1
i P i
- i S g
- y !
i ¥ !
i W i
o |1 p '
=7 7 i
1 ’, 1
i % i
g — ' /, — x"2
! 7 7 -=--- Bound
! - - - Constraint
w | : Feasible Region
o T T T T
0.90 0.95 1.00 1.05 1.10
Volts p.u.

Multilinear terms such as v;v;v; are relaxed using a sequential bilinear approach.
The trilinear envelopes introduced by [38,39] were also considered. Nevertheless,
on all applications of interest, numerical experiments have shown that the sequential
McCormick relaxation offers comparably tight bounds.

Quadratic Terms. Finally, quadratic terms vl.2 and vjz. are relaxed into their convex
envelopes as plotted in Fig. 3.

4.1 Power flow relaxation

The complete initial quadratic relaxation of the power flow equations is defined by the
following set of convex constraints.
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330 H. Hijazi et al.

pij = 8ij Vi — &ij wcij — bij wsi;
gij = —bijvi + bijwcij — gij wsij
pe R

csij € (cos(0; —0))

sii € (sin(9; — 0)) %

Sij S i j

QC-core =
v € (V)F

~ M
Vv € (v,-, vj)

wcei; € (vv,-j, CS,'j)

- - o~y
ws;j € (Vvij, sij)

where
~ o2
~ V>0
WHR = (v, v) e R? st =
U< (0 + v — vt
- E_/S‘ <1-— 1—003(0“)92
(cos(®))R = (¢s,0) e R? st - (672

Cs > cos(6")

sin@)F = (50 € B2 s, | 7 = C05(0"/2)0 = 0"/2) +5in(6"/2)

;2 cos(0"/2)(6 + 6" /2) — sin(8" /2)
and

> vlw + wlv — v'w!

<
e
\%

viw + whv — v w"

<
g
v

ww)M = (vw, v, w) e R s.t.
!

vw < vlw + whv — vw*

< v'w + wlv — v'w!

<
e
A

(12)
(13)
(14)
(15)
(16)
(17)
(18)

19)

Corollary 1 The set of constraints (12)—(19) defines a relaxation of the feasible region

corresponding to the AC power flow Egs. (1), (2).

Proof This is a direct result of Propositions 1, 2, and 3.
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4.2 Relaxation strengthening

The idea of introducing redundancy to improve the relaxation of nonconvex programs
was formalized by Liberti in [33] focusing on the particular case of bilinear expres-
sions. Ruiz and Grossmann [49] present a class of “general reductions constraints”
obtained by intersecting different formulations based on the physical interpretation of
the problem. In the power modeling framework, we show that adding a relaxed version
of the current magnitude constraints can lead to a substantially tighter relaxation.

The Current Magnitude Constraint

The seminal work [6] made a keen insight that the current magnitude, /;;, of an AC
power line (i, j) € E is characterized by the nonconvex equation,

2 2
pij +4j;
lij :’/—2’J (20)

v;

Observing that both v and / are positive, [18] utilized this redundant constraint to
develop the following convex second-order cone constraint,

vilij = Py +4f; @D

To realize the benefits of (21), / must be linked back to the other problem variables.
The following line-loss equation was proposed by [18] to link / to the other model
variables,

rijlij = pij + pji (22)

However, in the context of the variable space of the QC-core, we propose the following
formulation,

lij = (&5 + b)) (vi + v} — 2wci)) (23)
On large test cases, numerical experiments show that constraints (23) lead to better
solver convergence when compared to (22).
Proposition 4 [14] Constraint (23) is equivalent to (22).
We also introduce the following valid bounds on /,
Proposition 5 lfj =0, ll’-‘j = t,'j/(vf)2 are valid bounds on l;;.

Proof The lower bound follows from the fact that all of the terms in the current flow
equation (20) are positive. The upper bound follows from reasoning about (20) along
with the operational constraints (5) and (8). O
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Introducing auxiliary variables /;; € (lf o ll.”j), the strengthened QC relaxation is
given by:

_ 1 (12)—=@19),
QC= [(21), (23)

5 Extension to mixed-integer nonlinear programs

A natural extension for various problems in power systems is to allow topological
change by means of opening line circuit breakers. The introduction of binary variables
to model corresponding discrete variables leads to an additional level of complexity.
Another major challenge is the modeling of on/off constraints appearing in these
problems. This section leverages recent developments in disjunctive programming to
derive strong formulations of power systems problems featuring line switching.

5.1 On/off constraints

An on/off constraint can be written as g(x) < 0if z = 1 where z € {0, 1} is the
corresponding indicator binary variable. A standard reformulation consists in using
big-M formulations, i.e., g(x) < (1 —z)M, where M represents a big constant. Unfor-
tunately the continuous relaxations resulting from such models, although compact,
often provide weak lower bounds. The on/off constraint can be reformulated as the
union of two disjoint sets,

I'n=1{(x,2):2=0, lofxfuo}’

In={x2:z=1, gx) <0, llgxful}.

Given this approach, one can define the best convex relaxation of the on/off constraint
to be the convex hull of the union conv (I'h U I'1). When the set I reduces to a
single point (1° = u® = 0), conv (Iy U I') can be formulated in the space of original
variables [21]. The main result is the following

conv (IyU IN) = closure (F*) , where
(x,7) € R™"F1:

I =1 zg(x/z) <0, . 24
Adl<x<zu', 0<z<1

This result can be extended to the general case (I° # u®) when functions g are
monotonic [24]. Specifically, in the linear case where g(x) = a”x — b, the convex
hull is defined in [25] as:
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(x,z) € R**1 .

Za,-xi <z|b- Z aiuil — Z a,-lil
i¢S ies, ies,
al-<0 a,->0

r* = , (25

+(-2) | X @)+ au) |, VS C{l,...,m},

i¢S, i¢S,
a; <0 a; >0

Al + (1= <x; <zul + (A —2ul, Vie(l,....m),
| 0<z=<1

where m is the number of variables with nonzero coefficients in the linear constraint
aTx—b,and S any subsetof {1, ..., m}. Observe that for S = {J one gets the big-M-like
constraint

Zaixi <zb+ (-2 Zail?+ Zaiu? (26)
ieN ieN ieN
a; <0 a; >0

Note that (26) is not sufficient for defining the convex hull as shown in [25], there-

fore, one can strengthen the relaxation by introducing the remaining non-dominated
constraints corresponding to non-empty sets S in (25).

5.2 On/off constraints in power systems
In power systems, a number of variables and constraints are affected by line switching.

First, consider the phase angle variables 6;, if a line (7, j) is switched off, the phase
angle difference |0; — 0| becomes unconstrained. A valid upper bound is given by

oM = Z 0},

(i,j)eE

Let z;; € {0, 1} represent the line switching variable on line (i, j), then the power
flow disjunctions are defined as follows.

5.2.1 Sine function disjunction

The sine function relaxation introduced in Sect. 4 can be written as a linear disjunction
(indices are dropped for clarity purposes):

F;0=[(ST@,Z)€R3:—0M§9§0M, s=0,z=0¢,
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(5.0,2) eR3:
s — cos(#%/2)0 < sin(0"/2) — cos(0"/2)6" /2,
—5+ cos(0"/2)0 < sin(0"/2) — cos(8%/2)0" /2,

sin(—0") < s <sin(@%), —0“ <h <0, 7 =1

r! =

N

Based on results in [25], the convex envelope of each disjunction can be character-
ized in the space of original variables using (25).

(5.0,2) e R3:

s — cos(0%/2)0 < z(sin(8"/2) — cos(6*/2)6" /2)
+(1 — z)(cos(8"/2)0M),

—5+ cos(0"/2)0 < z(sin(0"/2) — cos(8“/2)6"/2)
+(1 = z)(cos(6"/2)0M),

r~=1 _ Q@D

|s| < z(sin("/2) + cos(8"/2)0"/2),

cos(0"/2)|0] < z(sin(8%/2) — cos(0"/2)0" /2 + sin(6"))
+(1 — z)(cos(8“/2)6™M),

zsin(—0%) < s < zsin(6"),

—20" — (1 —2)0M <6 < z0" + (1 — 2)6M,

0<z<l

5.2.2 Cosine function disjunction

The quadratic relaxation of the cosine function defined in (14) does not fit the hypoth-
esis of (24). Its disjunctive version is given as follows,

~

Y =1(cs,0,2)eR: —0M <9 <M, &5 =0, z=0},

(¢s,0,7) e R3:

1"1 — et _ I—cos(0") 52
cs cs <1 09z 0,
cos(@) <cs<1, —0* <0 <0", 7=1

Note that the existence of a compact representation for convex hulls of on/off con-
straints featuring non-monotonic functions is still an open question. Hence, we propose
the following disjunctive formulation for this constraint:
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(¢s,0,7) e R3:

os = 2= =2 4 (1 - ol ()2,
[ 3 (28)
zcos(0") < ¢s < z,

—20" — (1 —2)0M < 6 < 26" + (1 — 7)™,

| 0<z<1

Proposition 6
conv (I U I) € I

Proof Since I'}% is a convex set it is sufficient to show that 0. C IT¥ and I'L C I'%.

Intersecting I'; with {z = 0} and {z = 1} completes the proof. m]
5.2.3 Thermal limit disjunction

Let ¢;; denote the thermal limit on line (7, j), a similar formulation can be applied to
the thermal limit constraints pl-zj + qizj < t;, with the following disjunction:

1—}0

{(p,q,z)eIRi3:p=0,q:0,Z:o},
(p.q.2) eR3:
pr+qt <t

=1 —Vi<ps<yi

-Vt <q <t

z=1.

Based on (24) the convex-hull formulation is given by:

(p.q.1,z) e R*:
=1 p*+q* <7t . (29)

Ipl <2Vt lql <zt 0 <z <1
Observe the squaring of the binary variable, which conflicts with the natural intuition of
multiplying the right-hand side with z. The squared formulation is naturally tighter in
the continuous relaxation where z can take real values. Note that the linear constraints
|pl < zt and |q| < zt are redundant compared to the second-order constraint, and
thus are excluded from the relaxation.

5.2.4 Current magnitude disjunction

The disjunctive extension of (21) is given as follows,
= [(p,q,l, ,)eR W)Y <v<@)? p=0,¢=0,1=0, =0},
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(p,q,l, vv,z) eR:

lv>p>+42

=
W2 <v<@)? 0<i<I* z=1

Note that FZO does not fit the hypothesis of (24). In order to follow these assumptions,
we introduce a new redundant constraint:

1(v")? = p* +¢?

This gives rise to a new disjunction defined as:

F,°={(p,q,l,z)eR4:p=0, q=0,1=0, Z=0}7

rl— (p,q,l,z)ER“:
! W2 >p?>+q> 0<l<I* z=1]"

Based on (24), the convex-hull formulation is given by:

% _ (PaQ»l,Z)ER“:
i _[zl(v“>22p2+q2,0515zl”,oszgl : (30)

Following a similar argument using the upper bound of / instead of v, we observe
another valid constraint,

p.q, v, z) eR*:
r*= ( ) . 31)

~

v "> p? 4% 0<z<1
5.2.5 Power flow disjunction

Finally, in the power flow constraints (12), (13), since vl > 0, l\); needs to account
for the off-configuration of the line where p;; = ¢;; = 0. This is accomplished by

introducing auxiliary variables 1\):[; for (i, j), (j,i) € E and enforcing the following
set of constraints:

pij =gijvv,-[;- — gijweij — bijwsi (32)
o _ph.. P e gD
gij = —bjj vl.j+b,1 WCij — ij WSij 33)
0 N2 < P < o N2
v — (1 _th)(v )" < Vij <v— _le)(v) 34
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6 Case studies

With the theoretical foundation established, this section turns to empirical case stud-
ies to assess the value of the QC relaxation on classic power systems optimization
problems. The results illustrate the following key points,

1. The QC relaxation provides tighter bounds than the SOC relaxation [27], with
similar runtime performance.

2. The QC is significantly more scalable than the SDP relaxation [31] and, in some
cases, the QC relaxation is stronger than the SDP relaxation.

3. Utilizing the on/off formulations developed in Sect. 5, the QC relaxation is readily
extended to power systems optimization problems with discrete decision variables.

The case studies are organized into three separate units, Optimal Power Flow, Opti-
mal Transmission Switching, and Capacitor Placement, each of increasing model
complexity. The value of the QC relaxation is discussed in depth for each problem
before moving on to the next case study. Overall, the results show that the QC model
combined with off-the-shelf industrial strength optimization technology strikes an
appealing balance between strength, flexibility, and scalability.

Test Cases. The QC relaxation is evaluated on 116 state-of-the-art AC transmission
system test cases from the NESTA v0.6.0 archive [13]. These test cases range from as
few as 3 buses to as many as 9000 and consist of over 35 different networks, which are
grouped in three categories, typical operating condition (TYP), congested operating
condition (API), and small angle difference condition (SAD).

It is important to note that these realistic power network datasets include additional
operational parameters such as transformers, line charging, and bus shunts. For clarity
purposes, these additional parameters have not been presented throughout the paper.
A detailed discussion of how to extended all of the formulations presented herein can
be found in the Appendix 1.

Implementation and Experimental Setting. All of the proposed models are imple-
mented in AMPL [20]. IPOPT 3.12 [59] with linear solver ma27 [57] was used as the
primary NLP solver, as suggested by [12]. Preliminary numerical experiments con-
ducted on general-purpose global optimization solvers, such as Couenne [7] and SCIP
[2], showed severe scalability issues on all of the nonconvex NLP and MINLP prob-
lems considered herein. The common outcome was that for cases over 10 buses, the
average gap after 10 hours of computation was greater than 50 %, with many instances
reporting a gap of 100%. Hence, we adopt the strategy of using [POPT 3.12 and
Bonmin 1.8 [10] as heuristics for finding feasible solutions to the nonconvex NLPs
and MINLPs respectively. The continuous QCQP relaxations are solved using IPOPT
while the MIQCQP relaxations are solved using Gurobi 6.5.0 [22], to benefit from
the industrial-strength branch-and-bound algorithm. The SDP relaxation is based on
the state-of-the-art implementation [30] which uses a branch decomposition [35] for
performance and scalability gains. The SDP solver SDPT3 4.0 [56] was used with the
modifications suggested in [30]. An optimality tolerance of 1.e® is used across all
solvers.
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The experiments are conducted on Dell PowerEdge R4 15 servers with Dual 3.1GHz
AMD 6-Core Opteron 4334 CPUs and 64GB of memory. However, for a fair compar-
ison with single threaded implementations (e.g. IPOPT), all of the algorithms are run
on a single thread. A wall-clock time limit of 10 hours was used for all computations.
The solver status messages are reported as follows: (bold) is used to indicate that a
relaxation provided a feasible AC power flow solution; (inf.) indicates that the solver
proved the model is infeasible; (—) is reported if no solution is available at solver
termination; (tl.) indicates that the solver reached the time limit; and (ud.) appears
when an optimality gap cannot be computed.

After both a feasible solution and a relaxation solution are computed, optimality
gaps are used to compare the quality of various relaxations. The optimality gaps
reported in the tables are computed using the ratio,

primal — dual
primal

where primal refers to the solution returned by the heuristic solvers on the nonconvex
problem, and dual refers to the lower bound produced by the various relaxations.

6.1 Optimal power flow

The Optimal Power Flow problem is a seminal power network optimization task [11].
An extensive literature view can be found in [41,42]. The goal of this decision-support
problem is to minimize generation costs (11) subject to power flow (1)—(4) and network
operations constraints (5)—(9):

min (11) (AC-OPF)
s.t. (1) = 9)

In this case study, five formulations related to the (AC-OPF) are considered:

1. AC—the original nonconvex model

2. QC-core—the initial QC relaxation

3. QC—the strengthened QC relaxation

4. SOCP—the relaxation introduced in [27]

5. SDP—the relaxation introduced in [5] with the enhancements from [35]

The formulations for each of these models is discussed in detail in Appendices A
and B and a comprehensive list of results can be viewed in Appendix D. A selected
subset of the results are presented in Tables 1, 2. These selected cases illustrate the
following key points.

Bounding strength. For around 50 % of the test cases considered, these relaxations
exhibit an optimality gap of <1 %. This is to be expected in light of [31]. However,
the remaining 50 % of cases show that all of the relaxations considered here can
exhibit significant optimality gaps. It is interesting to note that the QC relaxation

@ Springer



Convex quadratic relaxations for MINLPs in power systems 339

Table 1 Optimality Gaps of Various Relaxations on Selected OPF Test Cases

Test case AC Optimality gap (%)
QC-core QC SOCP SDP

Typical operating conditions (TYP)

nesta_caseS_pjm 17,551.89 28.16 14.54 14.54 5.22
nesta_case30_ieee 204.97 45.46 15.64 15.88 0.00
nesta_casel18_ieee 3718.64 18.92 1.57 1.83 0.06
nesta_case300_ieee 16,891.28 16.11 1.17 1.18 0.08
nesta_case2383wp_mp 1,868,511.78 70.12 0.99 1.05 0.37
nesta_case3012wp_mp 2,600,842.72 40.78 0.98 1.02 -
nesta_case9241_pegase 315,913.26 72.57 1.02 1.67 oom.
Congested operating conditions (API)
nesta_case24_ieee_rts__api 6421.37 18.33 11.84 20.70 1.45
nesta_case73_ieee_rts__api 20,123.98 15.89 11.16 14.33 4.29
nesta_case89_pegase__api 4288.02 66.72 20.38 20.43 18.11
nesta_casel 18_ieee__api 10,325.27 52.02 43.65 43.85 31.50
nesta_case2383wp_mp__api 23,499.48 66.56 1.11 1.12 0.10
nesta_case3012wp_mp__api 27,917.36 71.38 0.87 0.90 -
nesta_case9241_pegase__api 241,975.18 83.85 1.61 2.49 oom.
Small angle difference conditions (SAD)

nesta_case24_ieee_rts__sad 79,804.96 6.16 3.88 11.42 6.05
nesta_case29_edin__sad 46,933.28 38.80 20.52 34.46 28.44
nesta_case73_ieee_rts__sad 235,241.70 5.68 3.50 8.37 4.10
nesta_casel18_ieee__sad 4324.17 22.22 8.29 12.77 7.57
nesta_case2383wp_mp__sad 1,935,308.12 71.15 291 4.00 1.30
nesta_case3012wp_mp__sad 2,635,451.29 41.56 1.88 2.12 -
nesta_case9241_pegase__sad 315,932.06 64.76 0.78 1.68 oom.

is stronger than the SDP model on the SAD instances, due to the tight phase angle
bound constraints, which are well captured in the former. On the remaining instances,
when the optimality gaps are significant, the SDP relaxation tends to dominate the QC
and SOCP relaxations. Finally, the results highlight the fact that the QC relaxation is
strictly better than the SOCP model.

Performance and scalability. A clear limitation of the SDP relaxation is scalability. It
can take hours to converge on cases with a few thousand buses and runs out of memory
on the largest case with over 9000 buses. In contrast, the QC and SOCP relaxations
have no issues scaling to cases with several thousand buses. Furthermore, the QC
relaxation has the best performance on the large 9000 bus test cases.

OPF summary. Overall, these results demonstrate that the QC relaxation strikes an

appealing balance between the established SDP and SOCP relaxations on the (AC-
OPF) problem. Building on these results, from this point forward, we focus on
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Table 2 Runtimes of various relaxations on selected OPF test cases

Test case Runtime (s)
AC QC-core QC SOCP SDP

Typical operating conditions (TYP)

nesta_caseS_pjm 0.06 0.06 0.08 0.04 3.41
nesta_case30_ieee 0.10 0.18 0.15 0.07 3.93
nesta_casel18_ieee 0.33 1.15 0.65 0.18 9.62
nesta_case300_ieee 0.64 2.17 1.96 0.47 15.91
nesta_case2383wp_mp 8.35 5.09 23.82 10.33 732.04
nesta_case3012wp_mp 10.60 5.98 36.13 15.54 tl.
nesta_case9241_pegase 80.85 2460.89 181.80 414.51 oom.
Congested operating conditions (API)
nesta_case24_ieee_rts__api 0.20 0.14 0.19 0.10 4.77
nesta_case73_ieee_rts__api 0.23 0.37 0.46 0.15 6.66
nesta_case89_pegase__api 0.84 5.87 0.81 0.32 15.07
nesta_casel 18_ieee__api 0.32 0.56 0.49 0.20 10.66
nesta_case2383wp_mp__api 4.67 8.59 12.85 5.93 710.97
nesta_case3012wp_mp__api 7.08 9.11 18.05 7.90 tl.
nesta_case9241_pegase__api 96.92 3064.32 225.61 7147.66 oom.
Small angle difference conditions (SAD)
nesta_case24_ieee_rts__sad 0.09 0.19 0.15 0.13 3.33
nesta_case29_edin__sad 0.35 0.50 0.49 0.16 6.07
nesta_case73_ieee_rts__sad 0.31 0.38 0.47 0.12 5.36
nesta_casel18_ieee__sad 0.40 0.73 0.61 0.21 9.47
nesta_case2383wp_mp__sad 14.29 5.43 15.69 8.60 1042.16
nesta_case3012wp_mp__sad 10.44 6.41 24.56 15.21 tl.
nesta_case9241_pegase__sad 59.69 4339.20 158.02 541.89 oom.

extending the QC relaxation to more challenging and interesting decision support
problems featuring discrete decision variables.

6.2 Optimal transmission switching

The Optimal Transmission Switching (OTS) problem was originally introduced in
[19] and has many interesting variations [23,28]. It is a straight-forward extension of
the OPF problem where lines can be disconnected from the network (i.e., “switched
off”). Due to Ohm’s Law, removing lines in the network changes the flow of power
and can reduce the generation costs [8]. In this OTS formulation, the binary variable
zij indicates whether a line is included in the network or discarded. The AC-OTS
problem can be formulated as the following nonconvex MINLP:
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min (11) (AC-OTS)
s.t. (3) — (8),
V@i, j) € E

Pij = 2ij(8ijv] — gijvivj cos(6; — 6;) — bijviv; sin(6; — 6;)),

qij = Zij(—bijvl-z + bijvjvjcos(6; —0;) — gijviv;sin(6; — 6;)),

Pji = 2ij(8ijv; — ijvjvi cos(B; — 6;) — bijvjv; sin(0; — 6,)),

qji = 2ij(=bijv] + bijvjv; cos(O; — 6;) — gijvjvi sin(0; — 6:)),
=0 <z —0;) <6/,

zij € {0, 1}.

The (AC-OTS) problem is clearly an generalization of (AC-OPF), however the
introduction of discrete variables naturally increases the complexity of the problem
significantly.

In this case study, three formulations related to (AC-OTS) are considered:

1. AC—the original nonconvex model
2. QC-Weak—an on/off QC relaxation using a big-M formulation
3. QC—an on/off QC relaxation using the tight formulations from Sect. 5

A detailed specification of these on/off QC relaxations can be found in Appendix 1.
A selected subset of the results are presented in Table 3. The complete list of results
can be viewed in Appendix 1. These selected cases illustrate the following key points.

Bounding strength. In a wide variety of test cases considered, the QC based OTS
relaxations are able to prove the quality of the Bonmin-based heuristic is <1 %, which
is a very encouraging result for studying AC-OTS. However, it is observed that the
heuristic can fail to find a feasible solution on the larger test cases with 100-300 buses.

Performance and scalability. The results indicate that in many small test cases there is
little difference between the two QC relaxations. As the size of the test cases increases,
the tight QC formulation starts to bring some significant benefits over the big-M
formulation. However, a very important observation is that both the primal heuristic
and the relaxations struggle to solve test cases with 1000 buses or more. This Indicates
that scalability of these methods is a key point for further investigation.

OTS summary. Overall, these results demonstrate that the QC relaxation with on/off
constraints can be used to provide lower bounds to the (AC-OTS) problem for networks
with up to 300 buses. Furthermore, in a variety of cases, the QC relaxation is able to
demonstrate that when the Bonmin-based primal heuristic finds a feasible solution to
(AC-QOTS) those solutions are near global optimality.
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Table 3 Selected quality and runtime results of OTS models

Test case $ Opt. gap (%) Runtime (seconds)
AC QC-W QC AC QC-W QC

Typical operating conditions (TYP)

nesta_case29_edin 29,874.91 0.06 0.06 16 805 477
nesta_case73_ieee_rts 189,764.08 0.03 0.03 7 506 124
nesta_case89_pegase 5810.98 0.13 0.10 5000 tl. tl.
nesta_casel18_ieee 3689.72 1.01 0.98 1030 tl. tl.
nesta_casel62_ieee_dtc 4132.87 1.95 1.78 10,571 tl. tl.
nesta_casel189_edin - ud. ud. 508 313 147
nesta_case300_ieee - ud. ud. 116 tl. tl.
Congested operating conditions (API)
nesta_case29_edin__api 295,179.40 0.22 0.22 34 11,490 8778
nesta_case73_ieee_rts__api 17,510.49 1.14 1.14 343 205 295
nesta_case89_pegase__api 3427.41 0.56 0.50 7065 tl. tl.
nesta_casel 18_ieee__api 6055.82 4.42 4.42 4923 4991 1538
nesta_casel62_ieee_dtc__api 6043.80 0.45 0.30 6342 tl. tl.
nesta_casel89_edin__api 1956.61 6.19 5.35 tl. tl. 3877
nesta_case300_ieee__api - ud. ud. 1141 tl. tl.
Small angle difference conditions (SAD)

nesta_case29_edin__sad 35,774.12 13.74 13.65 8939 tl. tl.
nesta_case73_ieee_rts__sad 226,289.46 2.11 1.50 2967 tl. tl.
nesta_case89_pegase__sad 5810.10 0.11 0.09 5502 tl. tl.
nesta_casel18_ieee__sad 3866.26 2.33 2.28 10,412 tl. tl.
nesta_casel62_ieee_dtc__sad 4159.56 2.60 2.41 tl. tl. tl.
nesta_casel89_edin__sad 907.75 4.69 2.47 tl. tl. 2119
nesta_case300_ieee__sad - ud. ud. 108 tl. tl.

6.3 Capacitor placement

The capacitor placement (CAP) problem is another well-studied power system network
design problem with several variants [3,17,26]. The CAP problem is particularly
challenging as reactive power and voltage play an essential role. Consequently, popular
active-power-only approximations, such as the DC power flow model [53], cannot be
applied to this problem. Informally speaking, the CAP problem consists of placing
reactive power devices (i.e. capacitors and inductors) throughout a power network to
improve the voltage profile. The version studied here aims at minimizing required
investment in new capacitors and inductors, while satisfying a narrow voltage band
!, v") throughout the network. The integer variables c;,d; represent the number of
installed capacitors and inductors respectively on node i € N and g, ql.d represent
the amount of reactive power injected by those devices. The capacity of each installed
capacitor and inductor is given by g%, g%" respectively.
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The AC-CAP model is then formulated as the following nonconvex MINLP:

min ZCi + d; (AC-CAP)
ieN
s.t. () —(3), (6) — (9)
v <v <" VieN
g —af +af —af = D aij+ D aij VieN,
(i,j)eE (ji)eE

0<g¢f <cig™ VieN,
0<q? <dig™ VieN,
ci €7 VieN,
dieZ YieN.

In contrast to the (AC-OTS) problem, the on/off constraints in the (AC-CAP) prob-
lem are all linear, which allows us to use existing tight convex-hull formulations
developed in [25].

In this case study, we only consider two formulations related to the (AC-CAP)
problem:

1. AC—the original nonconvex model
2. QC—an extended QC relaxation with on/off constraints.

A detailed specification of this on/off QC relaxation can be found in Appendix 1. In
our experiments, the following settings are used for the problem parameters,

v/ =0.99, v =1.01, ¢ =0.30, ¢% =0.30

A selected subset of the results are presented in Table 4. The complete list of results
can be viewed in Appendix 1. These selected cases illustrate the following key points.

Bounding strength. On the majority of small test cases considered (i.e. |N| < 30),
the QC based CAP relaxation is able to prove that the quality of the Bonmin-based
heuristic is optimal or only off by one. This is a very encouraging result for the quality
of the heuristic. As the test case size increases, so does the number of installed devices
but the optimality gap remains fairly consistent, ranging from 5 %—30 %. Additionally,
the results on the SAD instances are particularly interesting as they illustrate how the
QC relaxation can be used to effectively show there is no feasible solution to the
nonconvex (AC-CAP) model.

Performance and scalability. In nearly all of the test cases considered, the QC relax-
ation is significantly faster at completing the branch-and-bound search than the
nonconvex heuristic. This highlights the computational advantage of using a MIQP
model over the more general MINLP model. This also suggests that the QC relaxation
may be used in consort with a heuristic to search for high quality solutions. Similar
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Table 4 Quality and runtime results of the QC relaxation on CAP

Test case Cap. Opt. Runtime
(#) Gap (%) (©)
AC QC AC QC

Typical operating conditions (TYP)

nesta_case6_ww 6 0.00 5 <1
nesta_case24_ieee_rts 5 20.00 12 <1
nesta_case29_edin 18 5.56 5 3
nesta_case30_as 3 0.00 3 2
nesta_case39_epri 34 11.76 26 <1
nesta_casel18_ieee 18 27.78 31,111 8729
nesta_casel89_edin 18 5.56 3754 216
Congested operating conditions (API)
nesta_case9_wscc__api 6 0.00 <1 <1
nesta_case30_fsr__api 4 0.00 8 <1
nesta_case39_epri__api 45 6.67 40 2
nesta_case57_ieee__api 39 28.21 2180 18
nesta_case73_ieee_rts__api 59 5.08 tl. 321
nesta_casel62_ieee_dtc__api 73 39.73 tl. tl.
nesta_casel89_edin__api 24 4.17 2832 77
Small angle difference conditions (SAD)
nesta_case24_ieee_rts__sad - inf. <1 <1
nesta_case30_ieee__sad - inf. <1 <1
nesta_case39_epri__sad - inf. <1 <1
nesta_case73_ieee_rts__sad - inf. 5 2
nesta_case89_pegase__sad - inf. 3 <1
nesta_casel18_ieee__sad - inf. 2 4
nesta_case189_edin__sad 19 10.53 22,208 47

to the OTS problem, it is observed that both the primal heuristic and the relaxations
struggle to solve test cases with 1000 buses or more. This indicates that the scalability
of these methods is a key point for future investigation.

CAP summary. On a variety of small cases, the QC relaxation is able to demonstrate
that the feasible solutions produced by the Bonmin-based primal heuristic are globally
optimal, or otherwise provides a tight optimality gap. However, on the more challeng-
ing test cases, the (AC-CAP) problem can present large optimality gaps. Overall, these
results demonstrate that the QC relaxation with on/off constraints is an effective start-
ing point for providing strong lower bounds to the (AC-CAP) problem for networks
with up to 300 buses, but future work should further investigate ways to close large
optimality gaps.
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7 Conclusion

This work constitutes a significant step forward in the use of global optimization
techniques for solving complex mixed-integer nonlinear problems arising in power
systems. The new QC model incorporates original convex quadratic relaxations of
various nonlinear functions and strikes an appealing tradeoff between flexibility, accu-
racy, and performance. These benefits were illustrated on three case studies: optimal
power flow, optimal transmission switching, and capacitor placement. The declara-
tive nature of the model represents a major advantage, making it an extensible and
ready-to-use tool in different contexts. The NLP models had no difficulties scaling
to the largest publicly available networks, with as many as 9000 nodes. However,
the case studies revealed difficulties in scaling MINLP models to problems with over
500 nodes, identifying a key challenge for future work. From a general mathemati-
cal programming standpoint, reduction constraints based on exploiting redundancy in
nonconvex programming constitute a promising perspective for broader research in
global optimization.
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Appendix A: The QC formulations

This appendix describes a variety of extensions to the QC relaxation to key decision
problems in power systems, including those featuring discrete variables.

A.1 Optimal power flow

The OPF problem is a simple extension of the QC relaxation. It only requires integra-
tion of the operational constraints and an appropriate objective function as follows,

min (11) (QC-OPF)

s.t. (3) = (4), (5) = 9,
(12) = (19), (21), (23)

A.2 Optimal transmission switching (OTS)
Before developing the QC-OTS formulations we first develop an on/off version of the

McCormick envelopes from [37] to support the model. The on/off extension of the
McCormick envelopes is given by the following disjunction:

F£={(w,x,y,z)€R4iw=0, x=0,y=0, Z=O}
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(w,x,y,7) € R*:
wley+ylx—x1yl
w>xty + y'x — xty*

)=

m wixly_’_yux_xlyu
wfx“y+ylx—x“yl
z=1

Based on (24) the convex-hull formulation is given by:

(w,x,y,z) e R*:
w>xly +ylx —zxly!
w > x"y + ylx — zxtyt
wley+yux_leyu
s =4 w<xy+yx—zxtyl (35)
zw! <w < zw,
zx! <x < xxt,
2y <y <zy"
| 0<z<1

We will use the notation (xy, z)™%! as the on/off extension of the McCormick relax-
ation (xy)™.

A.2.1 The QC-OTS formulations

In the OTS problem, discrete variables z;; € {0, 1} for (i, j) € E are used to remove
lines from the network. Let 8 be the largest possible phase angle difference between
two disconnected buses, then a natural big-M extension of the (4.2) relaxation is as
follows,

min (11)
st. (3) — (7), (16), (21), (23), (32) — (34),
V@i, j) € E
o5 = 2y = 8D (6, )2 4 (1 = 2y Lo g2

(6)2 (614)2
cs > zij cos(8")

5 < cos(8"/2)(6; — 0;) — 27 (cos(8" /28" /2 + sin(8" /2)) + (1 — z;j)(cos(8" /2)0M)
s = cos(8" /2)(6; — 0;) + zij(cos(6" /2)6" /2) — sin(0" /2)) — (1 — z;j)(cos (8" /2)0™)

v — (PSP . \MOI
vvu_(vij,vji,z,/)

- - - Mol
weij = (Vv;j, C8ij, Zij)
- - - ol

M
wsij = (VVij, Sij, Zij)
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pizj +q3j < zijtj,

p?i +q]2-l- < zjjtj,

—(1 - Zij)oM - z,-jo;‘ <6; —0; < Z,’jal»u +(1— Zij)aM,

zjj €10, 1}. (QC-OTS-Weak)

While a stronger formulation can be developed using the results from Sect. 5,

min (11
s.t. (3) — (D), (16), (21), (23), 27) — (34),
Vi, j) € E
vvvij = (1\),7; vvfi, zij )Mo
IICij = (lTUij, E:V,'j,ZiﬂMO]
wsij = (vvij, sij, 2ij) MO
lij < zijlfj
(1 — ;)0 — z;;0/ <0, —0; < z;;0" + (1 — )8,
zij € {0, 1). (QC-OTS)

See Sect. 6.2 for an in depth study of these OTS relaxations.

A.3 Capacitor placement

All of the variable and network parameters of this model are defined in Sect. 6.3
and used in the (AC-CAP) formulation. The following model is a straight-forward
relaxation of the CAP model using the QC constraints,

min Zc,-—i—d,-
ieN
st. (3),(6) —(9),
(12) — (19), (21), (23)
v <vi<v* VieN
af —af +af —af = D aij+ D aiy VieN,
i,j)eE (ji)eE
0<g¢gj <cig™ VieN,
0<gq! <diqg™ VieN,
¢, €7 VieN,
dieZ VieN. (QC-CAP)

See Sect. 6.3 for an in depth experimental study of this CAP relaxation.
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Appendix B: The SOCP and SDP power flow relaxations

In this section we review the formulations of two state-of-the-art power flow relax-
ations, the SOCP [27] and SDP [5] relaxations, which are used as points of comparison
for this work. See Sect. 6.1 for a detailed study of these relaxations on the OPF problem.

SOCP. The SOCP relaxation is inspired by the following equivalence,
2.2 2 (D 2y g
vivj = (vivj cos(0; — 6;))” + (viv; sin(0; — 0;))" V(i, j) € E. (36)

The validity of this equivalence is easily verified using the trigonometric identity
cos(x)2 + sin(x)? = 1. The SOCP relaxation introduces the following W-space vari-
ables to replace the non-linear expressions,

vi =v} YieN,

W-space = 1 ;i = vivjcos(6; — ;) VG, j) € E,
wsij = vivjsin(; — 0;) VG, j) € E.
In this lifted space, the valid equality (36) becomes,

~ ~ 2

vivj = wey; + wsy; V(. j) € E. (37)

And if relaxed to an inequality yields the following SOC constraint,
viv; > wey; + wsy; Y. j) € E. (38)

The SOCP relaxation is then given by lifting all of the power flow equations into the
W-space and adding the valid SOC constraint as follows,

3)-@
SOCP-core = { (12) — (13)
(38)

Extending this formulation to the OPF problem requires the following two insights on
modeling the operational constraints in the W-space,

)& @)Y <v<@)? VieN (39)

9) & tan(—a;;.)icij < ws;j < tan(o;;)Ec,-, Y(i, j) € E (40)

The equivalence of the first constraint is clear. For a derivation of the second constraint
see [36]. Combining these derivations, a complete SOCP-based OPF formulation is
given by,
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min (11) (SOCP-OPF)
s.t. (3) — (4), (12) — (13), (38)
(6) — (8), (39) — (40)

SDP. Similar to the SOCP relaxation, the SDP relaxation begins by lifting the power
flow problem into the W-space as specified above. It then defines the following matrix
of complex numbers for 1..n € N,

1\)/1 +1i0 1\13612 +i5S12 Ecln +i5s1,,
W= weay 41 wsag Uy +i0 ... wea, + i wsap
Ecnl —i—iEs,,l Jc,,z +i5s,,2 1\):1 +1i0

The key insight of the SDP relaxation is that W is positive-semidefinite, that is,

W > 0. (41)

A derivation of this property can be found in [5,52]. The core of the SDP relaxation
is then given by,

3)-@
SDP-core = 7 (12) — (13)
41)

Utilizing the operational constraints in the W-space, a complete SDP-based OPF for-
mulation is given by,

min (11) (SDP-OPF)
s.t. (3) — (4), (12) — (13), (41)
(6) — (8), (39) — (40)

A key limitation of the SDP relaxation is scalability. This is due to the current state-of-
the-art in SDP solvers as well as the number of variables required by this formulation.
Observe that the matrix W requires |N|> new variables while the W-space from the
SOCEP relaxation only requires | E| variables. The sparsity of realistic power networks
ensures that the number of variables needed in the SOCP relaxation is significantly
less than the SDP relaxation. To increase the performance and scalability of the SDP
relaxation [35] introduces a method where not all of the |N|? variables are required.
In this work we utilize this state-of-the-art SDP formulation.
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Appendix C: Extensions for AC transmission system datasets

Typical power network datasets, such as those distributed with Matpower [62] include
the following additional operational parameters: (1) multiple generators connected to
the same bus; (2) multiple lines between buses; (3) bus shunts; (4) voltage transformers;
and (5) line charging. In the rest of this section we review how the models in this paper
can be extended to incorporate these parameters.

Power Flow Extensions. Let L be the set of lines in the network and let A be the
set of triples (i, j, k) where k € L is a unique identifier for each line in the network
and i, j € N define the two buses connected by this line. Note that the set L enables
multiple lines to be connected between two buses. Let by, be the line charging value for
each line k € L. Let try, 0} be the tap ratio and phase shifting transformer constants
for each line k € L. While these values are typically given in polar coordinates, we
transform them into rectangular coordinates as follows,

th = try cos(6))

t,g = try sin(6})

Combining these values with the line admittance parameters g, by, we define the
following constants for each line k € L,

Yik = by + b;/2

Yok = —gitd + betl
vsk = —bit} — gl
var = —gitf — bet!

ysi = —bitf + git!

The power flow equations are then extended as follows,

8k Y2k Y3k . .
(1) = piji = =57 + “Svvj cosd; — 0;) + S viv;sin(; — 0;) V(. j.k) € A
trj try try;
(42)
Vak Vsk . ..
) = pjik = gkvi2 + v cos(0; —6;) + SV, sin(0; —60;) V(,j, k)eA
try try
43)
—Vik Y3k Y2k . ..
) = qijk = 2 vi2 — TSV cos(0; —0;) + ViV sin(0; —0;) V@i, j, k) € A
tr} tr} tr
(44)

Y5k Yak . ..
2= qjik=—y1kvf—t—2u,»ui cos(0; — 0;) + 5 vjv; sin(0; — 6;) V(. j.k) € A
ry try
45
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Observe that transformer parameters make the constants in these equations asymmet-
rical, a key difference to the simplified power flow Egs. (1), (2).

Kirchhoff’s current law extensions. Let G; be the set of generators at bus i € N and

let gf, bf be the active and reactive bus shunt values at that bus. Then the Kirchhoff’s
Current Law constraints are extended as follows,

(3):>Zp§_gis”i2—l’id= Z pijk + Z pijk i €N (46)

jeG; (i,j,k)eA (j,i,k)eA
@= > g +bvi-qi= > aqp+ D, apxieN @
jeG; (i,j,k)eA (j,i,k)eA

Extended optimal power flow. Combining these extensions, the extended optimal
power flow problem is given by the following set of constraints,

min (11) (AC-OPF-E)
s.t. (42) — (47)
35—

Relaxation extensions. Observe that all of these model extensions result in simple
modifications to the constants in front of the following key terms,

viz, ViVj COS(@,‘ — Qj), ViV sin(@i — 9]').

Because these terms remain unchanged by the extensions, nearly all of the constraints
in the relaxations presented here can be adapted to these extensions simply by modi-
fying various constant terms.

A notable exception is the current magnitude constraints (21)—(23) used in the QC
model. Let A” C A contain one line for each pair of buses connected in A, then these
two constraints are updated as follows V(i, j, k) € A/,

~

Uil 2 2
@D = —5lij = P+ dije (48)
k
v -~ tRz\zjc"-+tlz\1;s~-
ety | Yl e b Wiy
(3) = by = G400 | o+ 05 =2 -
)
5\
—biqijx — i v (49)

A derivation of these constraints can be found in [14].
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Appendix D: Extended results

This appendix presents comprehensive results on all of the test cases in NESTA v0.6.0
[13]. In addition to the three categories of cases presented previously (i.e. TYP, API,
and SAD), this section includes cases from the radial topologies (RAD), and nonconvex
optimization (NCO) categories.

In the following result tables these annotations are used:

ud. —undefined value

bold —a relaxation provided a feasible AC power flow

na. —the solver does not support all of the features of this test case

— —no solution available at solver termination

inf. —the solver proved the model is infeasible

err. —the solver had an internal error

oom.  —the solver ran out of memory

tl. —the solver reached the time limit

¥ —an annotation that the solver reached an internal iteration limit

* —an annotation that the solver reported numerical accuracy warnings

D.1 Optimal power flow

See Tables 5, 6, 7, 8, 9, 10.

Table 5 Optimality gap for different relaxations of the OPF problem

Test case AC Optimality gap (%)
QC-core QC [27] [35]
SOCP SDP

Typical operating conditions (TYP)

nesta_case3_lmbd 5812.64 1.96 1.21 1.32 0.39
nesta_case4_gs 156.43 33.26 0.00 0.00 0.00
nesta_caseS_pjm 17,551.89 28.16 14.54 14.54 5.22
nesta_case6_c 23.21 35.84 0.30 0.30 0.00
nesta_case6_ww 3143.97 1.49 0.61 0.63 0.00
nesta_case9_wscc 5296.69 8.52 0.00 0.00 0.00
nesta_casel4_ieee 244.05 13.65 0.11 0.11 0.00
nesta_case24_ieee_rts 63,352.20 6.25 0.01 0.01 0.00
nesta_case29_edin 29,895.49 28.95 0.10 0.12 0.00
nesta_case30_as 803.13 25.27 0.06 0.06 0.00
nesta_case30_fsr 575.77 35.55 0.39 0.39 0.00
nesta_case30_ieee 204.97 45.46 15.64 15.88 0.00
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Table 5 continued

Test case AC Optimality gap (%)
QC-core QC [27] [35]
SOCP SDP
nesta_case39_epri 96,505.52 4.65 0.05 0.05 0.01
nesta_case57_ieee 1143.27 18.06 0.06 0.06 0.00
nesta_case73_ieee_rts 189,764.08 6.22 0.03 0.03 0.00
nesta_case89_pegase 5819.81 36.81 0.17 0.17 0.00
nesta_casel18_ieee 3718.64 18.67 1.57 1.83 0.06
nesta_casel62_ieee_dtc 4230.23 19.15 3.95 4.03 1.08
nesta_casel89_edin 849.29 100.00 0.21 0.21 0.07
nesta_case300_ieee 16,891.28 16.11 1.17 1.18 0.08
nesta_casel354_pegase 74,069.35 68.90 0.07 0.08 0.00*
nesta_casel394sop_eir 1366.81 84.35 0.57 0.82 na.
nesta_casel397sp_eir 3888.98 66.54 0.68 0.93 na.
nesta_casel460wp_eir 4640.18 86.54 0.64 0.89 na.
nesta_case2224_edin 38,127.69 51.61 6.03 6.09 1.22
nesta_case2383wp_mp 1,868,511.78 70.12 0.99 1.05 0.37
nesta_case2736sp_mp 1,307,883.11 27.67 0.29 0.30 0.00*
nesta_case2737sop_mp 777,629.29 11.12 0.25 0.25 0.00*
nesta_case2746wp_mp 1,631,775.07 28.69 0.32 0.32 0.00*
nesta_case2746wop_mp 1,208,279.78 15.31 0.36 0.37 0.00*
nesta_case2869_pegase 133,999.29 71.11 0.09 0.09 0.00*
nesta_case3012wp_mp 2,600,842.72 40.78 0.98 1.02 —
nesta_case3120sp_mp 2,145,739.40 37.70 0.53 0.55 err.
nesta_case3375wp_mp 7,435,697.48 13.68 0.50 0.52 err.
nesta_case9241_pegase 315,913.26 72.56 1.02 1.67 oom.
Table 6 Optimality gap for different relaxations of the OPF problem
Test case AC Optimality gap (%)
QC-core QC [27] [35]
SOCP SDP
Congested operating conditions (API)
nesta_case3_Imbd__api 367.74 1.90 1.83 3.30 1.26
nesta_case4_gs__api 767.27 4.10 0.65 0.65 0.00
nesta_case5_pjm__api 2998.54 3.92 0.45 0.45 0.00
nesta_case6_c__api 814.41 7.74 0.35 0.35 0.00
nesta_case6_ww__api 273.76 14.47 13.14 13.33 0.00*
nesta_case9_wscc__api 656.60 4.13 0.00 0.00 0.00
nesta_casel4_ieee__api 325.56 10.17 1.34 1.34 0.00
nesta_case24_ieee_rts__api 6421.37 18.33 11.84 20.70 1.45
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Table 6 continued

Test case AC Optimality gap (%)
QC-core QC [27] [35]
SOCPp SDP
nesta_case29_edin__api 295,782.61 6.24 0.41 0.42 -
nesta_case30_as__api 571.13 16.65 4.76 4.76 0.00
nesta_case30_fsr__api 372.14 62.16 45.97 45.97 11.06
nesta_case30_ieee__api 415.53 20.87 1.01 1.01 0.00
nesta_case39_epri__api 7466.25 7.24 2.97 2.99 0.00
nesta_case57_ieee__api 1430.65 14.77 0.21 0.21 0.08
nesta_case73_ieee_rts__api 20,123.98 15.89 11.16 14.33 4.29
nesta_case89_pegase__api 4288.02 66.72 20.38 20.43 18.11
nesta_casel 18_ieee__api 10,325.27 51.62 43.65 43.85 31.50
nesta_casel62_ieee_dtc__api 6111.68 16.40 1.26 1.34 0.85
nesta_casel89_edin__api 1982.82 81.35 5.78 5.78 0.05*
nesta_case300_ieee__api 22,866.02 11.09 0.82 0.84 0.00
nesta_casel354_pegase__api 59,920.95 82.28 0.54 0.55 0.20*
nesta_casel394sop_eir__api 3176.26 143.13 1.55 1.57 na.
nesta_casel397sp_eir__api 5983.48 98.44 1.48 1.59 na.
nesta_case1460wp_eir__api 6262.09 102.55 0.77 0.87 na.
nesta_case2224_edin__api 46,235.43 46.31 2.76 2.77 1.10
nesta_case2383wp_mp__api 23,499.48 66.56 1.11 1.12 0.10
nesta_case2736sp_mp__api 25,437.70 67.08 1.32 1.33 0.07
nesta_case2737sop_mp__api 21,192.40 63.00 1.05 1.06 0.00
nesta_case2746wp_mp__api 27,291.58 47.57 0.57 0.58 0.00
nesta_case2746wop_mp__api 22,814.85 40.83 0.49 0.49 0.00
nesta_case2869_pegase__api 96,573.08 87.90 1.48 1.48 0.92*
nesta_case3012wp_mp__api 27,917.36 71.38 0.87 0.90 -
nesta_case3120sp_mp__api 22,874.98 71.98 3.01 3.03 err.
nesta_case3375wp_mp__api 48,898.95 err. 0.57 0.59 0.00*
nesta_case9241_pegase__api 24,1975.18 83.78 1.61 2.49 oom.
Table 7 Optimality gap for different relaxations of the OPF problem
Test case AC Optimality gap (%)
QC-core QC [27] [35]
SOCPp SDP
Small angle difference conditions (SAD)
nesta_case3_lmbd__sad 5992.72 1.30 1.24 4.28 2.06
nesta_case4_gs__sad 324.02 1.81 0.81 4.90 0.05
nesta_caseS_pjm__sad 26,423.32 4.44 1.10 3.61 0.00
nesta_case6_c__sad 24.43 30.49 0.40 1.36 0.00

@ Springer



Convex quadratic relaxations for MINLPs in power systems 355
Table 7 continued
Test Case AC Optimality Gap (%)
QC-core QC [27] [35]
SOCP SDP
nesta_case6_ww__sad 3149.51 0.77 0.21 0.80 0.00
nesta_case9_wscc__sad 5590.09 2.24 0.41 1.50 0.00
nesta_casel4_ieee__sad 244.15 10.87 0.06 0.06 0.00
nesta_case24_ieee_rts__sad 79,804.96 6.16 3.88 11.42 6.05
nesta_case29_edin__sad 46,933.28 38.80 20.52 34.46 28.44
nesta_case30_as__sad 914.44 22.82 3.07 9.16 0.47
nesta_case30_fsr__sad 577.73 34.08 0.56 0.62 0.07
nesta_case30_ieee__sad 205.11 40.92 3.96 5.84 0.00
nesta_case39_epri__sad 97,219.04 2.25 0.04 0.11 0.09
nesta_case57_ieee__sad 1143.89 12.67 0.10 0.11 0.02
nesta_case73_ieee_rts__sad 235,241.70 5.68 3.50 8.37 4.10
nesta_case89_pegase__sad 5827.01 27.04 0.18 0.28 0.03
nesta_casel18_ieee_ sad 4324.17 22.18 8.29 12.77 7.57
nesta_casel62_ieee_dtc__sad 4369.19 20.20 6.79 7.08 3.65
nesta_casel89_edin__sad 914.61 90.41 222 2.25 1.20*
nesta_case300_ieee__sad 16,910.23 14.76 1.16 1.26 0.13
nesta_casel354_pegase__sad 74,072.33 63.19 0.06 0.08 0.00*
nesta_casel394sop_eir__sad 1577.59 73.62 10.77 11.92 na.
nesta_casel397sp_eir__sad 4582.07 70.00 13.80 14.04 na.
nesta_casel460wp_eir__sad 5367.75 72.45 0.83 1.08 na.
nesta_case2224_edin__sad 38,385.14 45.14 5.56 6.18 1.22
nesta_case2383wp_mp__sad 1,935,308.12 71.15 291 4.00 1.30
nesta_case2736sp_mp__sad 1,337,042.77 29.25 2.01 2.34 0.69*
nesta_case2737sop_mp__sad 795,429.36 13.11 2.21 242 1.00*
nesta_case2746wp_mp__sad 1,672,150.46 30.41 1.83 2.44 0.43*
nesta_case2746wop_mp__sad 1,241,955.30 17.60 2.48 2.94 1.20*
nesta_case2869_pegase__sad 134,087.47 60.85 0.14 0.15 0.04*
nesta_case3012wp_mp__sad 2,635,451.29 41.56 1.88 2.12 -
nesta_case3120sp_mp__sad 2,203,807.23 39.34 2.55 2.79 eIT.
nesta_case3375wp_mp__sad 7,436,381.61 13.68 0.47 0.52 err.
nesta_case9241_pegase__sad 315,932.06 63.95 0.78 1.68 oom.
nonconvex Optimization (NCO)
nesta_case9_na_cao__nco —212.43 26.84 15.06 18.13 18.00
nesta_case9_nb_cao__nco —247.42 27.63 15.63 19.31 19.29
nesta_casel4_s_cao__nco 9670.44 12.93 3.83 3.83 297
Radial Topologies (RAD)
nesta_case9_kds__rad - ud. ud. ud. ud.
nesta_case9_1_kds__rad 1756.52 17.22 15.63 15.63 15.63
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Table 7 continued

Test Case AC Optimality Gap (%)
QC-core QC [27] [35]
SOCP SDP
nesta_case30_fsr_kds__rad 619.04 9.13 1.73 1.73 1.73
nesta_case30_fsr_| kds__rad 445.84 5.79 2.25 2.25 2.25
nesta_case30_kds__rad 4794.31 50.47 11.47 11.47 11.47
nesta_case30_1_kds__rad 4562.25 57.81 33.46 33.46 33.46
nesta_case57_kds__rad 12,100.84 42.47 13.58 13.58 13.58
nesta_case57_1_kds__rad 10,172.97 41.18 17.43 17.43 17.43
Table 8 Runtimes for different relaxations of the OPF problem
Test case Runtime (s)
AC QC-core QC [27] [35]
SOCP SDP
Typical operating conditions (TYP)
nesta_case3_Ilmbd 0.05 0.03 0.05 0.05 2.61
nesta_case4_gs 0.05 0.04 0.05 0.04 2.94
nesta_case5_pjm 0.06 0.06 0.08 0.04 3.41
nesta_case6_c 0.04 0.05 0.05 0.09 3.31
nesta_case6_ww 0.05 0.07 0.07 0.05 3.62
nesta_case9_wscc 0.04 0.06 0.06 0.07 3.16
nesta_casel4_ieee 0.06 0.08 0.10 0.05 291
nesta_case24_ieee_rts 0.08 0.13 0.14 0.06 4.01
nesta_case29_edin 0.23 0.28 0.41 0.18 5.01
nesta_case30_as 0.05 0.12 0.12 0.06 5.01
nesta_case30_fsr 0.07 0.14 0.16 0.08 3.99
nesta_case30_ieee 0.10 0.12 0.15 0.07 3.93
nesta_case39_epri 0.08 0.31 0.18 0.09 4.70
nesta_case57_ieee 0.14 0.31 0.28 0.11 5.14
nesta_case73_ieee_rts 0.21 0.29 0.43 0.13 5.40
nesta_case89_pegase 0.22 0.92 0.83 0.31 13.93
nesta_casel18_ieee 0.33 0.59 0.65 0.18 9.62
nesta_casel62_ieee_dtc 0.43 1.12 0.82 0.32 29.64
nesta_casel189_edin 0.36 0.34 0.64 0.39 7.68
nesta_case300_ieee 0.64 1.55 1.96 0.47 15.91
nesta_casel354_pegase 3.89 6.27 11.55 6.95 144.13
nesta_casel394sop_eir 3.23 3.09 11.17 3.45 na.
nesta_casel397sp_eir 4.07 3.27 11.88 3.13 na.
nesta_casel460wp_eir 2.76 3.33 16.42 4.07 na.
nesta_case2224_edin 10.84 28.47 38.58 6.66 159.18
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Table 8 continued
Test case Runtime (s)
AC QC-core QC [27] [35]
SOCP SDP
nesta_case2383wp_mp 8.35 4.41 23.82 10.33 732.04
nesta_case2736sp_mp 9.14 5.79 25.51 6.91 1080.25
nesta_case2737sop_mp 8.22 4.00 15.74 5.38 2117.65
nesta_case2746wp_mp 11.73 6.56 18.55 6.94 1309.23
nesta_case2746wop_mp 10.30 4.03 24.68 6.09 2183.49
nesta_case2869_pegase 6.41 19.01 33.09 21.45 562.60
nesta_case3012wp_mp 10.60 5.48 36.13 15.54 tl.
nesta_case3120sp_mp 15.16 5.21 30.89 8.97 30163.397
nesta_case3375wp_mp 9.03 8.18 97.50 18.46 22,779.777
nesta_case9241_pegase 80.85 1483.95 181.80 414.51 oom.
Table 9 Runtimes for different relaxations of the OPF problem
Test case Runtime (s)
AC QC-core QC [27] [35]
SOCP SDP
Congested operating conditions (API)
nesta_case3_lmbd__api 0.07 0.04 0.07 0.04 291
nesta_case4_gs__api 0.04 0.06 0.07 0.16 2.64
nesta_caseS_pjm__api 0.06 0.06 0.06 0.16 3.96
nesta_case6_c__api 0.04 0.06 0.06 0.14 4.08
nesta_case6_ww__api 0.16 0.07 0.10 0.16 40.88
nesta_case9_wscc__api 0.05 0.06 0.06 0.28 2.78
nesta_casel4_ieee__api 0.06 0.08 0.17 0.06 2.76
nesta_case24_ieee_rts__api 0.20 0.12 0.19 0.10 4.77
nesta_case29_edin__api 0.24 0.24 0.68 0.17 6.12F
nesta_case30_as__api 0.10 0.13 0.15 0.06 4.59
nesta_case30_fsr__api 0.09 0.13 0.14 0.06 4.65
nesta_case30_ieee__api 0.08 0.16 0.14 0.06 6.05
nesta_case39_epri__api 0.10 0.17 0.18 0.13 5.39
nesta_case57_ieee__api 0.12 0.28 0.24 0.10 5.66
nesta_case73_ieee_rts__api 0.23 0.36 0.46 0.15 6.66
nesta_case89_pegase__api 0.84 0.64 0.81 0.32 15.07
nesta_casel 18_ieee__api 0.32 0.47 0.49 0.20 10.66
nesta_casel62_ieee_dtc__api 0.46 1.46 0.82 0.34 31.33
nesta_casel89_edin__api 0.36 0.56 0.81 0.28 15.24
nesta_case300_ieee__api 0.62 1.61 2.07 0.60 16.96
nesta_casel354_pegase__api 491 12.68 13.21 4.66 115.92
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Table 9 continued

Test case Runtime (s)
AC QC-core QC [27] [35]
SOCP SDP
nesta_casel394sop_eir__api 3.58 3.21 10.16 3.83 na.
nesta_case1397sp_eir__api 2.64 3.19 10.96 3.54 na.
nesta_casel460wp_eir__api 3.86 3.24 14.89 3.82 na.
nesta_case2224_edin__api 8.99 17.58 29.25 7.11 281.78
nesta_case2383wp_mp__api 4.67 8.89 12.85 5.93 710.97
nesta_case2736sp_mp__api 7.43 7.26 15.19 7.07 1197.74
nesta_case2737sop_mp__api 7.59 5.36 15.84 7.56 876.40
nesta_case2746wp_mp__api 7.00 5.86 19.18 6.23 1516.05
nesta_case2746wop_mp__api 6.17 4.70 20.86 6.56 2077.13
nesta_case2869_pegase__api 16.18 43.72 42.41 11.71 2311.00
nesta_case3012wp_mp__api 7.08 8.73 18.05 7.90 tl.
nesta_case3120sp_mp__api 7.23 8.49 23.21 7.96 32,007.6(;r
nesta_case3375wp_mp__api 8.07 72.39% 48.47 37.87 12,952.73
nesta_case9241_pegase__api 96.92 1444.76 225.61 7147.66 oom.
Table 10 Runtimes for different relaxations of the OPF problem
Test case Runtime (s)
AC QC-core QC [27] [35]
SOCP SDP
Small angle difference conditions (SAD)
nesta_case3_lmbd__sad 0.05 0.05 0.04 0.04 2.61
nesta_case4_gs__sad 0.03 0.05 0.06 0.06 2.76
nesta_caseS_pjm__sad 0.05 0.06 0.09 0.06 3.38
nesta_case6_c__sad 0.04 0.05 0.13 0.14 3.30
nesta_case6_ww__sad 0.06 0.06 0.09 0.05 3.54
nesta_case9_wscc__sad 0.04 0.06 0.09 0.04 2.50
nesta_casel4_ieee__sad 0.06 0.10 0.17 0.06 3.13
nesta_case24_ieee_rts__sad 0.09 0.15 0.15 0.13 3.33
nesta_case29_edin__sad 0.35 0.28 0.49 0.16 6.07
nesta_case30_as__sad 0.07 0.12 0.15 0.13 4.40
nesta_case30_fsr__sad 0.08 0.12 0.12 0.09 3.83
nesta_case30_ieee__sad 0.08 0.12 0.14 0.06 451
nesta_case39_epri__sad 0.08 0.23 0.47 0.12 4.03
nesta_case57_ieee__sad 0.13 0.31 0.26 0.20 5.67
nesta_case73_ieee_rts__sad 0.31 0.33 0.47 0.12 5.36
nesta_case89_pegase__sad 0.21 0.87 0.69 0.31 28.91
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Table 10 continued

Test case Runtime (s)
AC QC-core QC [27] [35]
SOCP SDP
nesta_casel 18_ieee__sad 0.40 0.59 0.61 0.21 9.47
nesta_casel62_ieee_dtc__sad 0.49 0.99 1.10 0.31 23.75
nesta_case189_edin__sad 0.44 0.57 0.82 0.36 10.53
nesta_case300_ieee__sad 0.80 1.24 1.41 0.49 18.26
nesta_casel354_pegase__sad 2.70 13.83 12.01 9.87 206.24
nesta_casel394sop_eir__sad 2.81 6.76 8.64 3.30 na.
nesta_casel397sp_eir__sad 3.64 5.81 10.73 3.58 na.
nesta_casel1460wp_eir__sad 4.09 6.45 11.27 4.27 na.
nesta_case2224_edin__sad 9.87 15.76 36.92 7.24 147.99
nesta_case2383wp_mp__sad 14.29 3.73 15.69 8.60 1042.16
nesta_case2736sp_mp__sad 11.52 5.62 24.01 7.23 805.66
nesta_case2737sop_mp__sad 10.78 3.94 20.78 5.57 72791
nesta_case2746wp_mp__sad 9.65 5.48 16.14 7.32 1670.07
nesta_case2746wop_mp__sad 11.47 3.77 17.42 5.80 1604.80
nesta_case2869_pegase__sad 9.64 42.51 33.17 73.92 4771.76
nesta_case3012wp_mp__sad 10.44 4.81 24.56 15.21 tl.
nesta_case3120sp_mp__sad 30.37 5.47 28.02 9.40 32617.79F
nesta_case3375wp_mp__sad 13.41 12.57 49.08 1851.23 10244.137
nesta_case9241_pegase__sad 59.69 2421.11 158.02 541.89 oom.
nonconvex optimization (NCO)
nesta_case9_na_cao__nco 0.05 0.05 0.07 0.04 2.75
nesta_case9_nb_cao__nco 0.05 0.05 0.07 0.07 3.61
nesta_casel4_s_cao__nco 0.08 0.08 0.08 0.05 3.71
Radial topologies (RAD)
nesta_case9_kds__rad 0.10 0.05 0.06 0.07 2.93
nesta_case9_1_kds__rad 0.04 0.05 0.06 0.19 2.55
nesta_case30_fsr_kds__rad 0.09 0.76 0.13 0.21 4.36
nesta_case30_fsr_1_kds__rad 0.07 0.08 0.12 0.11 3.60
nesta_case30_kds__rad 0.08 0.08 0.15 0.05 422
nesta_case30_l_kds__rad 0.08 0.09 0.12 0.07 4.15
nesta_case57_kds__rad 0.08 0.15 0.20 0.08 3.75
nesta_case57_1_kds__rad 0.08 0.18 0.20 0.09 5.94

D.2 Optimal transmission switching

See Tables 11, 12.
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Table 11 Quality and runtime results of the QC vs QC-strong models on OTS

Test case $ Opt. gap (%) Runtime (s)
AC Weak QC AC Weak QC
QC QC

Typical operating conditions (TYP)
nesta_case3_Ilmbd 5812.64 1.21 1.21 3 <1 <1
nesta_case4_gs 156.43 0.00 0.00 2 2 <1
nesta_caseS_pjm 15,174.03 1.15 1.15 2 <1 <1
nesta_case6_c 23.17 0.16 0.16 5 <1 <1
nesta_case6_ww 3128.77 0.14 0.14 3 2 <1
nesta_case9_wscc 5296.69 0.00 0.00 5 2 <1
nesta_casel4_ieee 244.05 0.11 0.11 2 2 <1
nesta_case24_ieee_rts 63,352.20 0.01 0.01 3 16 7
nesta_case29_edin 29,874.91 0.06 0.06 16 805 477
nesta_case30_as 803.13 0.06 0.06 5 20 18
nesta_case30_fsr 573.86 0.06 0.06 5 28 13
nesta_case30_ieee 194.09 11.14 11.14 24 12 5
nesta_case39_epri 96,494.95 0.04 0.04 5 27 9
nesta_case57_ieee 1142.95 0.06 0.06 355 191 90
nesta_case73_ieee_rts 189,764.08 0.03 0.03 7 506 124
nesta_case89_pegase 5810.98 0.13 0.10 5000 tl. tl.
nesta_casel18_ieee 3689.72 1.01 0.98 1030 tl. tl.
nesta_casel62_ieee_dtc 4132.87 1.95 1.78 10571 tl. tl.
nesta_casel189_edin - ud. ud. 508 313 147
nesta_case300_ieee - ud. ud. 116 tl. tl.

Congested operating conditions (API)
nesta_case3_lmbd__api 367.74 1.83 1.83 5 <1 <1
nesta_case4_gs__api 767.27 0.65 0.65 2 2 <1
nesta_caseS_pjm__api 2990.64 0.19 0.19 <1 <1 <1
nesta_case6_c__api 814.41 0.35 0.35 2 2 <1
nesta_case6_ww__api 252.57 6.05 6.05 2 <1 <1
nesta_case9_wscc__api 656.60 0.00 0.00 <1 <1 <1
nesta_casel4_ieee__api 324.10 0.90 0.90 6 2 <1
nesta_case24_ieee_rts__api 6055.95 7.24 7.23 17 47 10
nesta_case29_edin__api 295,179.40 0.22 0.22 34 11,490 8778
nesta_case30_as__api 558.03 2.65 2.65 5 5 4
nesta_case30_fsr__api 204.94 1.95 1.95 3 10 4
nesta_case30_ieee__api 413.81 0.60 0.60 10 7 3
nesta_case39_epri__api 7358.70 1.56 1.55 9 5 5
nesta_case57_ieee__api 1428.89 0.09 0.09 338 116 57
nesta_case73_ieee_rts__api 17,510.49 1.14 1.14 343 205 295
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Table 11 continued

Test case $ Opt. gap (%) Runtime (s)
AC Weak QC AC Weak QC
QC QC
nesta_case89_pegase__api 3427.41 0.56 0.50 7065 tl. tl.
nesta_casel18_ieee__api 6055.82 4.42 442 4923 4991 1538
nesta_casel62_ieee_dtc__api 6043.80 0.45 0.30 6342 tl. tl.
nesta_casel89_edin__api 1956.61 6.19 5.35 tl. tl. 3877
nesta_case300_ieee__api - ud. ud. 1141 tl. tl.

Table 12 Quality and runtime results of the QC vs QC-strong models on OTS

Test case $ Opt. gap (%) Runtime (s)
AC Weak QC AC Weak QC
QC QC

Small angle difference conditions (SAD)
nesta_case3_lmbd__sad 5990.46 1.21 1.21 <1 <1 <1
nesta_case4_gs__sad 324.02 0.81 0.81 <1 <1 <1
nesta_case5_pjm__sad 26,423.32 1.10 1.10 <1 <1 <1
nesta_case6_c__sad 24.43 0.40 0.40 <1 <1 <1
nesta_case6_ww__sad 3129.13 0.05 0.05 <1 <1 <1
nesta_case9_wscc__sad 5590.09 0.41 err. <1 <1 2
nesta_casel4_ieee__sad 244.15 0.06 0.06 2 <1 <1
nesta_case24_ieee_rts__sad 78,346.20 3.13 3.13 44 729 289
nesta_case29_edin__sad 35,774.12 13.74 13.65 8939 tl. tl.
nesta_case30_as__sad 907.59 2.37 2.37 12 44 23
nesta_case30_fsr__sad 574.76 0.06 0.06 2 35 20
nesta_case30_ieee__sad 204.83 3.89 3.89 50 15 8
nesta_case39_epri__sad 97,170.13 0.04 0.04 148 128 38
nesta_case57_ieee__sad 1143.01 0.04 0.04 247 202 104
nesta_case73_ieee_rts__sad 226,289.46 2.11 1.50 2967 tl. tl.
nesta_case89_pegase__sad 5810.10 0.11 0.09 5502 tl. tl.
nesta_casel18_ieee__sad 3866.26 2.33 2.28 10,412 tl. tl.
nesta_casel62_ieee_dtc__sad 4159.56 2.60 2.41 tl. tl. tl.
nesta_casel89_edin__sad 907.75 4.69 2.47 tl. tl. 2119
nesta_case300_ieee__sad - ud. ud. 108 tl. tl.

nonconvex optimization (NCO)
nesta_case9_na_cao__nco —214.35 14.03 14.03 2 <1 <1
nesta_case9_nb_cao__nco —253.86 12.70 12.70 2 <1 <1
nesta_casel4_s_cao__nco 9350.85 0.54 0.54 2 2 2
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Table 12 continued

Test case $ Opt. gap (%) Runtime (seconds)
AC Weak QC AC Weak QC
QC QC

Radial topologies (RAD)
nesta_case9_kds__rad 11,279.48 52.70 52.70 12 <1 <1
nesta_case9_1_kds__rad 1756.52 15.63 15.63 6 <1 <1
nesta_case30_fsr_kds__rad 619.04 1.73 1.73 34 2 <1
nesta_case30_fsr_1_kds__rad 445.84 2.25 2.25 33 3 <1
nesta_case30_kds__rad 4501.23 5.70 5.70 62 2 2
nesta_case30_1_kds__rad 3456.49 12.17 12.17 125 2 <1
nesta_case57_kds__rad 10,586.92 1.22 1.22 12 3 4
nesta_case57_1_kds__rad 8407.53 0.09 0.09 35 3 2

D.3 Capacitor placement

See Tables 13, 14.

Table 13 Quality and runtime results of the QC relaxation on CAP

Test Case Cap. Opt. Runtime

#) Gap (%) (seconds)
AC QC AC QC

Typical operating conditions (TYP)
nesta_case3_lmbd 0 0.00 2 <1
nesta_case4_gs 5 0.00 2 <1
nesta_caseS_pjm 0 0.00 5 <1
nesta_case6_c 1 0.00 2 <1
nesta_case6_ww 6 0.00 5 <1
nesta_case9_wscc 1 0.00 6 <1
nesta_casel4_ieee 5 20.00 6 <1
nesta_case24_ieee_rts 5 20.00 12 <1
nesta_case29_edin 18 5.56 5 3
nesta_case30_as 3 0.00 3 2
nesta_case30_fsr 4 0.00 5 <1
nesta_case30_ieee 12.50 13 3
nesta_case39_epri 34 11.76 26 <1
nesta_case57_ieee 37 27.03 1543 8585
nesta_case73_ieee_rts 14 35.71 5361 5
nesta_case89_pegase 95 41.05 tl. 140
nesta_casel18_ieee 18 27.78 31,111 8729
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Table 13 continued

Test Case Cap. Opt. Runtime

#) Gap (%) (seconds)

AC QC AC QC
nesta_casel62_ieee_dtc 69 55.07 tl. 20,793
nesta_casel189_edin 18 5.56 3754 216
nesta_case300_ieee 246 24.39 tl. tl.

Congested operating conditions (API)

nesta_case3_Imbd__api - inf. 5 <1
nesta_case4_gs__api 8 0.00 2 <1
nesta_caseS_pjm__api 1 0.00 <1 <1
nesta_case6_c__api 5 20.00 3 <1
nesta_case6_ww__api 7 0.00 <1 <1
nesta_case9_wscc__api 6 0.00 <1 <1
nesta_casel4_ieee__api 7 14.29 6 <1
nesta_case24_ieee_rts__api 20 5.00 5 <1
nesta_case29_edin__api 47 2.13 6 2
nesta_case30_as__api 6 33.33 20 <1
nesta_case30_fsr__api 4 0.00 8 <1
nesta_case30_ieee__api - ud. 2 <1
nesta_case39_epri__api 45 6.67 40 2
nesta_case57_ieee__api 39 28.21 2180 18
nesta_case73_ieee_rts__api 59 5.08 tl. 321
nesta_case89_pegase__api 90 34.44 tl. 271
nesta_casel 18_ieee__api - ud. <1 46
nesta_casel62_ieee_dtc__api 73 39.73 tl. tl.
nesta_casel89_edin__api 24 4.17 2832 77
nesta_case300_ieee__api 211 21.33 tl. tl.

Table 14 Quality and runtime results of the QC relaxation on CAP

Test case Cap. Opt. Runtime
(#) Gap (%) (s)
AC QC AC QC

Small angle difference conditions (SAD)

nesta_case3_lmbd__sad - inf. <l <1
nesta_case4_gs__sad - inf. <1 <l
nesta_caseS_pjm__sad - inf. <1 <1
nesta_case6_c__sad - inf. <1 <1
nesta_case6_ww__sad - inf. <1 <1
nesta_case9_wscc__sad - inf. <1 <1
nesta_casel4_ieee__sad - inf. <1 <1
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Table 14 continued

Test case Cap. Opt. Runtime

#) Gap (%) (s)

AC QC AC QC
nesta_case24_ieee_rts__sad - inf. <1 <1
nesta_case29_edin__sad - inf. 14 <1
nesta_case30_as__sad - inf. <1 <1
nesta_case30_fsr__sad - inf. <1 <1
nesta_case30_ieee__sad - inf. <1 <1
nesta_case39_epri__sad - inf. <1 <l
nesta_case57_ieee__sad 38 10.53 7249 17
nesta_case73_ieee_rts__sad - inf. 5 2
nesta_case89_pegase__sad - inf. 3 <1
nesta_casel18_ieee__sad - inf. 2 4
nesta_casel62_ieee_dtc__sad - ud. 9 tl.
nesta_casel89_edin__sad 19 10.53 22208 47
nesta_case300_ieee__sad 249 22.49 tl. tl.

nonconvex Optimization (NCO)
nesta_case9_na_cao__nco 1 0.00 5 <1
nesta_case9_nb_cao__nco 1 0.00 3 <1
nesta_casel4_s_cao__nco 7 85.71 6 <1

Radial Topologies (RAD)
nesta_case9_kds__rad 12 50.00 6 <1
nesta_case9_1_kds__rad 12 50.00 6 <1
nesta_case30_fsr_kds__rad 10 30.00 19 <1
nesta_case30_fsr_1_kds__rad 10 30.00 19 <1
nesta_case30_kds__rad 4 25.00 9 <1
nesta_case30_l_kds__rad 4 25.00 9 <1
nesta_case57_kds__rad 6 33.33 125 <1
nesta_case57_1_kds__rad 6 33.33 119 <1
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