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Abstract
Probabilistic seismic hazard analysis (PSHA) is nowadays the more complete analysis method to estimate the seismic input 
for structural analysis. However, it is strongly influenced by seismogenic parameters and attenuation equations. Here PSHA 
using empirical Green’s functions (EGFs) with 2 + 2 variables is carried out, which, as proposed, are related to each other 
through the moment magnitude. This combination, already known as “physically based PSHA (pb-PSHA),” is an approach 
that should be disseminated since it could provide a good alternative in countries where the seismogenic zones and/or 
attenuation equations are not well established. The proposed model, using differential equations, is based on a linear fault, 
random/periodic/impulsive/linear source functions, and punctual hypocenter. Results are shown in terms of new seismic 
parameters, specific return periods, and ground accelerations. The studied country is Portugal since it appears to the authors 
that no study has been published about pb-PSHA for Portugal. In this sense, the model could be of importance for hazard 
analyses to incentivize more research on the earthquake source physics.

Keywords PSHA · EGF · Pb-PSHA for Portugal · Seismic analysis

Introduction

Background

The definition of correct seismic inputs has always been 
of interest for both geophysicists and engineers in differ-
ent parts of the world, for instance, in Portugal (Carvalho 
2007; Goff et al. 2014), Spain (Zacchei et al. 2017; Peláez 
et al. 2005), Italy (Faccioli and Paolucci 2005; Sabetta et al. 
2005), Pakistan (Qadri and Malik 2021; Qadri et al. 2015a, 
2017, 2015b), India (Putti and Satyam 2020), and Bangla-
desh (Ansary and Arefin 2020).

There are several procedures that provide seismic inputs 
for structure designing. These procedures can be deter-
ministic by using elastic spectra from codes (Ministerio 
delle Infrastructure 2008; Committee and for Standardiza-
tion (CEN), Design of structures for earthquake resistance, 
Part 1: General rules, seismic actions and rules for build-
ings,  2004;), synthetic spectra by attenuation equations 
(Carvalho 2007; Goff et al. 2014), seismic hazard analyses 
(Zacchei et al. 2017; Pailoplee et al. 2009), artificial accel-
erograms obtained from power spectrum density functions 
(Barone et al. 2015; Zacchei and Molina 2018), seismic 
coefficients by amplification of inertial forces (Ministério 
da Habilitação 1983), time-history analyses from data-
base (Portuguese Institute of Sea and Atmosphere (IPMA) 
http:// www. ipma. pt/ pt/ geofi sica/ sismi cidade/; Luzi et al. 
2016), and spectrum compatible analyses by scaling fac-
tor (Jayaram et al. 2011; Soysal et al. 2017; Valentini et al. 
2019).

The probabilistic procedures can be the probabilistic 
seismic hazard analysis (PSHA) by Cornel model (Cornell 
1968) and the physically based PSHA (pb-PSHA) (Mert 
et al. 2016; Hutching et al. 2017), which is treated in this 
paper. These probabilistic methods allow to define an esti-
mation of the mean probability (over space and time) of 
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the occurrence of a seismic event with a certain magnitude 
within a given time interval.

The pb-PSHA is mainly based on the PSHA, which is 
nowadays the more complete method to estimate the seismic 
input because it accounts for the seismotectonic and geologi-
cal context and the probability of occurrence of earthquakes 
(Zacchei et al. 2017; Sabetta et al. 2005; Mulargia et al. 
2017; Chan et al. 2013; Kutanis et al. 2018; Ahulu et al. 
2018; Silacheva et al. 2018; Valentini et al. 2019).

Pb-PSHA follows the same procedures of standard PSHA 
with only one difference: attenuation equations are not used, 
and they are substituted by empirical Green’s functions 
(EGFs) and computation of physically based seismograms 
and direct analysis accounting the hazard for structures (Fer-
gany and Hutchings 2017).

EGFs allow to directly calculate the ground displacement 
at a site, defining wave paths from a certain seismic source 
to the ground. As mentioned in Lior and Ziv (2018) “resolv-
ing earthquake source parameters is key for addressing fun-
damental questions in earthquake science.” However, it is 
very difficult to know the correct characteristic of the soil to 
quantify possible amplifications of the wave (Nacional and 
de Informação de Recursos Hidricos (SNIRH), database.  
2020).

Also, it is difficult to predict the effects in function of the 
source-site distance. In fact, the earthquake-induced seismic 
hazard is uneven in spatial distribution; therefore, after an 
earthquake occurs, the degree of disaster may vary greatly 
at the same distance but in different directions as studied in 
Denolle et al. (2018); Ma et al. 2019b).

In (Lior and Ziv 2018) new interesting relations between 
the peak ground acceleration (PGA) and earthquake source 
parameters have been introduced showing an easy imple-
mentation also for low-seismicity regions. In (Ma et al. 
2019a) it is mentioned that “ground motion prediction meth-
odologies without any accounting for the source factors will 
simply be inadequate.”

In the modern approach shown in Poljansek et al. (2017), 
it is put to attention the correct definition of seismic haz-
ard, which with the vulnerability and exposure analyses, 
a global risk analysis is found as studied in Zacchei and 
Molina (2021). Also, the correct identification of the model 
and parameters to be used is an important aspect.

A possible issue is to choose a consistent model and 
parameters (random and epistemic) to be correctly used. 
“Random” uncertainties are related to the inherent random-
ness of the studied phenomena, whereas the “epistemic” 
uncertainties are related to the lack of knowledge of the 
models (Hariri-Ardebili and Saouma 2016; Zacchei and 
Molina 2020). Random and epistemic uncertainties are stud-
ied in stochastic analyses, which are used to solve problems 
that cannot be deterministically solved because models are 
not completely known, or data are not available (Zacchei and 

Molina 2021; Yan et al. 2016; Dong et al. 2017). However, 
when epistemic uncertainties are predominant with respect 
to random uncertainties, it is difficult to choose a unique 
model.

The studied area in this paper is Portugal where seismic 
activity is high as shown in Fig. 1. The total average annual 
loss in Portugal, which “represents the long-term mean 
loss value per year due to direct damage caused by earth-
quake ground shaking in the residential, commercial, and 
industrial building stock, considering structural and non-
structural components and building contents” is 69.0 ×  106 
$ (Global earthquake model (GEM), database, Accessed in 
10, 2020. Available online: https:// www. globa lquak emodel. 
org/ gem).

Since the 1755 Lisbon earthquake to the more recent 
great earthquake 1998 Azores-Faial (Global earthquake 
model (GEM), database, Accessed in 10, 2020. Available 
online: https:// www. globa lquak emodel. org/ gem), sev-
eral studies, including old ones (example from the Span-
ish coast 2001; Gràcia et al. 2003; Gutscher et al. 2006; 
Thiebot and Gutscher 2006) up to the most recent (Cunha 
et al. 2012; Matias et al. 2013; Woessner et al. 2015), have 
been developed. For Portugal, some papers have been pub-
lished about PSHA (Carvalho 2007; Carvalho and Malfeito 
2018; Carvalho et al. 2018; Sousa and Costa 2009) but it 
appears to the authors that no study has been published 
about pb-PSHA.

Motivation of this study

The motivations of this study are summarized in the follow-
ing points.

1. Lack of a well-calibrated attenuation equation for Por-
tugal. To the best of the authors’ knowledge, there are 
four attenuation laws for Portugal of which three are 
expressed in terms of seismic intensity due to the scar-
city of instrumental data (Jiménez and García-Fernández 
1999; Goff et al. 2014; Sousa and Oliveira 1997) and 
one is expressed in terms of spectral accelerations (Car-
valho 2007) (see Table 1). These equations are very dif-
ferent from each other although they should be used for 
the same country. In this sense they could not be fully 
reliable.

2. There are four valid models for Portugal that charac-
terize the seismogenic zones (ZSs): Share, Ersta, EC8, 
and Zesis (IGME 2015; Carvalho and Malfeito 2018; 
Committee and for Standardization (CEN), Design of 
structures for earthquake resistance, Part 1: General 
rules, seismic actions and rules for buildings 2004;) (see 
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Fig. 2). These models can provide different outputs as 
shown in literature (Carvalho and Malfeito 2018; Sousa 
and Costa 2009; Sousa and Oliveira 1997; Fonseca et al. 
2011) whereby using the same ZSs for the EC8 model 
different values are obtained.

3. Inconsistency of the following relation: PGA = γI ×  PGAR, 
where γI is the importance factor and  PGAR is the refer-
ence PGA (Ministerio delle Infrastructure 2008; Com-
mittee and for Standardization (CEN), Design of struc-
tures for earthquake resistance, Part 1: General rules, 
seismic actions and rules for buildings 2004; Sousa et al. 
2019). This relation correlates an acceleration (PGA) 
with the type of construction. As mentioned in Sousa 
et al. (2019); García-Pérez et al. 2005), γI is not related 

to the structure characteristics; therefore, this relation 
should be inconsistent. Thus, the logic to correlate the 
structure (object to be designed at surface) with a PGA 
(seismic input in deep) should be exceeded.

A more correct form to quantify the importance factor 
has been treated in literature where this factor is calibrated 
as a function of the vulnerability of the structures, external 
loadings (Kodur and Naser 2013), evaluation of benefit/costs 
for the service life (García-Pérez et al. 2005), losses due 
to damage and failure of the structure (Pozos-Estrada et al. 
2016), and accounting hazard/vulnerability/exposure in a 
unique solution (Zacchei and Molina 2021).

Fig. 1  Portugal maps: average annual losses and seismic hazard (modified from Global earthquake model (GEM), database, Accessed in 10, 
(2020). Available online: https:// www. globa lquak emodel. org/ gem)

Table 1  Attenuation equations 
for  Portugala

I intensity, M considered magnitude, considered distance, PGA peak ground acceleration.
a In (Douglas 2019; Ambraseys et al. 2005), other attenuation equations calibrated by using Portugal data 
are presented; however, these are not strictly defined for this country.
b Values estimated for a specific zone: ZS5 for EC8 model (see Fig. 2).

Attenuation equation Year

I = 0.98 + 0.85 M − 0.23 In (R) − 0.006 Rb 1997 (Sousa and Oliveira 1997)
I = 6.8 + 1.13 M − 1.68 In (R + 14) 1999 (Jiménez and García-Fernández 1999)
log10 PGA =  − 0.74 + 0.55 M − 0.002  log10 R − 0.61 R + 0.25 2007 (Carvalho 2007)
I =  − 1.9438 In (R) + 4.1 M − 9.5763 2014 (Goff et al. 2014)
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Therefore, in this paper a model for pb-PSHA using 
EGFs is proposed without using an attenuation equation. 
Both models are related to each other through the moment 
magnitude Mw. The seismic source is idealized by random, 
impulsive, periodic, and linear function to estimate the 
PGAs. Also, a comparison between ZS models has been 
carried out to identify the discrepancies and “ad hoc” return 
periods.

Materials

Materials for the seismic hazard

Four seismogenic zones (ZSs) have been selected of which 
two are typically used only for Portugal, i.e., the Share and 
Ersta (Carvalho and Malfeito 2018) zones. Other ones are 
the Eurocode EC8 (Carvalho and Malfeito 2018; Commit-
tee and for Standardization (CEN), Design of structures for 
earthquake resistance, Part 1: General rules, seismic actions 

and rules for buildings,  2004;) and the Iberian Peninsula 
Zesis (IGME 2015).

From these ZSs, some data have been collected and used 
to calibrate new values regarding 6 specific ZSs. This data 
analysis is based on associated events that characterize the 
seismicity of each seismogenic zone for Zesis. The group 
of events has been divided in sub-groups, ΔMw, associated 
to a number of events with the same moment magnitude, 
Mw, completeness period, completeness interval, frequency 
of events of similar intensity, mean annual rate of exceed-
ance, λc.

The events provided by Zesis have already been processed 
for homogenization, declustering, and completeness (Fac-
cioli and Paolucci 2005; Zacchei et al. 2017). Therefore, 
these operations have not been repeated in this paper. Thus, 
all events have been taken as they are with the registered Mw 
and, for the completeness period, the oldest year has been 
considered.

The values of λc for events with magnitude Mw are cor-
related by the well-known Gutenberg-Richter (G&R) law 
(Zhan 2017; Wu et al. 2018), where the slope, b-value, 

Fig. 2  Seismogenic zones for Portugal: Share, Ersta, EC8, and Zesis (modified from IGME (2015); Carvalho and Malfeito 2018; Committee and 
for Standardization (CEN), Design of structures for earthquake resistance, Part 1: General rules, seismic actions and rules for buildings 2004))
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describes the ratio between the number of small and large 
events, whereas the  log10(λc) intercept, a-value, measures the 
level of seismicity (or “productivity” as mentioned in Gulia 
and Wiemer (2019)).

Table 2 shows the selected ZSs regarding continental 
Portugal and the equivalence between them in terms of 
nomenclatures.

It is possible to see that the ZSs for EC8 include more 
than one of ZSs for other models, as for instance, the 4 and 
2 zones. This is expected since the EC8 zones are very large 
as shown in Fig. 2.

Table 3 lists the parameters collected from literature 
and obtained in this analysis where it is possible to see that 
b-value ranges from 0.64 to 1.06. b-value is considered as 
the universality value, i.e., considering the reference value 
b = 1.0, when b < 1.0 the area is more dominated by large but 
infrequent events and the small earthquakes have a lower fre-
quency compared to the strong earthquakes (Wu et al. 2018).

In Table 3, for EC8 model, two different values for each 
ZS are shown (Carvalho and Malfeito 2018; Sousa and Costa 
2009; Sousa and Oliveira 1997; Fonseca et al. 2011), where 
the total mean difference is ~ 7%. This could confirm the 
difficulty in estimating a unique value, although the model 
and the correlated area are the same.

A difference between a mean of b-values calculated by 
Share, Zesis, Ersta, and EC8 models and the b-values cal-
culated in this analysis is 0.033 (3.75% error) indicating a 
good agreement.

Figure 3 shows the G&R trend for each ZS for Zesis. The 
solid line is the R&G trend with b = 1.0 (Bentz et al. 2020). 
The horizontal difference between each point of the same 
ZS represents the pre-defined sub-groups ΔMw (as shown in 
Fig. 3 for the ZS7 example). In fact, this difference maintains 
constant.

Table 4 shows a-values for all models. The range of 
a-value is 2.27–3.60. In fact, a-values are generally of the 
order of 3.0 as indicated in Eurocode (Committee and for 
Standardization (CEN), Design of structures for earthquake 
resistance, Part 1: General rules, seismic actions and rules 
for buildings,  2004). Obtaining a good agreement for a-val-
ues is more complicated since a small variation of b-values 
provides a large variation of a-values at Mw = 0. Here the 
estimated difference is 0.252 (9.09% error).

Finally, Table 5 shows λc values only for models with 
available data. This parameter, which ranges between 0.04 
and 0.32, is strongly influenced by the number of events to 
be considered with the same Mw. Here a poor agreement is 
obtained, with a difference of 0.07 (47% error); however, 

Table 2  Equivalences between 
the seismogenic zones (ZSs)

a In bracket a place of reference is indicated (city or region).

ZS for Share (Carvalho and 
Malfeito 2018)

ZS for Zesis 
(IGME 2015)

ZS for Ersta (Carvalho and 
Malfeito 2018)

ZS for EC8 (Carvalho 
and Malfeito 2018)

242 (Évora)a 10 C, E, and Z3 4
245 (Algarve) 13 D 8
249 (Coimbra) 7 A and B 3
250 (Villa Real) 6 Z2 and B 2 and 4
251 (Lisbon) 9 B 5
255 (Braga) 2 Z1 2

Table 3  Comparison of the models (b-value)

a The mean value refers to the values of Share, Zesis, Ersta, and EC8 (except values in bracket).
b In bracket there are the values estimated for the same seismogenic zones and model by other authors (Sousa and Costa 2009; Sousa and 
Oliveira 1997; Fonseca et al. 2011).

ZS (Zesis) b-value (Share) 
(Carvalho and Mal-
feito 2018)

b-value (Zesis) 
(IGME 2015)

b-value (Ersta) 
(Carvalho and Malfeito 
2018)

b-value (EC8) (Car-
valho and Malfeito 
2018)

b-value (mean)a b-value (this analy-
sis)

10 1.00 1.00 0.99 0.82 (0.84)b 0.953 0.97
13 1.00 1.06 0.75 0.77 (0.64) 0.895 0.83
7 1.00 1.06 0.88 0.86 (0.89) 0.949 1.04
6 1.00 0.98 0.94 0.82 (0.84) 0.934 0.83
9 0.90 0.87 0.79 0.71 (0.95) 0.818 0.72
2 1.00 1.04 0.98 0.66 (0.84) 0.920 0.88
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to quantify the error only data from Zesis were available; 
therefore, it should be possible that it is overestimated.

Materials for the Green’s function

Two main input parameters are necessary to develop 
the EGF, i.e., the fault and the seismic source. In a ZS, 

the fault is characterized by a dominant tectonic, stress 
regime, and main focal mechanism. The distance from 
the epicenter and edge of the fault rupture area is usually 
Δ < 30 km. The source provides a list of events with a 
specific location, seismic moment M0, magnitude Mw, and 
other parameters listed in Table 6.

The main criteria to choose the events are (i) the posi-
tion of the epicenter and station must be in a ZS for Zesis, 
to know the seismogenic data; (ii) the epicentral depth 
must be Δ < 30 km, to apply the PSHA; (iii) the magnitude 
range between 4.0 < Mw < 6.0, to obtain significant M0; and 
(iv) time-history registrations must be available, to treat 
the earthquake outputs.

Also, these cities are placed in a medium/high seis-
mic hazard region with a PGA of 0.08–0.35 g in accord-
ance with (Global earthquake model (GEM), database, 
Accessed in 10, 2020. Available online: https:// www. globa 
lquak emodel. org/ gem).

Fig. 3  G&R of this analysis for 
each ZS for Zesis

Table 4  Comparison of the models (a-value)

a The mean value refers to the values of Share, Ersta, and EC8.
b Estimated value from b-value and G&R law.

ZS(Zesis) a-value (Share)(Car-
valho and Malfeito 2018)

a-value (Ersta) (Car-
valho and Malfeito 
2018)

a-value (EC8) (Carvalho and 
Malfeito 2018)

a-value 
(mean)a

a-value (Zesis)b a-value (this 
analysis)

10 3.32 2.97 2.94 3.078 3.51 3.58
13 3.00 2.27 2.56 2.610 3.41 2.35
7 3.10 3.22 2.64 2.987 3.13 3.05
6 3.60 3.45 2.94 3.328 3.31 2.48
9 3.40 3.03 2.41 2.947 2.90 2.06
2 3.30 3.56 2.64 3.167 3.80 3.09

Table 5  Comparison of the models (λc value)

ZS (Zesis) λc (Zesis) (IGME 2015) λc (this 
analysis)

10 0.28 0.28
13 0.13 0.13
7 0.16 0.04
6 0.19 0.09
9 0.24 0.16
2 0.32 0.19
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For some events, ESM database (Luzi et al. 2016) pro-
vides a local magnitude ML instead of Mw, which is mostly 
used for this type of analysis. From the literature (Scordilis 
2006; Baruah et al. 2012), it is known that a unique global 
relation between ML-Mw does not exist. However, a more 
recent relation has been calibrated (Joshi et al. 2020), in 
which a discrepancy of ~ 0.49 has been estimated. M0 has 
been calculated in accordance with the literature (Hanks 
and Kanamori 1979).

The style of faulting is not available (N/A) by database. 
However, the reference stress regime can be taken from the 
respective ZSs where the event happened.

Figure 4 shows accelerograms in time, ü(t); the Fourier 
amplitude in function of the frequency, f; and the PSAs 
in function of structural periods, T. Four earthquakes 
have been processed by software (Seismosignal and 
4.0.0,  2010) and plotted for Ts with a 5–95% Arias inten-
sity (Peláez et al. 2005). Although they are quite “clean” 
recordings, the linear baseline correction and filtering 
with “Butterworth”-type filter and band-pass configura-
tion (0.50–25.0 Hz) have been applied. This produces a 
further cleaning of the results.

Figure 5 shows the location of the epicenter (yellow star) 
and the station (triangle) where the PGA of each earthquake 
has been registered. It is possible to see that the distances 
are so great as to pass from a ZS to other ZS, except for the 
Lisbon 2000 event. The distances are (red arrow): 14.20 km 
(Lisbon, 2000), 181.60 km (Évora, 2018), 185.50 km (Lis-
bon, 2017), and 80.80 km (Leiria, 1999).

Other events have been selected to understand, in a qual-
itative way, seismic registration in Portugal. From these 
events the relations in Table 6 between Mw/M0, ML/Mw have 
been calibrated. These events, which happened in Azores 
islands (outside of the considered ZSs) at 10.0 km depth, 
are the following:

– 01/01/1980, 16:42 date; 38.81 latitude, − 27.78 longitude; 
6.9 Mw; M0 = 2.82 ×  1026 N × m; strike-slip style of fault-
ing.

– 27/06/1997, 4:39 date; 38.33 latitude, − 26.68 longitude; 
5.9 Mw; M0 = 6.8 ×  1024 N × m; normal style of faulting.

– 09/07/1998, 5:19 date; 38.65 latitude, − 28.62 longitude; 
6.2 Mw; M0 = 1.60 ×  1021 N × m; strike-slip style of fault-
ing.

– 01/08/2000, 4:35 date; 38.79 latitude, − 29.0 longitude; 
5.1 Mw; M0 = 5.10 ×  1023 N × m; strike-slip style of fault-
ing.

Methodology

The proposed methodology is divided in two processes, i.e., 
PSHA + EGF, which are correlated to each other by Mw, that 
provide the pb-PSHA as shown in Fig. 6. By this methodol-
ogy the first and second problem described in the “Motiva-
tion of this study” section could be overcome.

The main inputs of both models (i.e., Mw, years, M0, 
Mμ) that inserted in the corresponding process (i.e., PSHA 

Table 6  Used seismic events 
retrieved from database 
(Portuguese Institute of Sea 
and Atmosphere (IPMA) http:// 
www. ipma. pt/ pt/ geofi sica/ sismi 
cidade/; Luzi et al. 2016)

N/A not available, PGA peak ground acceleration, PGV peak ground velocity, PGD peak ground displace-
ment, PSAmax maximum pseudo-spectral acceleration, f frequency of the Fourier amplitudes, Ts significant 
duration (5–95% Arias intensity (Peláez et al. 2005)).
a Estimated values by authors as Mw = (0.98 ML) + 0.58 (Scordilis 2006; Baruah et al. 2012).
b Estimated values as M0 =  10(1.5 Mw + 16.1) (Hanks and Kanamori 1979).

Datum Event

City Évora Leiria Lisbon Lisbon

Date, time 15/01/2018, 11:51 30/04/1999, 9:00 17/08/2017, 6:44 16/10/2000, 3:22
Latitude, longitude 38.79, − 7.93 39.82, − 8.96 39.11, − 8.92 38.70, − 9.15
ZS for Zesis (IGME 2015) 10 7 9 9
Depth, Δ (km) 11.0 22.9 12.0 20.3
Mw

a 5.4 4.7 5.0 4.0
M0 (N × m)b 1.49 ×  1024 1.39 ×  1023 3.85 ×  1023 1.30 ×  1022

Style of faulting N/A N/A N/A N/A
PGA (cm/s2) 1.24 28.75 0.152 5.70
PGV (cm/s) 0.09 2.11 0.01 0.33
PGD (cm): 0.01 0.14 0.0 0.02
PSAmax 6.79 110.17 0.639 16.37
fmax (Hz) 1.691 1.27 1.721 2.216
fmin (Hz) 0.003 0.012 0.03 0.06
Ts (s) 27.24 13.66 46.04 16.61
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Fig. 4  Four earthquakes in terms of a accelerograms ü(t) in the time t, b Fourier amplitude vs. f, and c PSA vs. structural period T 

Fig. 5  Location of the epicenter (yellow star) and station (triangle) of the four earthquakes (modified from Luzi et al. (2016))
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and EGF) provides the outputs (i.e., a-value, b-value, 
λc, u(x,t)). Both models correlate to Mw, which is treated 
as a probabilistic parameter in PSHA and as a physical 

parameter in EGF. The parameters Mμ and u(x,t) will be 
explained in the “Empirical Green’s functions” section.

Figure  7 shows the interdependencies of all param-
eters involved in both methods. In green are indicated the 

Fig. 6  General methodology for 
PSHA + EGF ≡ pb-PSHA

Fig. 7  Parameter interdependencies of a seismic phenomenon directly calculated (in green), indirectly calculated (in yellow), and difficult to be 
calculated (in red)
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parameters that could be estimated in direct way by, for 
instance, knowing experimental or analytical relations; in 
yellow those parameters that could be estimated in indirect 
way by, for instance, knowing the event a posteriori; and in 
red the parameters that are very difficult to be estimated. The 
purpose of Fig. 7 is showing the real difficulty of predicting 
and controlling a seismic phenomenon. Some parameters 
have been treated in this paper; other ones can be retrieved 
in specialized literature (Hutchings et al. 1997; Sorensen 
et al. 2007; Jeremias et al. 2012).

Seismic hazard

The PSHA is based on the Cornell method (Cornell 1968) 
and the Poisson distribution (Ross 2008). A truncated expo-
nential probability density function (PDF) at the minimum, 
Mw,min, and maximum magnitude moment, Mw,max, is used. 
The probability of exceedance Pe of several magnitudes, μw,i, 
associated to a specific seismogenic zone and correlated to 
a PDF for source-side distance r in a range rmin ≤ r ≤ rmax, 
fR(r), is described by the following (Faccioli and Paolucci 
2005; Valentini et al. 2019):

where L is the fault length, Δ is the vertical projection of 
the fault at ground surface, and β = b  loge10. PDF of fR(r) 
is expressed by an equation that models a shallow fault as 
a linear source.

From Eq.  (1) the probability of not-exceedance 
Pne[Mw ≤ μw,i] and the return period Tμw,i can be defined by 
well-known relations (Faccioli and Paolucci 2005).

Empirical Green’s functions

Basic hypotheses of the model

The use of EGFs is based on the literature (Aki and Richards 
2002; Stein and Wysession 2005; Hutchings 1994) where 
EGF only represents the medium, through the effects of 
propagation. EGF is a vector record that includes the seis-
mic source. For the definition of a seismic source, events 
small enough are used in order that the frequency of interest 
is below the source corner frequency, thus that the source of 
the EGF is a step function, which it is removed by deconvo-
lution. Therefore, EGF is convolved with the source func-
tion. If it is not possible to find events small enough, it is 
deconvolved out a Brune source (Mert et al. 2016), which 
works for small magnitude (< 4.0), to obtain the propaga-
tion of EGF.

(1)Pe

�
Mw > 𝜇w,i

�
= ∫

rmax

rmin

Pe

�
Mw > 𝜇w,i

�
fR(r)dr = ∫

rmax

rmin

�
e−(𝛽(𝜇w,i−Mw,min) − e−(𝛽(Mw,max−Mw,min)

1 − e−𝛽(Mw,max−Mw,min)

�
r

L
√
r2 − Δ2

dr ≈
e−(𝛽(𝜇w,i−Mw,min) − e−(𝛽(Mw,max−Mw,min)

1 − e−𝛽(Mw,max−Mw,min)

In this study, in a similar way, the EGF represents a vec-
tor that accounts for the contribution of wave equations, 
whereas the source function is defined by another func-
tion that is convoluted with the EGF. Thus, EGF is inserted 
directly into the elasto-dynamic equation, as detailed in the 
following section. In many cases, the source is at a point 
in space or time, so that the seismic source contains delta 
functions and can be easily integrated. A feature of this for-
mulation is that the principle of reciprocity, which states that 
the source and the receiver can be interchanged, emerges 
directly (Stein and Wysession 2005).

Theoretical model

The analysis of displacement discontinuities across an inter-
nal surface Ω is treated. The aspect is to pass from a surface 
Ω to a line x′ (see Appendix).

EGFs for a time-dependent t differential operator L(u(x, 
t)) over the region Ω is defined to be a solution g(x′, t′; x, t) of 
L(g(x′, t′; x, t)) = δ(x − x′)δ(t − t′), by the Dirac delta function 
δ (Aki and Richards 2002), that satisfies the given homo-
geneous boundary conditions B(u(x, t)) (Aki and Richards 

2002; Baker and Sutlief 2003; António and Tadeu 2002). A 
particular solution of L(u(x, t)) = f(x, t) with homogeneous 
boundary B(u(x, t)) in a general medium can be obtained by 
performing a convolution integral:

The elastic-dynamic equation of an earthquake and its 
ground motions is here represented. The ground displace-
ment, u(x, t), in the direction x̂n , at location x and time t > 0, 
is as follows (Hutchings and Viegas 2012):

where f(x′, t′) is a seismic source function in x̂q direction, 
at location x′ (≡ L in Eq. (1)) and time t′, and g(x, t; x′, t′) is 
the Green’s function tensor. The Green’s function tensor is 
the contribution to the displacement in the x̂n direction from 
a unidirectional unit impulse in direction x̂p (see Fig. 8b).

The integrals of Eq. (3) provide the total response due to 
the source distribution. In this case, the source is limited in 
the space x′ and time t′. Therefore, the integral is not calcu-
lated over the source region Ω.

(2)
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The use of the g(x, t; x′, t′) provides a solution for a partial 
differential operator L(u(x, t)) with boundary conditions B
(u(x, t)) in the range xmin to xmax, described as g:{L(u(x, t), 
B(u(x, t)), u(x, t), {x, xmin, xmax}, and t, {x′, t′}} (Mathemat-
ica and 12, software version number 12.0,  2019). To solve 
the nonhomogeneous (i.e., ≠ 0) wave equation (Kramer 
1996; Vrettos 2013) using g and with the solution of L(u(x, 
t)) as one-dimensional x equation of transversal body waves 
βs (García et al. 2016) with unbounded, B = 0, the relation 
becomes g:{�

2w(x,t)

�x2
−

1

�s
2

�2w(x,t)

�t2
 , B = 0, w(x, t),{x, − ∞, ∞}, 

t, {x′, t′}}, with βs
2 = (μ/ρ)1/2 = 1 (μ is the Lamé constant and 

ρ is the material density).
g solution is as follows:

where Θ(x, t, x′, t′) is the heaviside theta step function, 
which is assumed as a displacement discontinuity (Stein and 
Wysession 2005). Θ is a multidimensional function, which 
is 1 only if none of the x, t, x′, and t′ are not positive and |·| 
is the modulus.

Equation (4) represents the solution of the wave equation 
through Θ function. By substituting Eq. (4) in Eq. (3) with 
f(x′, t′) = 1, it is possible to plot the trend due to the amplifi-
cation of the Green’s function g as shown in Fig. 9.

In fact, the solution of Eq. (3) is a space and time convo-
lution, and the spatial part is two (or three) dimensional, and 

(4)g = −
1

2
Θ
[
(−t

�

+ t) − ||−x� + x||)
]

that it will affect the seismograms. However, this amplifica-
tion quantifies the physical nature of the seismic source; 
therefore, a reduction should not be necessary.

Equation (3) contains the characteristics of the source 
related to released energy; however, also by using Eq. (4), 
it does not describe the ground motion. Therefore, a fur-
ther function should be introduced. The key of the problem 
is to define a nonhomogeneous term for f(x′, t′) to describe 
the seismic source function in spatial x′ and time t′ distri-
bution of slip along the fault (Hutchings 1992).

In (Ma et al. 2019a), the seismic source is idealized by 
using four different mechanism failures. In a similar way, 
here, f(x′, t′) is represented by a following function (i.e., 
random, impulsive, periodic, or linear).

where ah is the amplitude of the source function (described 
in the “Hypocenter with a punctual mass” section), ωi is the 
circular frequency (ωi = 2πfi), ϕi is a random phase between 
0 and 2π, and n is the number of summed simple harmonic 
components (here n = 1500).

Equation  (5) is expressed by four different function 
types to try to simulate the characteristics of a seismic 
source since its accelerations are unknown (Lior and Ziv 
2018), with a sine/cosine/exponential function that could 
represent the trend in time t′ and space x′. In this sense, 
Eq.  (5) defines a seismic source in both deterministic 
(impulsive, period, linear) and probabilistic (random) 
form.

It is important to note that, if there is consistency with a 
possible motion of the energy propagation, there may not 
be consistency with the rupture.

(5)
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Fig. 8  Proposed model for PSHA + EGF: a general representation 
and b vectors and tensors at seismic source and ground motion

Fig. 9  Plot of Eq.  (4) in Eq.  (3) with f(x′, t′) = 1, integrated 
for − ∞ < x′ <  + ∞ and t′ ≥ 0
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Hypocenter with a punctual mass

Equation (4) does not represent a physical quantity; there-
fore, it should be necessary to give a physical meaning to 
Eq. (5). As shown in literature (Hutchings and Viegas 2012), 
the source function can be obtained by the Lamé constant (or 
shear modulus) μ, which is correlated to the seismic moment 
by M0 = μ × A × ū, where A is the rupture area and ū is the 
average displacement (Faccioli and Paolucci 2005; Dicelis 
et al. 2016; Ren and Zhang 2013).

In (Hutchings and Viegas 2012), Eq. (3) is expressed as 
the product of the EGF times an a-dimensional amplitude of 
M0, obtaining an EGF with the same units of u(x, t). Also, 
in Ma et al. 2019a the moment tensor describes the seismic 
source by means of equivalent forces and moments applied 
at the source. In an equivalent way, here it is introduced a 
hypocenter with an idealized punctual mass.

A new parameter is introduced in Eq.  (5) to provide 
a physical quantity in terms of accelerations in Eq.  (3). 
From M0, it is obtained an equivalent relationship: 
M0 = ah × Mμ × ū, where ah is the acceleration at hypocenter 
and Mμ is called “punctual mass hypocenter,” expressed in 
kg. In this sense M0 continues to be expressed as a force 
times a displacement, i.e., as a work.

The concept to obtain this equivalent relationship is that 
the shear modulus μ, calculated as a shear force divided 
by the area on which the force acts, is calculated as a mass 
times acceleration. The accumulations of static stresses 
released by faulting (i.e., static stress drop) have been ideal-
ized as an inertial force along a infinity fault line {L ≡ x′|x′ 
(− ∞, ∞)}. The correlation, at mathematical level, between 
Mw and a mass has been already introduced in other studies 
(Bentz et al. 2020; McGarr 1991).

Also, in this study, the fault is considered as linear to 
adopt, as already mentioned, (i) the PDF of fR(r) in Eq. (1) 
and (ii) the domain (− ∞, ∞) where the variable x′ was inte-
grated in Eq. (3).

Therefore, x’∈ Ω in Eq.  (2) becomes an infinity 
line − ∞ < x′ < ∞, as shown in Eq.  (3). The solution of 
Eq. (3) demands this infinity range, which could be justi-
fied by the fact that the considered M0 are very large (see 
Table 6); thus, the source dimensions are also very large. 
Moreover, the relationship between M0 and x′ is quasi-linear 
and tends to infinity as shown in literature (Hutchings and 
Viegas 2012; Ji et al. 2019; Kono et al. 2020).

Therefore, the acceleration ah can be expressed as ah = M0/
(Mμ × ū) ≈ M0/Mμ since both M0 and Mμ have a very large 
magnitude (e.g., order of ~  1020) with respect to ū, which has 
a magnitude of meters. The objective is to estimate a unique 
parameter Mμ and ah knowing PGA and M0. This is possible 
through the plotting of Eq. (3) from the hypocenter to the 
site. In this way, only two constant values are used like to the 
approach shown in literature (Wennerberg 1990).

The model proposed in Fig. 8 should be valid under the 
following main hypotheses.

1. Epicenter and site points must be placed inside of a same 
ZS so that all parameters retrieved from seismogenic 
zones are valid.

2. Hypocenter point must be at a depth Δ < 30 km since 
ZSs are calculated up to this depth. In this way, the 
probability P[Mw > μw,i] at the surface is the same at any 
point P[Mw > μw,i] at the wave path.

3. The source geometry must be modeled as linear. In this 
way Eq. (1) and Eq. (3) are valid.

4. Data of an earthquake registration must be taken from a 
station placed at a studied ZS. Both methods are corre-
lated by Mw, which is retrieved from a ZS and database, 
and then it is inserted in EGF.

The relation ah ≈ M0/Mμ to be introduced in Eq.  (5) 
should be valid only mathematically. In this sense, further 
research will be necessary to validate the proposed model 
physically.

A possible limitation of this method regards its extend-
ibility to more widespread types of earthquake events. This 
is because the distribution of b-values is related to the focal 
mechanism of the event as shown in example from the 
Spanish coast (2001); Gulia and Wiemer 2019). For small-
magnitude events or even man-made earthquakes, the focal 
mechanisms can be very complicated to be identified.

Analyses and results

Return periods by PSHAs

A ZS is characterized by seismic parameters (i.e., a-value, 
b-value, λc), which are obtained from a group of events that 
are homogeneous and independents of each other. This indi-
cates that for the same ZS could be possible to establish a 
unique period, Te, in which these seismic parameters are 
maintained.

The hypothesis is that the seismogenic context for each 
ZS will be reasonably the same since the tectonic phenom-
ena change during very long periods. However, the seismic 
parameters can suffer little variations since they are very 
sensible to the amount of data in the database. In this sense, 
a unique return period, Te, consistent to the real sequence 
of events accounting for the seismogenic parameters is 
introduced.

The idea is not to eliminate the concept of the return 
period but to separate it from the acceleration, as a safety 
factor, since, nowadays, specific studies that provide more 
reliable seismic inputs are available. This aspect questions 
the use of extremely large return periods, Tr > 1000 years, 
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to merely increase a seismic acceleration. In this sense, the 
third problem described in the “Motivation of this study” 
section could be overcome.

Figure 10 shows the results in terms of Mw vs. year for 
three seismogenic zones (i.e., ZS7, ZS9, ZS10) where the 
studied events happened (see Table 6). The dashed blue line 
represents the moving average regarding the events. The 
return period, Te, refers to the maximum return period for 
which the characteristics of the seismicity remain constant, 
whereas the return period, Tμw (interval of the vertical grey 
lines), is calculated as Tμw = 1/(1 − Pne) treated in Eq. (1).

In Fig.  10a  there are 107 events in a period 
1344–2002 years with a mean magnitude of 4.3. It is pos-
sible to see that in a period 1760–2002 years the sequence 
of the events is more consistent to the calculated Tμw 
(= 14.64 years); in fact, in this interval the moving average 
(dashed blue line) oscillates more.

Although many old events have not been recorded, these 
107 events were sufficient to establish the ZS9; therefore, 
Tμw can be assumed valid for all period of 658.0 years. These 
considerations are also valid for Fig. 10b, c.

Under these considerations, if Tμw < Tr < Te, it is possi-
ble to assume Tr provided by Eurocode (Committee and for 
Standardization (CEN), Design of structures for earthquake 
resistance, Part 1: General rules, seismic actions and rules 
for buildings,  2004) (Tr = 475 years) for any type of struc-
tures, since this period is rightly framed in a same seismo-
genic context. If this range is not verified, i.e., Tr > Te, a value 
of Tr > 475 years would lose meaning.

In this way, the importance factor is γI = 1.0. It is defined 
as γI ≈ (Tr/TL)−1/k, where TL is the return period of a require-
ment specific level and k is a factor that depends on the seis-
micity, as mentioned k ≈ 3.0 as the a-values (see Table 4) 
(Committee and for Standardization (CEN), Design of struc-
tures for earthquake resistance, Part 1: General rules, seis-
mic actions and rules for buildings 2004; Sousa et al. 2019).

It is possible to conclude, as shown in Table 7, that for 
these three ZSs a Tr that should be used for all type of struc-
tures, independently of their importance, is 475 years.

The results for Lisbon are consistent with the literature 
(Sousa and Costa 2009) where the probability of exceed-
ance of 475 years is less than 1% for the magnitude 3.5–6.5. 
This could confirm that using a period longer than 475 years 
overestimates the seismic input by using Eurocode (Commit-
tee and for Standardization (CEN), Design of structures for 
earthquake resistance, Part 1: General rules, seismic actions 
and rules for buildings,  2004).

It is important to note that the offshore seismicity has 
not been considered in this study, which could affect the 
seismicity of the studied places as shown in literature (Sousa 
and Costa 2009). This is because by considering the offshore 
zones, e.g., ZS50, where the great 1755 Lisbon earthquake 
was generated, the seismicity increases as commented in 

Fig. 10  Results in terms of Mw vs. year and return periods for a ZS9, 
b ZS10, and c ZS7

Table 7  Summary of results

a It represents the maximum Tr that could be adopted for designing of 
any type of structure placed in these specific ZSs.

Event ZS μw Tμw (year) Te (year) Tr,max (year)

Évora, 2018 10 4.3 7.56 155.0 475.0a

Leiria, 1999 7 4.3 41.42 594.0
Lisbon, 2000 9 4.3 14.64 658.0
Lisbon, 2017
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Fonseca et al. (2011). However, as discussed in the “Moti-
vation of this study” section, there are no attenuation equa-
tions for Portugal that can well calibrate the results at these 
distances (see Table 1).

These results could separate the PGA from γI, which 
relates to the consequences of a structural failure. Buildings 
are classified in classes, depending on the consequences of 
collapse for human life, public safety, civil protection, and 
thus social and economic consequences in the post-earth-
quake period (Ministerio delle Infrastructure 2008; Com-
mittee and for Standardization (CEN), Design of structures 
for earthquake resistance, Part 1: General rules, seismic 
actions and rules for buildings, 2004; Global earthquake 
model (GEM), database, Accessed in 10, 2020. Available 
online: https:// www. globa lquak emodel. org/ gem).

The logic to divide the performance requirements in 
no-collapse and damage is fundamental, but it should not 
merely induce an increase in seismic input. It should be 
associated with improving mathematical modeling, seismic 
analyses (object of this study), design, and detailing of pri-
mary/secondary elements and connections.

An overestimation of γI leads to an overdesigning of, for 
instance, small structures considered as important since their 
design inertial force can reach very high values. Moreover, 
in many cases, the lack of attention for designing of small/
medium structures makes using a high input value quickly 
“solve,” but not totally correct, the safety problem. For this 
reason, it could be useful to separate the accelerations from 
γI but focusing more on the modeling and detailing.

Ground motions by EGFs

Figure 11 shows the 2D and 3D source function f(x′, t′) for 
four cases (Eq. (5)): random, impulsive, periodic, and lin-
ear. The 2D trend (f vs. t′) is the transversal section of the 
3D trend at x′ = 0, except for the impulsive function that 
is calculated at x′ = 1.5 m. Used data refer to the Lisbon 
2000 event. The numerical analyses have been carried out 
by Mathematica software (Mathematica and 12, software 
version number 12.0,  2019).

The source function, expressed by four types of func-
tions, should represent an artificial acceleration (Zacchei 
and Molina 2018) of the soil at hypocenter. These func-
tions are plotted in the significant duration Ts, i.e., 0 ≤ t′ ≤ Ts 
(see Table 6), whereas the spatial variable x′ is plotted 
between − 10 ≤ x′ ≤ 10 m.

In 3D view it is possible to see that the released energy 
comes from a line where the acceleration assumes a value of 
f > 0 at t′ = 0 consistent to the proposed model.

Figure 12 shows the results for the Lisbon 2000 event 
in terms of displacements of the ground motion computed 
by using Eq. (3), which derived in the time t provides the 
velocities and accelerations of the ground motion.

The impulsive source function is used as reference since 
the parameters Mμ and ah have been calibrated consider-
ing (ü(x,t) − PGA) ≈ 0 under an impulsive source function 
as shown also in Denolle et al. (2018). This is because an 
impulsive function should be consistent to the physical pro-
cess described in Eq. (3) due to x̂p . Therefore, the amplitude 
ah is calculated iteratively from registered PGA and M0 for 
each event. In function of this calibration, other values of 
ü(x,t) are also estimated; thus, it is possible to note what the 
source function should well estimate ü(x,t) values.

During the time integrations, the values of the ground dis-
placements assume larger values due to the strong influence 
of the Green’s function, g, expressed in Eq. (4), that provides 
exponential values (see black line in Fig. 9).

This function mainly affects the source expressed by 
Eq. (5) in the displacements of the ground, whereas in the 
velocities and accelerations, it is possible to see that the 
results follow the trend of the artificial accelerograms since 
the influence of the Green’s function is weaker.

Figures 13, 14, and 15 show the ground accelerations for 
the other three considered events. In general, it is possible 
to associate calculation results with spatial coordinates since 
each city has its own latitude and longitude thus seismogenic 
parameters.

In Table 8 there are the values of the parameters used for 
this analysis (i.e., ah and Mμ).

Figure 16  shows the relative error expressed in per-
centage (%) calculated as (calculated value − registered 
value)/calculated value. The registered values are shown in 
Table 6. In this way it could be possible to estimate the con-
tribution of the different source functions for PGD, PGV, 
and PGA.

In Fig. 16 it is possible to see that for the PGD and PGV 
values it is difficult to obtain a good result due to the ampli-
fication already mentioned in Fig. 9. In fact, the proposed 
model should estimate only the PGA values since the ampli-
tude ah in Eq. (5) was introduced for this scope.

For the PGA, it is possible to see that the source function 
expressed by a random and periodic function provides good 
results (i.e., non-high relative error). In particular, the peri-
odic function provides the best results with a mean relative 
error for PGA of ~ 21%.

Due to the stochastic nature of the phenomenon, in some 
case also a random function could provide good results 
(see Fig. 16a). By using a linear function, the PGA values 
are poor, however, in some cases, provide similar values 
with respect the literature, e.g., for Lisbon 2000 0.15 g 
vs. 0.228 g (Global earthquake model (GEM), database, 
Accessed in 10, 2020. Available online: https:// www. globa 
lquak emodel. org/ gem) and for Evora 2018 0.04 g vs. 0.08 g 
(Global earthquake model (GEM), database, Accessed in 
10, 2020. Available online: https:// www. globa lquak emodel. 
org/ gem).
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The latter aspect could be correlated to the fact that the 
released energy, M0, of both events is high; therefore, a lin-
ear propagation of the seismic source function in ̂xq direction 
should not be affected by soil damping during the wave path 
providing high values (Denolle et al. 2018).

It is important to highlight that a station that registers 
the signals could be very distance to the epicenter. In many 

cases, this distance is larger than an equivalent radius of a 
ZS, and, therefore, the relation between the parameters of the 
PSHA and the parameters of the seismic source would not 
be compatible in accordance with the hypotheses of the pro-
posed model (“Hypocenter with a punctual mass” section).

Thus, the proposed model (Fig. 8) should be applied 
in an area that corresponds to a unique ZS. Therefore, as 

Fig. 11  2D/3D source functions 
expressed by a a random, b 
impulsive, c periodic, and d 
linear function. Used data refer 
to Lisbon 2000 event. The hori-
zontal dashed lines in 2D func-
tions represent the PGA value, 
i.e., 0.057 m/s2 (see Table 6).

2D (at x’ = 0 m for random, periodic, 
linear; at x’ = 1.5 m for impulsive) 3D  
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Lisbon, 2000

Impulsive 

(reference)
Random Periodic Linear

(a)

(b)

(c)

Fig. 12  Solutions in terms of a displacements, b velocities, and c accelerations of the ground motion for 2000 Lisbon earthquake

Fig. 13  Solutions in terms of 
accelerations of the ground 
motion for 2018 Évora earth-
quake

Évora, 2018

Impulsive (reference) Random

Periodic Linear
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shown in Fig. 5, rigorously only the results of the 2000 
Lisbon earthquake (Fig. 12) would be valid. However, 

mathematically, the method would continue to be also 
valid for other events.

This problem also exists for the traditional PSHA by 
using attenuation equations. In fact, when more ZSs are 
considered to develop a unique seismic hazard analysis, 
the mean parameters of ZSs are usually used. In this way, 
the mean of b-values for several ZSs are calculated in the 
detriment of the adopted attenuation equation which is usu-
ally calibrated for a unique predominant and homogenous 
mechanism fault (Zacchei et al. 2017).

Fig. 14  Solutions in terms of 
accelerations of the ground 
motion for 2017 Lisbon earth-
quake

Lisbon, 2017

Impulsive (reference) Random

Periodic Linear

Table 8  Estimation of ah and Mμ

Évora, 2018 Leiria, 1999 Lisbon, 2000 Lisbon, 2017

ah (m/s2) 0.0124 0.276 0.0627 0.0021
Mμ (kg) 1.20 ×  1023 5.03 ×  1023 2.07 ×  1023 1.81 ×  1026

Fig. 15  Solutions in terms of 
accelerations of the ground 
motion for 1999 Leiria earth-
quake

Leiria, 1999

Impulsive (reference) Random

Periodic Linear
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Conclusions

This paper combines the PSHA with EGFs through a 
magnitude Mw describing the source function via random, 

impulsive, periodic, and linear functions. Some parameters 
of ZSs for Portugal and specific return periods have been 
estimated.

The main conclusions are the following:

1. A comparison between the parameters of existing seis-
mogenic zones (Share, Ersta, EC8, Zesis) and other 
estimated parameters has been carried out. Results 
listed in Tables 3, 4, and 5 show some differences by 
using same ZSs and models indicating that the epis-
temic uncertainties play an important role. The results 
in this paper could contribute to reduce the gap from 
various models.

2. An overestimation of γI leads to an overdesigning of, 
for instance, small structures considered as important, 
since the design inertial force can reach very high val-
ues with a small increasing of γI. In many cases, for 
small/medium structures, the use of a high input value 
“resolves” the safety problem neglecting an attention 
for designing. For this reason, it could be convenient 
to separate the PGA from γI as shown in Table 7. For 
important small structures it should be essential focusing 
more on the modeling and detailing.

3. A new model to correlate PSHA with EGFs has been 
proposed (Fig. 8). This model should be valid under 
specific hypotheses. It has been calibrated for Portu-
gal; however, more research are necessary to validate 
it experimentally. The key parameter for the correlation 
between two models is Mw, which is estimated by PSHA 
and introduced in EGFs by M0 through the following 
relation: ah ≈ M0/Mμ.

4. Different types of source functions have been used 
to carry out the proposed model: random, impulsive, 
periodic, and linear. This is because a priori the accel-
erations of the seismic source are not known. Results 
(Fig. 16) show that the periodic function provides better 
results with a relative error between 12 and 36%. These 
results could be of importance for hazard assessment 
to incentivize more further research on the earthquake 
source physics in general.

Appendix

The inhomogeneous (i.e., ≠ 0) wave equation in one 
dimension for a function w(x, t) is, for − ∞ < x < ∞, t > 0, 
given by the following (the process was retrieved from 
Baker and Sutlief (2003) and adapted to this study):

(A1)
�2w(x, t)

�x2
−

1

�s
2

�2w(x, t)

�t2
= h(x, t)

Fig. 16  Relative error of the  source functions for the a 2000 Lisbon, 
b 2018 Evora, c 2017 Lisbon, and d 1999 Leiria event
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for some given function h(x, t).
The Green’s function g(x, t; x′, t′), by the Dirac delta func-

tion δ (Aki and Richards 2002), associated with Eq. (A1) 
satisfies

By using a Fourier’s transform, it is obtained:

Let G(x, t; x′, t′) = exp(ixx′) r(x, t), a function r(x,t),

therefore

which has solutions r(x, t) = A(t) sin [x(t − t′)], with 
A(t) = ∫δ(t − t′)/x dt, is an amplitude of sine function.

By using the fact that ∫δ(t − t′)dt = Θ(t − t′), r(x, t) is

therefore, considering the equivalence between Eq. (A3) 
and Eq. (A4),

Thus, it is shown that the Fourier’s transform in x of the 
Green’s function, G(x, t; x′, t′) = F(g(x, t; x′, t′)), is given by 
Eq. (A7).

Finally, by taking the inverse of Fourier’s transform

and by using two general identities (i) 2sin(α)(cos(β) + s
in(β)) = sin(α − β) + sin(α + β) + cos(α − β) − cos(α + β) and 
(ii) eiα = cos(α) + i sen(α), it is obtained.

(A2)

�2g(x, t;x
�

, t
�

)

�x2
−

1

�s
2

�2g
(
x, t;x

�

, t
�)

�t2
= �(x − x�)�(t − t

�

)

(A3)1

�s
2

�2G
(
x, t;x

�

, t
�)

�t2
+ x2G

(
x, t;x

�

, t
�)

= �(t − t
�

)eixx
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(A4)
1

�s
2

�2r(x, t)

�t2
+ x2r(x, t) = �(t − t
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(A5)
1
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2
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2
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Neglecting the imaginary par t,  knowing that 
∫ ∞

−∞

sin(�)

�
d� = � and introducing the sign function as 

sgn(α) =  − 1, 0, 1 for α < 0, α = 0, α > 0, respectively, Eq. 
(A9) is

that, considering sgn(α) ≈ 2 Θ(α), can be written as

that is Eq. (4).
Note that Eq.  (4) has a similar form with respect 

to the general solution of Eq. (A1) with h(x.t) = 0, 
βs = 1, and unbounded condition B = 0, that is, w(x, 
t) = c1(t − x) + c2(t + x), where c1 and c2 are two arbitrary 
differential equations.
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