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Abstract

This study reports on a series of pressure gradient-controlled long-term hydraulic tests on ten sand-gravel mixtures. It is
observed that the cumulative statistical distribution of soil particles expressed in terms of fractal entropy governed the
erodibility of fines, based on which a more realistic criterion is proposed for prompt assessment of internal stability. For
instance, the soil’s particle size distribution (PSD) is discretized into several fractions to extract maximum particle grading
information through the principle of statistical/fractal entropy. Two normalized variables: base entropy (h,) and entropy
increment (Ah) are determined directly from the particle size distribution curve. & is then plotted against A/ to establish
a plane, and maximum A# line is drawn based on the principle of maximum entropy to obtain a semi-ellipse within plane
formed by £ and Ah, wherein a PSD curve can be simply expressed as a point. Soils show internal stability on maximum Ah
line; however, the stability at the vertex vicinity as a transition area corresponds to coefficient of uniformity and the number
of fractions. A clear boundary between stable and unstable soils is visualized at maximum A# line, and a simple criterion
is proposed for prompt assessment of internal stability. A large body of published data is evaluated correctly and compared

to several well-accepted existing methods.
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Introduction

Internal instability in granular soils occurs when its finer
particles erode through the pore spaces, resulting in muta-
tion of geo-hydraulic characteristics such as shear strength
and permeability (Imre 1995; Vaughan and Soares 1982;
Kenney and Lau 1985; Scheuermann and Kiefer 2010; Israr
et al. 2016). The internal instability of a soil is closely
related to its particle size distribution (PSD) that occurs
when its skeleton of coarser particles cannot protect the
finer particles from erosion to result marked changes in its
original particle size distribution (Kenney and Lau 1985;
Lérincz et al. 2015) . Occurrence of internal instability
results in significant reduction in geotechnical characteris-
tics of soils such as shear strength and permeability (Imre
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et al. 2012; McDougall et al. 2013). Thus far, numerous
empirical and semi-empirical methods to examine the
potential of internal instability based on PSD curves have
been proposed. Reportedly, more than 46% of all hydraulic
structure failures worldwide are somehow associated with
the seepage-induced internal instability failures including
piping, suffusion, lateral pumping, flood-induced breaches
of riverbanks, and sinkholes at the downstream of earthen
dams, (Richards and Reddy 2007; Foster et al. 2000). The
probability or likelihood of a soil to exhibit internal insta-
bility is governed by geometrical constraints such as its
particles and constriction size distributions, whereas the
development and progression of internal instability would
be controlled by hydromechanical constraints such as spe-
cific combinations of larger hydraulic flows and gradients,
and lower effective stresses and shear strength of soils
(Smith and Bhatia 2010; Zhang et al. 2021). This study
purports to evaluate the former aspect of ascertaining the
potential of internal instability of soils using controlled
laboratory hydraulic test results corroborated with rigorous
analysis of geometrical constraints based on fractal entropy
of particle size distribution of soils.
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Various methods have been proposed thus far based on
the particle size distribution (PSD) of soils to evaluate their
potential of internal instability. USACE (1953) investigated
the inherent (internal) stability of a filter soil mixed with sand
and gravel to evaluate its ability to refrain from particle segre-
gation, and then proposed guidelines for selecting the stable
and effective filter. Istomina (1957) evaluated the coefficients
of uniformity (C,) of granular soils and suggested an inter-
nal stability criterion based on Terzaghi (1939) filter design
method. Likewise, Kezdi (1979) and Sherard (1979) inde-
pendently proposed criteria similar to Istomina (1957) that
divided the PSD curve into finer (erodible fine particles) and
coarser (stable coarse particles) fractions. Assuming the for-
mer to be a base soil and the latter to be a filter, they applied
Terzaghi’s (1939) filter rule to determine whether the filter
could retain the base fraction for a given soil to be character-
ized as internally stable. Kenney and Lau (1985) introduced a
new stability ratio (H/F)min from the PSD curve to quantify
the internal instability of granular soils, where F is the mass
fraction finer than particle size d and H is the mass fraction
between particle size d and 4d. Later on, Chapius (1992)
showed that these criteria from Kenney and Lau (1985), Kezdi
(1979), and Sherard (1979) are similar and could be expressed
in terms of the secant slope of the PSD curve.

Burenkova (1993) followed by Wan and Fell (2008) pro-
posed identical methods to examine the internal stability of
broadly graded soils (e.g., sand-gravel with silty and clayey
fines) based on particle sizes from the PSD curve such as
Ds, D5, Dy, D¢, and Dy, but none of the above criteria
was sensitive to the level of compaction of soils. Indraratna
et al. (2018) then combined the PSD-based criterion of
Kenney and Lau (1985) with the constriction size distribu-
tion (CSD)-based filter design method of Indraratna et al.
(2015) and proposed a new geometrical method for assessing
internal stability as a function of the relative density (R,)
of soils. This CSD-based method could accurately assess
the correct potential of instability for a large experimental
database of 92 test results (=~ 99% success). However, from
practical perspective, the PSD-based methods are still pre-
ferred for prompt evaluations of internal instability potential,
because the CSD-based methods require computer aid to
perform complex discretization and computations to demar-
cate between base and filter fractions, as well as to obtain
the PSD of base and CSD of filter for assessing the internal
stability.

Based on relative proportioning of particle sizes in a
PSD curve, Full et al. (1983) pioneered the use of entropy
to define the aggregate properties of select granular soils.
According to Lérincz et al. (2015), a simple particle size
distribution curve could be idealized into discrete size
fractions, and its structural or internal stability against the
inception of geo-hydraulic failures could be expressed as a
function of these fractions. Jaynes (1957) established that
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the probability of occurrence of internal instability may be
associated to the curves with highest intact uncertainty or
the maximum grading entropy. This study deeply examines
the combined role of both particle size distribution curve
and its associated fractal grading entropy, now on called as
grading entropy, in correctly quantifying potential of inter-
nal instability. In the following sections of this paper, the
internal stability of 10 different granular soils with known
PSD curves and maximum entropy has been experimentally
evaluated. Furthermore, it is also examined how the shape of
the PSD curves, the percentage of erodible fractions, and the
relative distribution of particle sizes in a soil (i.e., grading
entropy) would affect its internal stability.

Laboratory program
Test material and geometrical assessments

In this study, twenty (20) long-term hydraulic tests were
carried out on ten granular soils with C, ranging between
1 and 40. As Fig. 1 shows, these soils contain sand and
sand-gravel mixtures that conform to the typical selection
ranges for designing filters to protect railway substructures
and hydraulic structures (Selig and Waters 1994; Israr and
Indraratna 2017). All the test specimens were prepared by
compacting at almost 50% relative density to obtain repeat-
able results for valid comparisons. Ten (10) tests were car-
ried out with a hydraulic flow applied from the bottom to the
top of the test samples, and 10 where the flow was applied
from the top of the test samples to the bottom. This approach
would enable one to examine whether or not the internal
instability potential of soils would be influenced by a change

[ cLay | siT | SAND GRAVEL
100 | | | | } \”,_w-"«‘ 77 #i Y } }
:\o‘ ‘Abstr‘act F‘ractic‘)ns ! /i o /{l’,gy‘é’l i i
Seo |l | W0 A
p oL T e e
@ Lo A L Z .
| | | | [ N A8 ul :.'\ ypica
E 60 i i i il i E E3j i 8| / i granular filter
Ie) e IR e T selection
@ 40 f i i i A\ [ L1y i @ | band (Wan
c ! ! i / - T and Fell 2008;
= i | . L I { Israr et al.
GCJ 20 i i i ./ }/ E‘E) 3 J‘ i } 2016)
o L gt e U0
| g
0 | | | gt | | [ i L
0.01 0.1 1 10 100

Particle size, log d (mm)

Fig. 1 Particle size distributions tested in this study (shaded area rep-
resents the typical ranges of subballast and downstream protective fil-
ters; the vertical dashed lines represent the abstract fraction system
for discretizing PSD in several fractions)
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in the direction of flow and the repeatability of tests carried
out in this study.

Table 1 summarizes the geometrical assessments of inter-
nal instability potential through some of the well-accepted
PSD-based criteria. For instance, Kezdi (1979)’s method
assessed soils 1-7 as internally stable, and soils 8—10 as
unstable; Kenney and Lau (1985) assessed soils 7-8 to be
unstable, whereas Sherard (1979) only assessed soils 9-10
as being unstable. The criteria from Burenkova (1993) and
Wan and Fell (2008) classified all the soils as stable, while
Indraratna et al. (2018) assessed soils 5—8 as unstable. All
these soils have been re-examined experimentally in the fol-
lowing sections of this paper.

Test setup and apparatus

As Fig. 2 shows, the hydraulic test chamber is a smooth
wall Perspex cell with an internal diameter of 150 mm and
a height of 250 mm that could accommodate a 200-mm-
long soil specimen. To avoid the boundary effects and devel-
opment of preferential flow paths, most previous filtration
testing used equipment with a size ratio R (=Dcell/d100)
ranging between 6 and 8§, where Dcell and d100 represent
the cell diameter and particle size at 100% finer by mass,
respectively. For instance, some studies reported that these
values helped to avoid the effects of boundary wall friction,
the development of preferential flow paths and excessive
frictional resistance to the erosion of fines, and consistent
and repeatable results (Fannin and Moffat 2006; Xiao and
Shwiyhat 2012; Zou et al. 2013). An electro-pneumatic auto-
mated hydraulic pump applied inflow to the test specimens
at a predetermined pressure, while a pressure transducer
connected downstream from the test specimen could monitor
outflow pressure during the hydraulic tests. Flow through the
test specimens incurred a significant loss of hydraulic head
that varied from soil to soil. An outlet valve helped to control
the differential pressure applied to the test specimens, and
it could be deduced from the difference between the inflow
and outflow pressures. Fine particles that eroded with the
flow could be captured in a downstream sedimentation tank
for post-test forensic analysis.

Sampling, saturation, and test repeatability

The test specimens were prepared by mixing a predeter-
mined weight of dry soil and then compacting it into five dis-
tinct and uniform layers within the test chamber to achieve
a length of 200 mm. To obtain the target relative density (=
50%), the limiting void ratios e, and e,;, for each soil were
determined using the standard test procedures ASTM D-
4253 (2006a) and ASTM D-4254 (2006b), respectively. The
sample preparation method of Indraratna et al. (2018) was
found to be effective in obtaining an R; ~ 50%, so the soil

was placed in discrete layers and then compacted by a 750
gm, 300 mm long by 20-mm diameter steel rod. According
to the procedure outlined by Scott et al. (2012), the compac-
tion energy (E,) needed to prepare specimens with R~ 50%
was estimated to be around 270 kJ /m?.

The test specimen was saturated by de-airing it under a
back pressure of 120 kPa for 3 h, after which the de-aired
and filtered water was circulated for at least 24 h under a
constant hydraulic head of 50 mm. The complete satura-
tion of a specimen was achieved to a satisfactory extent by
obtaining Skempton’s B value above 0.95, and this was com-
pleted in multiple pressure ramps with a low-pressure differ-
ence of 10 kPa between the cell and back pressures (Zhang
and Israr 2021). Specimen uniformity with respect to parti-
cle size distribution and compaction was ensured by prepar-
ing additional test specimens using the above procedure. For
instance, uniformity with respect to particle size distribution
was examined by comparing pre- and post-test PSD curves
(see Table 1). Here, less significant changes in the pre-test
and post-test PSD curves and the coefficients of uniformity
(C, = Dgy/D,,) for the middle layer (80 to 120 mm length)
of an internally stable soil was enough to prove uniformity
with respect to particle distribution. Whereas the erosion
would be partially represented by the loss of finer fractions
that would markedly alter the post-test C, compared to the
initial sample; for example, the C, for soil-5 decreased from
20 to 5 due to erosion of fines at the particle size d | -level.
Similarly, uniformity with regards to compaction could be
examined by comparing the overall dry density (y,;) of each
specimen with small samples cored within different layers
of the same specimen. A soil specimen was assumed to be
uniform and free of any layering effects when its local and
overall dry densities were the same, and with less than 6%
standard deviation (Israr et al. 2016).

Test procedure and rationale

The test procedure consisted of subjecting the fully satu-
rated specimen to a hydraulic flow under predetermined
pressures to keep the hydraulic gradients within certain
limits. For example, with a geometrically assessed inter-
nally stable soil, increments of i were held between 0.04
and 0.05, and between 0.02 and 0.025 for an unstable soil
(Skempton and Brogan 1994). Based on the author’s pre-
vious experience, these increments of i were enough to
avoid potential disturbance to the test specimens and to
obtain accurate critical hydraulic gradients i, for internal
instability (Israr et al. 2016). Hydraulic tests at a certain
hydraulic gradient i continued (i.e., for 60 to 90 min each
stage) until a steady state flow condition was reached and
then another increment of i was applied for the subse-
quent test stage. The effluent flow rate could be deduced
by repeatedly collecting a prerequisite volume of effluent
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Fig.2 Illustration of (a) test apparatus and (b) its schematic view

and the time of flow during the tests. The flow curves were
obtained by plotting the effluent flow velocity versus the
applied hydraulic gradient, while the saturated hydraulic
conductivities (k) of the soils could be determined from
the slope of the flow curves by assuming linear Darcy’s
law (Skempton and Brogan 1994).

In this study, the seepage-induced internal instability
occurred in the non-Darcy regime of flow where its incep-
tion was characterized by a marked rise in the slope of the
flow curves and a significant increase in effluent turbidity
(>>60 NTU), where NTU stands for nephelometric turbid-
ity unit. The current tests were continued for 2 to 3 h after
the inception of instability or seepage failure while the cor-
responding i,-values were assumed to be critical hydraulic
gradient (i.,); this would also correspond to the signs of
visual instability in the test samples such as heave, piping,
or suffusion. The tested specimens were retrieved from three
to five distinct soil layers for post-test sieve analysis, and
the results were then compared to the pre-test original PSD
curves; soil with an unaltered PSD in the middle layer (80 to
120 mm) would be considered as internally stable.

Applied hydraulic gradient, i
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Fig.3 Effluent flow velocity and turbidity plotted against applied
hydraulic gradient. (a) Soil-4U. (b) Soil-5U. (¢) Soil-8U

Results and discussion

Table 1 summarizes test conditions such as the direction of
flow and the physical properties of tested soils such as the
coefficient of uniformity (C,) and relative density (R,). It
also tabulates observations from the hydraulic tests of this
study such as the percentile erosion (%), the critical hydrau-
lic gradients (i.,), and the types of seepage failure (i.e., heave
or suffusion).

Figure 3a, b, and ¢ show the results of the hydraulic
tests, including the effluent flow and variations in turbid-
ity against the hydraulic gradients (i) applied for select
tests (i.e., soil-4U, soil-5U, and soil-8U, respectively). The
flow curve for the internally stable soil-4 abided by Darcy’s
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law to an appreciable length, such that an i-values up to
0.20 were plotted linearly against the effluent flow veloc-
ity (v). The increase in i-values from 0.20 to 0.60 caused
a slight increase in the flow velocity, and the relationship
between iandv became non-linear, while a further increase
in i up to 0.80 rearranged the fine particles at the upper
and lower boundaries of the test samples. The hydraulic
gradients i approaching 1.0 generated the localized hori-
zontal and inclined channels, and ati > 1.0, these channels
joined together to induce heave failure in soils 1-4 and soils
9-10 that were subjected to upward hydraulic flow. These
observations are consistent with those reported by Skempton
and Brogan (1994), where small differences in specimen
responses and magnitudes of critical hydraulic gradients
may be attributed to a relatively higher compaction of cur-
rent test samples. For the tests under downward flow, seep-
age failure in the samples was recognized by a sudden drop
in hydraulic gradient and axial bulging (hydraulic dilation)
of specimen with limited erosion (<« 2%), because no vis-
ible heave developments could be recorded. For instance, the
original height of the test sample increased markedly when
the hydraulic gradients approached unity (i =~ 1.0).

Not surprisingly, internally unstable soils 5-8 suffered
from excessive erosion of their finer fraction (i.e., suffusion)
at much smaller hydraulic gradients (i <« 1.0), regardless
of the flow direction. For instance, soils 5 and 8 showed
excessive suffusion ati,, , # 0.56and0.30, respectively (see
Fig. 3b, ¢ and Table 1) that could be identified by the exces-
sive erosion of finer fractions and a slight reduction in speci-
men volume under both upward and downward flows. For
example, soil-8U and s0il-8D had a total erosion of 12.75%
and 16.8%, respectively. However, the hydraulic response of
soils remains unchanged in the upward and downward flow,
although the former would require a higher i and more time
to induce same amount of erosion as the latter. A probable
explanation of this discrepancy could be the effect of grav-
ity such that the upward flow would require more effort to
dislodge finer particles and erode them through the soil. In
essence, downward flow would represent a worst-case sce-
nario because particle erosion would be assisted by gravity,
as shown by the effluent turbidity variations in Fig. 3.

Figure 4 shows a comparison between the average critical
hydraulic gradients (i, ,) from the tests under upward flow
and those under downward flow where the data points plot
along the line of equality, thus showing acceptable repeat-
ability of current tests. The data points plot slightly below
the line of equality because the i, ,-values for downward
flow were smaller than those for upward flow, which indi-
cates that downward flow was assisted by gravity.

Figure 5a and b show comparisons between pre- and post-
test PSD curves for the middle layers (i.e., 80 to 120 mm)
retrieved from samples 3U and 3D, respectively. Here the
internally stable soil experienced very small variations in
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Fig.5 Pre-test and post-test PSD analyses for the select stable sam-
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its PSD curve in the middle layer, for example, there were
no significant changes in the pre- and post-test gradations
of soils 1-4 and 9-10 or their C,-values because there was a
negligible erosion of fines (Table 1).
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Similarly, the pre- and post-test PSD analyses of the mid-
dle layer of soils 5 and 8 in upward and downward flow tests
are shown in Fig. 6; here, Fig. 6a shows that soil 5U expe-
rienced erosion of its fines that resulted in marked changes
in its original PSD curve that characterized soil-5 as being
internally unstable. However, under a downward flow (i.e.,
soil-5D), the same sample soil-5 experienced 23.6% more
erosion for the same flow time, albeit at a slightly smaller
i.; . (Fig. 6b). Moreover, Fig. 6¢ shows that the internally
unstable soil-8U exhibited up to 23.9% internal erosion
from its middle layer, and that increased to 28.6% under
downward flow (Fig. 6d). However, this increase in internal
erosion and thus the internal instability was found propor-
tionally related to the broadness and relative percentage of
the erodible fraction of a soil gradation. For example, all the
current soils had a similar range of different particle sizes
ranging between 0.07 and 20 mm, and soils 1-4 and 9-10
with narrow and non-linear gradations with almost the same
sized particles were more stable than the non-uniform soils
(e.g., soils 5-8). This means the unstable non-uniform soils
tended to be uniform and internally stable when subjected to
seepage-induced erosion of their finer fractions, and there-
fore the internal stability of a PSD curve would depend on
(1) the width of PSD curves and (2) relative proportioning of
finer and coarser fractions in a soil. This is explained further
using grading entropy theory in the following sections, while
basic concepts related to grading entropy are presented in
Appendix-I.

Table 2 summarizes the entropy parameters for current
experimental data. Figure 7a and b schematically illus-
trate how to discretize a PSD curve and calculate entropy

parameters for soil-8U before and after the hydraulic test.
Comparison of Fig. 7a with b shows that more than 20%
erosion of fines resulted in the complete loss of particle
classes C1 and C2 and a significant reduction in the origi-
nal Cu from 40 to 9.0, thus yielding a completely new and
internally stable PSD curve. In essence, the entropy incre-
ment (AH) was found to be an effective and consistent
measure of internal instability potential when compared
to the existing criteria.

Figure 8a shows the relationships between the entropy
increment (AH) and average critical hydraulic gradient
(i.,,) for the experimental data in this current study. The
soils could be consistently characterized into stable and
unstable samples using the stability boundary proposed
by Indraratna et al. (2018) based on i, ,-values. Similarly,
Fig. 8b plots AH against the overall erosion (f), so the
same dataset could be successfully classified as stable or
unstable using the existing erosion-based criteria (Kenney
and Lau 1985; Israr and Israr 2018).

Maximum fractal entropy principal

A given set of PSD curves may possess a variety of grad-
ing entropies; however, only PSD with maximum entropy
would exhibit a unique optimal distribution, which may
be pertinent to determining the risk of instability. In this
section, three maximum entropy cases based on the above
entropy parameters, H, AH, and the normalized entropy
increment Ah, are analyzed.

Fig.6 Pre-test and post-test 100 (a) 100 (C)
PSD analyses for the select =
unstable samples. (a) Soil-5U. E 80 H Pre-test 80 |
(b) Soil-5D. (¢) Soil-8U. (d) PR | S— Post-test
Soil-8D g 60 f 60
z
2 40 40 |
5
§ 20 20
0 ! . . 0 f . . . ,
0.01 0.1 1 10 100 0.01 0.1 1 10 100
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g
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Table 2 Assessing the internal
stability of current test data
using the proposed grading

Indraratna Current method
etal. (2015)

entropy-based method SoillD €, H H, AH N A Ahy B Result
1 2.8 15393  13.758 1.635 5 S 0.19 0548 2359 S
2 32 17.459 14907 2552 8 S 0272 0.785 2228 S
3 10.0 18.808 16.007 2.801 7 S 0503 1434 1216 U
4 5.0 18.985 1647 2515 6 S 0494 1425 1563 S
5 200 20.145 17.03 3115 9 U 0502 1437 1.040 U
6 16.7 19959 17.027 2932 8 U 0573 1232 1.042 U
7 16.3 20297 17291 3.006 9 U 0536 1339 1.078 U
8 40.0 20406 17437 2969 9 U 0549 1371 0834 U
9 9.0 20.839  18.372 2467 8 S 0.767 0.672 1.122 S
10 2.5 21.335 19.605 1.73 9 S 0.827 0499 1934 S
0
_ N . Di Di h
Liaxey = = i=lciak)gza + /12151(195 -1 (D
a - . . .
(@) 100 . & e, / th:re LMaxS is the Lagrange functlon. of maximum entropy,
% r R ey while p; is the frequency of ith fraction, A is the Lagrange
£ %00, m . |G multiplier of the corresponding constraint (Zf.il(pi - 1)).
L:_ 70T 2mm [ |G / By differentiating the Lagrange function with respect to the
é 60 T 1mm | amms (€5 relative frequencies p;, and equating the derivative to zero,
> o0 2imm Eq. (1) takes the following form:
S 4o | 22mm| |
c 23 mm .
= 30 | Abstract Fractions oL . 1
E 24 mm _ ﬂ:_logzﬂ__+)’:0 (2)
g 20 n 7;’ ~ % ()pi Ci In 2
a 107 g 1 [x g
0 + Al BT s [ 17 1 i SO where C; represents the number of imaginary elementary
0 0 1 10 100 cells in the ith fraction divided by d,,;, (i.e., minimum parti-
(b) 100 cle size). Simplifying Eq. (2) further to obtain:
9 } Pre-test // Pi 2 - tant
______ : — =2""hz = constan
<o | Post-test / C, 3)
<70t . : :
g s / Following the same procedure as maximum H, the maxi-
£ % mum AH can be obtained from the following steps (Lorincz
g et al. 2005):
] 40
£ 3t N N
8 | Liaxan = _ZizlpilogZPi + 12#1(175 -D “)
[0}
% 10t
0 : N p1=py=p3=-=py=1/N 5)
0 0 100
Particle size, d (mm) where N represents the numbers of discretization of a PSD
curve using the abstract fraction system (AFS), L, 1S the
Fig.7 Discretization of PSD curves for soil-8U in abstract fractions. Lagrange function of maximum AH. Thus, the maximum

(a) Pre-test. (b) Post-test normalized entropy increment (Ah) can be obtained from

the same procedure as following:

1 N N
Law=-1x > pilogpi+ A Y (pi—1)

According to the principle of maximum entropy, the + AZ[ZL pii—1)— AN - 1)]
maximum entropy (H) can be achieved using Lagrange
multipliers as follows (Singh 2014):

(6)
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Fig.8 Correlation between AH 4
and (a) i, , and (b) f
=
< 3t
1
(0] P 1
S ] 1 .
o 2 F . 2t . Stability boundary
(3] 1 B i <—— f = 4% (Israr and
£ N ! ! Indraratna 2017)
é 1 F Stability boundary . 1t .
9) ir=09 —— 1 A Upward
= (Indraratna et al. 2015) : : @ OO0 Downward
L 0 1 [ 10 [ 1 )
0 0.5 1 15 0 5 10 15

Critical hydraulic gradient, i., 4

where A represents normalized base entropy, while L, is
the Lagrange function of maximum Ah.

Notably, these entropy parameters H, AH, and Ak would
reach their maximum values at specific conditions. For
instance, the fractal entropy H would become H,,, should
the following condition meets (Lorincz 1990):

Po_Pr_  _Pi_
c, G C

1

.__PN

= = C; C = constant
Cy

@)
Similarly, the fractal entropy increment AH would be

maximum (i.e., AH,) when condition in Eq. 8 would
satisfy:

ax

pPiL=py=p3=-=py=1/N (®)

whereas the normalized fractal entropy increment A/ would
approach its peak value (i.e., Ah_,,) at the following condi-
tion (Eq. 9):

max

pi=d'pi=1,2,....N ©)

where the sequence p,,p,, ..., p;, ..., Py 1S a geometric pro-
gression with a multiplier of a (a > 0) and p, = II_;HKI‘V, ais
also a function of Lagrange multipliers calculated based on
the principle of maximum entropy.

From Eqgs. 7-9, there are three series of grading curves
according to the above three cases, especially, when a=0.5,
2, and 1. Notably, both cases of Egs. 7 and 8 may be derived
from the third case of Eq. 3 that means H,_,, and AH,
are special cases ofAh,,,.. This may be the reason why one
is always interested in Ah,, line (Singh 2014). Further-
more, Eq. 7 suggests that the PSD curves with maximum
H (i.e. H,,,) can be plotted as straight lines in the com-
mon particle size d versus percentile finer by mass F plane
(i.e., d — F plane), and thus curves with concave upward
in a semi-logarithmic logd — F plane, while their slopes of
PSD curves decrease with the increasing N-values (Israr
and Zhang 2021). Similarly, previous Eq. 2 shows that the
PSD curves with maximum AH (i.e.,AH,,) are uniformly
distributed among all fractions, and plot log-linearly in the

Internal erosion, (%)

semi-logarithmic logd — F plane, while their slopes of PSD
curves decrease with the increasing N-values (L&rincz et al.
2015).

Internal instability potential of PSD curve
in maximum entropy conditions

The normalized base entropy A and entropy increment AH
are computed for the tested soils and the results are plotted
in Fig. 9. As shown, all the tested soils have optimal PSD
curves as their AH values close to Ah,,,, with the results
sorted distinctly along the boundary of Ah,,, line, despite
there being no clear distinction between the internally sta-
ble and unstable soils (given by solid and hollow symbols,
respectively). Notably, optimal PSD curve (Ah,,,, line in
A-Ah plane) shows potential of internal instability, except
those close to the vertex of Ah,,, line (A close to 0.5). Fig-
ure 9 shows that soils 3-8 plotted near the vertex of Ah,,
line ambiguously show both stable and unstable from test
result (soils 3—4 are stable, soils 5-8 are unstable). Fur-
thermore, in order to assess the potential of instability of

2
= 3 5
S 15 _ 6
= 2__ @ 0,
3 1.-7® 78 o -
€ pid N
s 1r @ 10\
[} / \
£ / \
Y / \
S 05 |/ \
= /| @ Stable \
w I'| © Unstable !

0 1 1 1 1

0 0.2 0.4 0.6 0.8 1

Normalized Base Entropy, A

Fig.9 Correlation between normalized base entropy parameter A and
entropy increment AH (note: filled and hollow symbols represent sta-
ble and unstable samples, respectively)
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Fig. 10 Effects of uniformity coefficient (C,) and fractal number (V)
on internal instability potential of soil-4 and soil-7

optimal PSD curves plotted near the vertex of Ah, line, the
case of AH,, can be considered, as it is mentioned above
that AH, . is the vertex of Ak, line, and PSD curves with
AH_,, are the global optimal grading distributions. Consid-
ering the PSD curves are straight lines at AH,,,, coefficient
of uniformity (C,) can be used to distinguish between inter-
nally stabile and unstable PSD curves.

As Fig. 10 shows, logC, is plotted in logd — F plane,
where logC,, increases with increase in N and decrease in
slope of log-linear PSD curves (AH,,,,). Not surprisingly,
soils become unstable with the increasing logC, and N,
which implies that the internal stability of optimal PSD
curve is a function of C,, and N.

As Fig. 11 depicts, Ah,,,, is linearly correlated with
logN for different values of A, while their corresponding R?
-values remain well above 99%. Given that the fractal num-
ber N directly represents the breadth of a PSD curve that
would significantly affect soil’s potential of internal insta-
bility. Therefore, this study adopts the linear correlation
observed between Ah and log N as a factor to evaluate

max?

1.6 o
AL

a »” B=0.002l0g(N)+1.431 R? = 0.999
d 1 .4 i nes’
% ................. //beca B=0.015log(N)+1.138 R? = 0.998
E ?\ ...................................................................................................
S 12 b
(&) -
£
P
Q 1.0 F T - o
S AD B=0.083log(N)+0.813 R? = 0.998
2 -
Woos t
e} . '
8 B=0.111log(N)+0.316R? =0.991
(__“ B e T T
c 0.6 _
S
z -

04 L=, , . | |
’ ° 10 15 20 25

Fractal Number, N

Fig. 11 Correlations between Ah and N for the condition of Ah,,
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the potential of internal instability of soils. Not surpris-
ingly, the current experimental and assessment results agree
closely with this hypothesis, whereby optimal PSDs in the
conditions of AH_,, are internally stable, while those in the
condition of Ak, possess significant potential of internal
instability. In essence, there exists a clear boundary in the
A-Ah plane to differentiate between internally stable and
unstable PSDs. Accordingly, the line connecting the vertex
of the ellipse with its boundaries at 0 and 1 on the abscissa
may be regarded as a conservative boundary for promptly
assessing the internal instability potential of a given soil.
For instance, both Tables 1 and 2 show there exists a clear
distinction between internally stable and unstable gradations
for the current experimental data, whereby all the stable soils
possessed a relatively higher grading entropy. Apparently,
there exists a unique relationship between A, and A for the
unstable soil samples that is elaborated in the following
section.

Criterion and verification

Based on the analysis, it may be anticipated that the PSD
curves in Ah,,,,-state would be internally stable except those
plotted closer to the vertex vicinity, which is a function of
values of both C,, and N. Therefore, a novel criterion based
on grading entropy is proposed here to evaluate internal
instability potential of soils. For completeness, the entropy
parameters (i.e., Ah, C,, and N) may be deduced by discre-
tising the PSD curves using AFS introduced in Appendix-I.
Subsequently, the corrected normalized entropy increment
given by B would read:

B=Ahxlogy (10)

In essence, the boundary demarcating between internally
stable and unstable soils can be obtained in the plane A — B
by linearly joining the origin (0, 0) with the peak point (i.e.,
vertex of A — B curve) through a straight line and then join-
ing the vertex with the point (1, 0) on the abscissa (A-axis)
through another straight line to draw a clear boundary, as
depicted in Fig. 12. Mathematically, Eq. 11(a) would govern
the ascending limit for 0 < A < 0.5, as follows:

2
~ ) an

While for the descending limit from the vertex,
ie.,, 0.5 < hy <1, B-value would read:

2 2A

" he T ho (12

Thus, a soil plotted anywhere outside the triangular area
may be characterized as internally stable.
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Fig. 12 Graphical representation of proposed criterion, i.e., correla-
tion between normalized base entropy parameter A and corrected nor-
malized entropy increment B

As Table 2 shows, the current experimental data in the
previous Table 1 has been re-evaluated using the above tech-
nique, and then the results have been compared with those
obtained from five of the well-accepted PSD-based methods
of Kezdi (1979), Sherard (1979), Kenney and Lau (1985),
Burenkova (1993), and Wan and Fell (2008). For reference,

all the existing criteria adopted for comparison with the pro-
posed entropy approach have been summarized in Table 3
with their relevant mathematical models. Not surprisingly,
the proposed method yielded only two inconsistent but con-
servative predictions compared to eight unsafe predictions
from Burenkova (1993) and Wan and Fell (2008), 12 incon-
sistent predictions from Sherard (1979) that include eight
unsafe and four conservative, 10 predictions from Kezdi
(1979) that include six unsafe and four conservative, and
four unsafe predictions from Kenney and Lau (1985). In
essence, the criteria of Kezdi (1979) and Kenney and Lau
(1985) had much higher success rates and the least unsafe
predictions than the others. However, none of them had an
acceptable degree of accuracy and safety in delineating the
correct potential of internal instability that would be consist-
ent with the experimental results of this study.

To demonstrate implications of current proposition, an
additional dataset of dozens of laboratory tests on broadly
graded, gap-graded, uniform, and non-uniform soils with
uniformity coefficients ranging between 1 and 7831 have
been collected from the existing literature (e.g., Aberg
1993; Fannin and Moffat 2006; Indraratna et al. 2015; Israr
and Indraratna 2017; Kenney and Lau 1985; Lafleur et al.
1989; Li 2008; Nguyen et al. 2013; Wan and Fell 2008; and
Skempton and Brogan 1994). For brevity, assessments of
internal instability potential from the proposed method have
been compared with those from two well-accepted existing

Table 3 Brief summaries of existing criteria for assessing internal stability of soils

Criterion Brief details Reference
Disc <4 Soil’s PSD curve by mass is discretized into a coarse fraction and Kezdi (1979)
d. - .
Dy <5 a fine fractlon to get Dis. at 15% finer and dgs; at 8.5%. ﬁper, Sherard (1979)
dys = respectively. For soil to be internally stable, the criteria in the
first column must be satisfied
(H/F)pin 2 1 Where F and H represent percentile finer by mass correspond- Kenney and Lau (1985)

[07610g (%) +1] < (£ ) < [1.86l0g( 22 ) +1]

P= exp (Z)
[1-exp@)]

le)‘:(l‘—l)
AS =N

=iy
AS === soxiInx;

A=

DL’SS(
7 =

d85 .SA

For internally stable soils

ing to particle size D and that between D and 4D, respectively.
Notably, for well-graded and uniformly graded soils, the value
of F remains limited to 20% and 30%, respectively

Where 7 = % and i’ = ?
In a plane forthed by /' ver§us /", a clear demarcating boundary

between internally stable and unstable soils could be obtained

For soil mixtures with limited clay content:
Z =2.378log(h") — 3.6481" + 3.701

And, for soils with non-plastic fines < 10%:
Z =3.875log(h") —3.5911 +2.436
where, i’ = 2 and K = oo

A soil possesslisng A>2/3is (ﬁ:oonsidered non-segregating. A and
B vary between 0 and 1 and 0 and 1/In2, respectively

where A and B represent relative base entropy and normalized
entropy increment, respectively

Where D35 = controlling constriction for the coarser frac-
tion and dgs s’ = representative size for the finer fraction. A
soil PSD curve must be demarcated at a point corresponding
to (H/F),y:n» Obtained from the criterion of Kenney and Lau
(1985)

Burenkova (1993)

Wan and Fell (2008)

Lorincz et al. (2015)

Indraratna et al. (2015)
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Table 4 Verification of proposed method with the published data

Identifier C, Kenney and Kezdi (1979) Current method
Lau 1985 —
A B Prediction Laboratory References
Assessme
1 2.8 S S 0.19 2.359 S S Current study
2 32 S S 0.272 2.228 S S
3 10.0 S S 0.503 1.216 U S
4 5.0 S S 0.494 1.563 S S
5 20.0 U U 0.502 1.040 U U
6 16.7 U U 0.573 1.042 U U
7 16.3 U U 0.536 1.078 U U
8 40.0 U U 0.549 0.834 U U
9 9.0 S S 0.767 1.122 S S
10 2.5 S S 0.827 1.934 S S
I 2.8 S S 0.41 2.11 S S Aberg (1993)
I 7 S S 0.62 1.20 S S
11 20 S S 0.52 0.96 U S
C 23 S U 0.55 0.72 U U
E 16.8 S U 0.73 0.94 S S
F 4.8 S S 0.59 1.27 S S
G 29 U U 0.65 0.62 U S
H 30 U S 0.63 0.58 U U
G1-D 6 S S 0.62 1.09 S S Fannin and Moffat (2006)
G3-C 8.8 U U 0.68 0.81 U U
G4-C 15 U U 0.65 0.73 U U
D 20 U U 0.71 0.85 S S
K 4 S S 0.81 1.5 S S
Gl 1.5 S S 0.40 2.64 S S Indraratna et al. (2012)
G2 2 S S 0.40 221 S S
G3 2.5 S S 0.46 2.06 S S
G4 3 S S 0.53 1.77 S S
G5 35 S S 0.45 1.71 S S
G6 4 S S 0.49 1.63 S S
Cl 1 S S 0.004 0.17 S S Indraratna et al. (2018)
C5 5 S S 0.49 1.55 S S
C10 10 S S 0.50 1.23 U S
C20 20 U S 0.49 1.03 U U
C23 23 S U 0.54 0.93 U U
C40 40 U S 0.54 0.84 U U

methods of Kezdi (1979) and Kenney and Lau (1985), and
the results are summarized in Table 4.

Not surprisingly, both existing methods show large errors
in correctly delineating the collected dataset with 18 and
26 inaccurate assessments from Kezdi (1979) and Kenney
and Lau (1985), respectively. Where in contrast, the current
method yields only 10 incorrect but conservative assess-
ments (i.e., 5 of Wan and Fell, 2 of Aberg, and 1 each of Li,
Lafleur, and Indraratna et al.). It is noteworthy that 5 out
of the 11 incorrect predictions of current method consist

@ Springer

of soils with Cu exceeding 700 and particle sizes ranging
between 0.001 and 26.4 mm (i.e., clay-silt-sand-gravel mix-
tures). Similarly, both methods of Kezd and Kenney and
Lau could not assess accurately the results from Wan and
Fell, while all three methods conservatively assessed sample
G of Aberg and M6 of Lafleur et al. as internally unstable.
In summary, the current fractal entropy-based criterion has
proven to be more realistic and conservative with 87% suc-
cess than the existing methods of Kezdi and Kenney and
Lau yielding 78% and 68% success, respectively.
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Table 4 (continued)

Identifier C, Kenney and Kezdi (1979) Current method
Lau 1985 —
A B Prediction Laboratory References
Assessme
X 20 S U 0.60 0.97 U U Kenney and Lau (1985)
Ys 136 U U 0.73 0.66 U U
Y 136 U U 0.73 0.66 U U
D 56 U U 0.73 0.71 U U
A 72 U U 0.73 0.73 U U
As 40 U U 0.62 0.77 U U
Ds 33 S S 0.77 1.78 S S
1 16.3 S U 0.81 0.91 S S
2 15.1 S U 0.66 1.13 S S
3 16.4 S U 0.81 0.90 S S
20 8 S S 0.64 1.26 S S
21 3.6 S S 0.58 1.67 S S
23 34 S S 0.62 1.72 S S
K 3.6 S S 0.76 1.46 S S
M6 20 U U 0.52 0.95 U S Lafleur et al. 1989
MS 20 S U 0.69 0.91 U U
M42 7 S U 0.45 1.46 S S
FR3 6.1 S S 0.503 1.223 U S Li (2008)
FR7 11.5 U U 0.58 0.69 U U
FR8 10.5 U U 0.59 0.70 U U
HFO01 24.5 S U 0.66 0.70 U U
HF03 16.9 U U 0.57 0.98 U U
HFO05 23.1 S U 0.56 1.06 U U
F1 2.1 S S 0.43 1.90 S S Nguyen et al. (2013)
F2 1.9 S S 0.35 2.13 S S
F3 1.8 S S 0.57 1.73 S S
F4 7.8 S S 0.75 0.94 S S
F5 4.6 S S 0.47 1.47 S S
F6 3.6 S S 0.53 1.52 S S
F7 18.4 S U 0.70 0.92 S S

Limitations of this study

The 1D vertical flow created using the laboratory equipment will
be different to the non-vertical seepage paths in full-scale earth
structures in terms of actual hydraulic gradients, seepage forces
and energy losses occurring in practice. The influence of scale
effects is inevitable in this study as in most civil engineering
testing processes. The author has not applied any dimensional
analysis to their current physical modelling to transform the
laboratory data to be more realistic to real-life situations. Given

that the proposed method is predominantly based on particle
fractal entropy (i.e., PSD curve), the relative density (R,) and
loading conditions may still have some influence on the hydrau-
lic response of the tested soils, albeit the proposed model being
more reliable than the other existing PSD-based criteria when
considering many published data points. In view of the above,
future studies may incorporate the role of compaction on the
grading entropy to extend the scope to real-life filtration sce-
narios in various earth structures under complex cyclic loading
and corresponding non-vertical flow paths.
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Table 4 (continued)

Identifier C, Kenney and Kezdi (1979) Current method
Lau 1985 —
A B Prediction Laboratory References
Assessme
4R 20.8 U U 0.74 0.96 S S Wan and Fell (2008)
9 110.8 S U 0.82 0.52 S S
5 51.2 S 6] 0.72 0.82 S S
1,L1IA 107.4 U 6] 0.75 0.72 S S
13 108.6 S U 0.82 0.53 S S
2R 184.9 U U 0.75 0.70 S S
6 739 6] U 0.61 0.52 U S
7 245 U U 0.52 0.66 U S
3R 37.5 S U 0.54 1.00 0] S
11 496.8 S 8] 0.60 0.53 U S
RD 54 S 6] 0.53 0.77 U S
Cl1 77.3 U 8} 0.77 0.65 U U
15 7831 U U 0.66 0.34 U U
10 300 U U 0.73 0.50 U 6]
A2 107.4 0] U 0.75 0.69 U U
A3 196.1 U U 0.78 0.60 U U
D1 339.1 U U 0.73 0.58 U 6]
14A 1065 U U 0.76 0.39 U U
B1 377 U U 0.74 0.57 U U
B2 578.4 U U 0.76 0.49 U U
A 23.5 U U 0.69 0.71 U U Skempton and Brogan 1994
B 9.3 S U 0.62 1.04 U U
C 6.5 U U 0.63 1.20 S S
D 4.2 U U 0.61 1.44 S S

(H/F)min> 1 (Kenney and Lu 1985) and (Dfs/dgs)
for stable and unstable, respectively

max

Conclusions

The results from an experimental program of 20 hydrau-
lic tests on 10 sand-gravel mixtures with different optimal
PSD curves for the condition of maximum entropy incre-
ment (Ah,,,,) subjected to upward and downward hydraulic
flow to examine their internal stability were reported. The
ensuing analysis facilitated the proposal of a new internal
stability criterion based on the grading entropy, and the prin-
ciple of maximum entropy that could evaluate a large body
of published data more promptly and accurately than a num-
ber of existing PSD-based approaches. The specific findings
from this study are summarized as follows:

@ Springer

<4 (Kezdi 1979); A and B are the assessment variables for proposed model; S and U stand

Soils with C,, > 10 exhibited suffusion at i., which is well
below that for a quick condition in internally stable sands, and
heave in gravels and sand-gravel mixtures (i.e. & 1.0). These
soils suffered from excessive internal erosion (f > 4%), which
caused permanent changes in their original PSD curves and an
up to 80% reduction in C,-values. Nevertheless, downward flow
caused a greater extent of erosion (>20%) due to the additional
effect of gravity forces when compared to upward flow.

Although the post-test PSD curves for unstable soils
were internally stable, they represented a new soil gradation
with a different hydraulic conductivity and higher stabil-
ity than the original soil. For instance, broadly graded soils
will erode to form quasi-uniform gradations over time. The
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uncertainty or the tendency of change in a PSD curve during
flow could be analyzed to quantify the potential instability of
a tested soil; the proposed grading entropy-based criterion
could effectively serve this purpose in greater confidence
than other existing criteria.

Contrary to several well-accepted criteria based on specific
particle sizes such as d85 and D15, the proposed criterion
could realize a given particle size distribution into various
size fractions to apply the grading entropy concept. Subse-
quently, the information extracted from these pre-determined
fractions could be represented by a unique set of maximum
entropy and entropy increment to accurately delineate the
potential of internal instability of soil. For brevity, the insta-
bility potentials of select soils have been evaluated in this
study for maximum entropy condition that showed that the
soils with increasing coefficient of uniformity (C,) and fractal
numbers () tend to become internally unstable when the Ak
-value plots in the vicinity of the vertex of maximum A#h-line.

Appendix |. Basic entropy principles

To compute grading entropy from a PSD curve, the range of
particle sizes should be divided into a series of size fractions
to determine the relative frequency of each fraction, and dif-
ferent size fractions can maximize the amount of information
extracted from PSD curve. For instance, Lorincz et al. (2015)
discretized the PSD curve into various size fractions to obtain
an abstract fraction system (AFS) and the information of all
the fractions were obtained by means of statistical distribu-
tion. In this study, AFS is defined in terms of a geometric
progression with a multiplier of 2 that would discretize a
PSD curve into several fractions for enhanced accuracy (e.g.,
d=0.0625, 0.125, 0.5, 1, 2 mm), as shown by the dashed lines
in previous Fig. 7. This current AFS distribution is based on
actual sieve sizes that would express the information of par-
ticles sizes in a PSD curve more practically. During grading
entropy calculations, for the purpose of reducing the error
from different size fractions, each fraction is discretized fur-
ther based on a minimum grain diameter (d,;,) to obtain a
virtual elementary cell system. The relative frequency of jth
imaginary cell within the ith fraction would be as follows:

_bi.
i=—Jj=12,...,C
Hij C J i (13)
where p; = M;/M (such that ) i.\;l.] p; = 1) is the relative fre-

quency of ith fraction, N is the number of fractions of a PSD
curve, M is the total weight of the soil sample, M, is the
weight corresponding to the ith fraction, and C; is the num-
ber of the imaginary elementary cells divided by dmin
within ith fraction.

Based on statistical entropy theory, generalizing Eq. 12
gives the grading entropy of the soil:

H= _Zil

'“u ogpy; = 2 p,logzx + 2 p,log2
(14
Equation 14 can be split into two parts:
H=H,+AH (15)

where Hy(= Zf\;l p;log,C,)and AH(= — 25\;1 p;log, p;)are
the entropy parameters, while H, and AH represent entropy
increment and base entropy, respectively. Two normalized
entropy parameters can be given by (Imre et al. 2022):

N .
H,—-H,_. - pi—1
A= 0 Omin — Zz_l pl( ) (16)
H()max - H()min N-1
AH
An =22
InN a7

where A and Ah are the normalized base entropy and nor-
malized entropy increment, respectively, and H,,;, and
Hax €xpress the eigen-entropy of the smallest and largest
fractions in the soil, respectively.
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