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Abstract In this paper, adaptive dynamic coupling control
is considered for hybrid joints, which could be switched to
either active (actuated) or passive (under-actuated) mode,
for human-symbiotic wheeled mobile manipulators with un-
modelled dynamics. This social robot can be used in the
house, the office, etc, which can flexibly interact with the
human and would not injure the people. The constraints for
such social robots consist of kinematic constraints and dy-
namic constraints. Based on Lyapunov synthesis, adaptive
coupling control using physical properties of mobile social
robot is proposed for passive hybrid joints, which ensures
that the system outputs track the given bounded reference
signals within a small neighborhood of zero, and guaran-
tee semi-global uniform boundedness of all closed loop sig-
nals. The effectiveness of the proposed controls is verified
through extensive simulations.

Keywords Mobile manipulators · Hybrid joint ·
Unmodelled dynamics

1 Introduction

Today, robots are expected to provide various services di-
rectly to humans in environments. This situation has led to
the idea of teams consisting of humans and robots working
cooperatively on the same task [1]. Various names for this
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type of human-robot cooperation system have emerged in-
cluding human-friendly robots, personal robots, assistant ro-
bots and symbiotic robots. These robots will continue to be
employed also in the 21st century to cope with the increase
in the elder and handicapped, the decrease in the birth rate
and working population, and it will be introduced into non-
industrial areas such as homes and offices to make a rich
and comfortable life. One of the specific situations in the
non-industrial areas is that the robots coexist and help hu-
mans in their life environments. The robots, therefore, must
be with the capability of human-robot coexistence. They can
be called “social robots”.

In developing social robots, people expect the human-
like, flexible interaction between human and robots [2].
Flexibility in human-adaptable motion can provide impor-
tant benefits, including improved situation awareness, more
safety, more balanced interaction workload, increased user
acceptance, and improved overall performance.

A social robot needs to work and move among humans,
it is required that special concerns should made on the me-
chanical compliance and its’ control. A social robot should
weigh not significantly more than a human, but the me-
chanical compliance is also a necessity. Most previous pas-
sive compliance approaches were based on the robot’s struc-
tural compliance using special mechanical devices such as
springs and dampers. With the passive compliance, the robot
hardware could achieve more reliable compliance compared
with the active compliance approaches. Therefore, in our
previous work [3], a novel compliant passive mechanism—
the hybrid joint was proposed for mobile manipulators,
which is different from the traditional spring-damper sys-
tem, as shown in Fig. 1. The hybrid joint has one clutch,
when the clutch is released, the link is free, and the pas-
sive link is directly controlled by the dynamics coupling,
as shown in Fig. 2. In [3], the switching logic of the hy-
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Fig. 1 The social robot

Fig. 2 The hybrid joint

brid joints capable of compliantly adapting to human’s mo-
tion and force was realized by switching the hybrid joints to
the active mode or passive mode as needed. The operational
modes of the hybrid joints need to be changed depending on
the requirement of a given task. For the human-robot coop-
eration, i.e., [4], a robot helps human to carry a big or long
object, which is demanded in home, office and welfare site,
as well as factory. However, the internal force of the carried
object is inevitably produced, which would damage the hu-
man collaborator. If hybrid joints, especially in the passive
mode, are introduced, the internal forces are decreased and
human safety is improved. On the other hand, the hybrid
joint in the actuated mode is equivalent to the full-actuated
robots.

Most previous works have been done to investigate mo-
bile manipulators with full actuated joints, i.e., [5–7], which
could be applied to the hybrid joint in the active mode. How-

ever, for the hybrid joint in the unactuated mode, that is,
the manipulator with the passive hybrid joints mounted on
the two-wheeled driven mobile platform, where one or sev-
eral hybrid joints in the passive mode may appear anywhere
in the manipulator, makes it difficult to apply conventional
approaches of robotics based on Euler-Lagrange descrip-
tion of the systems, due to simultaneously integrating both
kinematic constraints and dynamic constraints. On the other
hand, the mobile manipulator with passive hybrid joints is
more complex than the mobile wheeled inverted pendulums
[8] or pendulums [9, 10], whose dynamic balances in the
vertical plane are achieved due to the existent gravity. For
these reasons, increasing efforts need to be made towards
control design that guarantees stability and robustness for
mobile hybrid actuated manipulators. These systems are in-
trinsically nonlinear and their dynamics will be described by
nonlinear differential equations.

In general, nonholonomic constraints include: (i) only
kinematic constraints which geometrically restrict the direc-
tion of mobility, i.e., wheeled mobile robot [11, 12]; (ii) only
dynamic constraints due to dynamic balance at passive de-
grees of freedom where no force or torque is applied, i.e.,
the manipulators with passive links [13, 14]; (iii) not only
kinematic constraints but also dynamic constraints [3], i.e.,
mobile manipulator with one passive hybrid joint, shall be
investigated in this paper. The common feature of these sys-
tems is governed by under-actuated configuration, i.e., the
number of control inputs is less than the number of degrees
of freedom to be stabilized [15], which makes it difficult to
apply the conventional control approaches.

The hybrid joint in the passive mode [3], is a typical ex-
ample of the second-order nonholonomic system as [13, 14],
which can rotate freely and can be indirectly driven by the
effect of the dynamic coupling between the active and pas-
sive joints. The coordination of multi-manipulators using
passive joints was proposed in [16] to decrease the unde-
sired internal forces.

Since the coupling between the actuated and the passive
joints depends on the dynamic parameters, and is subject
to errors if there are uncertainties on the values of these
parameters, as in [13, 16], it is seldom found how to han-
dle the situations in the presence of the unmodelled dynam-
ics and external unknown disturbances. For example, under-
actuated manipulators, however, are impossible to control
the system with simple control schemes, because of the cou-
pling between the joints.

Since the mobile manipulator is a strong dynamic cou-
pled nonlinear system, there exists strong dynamic coupling
between the mobile platform and the manipulator. How to
utilize this dynamic coupling to control the manipulator
with passive hybrid joints is one of the important issues
and has not been investigated until now. On the other hand,
mobile manipulators with hybrid joints is characterized by
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unstable balance and unmodelled dynamics, and is subject
to time varying external disturbances, which are generally
difficult to model accurately. Therefore, traditional model-
based control may not be the ideal approach since it gener-
ally works best when the dynamic model is known exactly.
The presence of uncertainties and disturbances could disrupt
the function of the traditional model-based feedback control
and lead to the unstable balance.

Developing a highly accurate model could be much more
complex than the design of a control mechanism. Modeling
errors always exist, which undermine the dynamic coupling
control performance. Based on the previous works [3, 7],
different from the known dynamics in [3], in this paper,
the dynamic uncertainty has been considered. By develop-
ing adaptive motion control with gain adaptation [17] and
[18] for two-wheeled driven mobile manipulator with one
hybrid joint, we attempt to utilize the dynamic coupling to
control the passive hybrid joint with unknown modeling er-
rors and external disturbances.

2 System Description of Mobile Manipulator for Social
Environments

The proposed social robotic manipulator using a hybrid joint
can passively deform in order to attenuate collision forces
using the passive joint and the mobile platform [3]. How-
ever, the deformation of the passive joint and the movement
of the platform cause the end-effector to be out of position,
so we need to propose the control approach for the passive
joint. In this section, we first introduce the dynamics model
for the proposed social robots.

Lemma 1 [19] Let e = H(s)r with H(s) representing an
(n × m)-dimensional strictly proper exponentially stable
transfer function, r and e denoting its input and output, re-
spectively. Then r ∈ Lm

2 ∩Lm∞ implies that e, ė ∈ Ln
2 ∩Ln∞, e

is continuous, and e → 0 as t → ∞. If, in addition, r → 0
as t → ∞, then ė → 0.

2.1 Dynamics of Mobile Manipulators using Hybrid Joints

Consider an n DOF mobile manipulator, the dynamics can
be described as

M(q)q̈ + V (q, q̇)q̇ + G(q) + d(t) = B(q)τ + f (1)

where q = [qT
v , qT

a , qT
h ]T ∈ Rn with qv = [x, y, θ ]T ∈ Rnv

denoting the generalized coordinates for the mobile platform
and qa ∈ Rna denoting the coordinates of the active joints,
and qh ∈ Rnh denoting the coordinates of the hybrid joints,
in this paper, we focus on nh = 1, and n = nv +na +nh. The
symmetric positive definite inertia matrix M(q) ∈ Rn×n,
the Centripetal and Coriolis torques V (q̇, q) ∈ Rn×n, the

gravitational torque vector G(q) ∈ Rn, the external distur-
bances d(t) ∈ Rn, the known input transformation matrix
B(q) ∈ Rn×m, the control inputs τ ∈ Rm and the general-
ized constraint forces f ∈ Rn could be represented as, re-
spectively

M(q) =
⎡
⎣

Mv Mva Mvh

Mav Ma Mah

Mhv Mha Mh

⎤
⎦ ,

V (q, q̇) =
⎡
⎣

Vv Vva Vvh

Vav Va Vah

Vhv Vha Vh

⎤
⎦ , f =

⎡
⎣

J T
v λn

0
0

⎤
⎦ ,

G(q) =
⎡
⎣

Gv

Ga

Gh

⎤
⎦ , d(t) =

⎡
⎣

dv

da

dh

⎤
⎦ , B(q)τ =

⎡
⎣

τv

τa

τh

⎤
⎦

where Mv,Ma,Mh describe the inertia matrices for the mo-
bile platform, the active links and the hybrid links, respec-
tively, Mva,Mvh and Mah are the coupling inertia matrices
of the mobile platform, the active links, and the hybrid links;
Vv,Va and Vh denote the Centripetal and Coriolis torques
for the mobile platform, the active links and the hybrid links,
respectively; Vva,Vvh and Vah are the coupling Centripetal
and Coriolis torques of the mobile platform, the active links
and the hybrid links. Gv,Ga and Gh are the gravitational
torque vectors for the mobile platform, the active links and
the hybrid links, respectively; τv is the input vector associ-
ated with the left driven wheel and the right driven wheel,
respectively; and τa are the control input vectors for the
active joints of the manipulator; and τh are the control in-
put vectors for the hybrid joints of the manipulator, where
τh �= 0 if the hybrid joints switched to the actuated mode,
while τh = 0 if the hybrid joints are in the passive mode;
dv, da and dh denote the external disturbances on the mobile
platform, the active links and the hybrid links, respectively;
Jv ∈ Rl×nv is the kinematic constraint matrix related to non-
holonomic constraints; λn ∈ Rl is the associated Lagrangian
multipliers with the generalized nonholonomic constraints.
We assume that the mobile manipulator is subject to known
nonholonomic constraints. In actual implementation, we can
adopt the methods of producing enough friction between the
wheels of the mobile platform and the ground.

2.2 Reduced System

The vehicle subject to nonholonomic constraints can be ex-
pressed as

Jvq̇v = 0. (2)

The effect of the constraints can be viewed as a restriction
of the dynamics on the manifold �n as �n = {(qv, q̇v) |
Jvq̇v = 0}.
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Assume that the annihilator of the co-distribution spann-
ed by the covector fields J T

v1
(qv), . . . , J

T
vl

(qv) is an (nv − l)-
dimensional smooth nonsingular distribution � on Rnv .
This distribution � is spanned by a set of (nv − l) smooth
and linearly independent vector fields H1(qv), . . . ,

Hnv−l(qv), i.e., � = span{H1(qv), . . . ,Hnv−l (qv)}, which
satisfy, in local coordinates, the following relation [20]

HT (qv)J
T
v (qv) = 0 (3)

where H(qv) = [H1(qv), . . . ,Hnv−l (qv)] ∈ Rnv×(nv−l).
Note that HT H is of full rank. The constraint (2) implies
the existence of vector η̇ ∈ Rnv−l , such that

q̇v = H(qv)η̇. (4)

Considering (4) and its derivative, the dynamics of mo-
bile manipulator can be expressed as

M(ζ )ζ̈ + V (ζ, ζ̇ )ζ̇ + G(ζ ) + D(t) = U (5)

where

M(ζ ) =
⎡
⎣

HT MvH HT Mva HT Mvh

MavH Ma Mah

MhvH Mha Mh

⎤
⎦ ,

ζ =
⎡
⎣

η

qa

qh

⎤
⎦ , G(ζ ) =

⎡
⎣

HT Gv

Ga

Gh

⎤
⎦ ,

D(t) =
⎡
⎣

HT dv

da

dh

⎤
⎦ ,

V (ζ, ζ̇ ) =
⎡
⎣

HT MvḢ + HT VvH HT Vva HT Vvh

MavḢ + VavH Va Vah

MhvḢ + VhvH Vha Vh

⎤
⎦ ,

U = [
τT
v H τT

a τh

]T
.

Remark 1 In this paper, we choose ζ̇ = [ω,v, q̇T
a , q̇h]T , and

η̇ = [ω,v]T , where v is the forward velocity of the mobile
platform; and ω is the rotation velocity of the mobile plat-
form.

Considering the property of the above mechanical sys-
tem, we list the following properties [21] for the active hy-
brid joints:

Property 1 The inertia matrix M(ζ ) is symmetric and pos-
itive definite.

Property 2 The matrix Ṁ − 2V is skew-symmetric.

2.3 Physical Properties

When the hybrid joints are switched to the active mode, we
partition ζ into ζ̇1 = ω ∈ R, ζ̇2 = [v, q̇T

a ]T and ζ3 = qh ∈ R,
according to the above partitions, corresponding to the defi-
nition of (5), we can rewrite the structure of the dynamics of
mobile actuated manipulators as:

M(ζ ) =
⎡
⎣

M11 M12 M13

M21 M22 M23

M31 M32 M33

⎤
⎦ ,

V (ζ, ζ̇ )ζ̇ =
⎡
⎣

V1

V2

V3

⎤
⎦ =

⎡
⎢⎣

V11ζ̇1 + V12ζ̇2 + V13ζ̇3

V21ζ̇1 + V22ζ̇2 + V23ζ̇3

V31ζ̇1 + V32ζ̇2 + V33ζ̇3

⎤
⎥⎦ ,

G = [
G1 GT

2 G3
]T

,

D = [
d1 dT

2 d3
]T

,

U = [
u1 uT

2 u3
]T

.

(6)

Following [14], for the control design of mobile manipu-
lators with hybrid joint, where u3 = 0, it is easy to obtain
nv +na − l > nh. It is apparent that even if na = 0, the above
is also achieved.

Assumption 1 In order to make ζ3 controllable, especially
in the passive mode, we assume that matrices M13 and M31

are larger than zero and M−1
11 exists.

Remark 2 If M13 and M31 are equal to zero, while M12 and
M21 are larger than zero, which means that ζ3 will be cou-
pled with one vector of ζ2, we only need to exchange ζ1 with
the vector of ζ2. In this paper, we focus on M13 = M31 > 0.

After some simple manipulations, we can obtain three
dynamics as

M11ζ̈1 = u1 − V1 − G1 − d1 − M12ζ̈2 − M13ζ̈3, (7)

(M22 − M21M
−1
11 M12)ζ̈2 + (M23 − M21M

−1
11 M13)ζ̈3

+ V2 + G2 + d2 − M21M
−1
11 V1 − M21M

−1
11 G1

− M21M
−1
11 d1 = u2 − M21M

−1
11 u1, (8)

(M32 − M31M
−1
11 M12)ζ̈2 + (M33 − M31M

−1
11 M13)ζ̈3

+ V3 + G3 + d3 − M31M
−1
11 V1 − M31M

−1
11 G1

− M31M
−1
11 d1 = −M31M

−1
11 u1. (9)

Let A = M22 − M21M
−1
11 M12, B = M23 − M21M

−1
11 M13,

C = M32 − M31M
−1
11 M12, D = M33 − M31M

−1
11 M13,

E = (V22 − M21M
−1
11 V12)ζ̇2 + (V23 − M21M

−1
11 V13)ζ̇3, F =

(V32 − M31M
−1
11 V12)ζ̇2 + (V33 − M31M

−1
11 V13)ζ̇3, H =
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(V21 − M21M
−1
11 V11)ζ̇1 + G2 + d2 − M21M

−1
11 G1 −

M21M
−1
11 d1, K = (V31 − M31M

−1
11 V11)ζ̇1 + G3 + d3 −

M31M
−1
11 G1 − M31M

−1
11 d1. Then, we can rewrite (7), (8)

and (9) as

M11ζ̈1 = u1 − V1 − G1 − d1 − M12ζ̈2 − M13ζ̈3, (10)

Aζ̈2 + Bζ̈3 + E + H = −M21M
−1
11 u1 + u2, (11)

Cζ̈2 + Dζ̈3 + F + K = −M31M
−1
11 u1. (12)

Let ξ = [ζ T
3 , ζ T

2 ]T , considering (5) and (6), equations
(11) and (12) become

M1(ζ )ξ̈ + V1(ζ, ζ̇ )ξ̇ + D1 = B1 U1 (13)

where

M1(ζ ) =
[

D C
B A

]
, D1 =

[
K

H

]
,

B1 =
[

M31M
−1
11 0

M21M
−1
11 I

]
, U1 =

[−u1

u2

]
,

V1(ζ, ζ̇ ) =
[

V33 − M31M
−1
11 V13 V32 − M31M

−1
11 V12

V23 − M21M
−1
11 V13 V22 − M21M

−1
11 V12

]
.

Decompose V1(ζ, ζ̇ ) = V̂1 + Ṽ1 such that

Ṁ1 − 2Ṽ1 = 0. (14)

Property 3 The inertia matrix M1 is symmetric and posi-
tive definite.

Remark 3 Since v,ω, q̇h ∈ R,M11,M31 ∈ R.

Property 4 The eigenvalues of the inertia matrix B1 are
positive.

Remark 4 There exist the minimum and maximum eigen-
values λmin(B1) and λmax(B1), such that ∀x ∈ Rn−nh , the
known positive parameter b satisfying b ≤ λmin(B1) .

For the hybrid joints, we give the following assumptions
for the actuated and passive modes, respectively,

Assumption 2 (Actuated Hybrid Joints) [22, 23] The de-
sired trajectories ζ1d(t), ζ2d(t), ζ3d(t) and their time deriva-
tives up to the 3rd order are continuously differentiable and
bounded for all t ≥ 0.

Remark 5 Since a lot of works has been done for the full-
actuated mobile manipulators, such as [5–7], therefore, in
this paper, we focus on the mobile manipulators with passive
hybrid joints. Moreover, we give the following assumption.

Assumption 3 For the hybrid joints in the actuated mode,
we could adopt the controllers, such as in [7], that en-
sure the tracking errors for the variables ζ1, ζ2, ζ3 from any
(ζj (0), ζ̇j (0)) ∈ �, where j = 1,2,3, ζj , ζ̇j converge to a
manifold �ad specified as

�ad = {(ζj , ζ̇j ) | |ζj − ζjd | ≤ εj1, |ζ̇j − ζ̇jd | ≤ εj2} (15)

where εji > 0, i = 1,2. Ideally, εji should be the threshold
of measurable noise. At the same time, all the closed loop
signals are to be kept bounded.

Assumption 4 (Passive Hybrid Joints) [22, 23] The desired
trajectories ζ2d(t), ζ3d(t) and their time derivatives up to the
3rd order are continuously differentiable and bounded for all
t ≥ 0.

The control objective for the motion of the system with
the unactuated hybrid joint is to design, if possible, con-
trollers that ensure the tracking errors for the variables ζ2, ζ3

from any (ζj (0), ζ̇j (0)) ∈ �, where j = 2,3, ζj , ζ̇j converge
to a manifold �ud specified as � where

�ud = {(ζj , ζ̇j ) | |ζj − ζjd | ≤ εj1, |ζ̇j − ζ̇jd | ≤ εj2} (16)

where εji > 0, i = 1,2, j = 2,3. Ideally, εji should be the
threshold of measurable noise. At the same time, all the
closed loop signals are to be kept bounded.

In the following, we can analyze and design the con-
trol for each subsystem. For clarity, define the tracking er-
rors and the filtered tracking errors as ej = ζj − ζjd , and
rj = ėj + �jej where �j is positive definite, j = 2,3.
Then, based on Lemma 1, to study the stability of ej and
ėj , we only need to study the properties of rj . In addition,
the following computable signals are defined:

ζ̇jr = ζ̇jd − �jej , (17)

ζ̈jr = ζ̈jd − �j ėj . (18)

3 Adaptive Dynamic Coupling Control

3.1 ζ2 and ζ3-subsystems

In reality, the physical model of a system cannot be exactly
known, i.e., there exist model uncertainties, which would
cause the dynamics uncertainties. In addition, external dis-
turbances may also affect the performance of the system. In
this section, we take both factors into consideration to de-
velop adaptive control scheme to deal with uncertainties as
well as external disturbances.

Since ξ̇ = ξ̇r + r, ξ̈ = ξ̈r + ṙ , (13) become

M1ṙ + Ṽ1r = −M1ξ̈r − V̂1r − V1ξ̇r − D1 + B1 U1 (19)
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where r = [rT
3 , rT

2 ]T , ξ̈r = [ζ̈ T
3r , ζ̈

T
2r ]T . Since V1 is the matrix

function of ζ̇ , ζ , and M1 is the matrix consisting of the sub-
matrices of M, therefore, the following assumption is listed
as:

Assumption 5 The nominal B10 for B1 is a known positive
definite matrix, satisfying B1 = B10 +�B with an unknown
matrix �B.

Assumption 6 There exist some finite positive constants
ci > 0 (1 ≤ i ≤ 8) such that ∀ζ ∈ R2+na+1,∀ζ̇ ∈ R2+na+1,

‖M1‖ ≤ c1,‖V1‖ ≤ c2 + c3‖ζ̇‖,‖V̂1‖ ≤ c4 + c5‖ζ̇‖,
‖D1‖ ≤ c6 + c7‖ζ̇‖,‖�B‖ ≤ c8.

Remark 6 Although we assume some finite positive con-
stants C = [c1, . . . , c8]T in Assumption 6, these constants
are unknown beforehand, therefore, we propose the follow-
ing adaptive law to approximate them.

Assumption 7 There is time varying positive function 

which converges to zero as t → ∞ and satisfies
limt→∞

∫ t

0 (s)ds = ρ < ∞ with finite constant ρ.

Consider the following control laws and the adaptive law
as

U1 = −B−1
10 KP r − 1

b

8∑
i=1

rĉi�
2
i

�i‖r‖ + δi

, (20)

˙̂ci = −σi ĉi + γi�
2
i ‖r‖2

‖r‖�i + δi

(21)

where KP is positive definite, γi > 0 and δ > 0 and σi >

0,1 ≤ i ≤ 8, satisfying Assumption 7:
∫ ∞

0 δi(s)ds = ρiδ <

∞,
∫ ∞

0 σi(s)ds = ρiσ < ∞ with the constants ρiδ and ρiσ .

Let Ĉ = [ĉ1, . . . , ĉ8]T and � = [‖ξ̈r‖,‖ξ̇r‖,‖ζ̇‖‖ξ̇r‖,‖r‖,
‖r‖‖ζ̇‖,1,‖ζ̇‖,‖B−1

10 KP r‖]T , and � = CT � . Note that
adaptive gains in sliding mode control laws have been ap-
plied in [17], and [18], it is used here in a more generalized
sense.

To analyze closed loop stability for the ζ2 and ζ3-
subsystem, consider the following Lyapunov function can-
didate

V1 = 1

2
rT M1r + 1

2
C̃T �−1C̃ (22)

where � = diag[γ1, . . . , γ8], and C̃ = C − Ĉ. Its time deriv-
ative is given by

V̇1 = rT

(
1

2
Ṁ1r + M1ṙ

)
+ C̃T �−1 ˙̃

C. (23)

Considering (14), and substituting (19) into (23), and inte-
grating (20), we have

V̇1 = rT (B1 U − M1ξ̈r − V̂1r − V1ξ̇r − D1) + C̃T �−1 ˙̃
C

= rT

[
(B1 − B10)(−B−1

10 KP r) − 1

b
B1

8∑
i=1

rĉi�
2
i

�i‖r‖ + δi

+ B10 B−1
10 (−KP r) − M1ξ̈r − V̂1r − V1ξ̇r − D1

]

+ C̃T �−1 ˙̃
C

= −rT KP r − 1

b
rT B1

8∑
i=1

rĉi�
2
i

�i‖r‖ + δi

− rT (B1 − B10)B−1
10 KP r − rT M1ξ̈r

− rT V1ξ̇r − rT V̂1r − rT D1 + C̃T �−1 ˙̃
C. (24)

Consider Property 4, we have

V̇1 ≤ −rT KP r −
8∑

i=1

rT rĉi�
2
i

�i‖r‖ + δi

+ ‖r‖‖B1

− B10‖‖B−1
10 KP r‖ + ‖r‖‖M1‖‖ξ̈r‖

+ ‖r‖‖V1‖‖ξ̇r‖ + ‖V̂1‖‖r‖2 + ‖r‖‖D1‖
+ C̃T �−1 ˙̃

C. (25)

Since ‖M1‖ ≤ c1,‖V1‖ ≤ c2 + c3‖ζ̇‖,‖V̂1‖ ≤ c4 + c5‖ζ̇‖,
‖D1‖ ≤ c6 + c7‖ζ̇‖,‖B1 − B10‖ ≤ c8, we have

V̇1 ≤ −rT KP r + ‖r‖� −
8∑

i=1

ĉi�
2
i ‖r‖2

‖r‖�i + δi

+ ĈT ��−1C̃ −
8∑

i=1

‖r‖2c̃i�
2
i

‖r‖�i + δi

≤ −rT KP r + CT � + ĈT ��−1(C − Ĉ)

≤ −rT KP r + CT � + 1

4
CT ��−1C (26)

with � = diag[σ1, . . . , σ8],� = [δ1, . . . , δ8]T . Therefore,
V̇1 ≤ −λmin(KP )‖r‖2 + CT � + 1

4CT ��−1C. Since
CT �+ 1

4CT ��−1C is bounded, there exists t > t1,C
T �+

1
4CT ��−1C ≤ ρ1 with the finite constant ρ1, when ‖r‖ ≥√

ρ1
λmin(KP )

, then V̇1 ≤ 0, from above all, r converges to a

small set �1 containing the origin as t → ∞,

�1 : ‖r‖ ≤
√

ρ1

λmin(KP )
. (27)

Integrating both sides of the above equation gives

V1(t) − V1(0) ≤ −
∫ t

0
λmin(KP )‖r‖2ds

+
∫ t

0

(
CT � + 1

4
CT ��−1C

)
ds. (28)
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Since C and � are constant,
∫ ∞

0 �ds = ρδ = [ρ1δ, . . . ,

ρ8δ]T ,
∫ ∞

0 �ds = ρσ = diag[ρ1σ , . . . , ρ8σ ], we can rewrite
(28) as V1(t) − V1(0) ≤ − ∫ t

0 λmin(KP )‖r‖2ds + CT ρδ +
1
4CT ρσ �−1C < ∞. Thus V1 is bounded, which implies that
r ∈ L∞. From (28), we have

∫ t

0 λmin(KP )‖r‖2ds ≤ V1(0)−
V1(t)+CT ρδ + 1

4CT ρσ �−1C, which leads to r ∈ L2. From
rj = ėj + �jej , it can be obtained that ej , ėj ∈ L∞. As we
have established ej , ėj ∈ L∞, from Assumption 4, we con-
clude that ζj , ζ̇j , ξ̇r , ξ̈r ∈ L∞. Therefore, all the signals on
the right hand side of (19) are bounded, and we can conclude
that ṙ and therefore ζ̈j are bounded. Thus, r → 0 as t → ∞
can be obtained. Consequently, we have ej → 0, ėj → 0 as
t → ∞. Since r, ζj , ζ̇j , ζjr , ζ̇jr , ζ̈jr are all bounded it is easy
to conclude that U is bounded from (20).

All the signals on the left hand side of (19) are bounded,
therefore, H and K are also bounded, since H and K contain
ζ̇1, we can obtain ζ̇1 is bounded.

3.2 ζ1-subsystem

Finally, for system (7)–(9) under control laws (20), appar-
ently, the ζ1-subsystem (7) can be rewritten as

ϕ̇ = f (ν,ϕ, U ) (29)

where ϕ = [ζ T
1 , ζ̇ T

1 ]T , ν = [rT , ṙT ]T , U = [u1, u
T
2 ]T . From

ζ2 and ζ3 subsystem and their stability, the zero dynamics of
ζ1-subsystem can be addressed as [24]

ϕ̇ = f (0, ϕ, U ∗(0, ϕ)) (30)

where U ∗ is the input vector at ν = 0.

Assumption 8 [24] System (7), (8) and (9) is hyperboli-
cally minimum-phase, i.e. zero dynamics (30) is exponen-
tially stable. In addition, assume that the control input U is
designed as a function of the states (ξ,ϕ) and the reference
signal satisfying Assumption 4, and the function f (ν,ϕ, U )

is Lipschitz in ν, i.e., there exists Lipschitz constants Lν and
Lf for f (ν,ϕ, U ) such that

‖f (ν,ϕ, U ) − f (0, ϕ, Uϕ)‖ ≤ Lν‖ν‖ + Lf (31)

where Uϕ = U ∗(0, ϕ).

Considering Assumption 8 and the converse theorem of
Lyapunov [25], there exists a Lyapunov function V0(ϕ) with
the following properties

ς2‖ϕ‖2 ≤ V0(ϕ) ≤ ς1‖ϕ‖2, (32)

∂V0

∂ϕ
f (0, ϕ, Uϕ) ≤ −λa‖ϕ‖2, (33)

∥∥∥∥
∂V0

∂ϕ

∥∥∥∥ ≤ λb‖ϕ‖ (34)

where ς1, ς2, λa and λb are positive constants.
From the previous stability analysis about the ζ2-sub-

system (8) and the ζ3-subsystem (9), we know that ζ2, ζ3,

ζ̇2, ζ̇3 are bounded. Accordingly, ν are bounded. We denote
the upper bound of ν as

‖ν‖ ≤ ‖ν‖max (35)

where ‖ν‖max is a positive constant.

Lemma 2 [24] For the internal dynamics ϕ̇ = f (ν,ϕ, U ) of
the system, if Assumptions 4 and 6 are satisfied, then there
exist positive constants Lϕ and T0, such that

‖ϕ(t)‖ ≤ Lϕ, ∀t > T0. (36)

Proof Considering Assumption 8, there exists a Lyapunov
function V0(ϕ). Differentiating V0(ϕ) along (7), (8), (9)
yields

V̇0(ϕ) = ∂V0

∂ϕ
f (ν,ϕ, U )

= ∂V0

∂ϕ
f (0, ϕ, Uϕ)

+ ∂V0

∂ϕ
[f (ν,ϕ, U ) − f (0, ϕ, Uϕ)]. (37)

Noting (31)–(34), (37) can be written as

V̇0(ϕ) ≤ −λa‖ϕ‖2 + λb‖ϕ‖(Lν‖ν‖ + Lf ). (38)

Noting (35), we have

V̇0(ϕ) ≤ −λa‖ϕ‖2 + λb‖ϕ‖(Lν‖ν‖max + Lf ). (39)

Therefore, V̇0(ϕ) ≤ 0, ϕ converges to a small set containing
the origin when

‖ϕ‖ ≥ λb

λa

(Lν‖ν‖max + Lf ). (40)

By letting Lϕ = λb

λa
(Lν‖ν‖max + Lf ), we conclude that

there exists a positive constant T0, such that (36) holds. �

Theorem 1 Consider the system (7)–(9) with Assumptions 4
and 6, under the action of control laws (20) and adapta-
tion laws (21). For compact set �1, where (ζ(0), ζ̇ (0), Ĉ(0))
∈ �, the tracking error r converges to the compact set �1

defined by (27), and all the signals in the closed loop system
are bounded.

Proof From the results (28), it is clear that the tracking er-
rors rj converges to the compact set �1 defined by (27).
In addition, the signal C̃ is bounded. From Lemma 1, we
can know e2, ė2, e3, ė3 are also bounded. From the bound-
edness of ζ2d, ζ3d in Assumption 4, we know that ζ2, ζ3 are
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bounded. Since ζ̇2d , ζ̇3d are also bounded, it follows that
ζ̇2, ζ̇3 are bounded. With C constant, we know that Ĉ is also
bounded. From Lemma 2, we know that the ζ1-subsystem
(7) is stable, and ζ1, ζ̇1 are bounded. This completes the
proof. �

3.3 Zero-Dynamics Stability Analysis

First, we briefly mention the method used to analyze the
zero-dynamics stability. By substituting the control inputs
U into the zero-dynamics and after some simplifications, (7)
in terms of ζ̇1, ζ̈1 was obtained. The analysis of the stability
of the zero-dynamics ζ1-subsystem is can be carried out for
the nominal system without uncertainty using a linearization
approach. Thus, Assumption 8 is true at least locally. In this
paper, we will verify, through the simulation results, that the
zero dynamics are indeed stable.

3.4 Switching Stability

For the system switching stability between the actuated and
passive mode, we give the remark as follows:

Remark 7 Consider the system (5) with the actuated mode
(6) and the under-actuated mode (7)–(9), if the system is
both stable before and after the switching phase using the
Assumption 3 and (20), We may assume that there exists no
external impact during the switching. Switching occurs only
at well-defined and predetermined time-instances and each
of the two employed control methods remains enabled for
long enough to allow sufficient tracking results. This implies
the time-switched control law remains overall stable.

4 Simulation

In this section, we demonstrate the effectiveness of the pro-
posed control for the social robotics applications. Let us

consider a wheeled hybrid-actuated manipulators, shown in
Fig. 3.

The following variables have been chosen to describe the
social robot (see also Fig. 3):

τl, τr : the torques of two wheels;
τ1: the torques of the hybrid-actuated joint, that is, in the
passive mode, τ1 = 0;
θl, θr : the rotation angle of the left wheel and the right
wheel of the mobile platform;
v: the forward velocity of the mobile platform;
θ : the direction angle of the mobile platform;
ω: the rotation velocity of the mobile platform, and ω =
θ̇ ;
θ1: the joint angle of the passive hybrid joint;
m1,m2: the mass of links of the manipulator;
Iz1, Iz2: the inertia moment of the link 1 and the link 2;
l1, l2: the link length of the manipulator;
r : the radius of the wheels;
2l: the distance of the wheels;
d : the distance between the manipulator and the driving
center of the mobile base;
mp: the mass of the mobile platform;
Ip: the inertia moment of the mobile platform;
Iw: the inertia moment of each wheel;
mw: the mass of each wheel;
g: gravity acceleration;

The mobile hybrid-actuated manipulator is subjected to
the following constraint: ẋ cos θ − ẏ sin θ = 0. Using La-
grangian approach, we can obtain the standard form with
q = [θl, θr , θ1]T , ζ̇ = [ζ̇1, ζ̇2, ζ̇3]T = [v, θ̇ , θ̇1]T , then we
could obtain

M(q)q̈ + C(q, q̇)q̇ + G(q) = B(q)τ

where

M(q) =
⎡
⎣

p0 − p1 cos θ1 + p2 + p3 sin θ1 q0 + p1 cos θ1 − p2 q1 sin θ1 − q2 cos θ1 + q2
3 + q4

q0 + p1 cos θ1 − p2 p0 − p1 cos θ1 + p2 − p3 sin θ1 q1 sin θ1 + q2 cos θ1 − q3 − q4

q1 sin θ1 − q2 cos θ1 + q3 + q4 q1 sin θ1 + q2 cos θ1 − q3 − q4 Iz1 + Iz2 + m2l
2
2

⎤
⎦ ,

C(q, q̇) =
⎡
⎣

c11 c12 c13

c21 c22 c23

c31 c32 c33

⎤
⎦ ,

p0 = 1

4
(mp + m1 + m2 + 2mw)r2 + 1

4
(Ip + 2Iw + m1d

2 + m2d
2 + 2mwl2)r2 + (Iz1 + Iz2)r

2/4,

p1 = m2l2dr2/2,

p2 = m2l
2
2r2/4,

p3 = m2l2r
2/2,
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p4 = Iz1 + Iz2 + m2l
2
2 ,

q0 = (mp + m1 + m2 + 2mw)r2/4 − 1

4
(Ip + 2Iw + m1d

2 + m2d
2 + 2mwl2)r2 − (Iz1 + Iz2)r

2/4,

q1 = m2l2r/2,

q2 = m2l2dr/2,

q3 = m2l2r
2/2,

q4 = (Iz1 + Iz2)r/2,

c11 = (p1 sin θ1 + p3 cos θ1)θ̇1/2,

c12 = −p1 sin θ1θ̇1,

c13 = (p1 sin θ1 + p3 cos θ1)θ̇r/2 − p3 sin θ1θ̇l + (q1 cos θ1 + q2 sin θ1)θ̇1,

c21 = −p1 sin θ1θ̇1/2,

c22 = (p1 sin θ1 − p3 cos θ1)θ̇1/2,

c23 = −p1 sin θ1θ̇r/2 + (p1 sin θ1 − p3 cos θ1)θ̇l/2 + (q1 cos θ1 − q2 sin θ1)θ̇1,

c31 = −(p1 sin θ1 + p3 cos θ1)θ̇r/2 + p1 sin θ1θ̇l/2,

c32 = p1 sin θ1θ̇r /2 + (p3 cos θ1 − p1 sin θ1)θ̇l/2,

c33 = 0,

G(q) = 0,

B(q) = diag[1].

Fig. 3 The mobile hybrid-actuated manipulator in the simulation

In the simulation, we assume the parameters p0 = 6.0 kg m2,

p1 = 1.0 kg m2,p2 = 0.5 kg m2,p3 = 1.0 kg m2,p4 =
2.0 kg m2, q0 = 4.0 kg m2, q1 = 0.5 kg m2, q2 = 1.0 kg m2,

q3 = 1.0 kg m2, q4 = 0.5 kg m2, d = 1.0 m, r = 0.5 m,

ζ(0) = [π/90,0.2,0.0]T , ζ̇ (0) = [0.5,0.0,−0.5]T . The dis-
turbances from environments on the system are intro-
duced as 0.1 sin(t),0.1 sin(t) and 0.1 sin(t) to the simu-
lation model. Since the accurate model of the practical

social robot is difficult to obtain, therefore, in the con-
trol design, we assume that we do not know the exact
parameters beforehand, while, we know the initial bound
of Ĉ(0) = [10.0, . . . ,10.0]T . The control gains are se-
lected as KP = 1.0, δi = σi = 1/(1 + t)2, γi = 2.0, B10 =
[{1.0,0.0}, {0.0,1.0}], b = 1.0. The desired trajectories are
chosen as ζ2d = 0.3t m, vd = 0.3 m/s, θ1d = 0 rad. The ζ2

and ζ3 positions tracking are shown in Figs. 4 and 5, re-
spectively, and the corresponding velocities have shown in
Fig. 7. From these figures, we know that the ζ2 and ζ3 track-
ing positions have converged to the desired trajectories, and
the input torques are shown in Fig. 6, the bounded angular
velocity ω is shown in Fig. 8, which satisfies the proposed
control objectives in Sect. 2.3. From these figures, even if
the nominal parameters of the system, which have 30%–
50% model uncertainty, and the initial disturbances bound-
edness from the environment are unknown, we can get good
performance by the proposed control.

5 Conclusion

In this paper, for human-robot coexistence and safety for
human-robot interaction, a mobile manipulator with a hy-
brid joint was proposed in the previous work. In an unex-
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Fig. 4 Tracking the desired
position ζ2

Fig. 5 Tracking the desired
position of θ1

Fig. 6 Input torques

pected collision, this robot will not inflict seriously with hu-
mans due to the deformation of the compliant joint and the
movement of the platform. However, the joint deformation

and the platform movement cause the end-effector to de-
viate from a desired task. To solve the problem, adaptive
dynamic coupling control designs are carried out for dy-
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Fig. 7 The produced velocities
of v and θ1

Fig. 8 The bounded ω

namic balance and tracking of desired trajectories of social
mobile robot with passive hybrid joints in the presence of
unmodelled dynamics, or parametric/functional uncertain-
ties. The controllers are mathematically shown to guarantee
semi-globally uniformly bounded stability, and the steady
state compact sets to which the closed loop error signals
converge are derived. The size of compact sets can be made
small through appropriate choice of control design parame-
ters. Simulation results demonstrate that the system is able
to track reference signals satisfactorily, with all closed loop
signals uniformly bounded.
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