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Abstract

In this paper, based on the variable-order fractional derivative with convolution form and the effect of relaxation time, a
modified variable-order fractional damage creep model was proposed. The varying-order function related to relaxation time
was given and applied in the proposed damage creep model. To describe the triaxial creep deformation of rock material based
on the modified variable-order fractional damage creep model, the triaxial variable-order fractional damage creep model
was derived. The applicability and validation of the derived triaxial variable-order fractional damage creep were verified by
the creep experimental data of sandstone. Then, a comparative study between the triaxial variable-order fractional damage
creep model and the current triaxial constant-order fractional damage creep model was performed to highlight the advantage
of the derived triaxial variable-order fractional damage creep model. Finally, the influence of mechanical parameters on the
creep deformation was revealed in depth.

Keywords Variable-order fractional derivative - Relaxation time - Rock material - Triaxial variable-order fractional damage

creep model - Model verification

Introduction

Rheological deformation of rock material is common in
underground engineering, whose time-dependence and
abruptness are of great significance for controlling and pre-
dicting the deformation of rock mass (Sun 1999). It is impor-
tant to establish an effective and accurate theoretical model
to reflect creep deformation under complex stress statuses.
Much effort has been put into the construction of the theo-
logical model, and numerous achievements also have been
realized (Maranini and Yamaguchi 2001; Adeli et al. 2020,
2017; Chen et al. 2014). Maranini and Yamaguchi proposed
a nonassociated constitutive equation to describe the elastic
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and viscoplastic properties in the compressive deformation
of granite rock. Adeli used the Bayesian method to identify
the parameters of the viscoplastic-damage model, which is a
stochastic simulation technique that generates artificial data.
Chen et al. used the fractional calculus theory and dam-
age variables to construct time-dependent damage creep
constitutive model to depict the accelerating creep defor-
mation of marble. Xia et al. proposed a unified rheological
model that including 15 elements and the identifications of
parameters also have been performed (Xia et al. 2009). Xu
et al. presented a modified creep model that called Hohai
model, which can depict three stages of creep deformation
(Xu et al. 2007). Liu et al. gave the modified Burgers model
under triaxial stress status, and the total creep deformation
can be well reflected (Liu et al. 2017). Based on the above
mentioned, we can see that numerous element models were
constructed to describe creep mechanical behaviors of rock
materials. Although those previous models can describe the
total creep deformation of rock materials, in the applications
of those previous models, those have many parameters with
unclear physical and mechanical meaning. Especially, in the
description of the accelerating creep deformation, its strong
nonlinearity characteristics and obvious time dependence
cannot be well described, and it is lack of a reasonable and
clear damage model. Hence, it is necessary to construct a
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nonlinear damage creep model with less and clear param-
eters that also can be applied in depiction of the three-stage
creep deformation.

It Is well known that due to its strong history and time-
memory, fractional calculus has become more popular in
characterization of time-dependent behavior of material
(Almeida et al. 2018). During the description of creep
mechanical behavior, fractional calculus has played a sig-
nificant role and obtained much progress. Based on Rie-
mann-Liouville (R—L) fractional calculus, Koeller presented
a fractional viscoelastic dashpot that named as Koeller
dashpot, which can reflect viscoelastic behavior of material
(Koeller 1984). Zhou et al. (Zhou et al. 2011, 2018) used the
Scott-Blair dashpot to replace traditional Newtonian dashpot
and construct a fractional damage creep model. Yin et al.
(Yin et al. 2012) proposed a modified fractional Bingham
model, and the validations of proposed model were verified
by the creep experimental data of clay. Considering the dam-
age evolution of rock material, a fractional damage creep
model was presented to characterize the accelerated creep
deformation of salt rock (Wu et al. 2019). Based on Caputo
fractional derivative, Liu et al. established a fractional dam-
age creep model with time-varying viscoelasticity to depict
the creep behavior of sandstone (Liu et al. 2020, 2021).
And, in the identification of the viscoplastic-damage model,
some progress has been obtained based on the mathemati-
cal method (Adeli and Matthies 2019). Adeli and Matthies
applied the transitional Markov chain Monte Carlo method
to estimate the viscoplastic-damage model parameters in the
Bayesian setting, and the efficiency of the identification was
given.

Based on the above mentioned, it is demonstrated that
constant-order fractional (COF) calculus has achieved much
progress, but there are still defections in the application of
COF calculus. During the characterization of time-varying
viscoelasticity within creep deformation, compared to COF
calculus, variable-order fractional (VOF) calculus has attracted
much attention due to its varying-order function, and the order
can be assumed as one function related to time and space (Sun
et al. 2011; Ingman and Suzdalnitsky 2005). Theoretically, the
evolution of the mechanical property of material within defor-
mation can be reflected by VOF calculus. Lorenzo, Coimbra,
and Ingman et al. (Ingman et al. 2000; Lorenzo and Hartley
2002; Coimbra 2010) gave the definition of VOF derivative
and a VOF constitutive model to describe the viscoelastic
behavior of composite material. Sun et al. (Sun et al. 2009)
applied the VOF derivative in the description of abnormal dif-
fusion behavior of the fluid. For the application of VOF deriva-
tive in reflection of mechanical behavior of rock material, Wu
et al. proposed a VOF creep model based on the short memory
of deformation (Wu et al. 2020a, b). A fractional damage creep
model was constructed by Tang et al. (Tang et al. 2018) based
on the continuous damage mechanic, whose validations were
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verified by the creep experimental data of sandstone. However,
how to determine an accurate varying-order function within
the VOF creep model and construct a triaxial VOF damage
creep model with less parameter and clear physical mean-
ing is valuable in the application of VOF derivative in rock
engineering.

The outline of this paper is illustrated as follows. The
“VOF damage creep model” section presents the VOF dam-
age creep model, which is based on the Caputo VOF derivative
and relaxation time. The proposed VOF damage creep model
is extended to the triaxial VOF damage creep model. In the
“Verification and analysis of the proposed model” section,
based on the triaxial creep experimental data of sandstone,
the applicability of the proposed triaxial VOF damage creep
model is verified. Then, the effect of mechanical parameters
on creep behavior is also analyzed. Finally, several conclusions
are drawn in detail.

VOF damage creep model

Modified VOF Maxwell model

Due to its strong history-memory characteristics, fractional
calculus has been recognized as an effective tool in the descrip-
tion of time-dependent mechanical behavior and achieved
many applications in rheological deformation. In 1978, Koeller
proposed a fractional Koeller dashpot to replace the traditional
Newtonian dashpot to depict the viscoelastic behavior of the
material, whose expression is expressed as follows (Koeller
1984):

o(t) = ET*D%e(2) 1)

where o(?), £(¢), E, and 7 represent stress, strain, elastic
modulus, and relaxation time, respectively. The D* denotes
Riemann—-Liouville (R-L) fractional calculus (Zhou et al.
2011). When @ =0, Eq. (1) describes pure elastic solid
and when @ = 1, Eq. (1) characterizes pure viscous fluid. If
0 < a < 1, Eq. (1) can depict the viscoelasticity.

Meanwhile, R-L fractional calculus is COF calculus, and
the fractional-order « is a constant value within describing
the mechanical behavior of the material. However, it is well-
known that the mechanical behavior within the material is
varying with time in deformation, and for better exhibiting
these dynamic mechanical behaviors, based on COF calculus,
Lorenzo and Hartley proposed a VOF derivative by employing
convolution transform, whose expression is shown (Lorenzo
and Hartley 2002)

Iy—a) e L S (7))
o DTS = Ia()] / ot — )0 dp 2
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where a(t) is varying-order function related to time and I
is Gamma function (Almeida et al. 2018) (I'(a) = [ 1*'e'dt
).

The varying-order function within Eq. (2) has been
defined as a variable related to time with clear physical
meaning, and the historical memory of itself is considered
in the depiction of the deformation behavior of the material.
Hence, by employing Eq. (2) in the COF Koeller dashpot,
the VOF Koeller dashpot can be obtained,

o(f) = Er*O D¢ (p) 3)

In conjunction of Eq. (2), the Eq. (3) can be derived as
an integral form.

D™ Vg(1) = Ex*Dg(t) )

a1 / )
EeVet) = oo o(t—,u)l_“(t)dﬂ )

Considering to stress within creep deformation is a con-
stant value, i.e., 6(¢) = 0, the creep response of the VOF
Koeller dashpot can be deduced,

O'Ol‘a(t)

€0 = o + )]

(6)
where o is a constant stress in creep deformation.
Before applying the VOF derivative in the construction

of the creep model, it is necessary to determine a reasonable

varying-order function to exhibit the dynamic viscoelasticity
within the creep deformation of the material. As mentioned
in previous research (Liu and Li 2020), relaxation time is

a controlling parameter in the evolution of viscoelasticity

in rheological deformation, and with an increase in relaxa-

tion time, the ability to resist deformation of material will
become stronger. Considering the significance of relaxation
time in rheological deformation, a new varying-order func-
tion related to relaxation time with exponential form is pre-

sented, i.e., a(t) = exp(—t/7), which transforms from 0 to 1

and characterizes the continuity of variations of mechanical

property of the material.

Figure 1 presents that when creep stress is 40MPa and
relaxation times are 800, 1000, 2000, 4000, and 8000 h,
respectively, the creep response of the VOF Koeller dashpot
rises up with the development of time. With relaxation time
approaching infinity, the viscosity of material will increase,
and the ability to resist to deformation of material will also
become great, which indicates the applicability of the pre-
sented VOF Koeller dashpot in the description of viscoelas-
ticity within the process of creep.

Based on the presented VOF Koeller dashpot, as dis-
played in Fig. 2, the modified VOF Maxwell model is
obtained by combining the spring element with VOF Koeller
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Fig. 1 Creep response of variable-order fractional Koeller dashpot

dashpot in series. When stress is a constant value, the creep
response of the modified VOF Maxwell model is expressed
as follows:

e(r) = &1(1) + £,(1) (7)

where g, (¢) is creep response of spring element and £,(¢)

is creep response of the presented VOF Koeller dashpot.
O\ Gota(t)
EB=—w+————"— 8
© E  Er*OI(1 + a(r)) ®)

As shown in Eq. (8), compared to the COF Maxwell
model, the modified VOF Maxwell has relatively fewer
parameters and more clear physical meaning, which will
furtherly and effectively reflect the evolution of viscoelastic-
ity within creep deformation. Its corresponding verifications
will be performed in next section.

A damage factor considering the effect of relaxation
time

When creep stress exceeds the long-term strength of the
sample, creep deformation will enter the accelerated creep
stage, and the cracks within the sample will develop fast
and damage will accumulate until failing to sample. Hence,
before constructing the damage creep model, it is neces-
sary to present a clear damage factor with exact physical
meaning. Considering the varying-order function character-
izing the evolution of viscoelasticity and the damage fac-
tor describing plastic deformation of the accelerated creep
stage, it is assumed that the damage factor can be expressed
by employing the varying-order function, which is denoted,
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Fig.2 VOF Maxwell model
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Fig. 3 Evolution of damage factor under various relaxation time

D=1—a(z)=1—exp(‘7[) )

Compared to other previous research (Zhou et al. 2018),
the presented damage factor has clear expression and physi-
cal meaning, and it can divide the viscoelasticity and damage
behavior by utilizing the particularity of varying-order func-
tion that transform from O to 1. By introducing the relaxation
time in the damage factor, it is convenient to understand the
mechanical mechanism of creep from the view of relaxation
time.

It can be seen from Fig. 3 that with relaxation time tending
to 0, the sample will arrive at failure fast at the initial deforma-
tion, and mechanical property will be weakened within a short
time. Hence, based on the damage factor related to relaxation
time, the viscosity efficiency of material M is supposed that
decays with exponential form (Zhou et al. 2018).

M = My(1 - D) (10)

Fig.4 VOF damage creep
model E

o(t)
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where M and M, represent the viscosity efficiency and
initial viscosity coefficient of the material. Based on the
above assumption, when creeping stress o, exceeds the long-
term strength of the sample o, the constitutive model of the
damaged body is defined,

0p — 05 de(?)
My(1-D)  dt an

where o is the long-term strength of sample.

By applying the Laplace transform in Eq. (11), when
stress is constant, the creep response of the damaged body
is derived as follows:

e(t) = O—OA;(]O-S T@Xp(i > (12)

Uniaxial VOF damage creep model

It is well-known that creep deformation of the material is
divided into decaying, steady, and accelerated creep stages.
For constructing an effective and reasonable fractional dam-
age creep model, in this study, by connecting the modified
VOF Maxwell model and damage body related to relaxation
time in series, a novel uniaxial VOF damage creep model
is given, whose expression of elements is shown in Fig. 4.

As said in the “A damage factor considering the effect
of relaxation time” section, when the sample arrives at the
accelerated creep stage, the creep response of the damaged
body is obtained as follows:

-0,

Texp(£> (13)

T

ex(t) = 22

0

where g;(¢) represents creep response of damage model.

Based on the Boltzmann strain superposition principle

(Wu et al. 2020a, b), uniaxial VOF damage creep model is
deduced,

M,D@
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o) = { £,(t) + &,(b), 0,y < O, "

fl(t) + fz(t) + E3(t), 0-0 Z O-S

o, 1)

O
where 81(1) + 82(f)=E0 + Eror(11a)”

Triaxial VOF damage creep model

During the actual underground engineering, rock material
is often in complex three-dimensional stress status, and the
creep behaviors under a triaxial stress environment cannot
be depicted accurately by the above proposed uniaxial VOF
model, hence, it is valuable to establish a triaxial VOF dam-
age creep model.

Based on the proposed uniaxial VOF damage creep
model, when rock mass is in an actual stress environment,
the total strain of rock can be expressed as follows:

gi(1) = ;) + &/ () +€0(1) (15)

where stress tensor oy is composed of spherical stress
tensor o,,, and deviator stress tensor S;. Strain tensor & is
combined by spherical strain tensor €, and deviator strain

tensor e;;, whose expression is shown,

1]’

oij = Sjj + 0, 0j;
{ Ejj = & +eméuJ (16)

where §;; is the Krobecker function (Zheng and Kong
2005).

Since spherical stress tensor only causes volume defor-
mation and has no effect on shape of material. The devia-
tor stress tensor only induces changes of shape and has no
effect on volume deformation. So, the strain of elastic body

is shown,

S
s(t)—2

Uméij

G, T 3K

a7

where e‘.; () is the strain deviator, G, is the shear modulus

of elastic body, and K is the bulk modulus of elastic body.
It can be known that the deformation induced by spheri-

cal tensor is elastic deformation and the deviator tensor only

causes viscoelastic deformation, which is expressed,

VFK Sijta(t)
g ()= s (18)
U 2G,I'1 + a(1)]
where G, is the shear modulus of viscoelastic body and
\J/FK is the creep response of the presented VOF Koeller

dashpot.

For the viscoplastic body, based on the generalized plastic
mechanic (Zheng and Kong 2005), the triaxial creep equa-
tion of the viscoplastic body is shown as Eq. (19).

D
P = w( ) (19)
i
where F is the yield function, Fj, is the initial value of
yield function of rock, ¢ is the power function, and ¢ = 1,
and :—:5? is the creep response of damage body under triaxial

M&l

stress status. f is the plastic potential function based on
the associated flow rule (Zheng and Kong 2005), F =f.
Equation (20) is yield criterion of rock.

F 0,
— | = F
¢<Fo> { F’
During the creep deformation of rock, deviator stress
tensor will occupy main role in creep deformation, and
spherical stress tensor has little effect on creep deforma-
tion. Hence, the Mises function (Cai et al. 2009; Zheng
and Kong 2005) is selected, which is illustrated,

F<0
F>0 (20)

F =

O-S
V3 21

where J, is the second invariant of stress deviator.
The normal triaxial creep experiments are conducted in
pseudo-triaxial state (i.e., o, > 0, = 03).

_ 014205

3
2(o,—0
Sy =01 =0y % (22)

/ ‘71—‘73

When the Eqgs. (20-22) are substituted into Eq. (15) and
Eq. (19), we can deduce the creep deformation of visco-
plastic body and total creep equation of rock under triaxial
stress status.

m

1 O'l - 03 — O
eP(r) = T( ) “ (23)
J My(1 -D) 3
(61-05) 4 out20s 5y + (61=05)"®
3G, 9K 3G, [ 1+a(1)]
61 - 63 < O-S

€11 =19 (o,-03) 4 0t (0,—03)1%® (24)

3G, 9K 3G, 1+a(1)]

+—(61_63)_65 t,0, — 03 > 0,

3M,(1-D)/t

where g is the creep strain of rock in vertical direction.
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Verification and analysis of the proposed
model

Model validation and comparison

For verifying the validation and applicability of the pro-
posed triaxial VOF damage creep model, the creep experi-
mental data of sandstone in previous research is selected to
validate and identify the proposed model (Liu et al. 2017).
Creep experimental data is obtained under the confining
pressure of 10 MPa and six kinds of vertical pressure, and
the experimental creep curves are displayed in Fig. 5. In

order to exhibit the advantages of VOF calculus in depic-
tion of creep mechanical behavior, the COF damage model
with same mechanical elements is selected as comparative
example. It is different from the proposed VOF damage
creep model that the Koeller dashpot within COF damage
creep model is COF Koeller dashpot, whose order is a
constant value.

As illustrated in Fig. 5(a—e), the decaying and steady
creep deformation can be well described by the proposed
VOF damage creep model, and experimental data is well
agreement with the proposed VOF damage creep model.
For better highlighting superiority of the proposed VOF
damage creep model, COF creep damage model with same

Fig.5 Comparisons among the 0.155 .
proposed VOF creep model, the o o0 -r-5-5"5" % 0.300 - =575
COF creep damage model, and 0.150 | -7 -
the creep experimental data of 0.295 |
sandstone 0.145 - :
g Lo290f
0.140 y
° 0y-13.09MPa o 0,-26.1TMPa
0135 L —— VOFmodel 0.285 | — VOF model
' - - COF model - - COF model
0.130 | 0.280
1 1 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 0 1 2 3 4 5
Time/h Time/h
(@) (b)
0.390 | PPN L S 051} 6 0 0-0-6"5 5 o
- ° - .- -
0"
0.385 | 0.50 ’
II
L0380} Lo049t o
& 0 QY !
o 07-39.26MPa 1 o 07-52.35MPa
0375 - —— VOF model 048} — VOF model
- - COF model y - - COF model
0.370 | 047}
1 1 1 1 1 1 1 1 1 1 1
0 1 2 4 5 0 1 2 3 4 5
Time/h Time/h
() (d)
0.66 -
065 o-578 0 o 080
06l - o 0y-78.52MPa
0.63 0.78 —— VOF model
22T 076 - - COF model
- .76
i 0.62 §
0.61F o 0,-6543MPa 074
0.60 [ —— VOF model
0.59 - - COF model 072+
0.58 |- 070 -
0,57 1 1 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 0.0 0.1 0.2 0.3 0.4
Time/h Time/h
(e ®
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Table 1 Fitting parameters of

o,/MPa 13.09 26.17 39.26 52.35 65.43 78.52
VOF damage creep model under
triaxial status G,/GPa 2.6260 3.1782 3.5564 3.9587 4.2563 4.9850
K/GPa 2.8157 2.5485 2.9900 3.5542 3.7280 4.4760
G,/GPa « h* 24.8424 28.0058 25.3360 26.8270 28.0104 35.040
t/h 0.1292 0.2311 0.2430 0.1077 0.2669 0.0545
M/GPa « h* - - - - 6.7661
mechanical elements is selected to compare, and it can be 0.95 -
seen that COF creep damage model cannot well depict L — G(-3.985GPa Gy-4.985GPa
mechanical behavior of decaying and steady creep stage. 0.90 F— G(-4.485GPa —— G,-5.985GPa
Comparing with COF damage creep model, the proposed I
VOF damage creep model has obvious advantages, which 0.85F
also verifies the applicability of VOF in construction of I
creep model. In Fig. 5(f), when we concentrate on the accel- e 080
erated creep stage, the VOF damage creep model and COF © 0.75 _
damage creep model both can well reflect the mechanical
behavior, which may be same damage factor. But for the 0.70 b
decaying creep stage, the proposed VOF damage creep .
model has more obvious advantages than COF damage 0.65
creep model, which furtherly indicates the superiority of - ¢ 01-78.52MPa
the proposefl VOF damage creep model in description of 0.60 00 01 02 03 oa
creep behavior.
Time/h

Analysis of sensitivity of mechanical parameters

As demonstrated in Eq. (20), the shear modulus G, and bulk
modulus K of elastic body, shear modulus G, and relaxation
time 7 of dashpot are significant parameters in the descrip-
tion of the mechanical behavior of creep, which is shown
in Table 1. To deeply reflect the influence of parameters
on creep behavior, the experimental curve of sixth loading
deformation is selected as the analyzed example, in this sec-
tion, a series of analyses of the sensitivity of parameters
will be conducted, whose results are displayed in Figs. 6,
7,8, and 9.

It can be seen from Figs. 6 and 7, when correspond-
ing to sixth creep experimental curve of sample, the shear
modulus and bulk modulus are 4.985 and 4.476 GPa. With
an increase in shear modulus and bulk modulus, the initial
creep deformation of the sample will gradually rise down,
which can be interpreted as the deformation induced by vari-
ations of shear modulus and bulk modulus following the
linear stress—strain relationship (Wu et al. 2020a, b). The
variations of both only change the initial point of the creep
curve of the sample and have little influence on various ten-
dencies of the creep curve. The creep curve controlled by
shear modulus and bulk modulus of the elastic body is well
consistent with experimental data.

Figure 8 presents that with rising of shear modulus G,
the initial point of creep curve is still constant, and the total
variations of creep gradually decrease. The variations of

Fig.6 Effect of shear modulus G, on experimental data

0.90
r —— K-3.476GPa —— K-5.476GPa
0.85 F—— K-4.476GPa —— K-6.476GPa
0.80 |-
IS L
3 0.75
0.70 |
0.65 |
©  0,-718.52MPa
0.60 1 1 1 1 1
0.0 0.1 0.2 0.3 0.4
Time/h

Fig.7 Effect of volume modulus K on experimental data

decaying and steady creep exhibit decreasing trend with an
increase in shear modulus G, and that of the accelerated
creep stage have none noticeable changes, which can be
account for the viscoelastic deformation is the main part in
decaying and steady creep deformation. It can be concluded
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Fig. 8 Effect of shear modulus G, on experimental data
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0.74
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0.70 }
0.0 0.1 0.2 0.3 0.4
Time/h

Fig.9 Effect of relaxation time 7 on experimental data

that the variation of shear modulus G, has no influence on
development of the accelerated creep, whose role is same
as non-Newtonian dashpot that playing role within element
creep model.

Nevertheless, it is demonstrated in Fig. 9 that with an
increase in relaxation time, the development of steady
creep needs more time and the time point that the accel-
erated creep occurs is delayed, which is corresponding to
when relaxation time approaches infinity, the creep defor-
mation of material needs more time to consume viscosity of
itself to enter the accelerated creep stage. We can see with
decreasing of relaxation time, the variation of the acceler-
ated creep gradually increases, and relaxation time is a sig-
nificant parameter in controlling the development time of
steady creep and sustainability time of the accelerated creep,

@ Springer

which will provide valuable references in study of effect of
relaxation time within creep deformation.

Conclusions

(1) By introducing Caputo VOF derivative with convolu-
tion form, we proposed a new VOF Koeller dashpot,
and in conjunction with elastic element, the VOF Max-
well model was constructed. Based on the importance
of relaxation time, varying-order function and damage
factor related to relaxation time were also constructed,
then a novel VOF damage creep model was presented.

(2) Based on the uniaxial VOF damage creep model, con-
sidering generalized plastic mechanics, the triaxial
VOF damage creep model was set. By applying triaxial
creep experimental data of sandstone, the validation of
the set triaxial VOF damage creep model has obtained
verification.

(3) To better highlight the superiority of VOF derivative, a
comparative study between the VOF and COF damage
creep model was performed, and the few parameters
and clear physical interpretation were obvious. The
influence of shear modulus, bulk modulus, and relaxa-
tion time on creeping mechanical behavior has been
analyzed and discussed, which provides a deep under-
standing of the deformation mechanism of creep.
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