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Abstract The aim of this paper is to propose the concept of the interval-valued least
square prenucleolus of interval-valued cooperative games and develop a direct and
an effective simplified method for solving a special subclass of interval-valued
cooperative games. In this method, through adding some conditions, the least square
prenucleolus of cooperative games is proved to be a monotonic and non-decreasing
function of coalitions’ values. Hence, the interval-valued least square prenucleolus
of coalition size monotonicity-like interval-valued cooperative games can directly
obtained via determining its lower and upper bounds by using the lower and upper
bounds of the interval-valued coalitions’ payoffs, respectively. Thus, the proposed
method may overcome the issues resulted from the Moore’s interval subtraction and
the partial subtraction operator. Examples are used to illustrate the proposed method
and comparison analysis is conducted to show its applicability and superiority.
Moreover, some important properties of the interval-valued least square prenucle-
olus of coalition size monotonicity-like interval-valued cooperative games are
discussed.

Keywords Game theory - Interval-valued cooperative game - Least square
prenucleolus - Interval computing

1 Introduction

Game theory is engaged in competing and strategic interaction among players or
subjects in finance, management, business, economics, engineering management,
and environment (Owen 1982; Nishizaki and Sakawa 2001; Li 2016). It includes
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two main branches: cooperative games (Owen 1982; Li 2003) and non-cooperative
games (Dubois and Prade 1980; Bector and Chandra 2005). Numerous researches
on non-cooperative games have conducted (Bector and Chandra 2005). Therefore,
we focus our attention on cooperative games with transferable utility, which are
often called cooperative games for short.

Crisp cooperative games use real numbers to express the values of coalitions of
players (Shapley 1953; Schmeidler 1969). They have been widely studied (von
Neumann and Morgenstern 1944; Driessen 1988). However, in real cases,
coalitions’ values cannot be expressed with real numbers because of uncertainty
and information imprecision. Presently, much research work uses intervals to
estimate coalitions’ values and establishes the so-called interval-valued cooperative
games (Branzei et al. 2010; Alparslan Gok et al. 2010; Mallozzi et al. 2011). The
difference between interval-valued cooperative games and crisp cooperative games
is that researchers utilize intervals to express the coalitions’ values in the former
rather than real numbers. Hence, in real situations, if the lower and upper bounds of
all potential values resulted from cooperation are easily known a priori, then the
game situations seem to be suitable for modeling as interval-valued cooperative
games (Li 2016).

Presently, there has been increasing research on interval-valued cooperative
games. Branzei et al. (2010) updated the results about interval-valued cooperative
games and reviewed various existing and potential applications of interval-valued
cooperative games in management situations. Branzei et al. (2003) considered
interval-valued bankruptcy games arised from bankruptcy situations with interval
claims, proposed two interval-valued Shapley-like values and studied their
interrelations via using the interval arithmetic operations (Moore 1979). Mallozzi
et al. (2011) introduced a core-like of cooperative games with coalitions’ values
represented by fuzzy intervals (Mares 2001) and a balanced-like condition which is
proven to be necessary but not sufficient to assure its non-emptiness. Han et al.
(2012) proposed the interval-valued core and the interval-valued Shapley-like value
of interval-valued cooperative games by defining new order relation of intervals.
Branzei et al. (2011) extended the interval-valued core of interval-valued
cooperative games based on the interval-valued square dominance core and
interval-valued dominance core. Alparslan Gok et al. (2011) also discussed the
interval-valued core, the interval-valued dominance core, and the interval-valued
stable sets of interval-valued cooperative games. Alparslan Gok et al. (2009) defined
the Weber set and the Shapley value for a suitable class of interval-valued
cooperative games and established their relations with the interval-valued core for
convex interval-valued cooperative games. Li (2016) proposed several important
concepts of interval-valued solutions such as the interval-valued Shapley value, the
interval-valued solidarity value as well as the interval-valued Banzhaf value and
their simplified methods. Li (2016) also established an effective non-linear
programming method for computing interval-valued cores of interval-valued
cooperative games. However, most of the aforementioned works except from Li
(2016) used the partial subtraction operator or the Moore’s interval subtraction
(Moore 1979) which usually enlarges uncertainty of the resulted interval.
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The least square prenucleolus (Ruiz et al. 1996) is one of the important solutions
of crisp cooperative games. The main purpose of this paper is to extend it to
interval-valued cooperative games. More precisely, through adding some condi-
tions, we proved that the least square prenucleolus of cooperative games is a
monotonic and non-decreasing function of coalitions’ values. Hereby we can
directly and explicitly obtain the interval-valued least square prenucleolus by
determining its lower and upper bounds, respectively. Moreover, we can prove that
the interval-valued least square prenucleolus possess some useful and important
properties.

The rest of this paper is organized as follows. In the next section, we briefly
review the concepts and notations of cooperative games, intervals, and interval-
valued cooperative games. Section 3 investigates the interval-valued least square
prenucleolus of interval-valued cooperative games satisfying Eq. (5), which are
called coalition size monotonicity-like interval-valued cooperative games for short.
In Sect. 4, the proposed method is illustrated with two real examples and compared
with other methods by using the Moore’s interval subtraction and the partial
subtraction operator. Section 5 discusses some important properties of the interval-
valued least square prenucleolus of coalition size monotonicity-like interval-valued
cooperative games. Conclusion is made in Sect. 6.

2 Some basic concepts and notations

In the following, we review some basic concepts and notations of cooperative
games, intervals, and interval-valued cooperative games (Li 2016).

2.1 The concepts of cooperative games

Let N ={1,2,...,n} be the set of players i (i = 1,2,...,n), where n is a positive
integer, and n > 2. Any subset S of the set N, i.e., S C N, is called a coalition. N is
referred to as the grand coalition. {) is called an empty coalition, i.e., an empty set of
players. Usually, we denote the set of coalitions of players in the set N by 2V.

Denote the set of real numbers by R. A n-person cooperative game is an ordered-
pair (N, v), where v: 2V—R is the characteristic function which assigns a value v(S)
to the coalition S € 2V, and v(@)) = 0. v(S) is called the value of the coalition S. It
can be interpreted as the maximal worth (or profit, reward, cost savings) that the
players of the coalition S can obtain when they cooperate. In the sequent, the n-
person cooperative game (N, v) usually is referred to as the cooperative game v for
short. The set of n-person cooperative games is denoted by G”. In the sequent, we
usually write v(S U i), v(S\i), v(i), and v(i,j) instead of v(S U {i}), v(S\{i}), v({i}),
and v({i,j}), respectively.

Let x;(v) € R be a payoff (or value) which is allocated to the player i € N when
he/she participates in the cooperative game v € G" under the condition that the

grand coalition N is reached. Then, x(v) = (x;(v),x2(v), ..., x,(v))" is a payoff
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vector of n players, where the symbol “T” is a transpose of a vector or matrix. The
efficiency of a payoff vector x(v) can be expressed as > »_; x;(v) = v(N).

2.2 Intervals and their arithmetic operations

Denote a = [ag,ag] = {ala € R,a; <a <ag}, which is called an interval, where R
is the set of real numbers stated as the above. a; € R and ai € R are called the
lower bound and the upper bound of the interval @, respectively. Let R be the set of
intervals on the set R (Li 2016). Obviously, intervals are a generalization of real
numbers. That is to say, real numbers are a special case of intervals (Moore 1979; Li
2011).

In the following, we give some interval arithmetic operations such as the equality,
the addition, and the scalar multiplication as follows (Moore 1979; Li 2011).

Definition 1  Let @ = [a;,ag] and b = [by, bg] be two intervals on the set R, and
7 € R is any real number. The interval arithmetic operations are given as follows:

1. Interval equality: @ = b if and only if a; = b; and ag = bg;
2. Interval addition or sum: @ + b = [ar + by, ag + bg];
3. Interval’s scalar multiplication:

va = var,yag] if y=>0
[vag,yar] if y<O

Obviously, the above interval arithmetic operations are an extension of those of
real numbers.

2.3 Interval-valued cooperative games

A n-person interval-valued cooperative game b is an ordered-pair (N, ), where
N ={1,2,...,n} is the set of players and v is the interval-valued characteristic
function of coalitions of players, and 0(()) = [0, 0]. Note that usually 0(() is simply
written as 0()) = 0 according to the notation of intervals. Stated as earlier, () is an
empty set. Generally, for any coalition S C N, 0(S) is denoted by the interval
0(S) = [vL(S), vr(S)], where v (S) < vg(S). We usually write 5(S\i), 0(S U i), (i),
and 0(i, /) instead of o(S\{i}), o(S U {i}), v({i}), and 0({i,/}), respectively. In the
sequent, a n-person interval-valued cooperative game (N,v) is simply called the
interval-valued cooperative game 0. The set of n-person interval-valued cooperative
games 0 is denoted by G".

For any interval-valued cooperative games v € G" and v € G", according to the
case (2) of Definition 1, 0 + v is defined as an interval-valued cooperative game with
the interval-valued characteristic function o + v, where (0 + v)(S) = 0(S) + v(S) for
any coalition S C N, i.e., (04 v)(S) = [vL.(S) 4+ vi.(S), vr(S) 4+ vg(S)].

Usually, b + ¥ is called the sum of the interval-valued cooperative games v € G"
and ¥ € G". Obviously, i + ¥ is also an interval-valued cooperative game belonging
to G", i.e., (0 + V) € G".
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For any interval-valued cooperative game i € G", it is easy to see that each
player should receive an interval-valued payoff from the cooperation due to the fact
that each coalition’s value is an interval. Let X;(0) = [x1;(D), xz;(D)] be the interval-
valued payoff which is allocated to the player i € N under the cooperation that the
grand coalition is reached. Denote ¥() = (¥1(0), %2 (D), . .., %,(0))", which is the
vector of the interval-valued payoffs for all n players in the grand coalition N.

In a similar way to the definition of the efficiency stated as in Sect. 2.1, for an
interval-valued cooperative game 0 € G", the efficiency of an interval-valued payoff
vector x(v) can be expressed as ;| %;(0) = 0(N), i.e., >, x1;(0) = v, (N) and

S xki(D) = vr(N).

3 Interval-valued least square prenucleolus

For an arbitrary cooperative game v € G” stated as in the previous Sect. 2.1, we can
define its least square prenucleolus as x*(v) = (x}(v),x5(v),.. .x;(v))T, whose

components are given as follows (Ruiz et al. 1996):

() = v(’i\’) " D siies (0 — S):Szz— D siizs SU(S)

respectively, where s denotes the cardinality of the coalition S, i.e., s = |S].

For any interval-valued cooperative game 0 € G", we can define an associated
cooperative game v(o) € G", where the set of players still is N = {1,2,...,n} and
the characteristic function v(o) of coalitions of players is defined as follows:

0(#)(S) = (1 = Dui(S) + wr(S) (S N) 2)

(i=12,...n), (1)

and v(«)(@) = 0. The parameter « € [0,1] is any real number, which may be
interpreted as an attitude factor (Yager 2004).

According to Eq. (1), we can easily obtain the least square prenucleolus x*(v(a)) =
(o (0()), x5 (v(0)), . .. x5 (v()))" of the cooperative game v(x) € G”, where

“n

W(A)N) | 2sies (1= $)0(A)(S) = D sigs (%) (5)

xi (v(a)) = . = (i=1,2,...,n),
(3)
x,*(v(oc)) _ (1 — d)l)L(IZ) +OCUR(N)
Dsiics (n = 9)[(1 = )vL(S) + 0w (S)] = D g S[(1 = 2)0L(S) + g (S)]
+ n2n—2
(i=1,2,....n).
(4)
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Obviously, xf(v(a)) (i=1,2,...,n) is a continuous function of the parameter
a € 0,1].
Theorem 1  For any interval-valued cooperative game v € G", if the following

system of inequalities

Zs:igsS(UR(S) = 0L(S8)) = Dsies (n — 5)(vr(S) — vL(S))
on—2 (5)

UR(N) — UL(N) Z
(i=1,2,...,n)

is satisfied, then the least square prenucleolus x*(v(a)) of the cooperative game
v(a) € G" is a monotonic and non-decreasing function of the parameter o € [0, 1].

Proof For any « € [0, 1] and o € [0, 1], according to Eq. (4), we have

X (u(a)) = xF(v(o)) = (OC—Ot)(vR(,]ZV)—r)L(N))
Zs ies (=) [(or = o) (VR (S) = vL(S)] = D sigs S[( — &) (V&(S) — vi(S))]
n2n-2

o—o sics (B — vr(S) —vr(S)) — Sics S Vr(S) — v (S
= )y S =00~ 9~ Fa(5) - 9]

where i=1,2,...,n
If & > o/, then combining with the assumption, i.e., Eq. (5), we have

x(v(@)) = x () >0 (i=1,2,...,n),

ie., xf(v(o)) >x}(v(e')) (i =1,2,...,n), which mean that x}(v(«))(i = 1,2,...,n)
are monotonic and non-decreasing functions of the parameter o € [0, 1]. Thus, we
have completed the proof of Theorem 1.

An interval-valued cooperative game € G" is called the coalition size
monotonicity-like if it satisfies Eq. (5). Actually, Eq. (5) can be rewritten as
follows:

(N) (N) > Zjezv ZS:jES (0r(S) = vL(S)) = > gics (0R(S) — vi.(S))
- o B 2;172
(i=1,2,...,n),

which may be interpreted as that for any player i = 1,2,...,n, the length of the
grand coalition’s value (i.e., interval) is not smaller than the average-like difference
of the length of the values (i.e., intervals) of all coalitions with player
j(=1,2,....n) and all coalitions with player i € S.

Therefore, for any coalition size monotonicity-like interval-valued cooperative
game i € G, i.e., it satisfies Eq. (5), then it is directly derived from Theorem 1 and
Eq. (4) that the lower and upper bounds of the components (intervals)

() (i=1,2,...,n) of the interval-valued least square prenucleolus x*(v) =

(%5(0), % (D), ... X:(0))" are given as follows:
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x;,(0) = x} (v(0)) = ULElN ) + D siies (1 — S)U,I;Szz_ > siigs SUL(S)

(i=1,2,...,n)

and
. . vr(N)  Dsies (= s)ur(S) — ZS:igZS svR(S)
xpi(0) = x7 (0(1)) = + n2n—2 (7)
(i=1,2,...,n)
Thus, %} (0) for the players i (i = 1,2, ...,n) in the coalition size monotonicity-like

interval-valued cooperative game b € G" are directly and explicitly expressed as
follows:

)
_ {UL(N) n > sies (= S)OL(S) = D g.ias SUL(S) vR(N) n > siies (M= 5)0r(S) = D g5 SUR(S)

n n2n-2 " n n2n—2

or equivalently,

¥ (5) = |:UL(N) n nY sics VL(S) — Z/’EN ZS:_;’ES vL(S) g (N)

)

n n2n-2 n

nY sies VR(S) — ZjeN ZS:jeS vr(S) .

n2n—2

(3)
_|_

To better understand Eq. (8), we define the average difference contributions of all

coalitions with player i and all coalitions with player j (j = 1,2,...,n) as follows:
CQD(G) _ nY sics VL(S) — aneN ZS:jeS vL(S) (=12 .n)
and
CRo(0) = " Lsies UR(S) - ?’EN Lsyes UR(S) (i=1,2,....n).
Hence,
N sies OL(S) = D ien Dsies VL(S) 1 ap/-
n2n—2 T on2 il (0)
and
nY sics VR(S) — ZjeN ZS:jeS vR(S) _ 1 CAD(5)
non—2 on—2 iR

may be regarded as the lower and upper bound weighted average difference con-
tributions of all coalitions with player i and all coalitions with player
Jj(i=1,2,...,n). Then, Eq. (8) can be rewritten as follows:
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I UL(N) 1
L

e, MMy Leww)| =12 )
Thus, the lower bound of the components (intervals) x7(0) (i = 1,2,...,n) of the
interval-valued least square prenucleolus x*(0) can be obtained by first assigning the
worth vy (N) equally among all n players to player i and then distributing the lower
bound average difference contributions of all coalitions with player i and all
coalitions with player j (j = 1,2,...,n) of the lower bounds of the interval-valued
coalitions’ payoffs. Analogously, we can obtain the upper bounds of

x(0) (i=1,2,...,n) for player i.

L

4 Computational results of real numerical examples and analysis
4.1 Two real numerical examples

Example 1 The Chinese National 13th Five-Year Plan encourages green travel to
promote the development of low-carbon transportation. The government strongly
supports the purchase of new energy vehicles, in order to implement the new
energy vehicle promotion plan and improve industrialization level of electric
vehicles. Therefore, it is predicted that the demand of new energy vehicles will
continue to rise in the future. Hence, the research and development and the
manufacture of new energy vehicles will become a top priority for car
companies. Suppose that there are three car companies (i.e., players) 1, 2, and 3,
who have the ability to produce separately. The set of players are denoted by
N’ ={1,2,3}. They plan to work together in order to manufacture a new kind of
new energy vehicle. Due to the uncertain information in real situation, they cannot
precisely forecast their profits (i.e., values). They can only estimate ranges of their
profits. In this case, we can regard the optimal allocation problem of profits for the
car companies as an interval-valued cooperative game. Thus, if they manufacture
the new energy vehicle by themselves, then their profits are expressed with the
intervals v'(1) =1[0, 2], v/(2) =1, 2.5], and ©'(3) =[1.5, 2.5], respectively.
Similarly, if any two car companies cooperatively manufacture the new energy
vehicle, then their profits are expressed with the intervals ©o'(1,2) =[3, 5],
0'(1,3) =[2.5, 6], and ¥/(2,3) =[5, 8], respectively. If all three car companies
(i.e., the grand coalition N’) cooperatively manufacture the new energy vehicle,
then the profit is expressed with the interval v'(1,2,3) = [7.5, 10]. Now, we want
to compute the interval-valued least square prenucleolus of the interval-valued
cooperative game v € G°.

Using the above values (i.e., intervals) of the coalitions S C N’, we directly have
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VR(N') =0 (N')=10—-7.5= g,
> s1gs S(VR(S) = 02(8)) = D g1es (3 — 8) (VR (S) — vi.(8))
232
(154 146)—(4+2+35) 1
- 2 D
> 525 S(VR(S) = 01(8)) = D g0es (3 — 5) (VR (S) — vz.(8))
232
Q+1+7)—(3+2+3)

=1
2 )

and

Ds3gs S(R(S) = VL(S)) = Psaes (3 = 9) (R (S) — v(5))
3-2
(2+1.5+4)—(2+23.5+3) 1

2 2

.Hereby, we have

- 2 si1gs S(VR(S) = VL.(S)) = Dogiies B — 5) (V(S) — v ($))

(V') = vy (V')

)

2
- Dsgs SWR(S) = VL(S)) = Dosaes B = 8) (VR(S) — vi(S))
> :

UR(N') — v (N')
and

- 2 sags S(VR(S) = VL.(S)) = Dogiaes (B — 5) (0R(S) — v ($)) '

(N') = o, (V') >

i.e., the interval-valued cooperative game i € G* satisfies Eq. (5). In other words, it
is a coalition size monotonicity-like interval-valued cooperative game. Thus,
according to Eq. (8), we can easily obtain the interval-valued payoffs of the players
i € N in the interval-valued cooperative game ' € G° as follows:

i [OLN) L 2siaes B = SVLS) = Dsags SUL(S)  vR(N)
0= 1T 3% 202 73

n Dsiaes (3= S)UR(S) — Dgigs SVR(S)

3x 2372
_[75, (043425~ (14+1.5+10) 10
13 6 '3
(4+5+6)— (2.5+25+16)] [4 7
" 6 REE
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e JULIN) D s0es (B = SVLS) = Dsogs SUL(S) V()
R0) =737+ 3 x 232 3
+ > soes (3= $)vR(S) — Zs;zgzs svg(S)
3 x 2372
75 (24345 —(0+15+5) 10 (5+5+8)—(2+2.5+12)
N 6 3t 6

37 43
12712

and

B = [U'L(3N) 4 > s3es 3 — S);,LX(S;; > _s3gs SUL(S) ’ v}g(3N)

N > saes (3= )0R(S) = D sags SU%(S)}

3 x 232
B [E+(3+2.5+5)—(0+1+6) 10
3 6 '3
5+6+8)—(2+25+10)] [37 49
N |

N

respectively. Therefore, we obtain the interval-valued least square prenucleolus of
the coalition size monotonicity-like interval-valued cooperative game 0 € G° as

follows:
s 4 7] [37 43] [37 49]\"
x<l)): ~AiAalr |7~ T~ |7~ 7TA .
373" [12712) (12712

As stated earlier, Eq. (5) plays an important role in the interval-valued least
square prenucleolus given by Eq. (8) (or Egs. (6) and (7)) for any interval-valued
cooperative game. In other words, if Eq. (5) is not satisfied, then the interval-valued
least square prenucleolus given by Eq. (8) is not always reasonable and correct.

Example 2 Let us consider a slightly modified version ©” € G° of the interval-
valued cooperative o’ € G* given in Example 1. The only difference between the
interval-valued cooperative games " € G and o' € G° is that o' (N') = [7.5, 10] is
modified as 0”(N') = [7.5, 8.25], where N’ = {1, 2,3}. Namely, the interval-valued
characteristic function of the interval-valued cooperative game ©” € G is given as
follows: v""(N") = [7.5, 8.25] and v"(S) = v'(S) for all other coalitions S C N'. We
try to discuss the interval-valued least square prenucleolus of the interval-valued
cooperative game " € G°.

Using the above values (i.e., intervals) of the coalitions S C N’, we directly have

3
VR(N') — v} (N') =825 -17.5= T
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Hereby, we have

=1

)

) — ) <« Zzes OKE) WO~ Tpnes @ )0 ~0il5)

i.e., the interval-valued cooperative game 0" € G° does not satisfy Eq. (5). But, if
Egs. (6) and (7) were used, then we can obtain the lower and upper bounds of the
interval-valued payoffs of the player 2 in the interval-valued cooperative game
0" € G as follows:

AN UZ(NI) ZS:ZES (3 - S)UZ(S) - ZS:2§ZS SUZ(S)
) ==+ 3x 22
7.5, (24345~ (0415+5) 37

3 6 12

and
(N ) 3—s)0h(S) =S, sV (S
2 () :DR( )+ZS.ZES( JR(S) = X s0gs 50" (S)
3 3 x 232
825 (5+548)-(2+25+12) 36
3 6 12

: : o\ — 37 o — 36
Clearly, the above results are irrational due to x7,(0") = 15 > Xj,(0") = 15 from the
notation of intervals stated as in the previous Sect. 2.2.

4.2 Computational results obtained by using the interval subtraction

In order to make comparison, we consider using the Moore’s interval subtraction
(Moore 1979) and the partial subtraction operator (Branzei et al. 2010) to solve the
above numerical example 1.According to the above values of the coalitions § C N,
namely, v'(1) =10, 2], v'(2)=1[1, 2.5], o(3)=][l.5, 2.5], v'(1,2) =3, 3],
v'(1,3) =125, 6], v(2,3)=[5, 8], and ©'(N')=1[7.5, 10], and using the
Moore’s interval subtraction (Moore 1979), i.e., @ — b = [a; — bg,ag — br], we
directly have

PN () = 0'(N) n > siaes (3= 5)0'(S) — ZS;]&SSU’(S)

)= 3% 232
C(1,2,3) 20(1) +9(1,2) +9(1,3) — (1(2) + 7(3) +20(2,3))
o 3 + 6
_[7.5,10]  [5.5,15] — [12.5,21]
R + 6
145
_ [_E,E]‘

However, the above result is irrational due to the lower bound — ﬁ <0 from the
realistic meaning of the profit.
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Similarly, using the partial subtraction operator (Branzei et al. 2010), i.e.,
a—b =[ay — by,ag — bg| if ag — ap > bg — by, we easily have

o U(N) | Dosaes(3— )V (S) = D505 50'(S)
2 0) == 3 % 232
~0(1,2,3) N 20(2) + 0'(1,2) + 0/(2,3) — (0 (1) + 0/ (3) + 20/ (1, 3))
3 6
_[7.5, 10] N 10, 18] — [6.5, 16.5]
3 6 '

However, in this case, the partial subtraction operator (Branzei et al. 2010) cannot
be used to calculate the above x;F (i) due to 18 — 10 = 8<(16.5 — 6.5) = 10.

Furthermore, it is easy to see that if an interval-valued cooperative game v € G"
satisfies the following system of inequalities

Z [(I’l - s)(UR(S) - UL(S))] 2 Z S(UR(S) - UL(S)) (i=12,..,n), (9)

S:ieS S:i¢gS

then its interval-valued least square prenucleolus x*(9) can be directly obtained by
using the partial subtraction operator (Branzei et al. 2010). Similar to the above, if
an interval-valued cooperative game b € G" satisfies Eq. (9), then it is called the
sum size monotonicity-like.

Actually, for any sum size monotonicity-like interval-valued cooperative game
v € G", i.e., it satisfies Eq. (9), then using the partial subtraction operator (Branzei
et al. 2010) a— I; = [CIL — bL, ar — bR] if ar — ar, 2 bR — bL, we have

[VL(N), vr(N)] n > sies (= 5)[r(8), r(S)] — >5[ (S), vR(S)]

L
(o) = n n2n-2
vL(N) + > sies (n—s)vr(S)— Zs:igs suL(S) vg(N)
n n2n—2 " on
2 sies (n — $)or(S) — ZS::’¢S sug(S)
+ )
n2n—2
where i = 1,2,...,n.

It is easily seen that the condition given by Eq. (5) is weaker than Eq. (9). That is
to say, if Eq. (9) is satisfied, then Eq. (5) is always true. Hence, when calculating the
interval-valued least square prenucleolus, we can regard the method by using the
partial subtraction operator (Branzei et al. 2010) as a special case of the method
proposed in this paper.

5 Some properties of interval-valued least square prenucleolus
In the sequent, we give a theorem which summarizes some useful and important

properties of interval-valued least square prenucleolus of coalition size monotonic-
ity-like interval-valued cooperative games.
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Players i € N and k € N (i # k) are said to be symmetric in the interval-valued
cooperative game v € G" if 0(SUi) = (S Uk) for any coalition S C N\{i,k} (Li
2016).

Let o be any permutation on the set N. For an interval-valued cooperative game
0 € G", we can define the interval-valued cooperative game 0° € G" with interval-

valued characteristic function 0%, where °(S) = (o~ (S)) for any coalition S C N.

Let ¢ :R"—R" be a mapping so that af(i)(z) =gz for any vector

2= (21.22,--..%)" € R"andi € N, where % (2) = (o7, (2), 0%, @), ., 775, (2)".

Theorem 2  For any coalition size monotonicity-like interval-valued cooperative
game b € G", i.e., it satisfies Eq. (5), there always exists a unique interval-valued
least square prenucleolus x*(0) determined by Eq. (8), which satisfies the following
propetrties:

1. efficiency: ! | % (0) = 0(N),

2. additivity: x*(0+ V) = x*(0) + x*(V) for any coalition size monotonicity-like
interval-valued cooperative game v € G",

3. symmetry: X7 (0) = X; (0) for any symmetric players i € N and k € N (i # k),

4. anonymity: X, (0°) = x'(0) (i =1,2,...,n) for any permutation o on the set
N.

Proof  According to Eq. (8), and combining with Definition 1, we can
straightforwardly know that there always exists a unique interval-valued least
square prenucleolus x*(0), which is determined by Eq. (8).

(1) According to Eq. (8) and Definition 1, we have

)

n n2n-2 n

iﬁ(”) _ z": l:UL(N) n nY sies VL(S) — EjeN ZS:jeS vL(S) vr(N)

i=1

" nY sics VR(S) — ZjeN ZS:jeS vRr(S)

n2n—2
nd " o (S)=nd, eobr(S
_ [UL(N) + Zl—l ZSJES L( 312”72 jEN ZS.}ES L( ),UR(N)
n nY i Dsies VR(S) — n ZieN ZS:jeS UR(S)]
n2nf2

= [vL(N), vr(N)] = B(N)

ie., >.r % (D) = 0(N). Therefore, we have proved the efficiency.
(2) Assume that b € G" and v € G" are coalition size monotonicity-like interval-
valued cooperative games. Then, according to Eq. (6), we have
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vL(N) + v (N) n 1 siies WL(S) +VL(S)) = 2 e Dosijes (0L(S) +Vi(S))
n n2n—2

_ (ULilN) n nY siesvL(S) ;Z%Ej;zv > syes UL(S)>

n (VLELN) n nY sics VL(S) ;anj‘zeN ZS:]‘ES VL(S))

=x7,(0) +x7,;(9),

x,;(049) =

ie., xj,(04+7V) =x5;(0) +x5;,(V) (=1,2,...,n).

Analogously, according to Eq. (7), we can easily prove that xj(0+7V) =
x4 (D) +x5;(V) (i=1,2,...,n). Combining with the aforementioned conclusion,
according to the case (1) of Definition 1, we obtain

X4V =50 +50) (=1,2,...n).

Hence, x*(0 4+ v) = x*(0) + x*(v). Thus, we have proved the additivity.

(3) Due to the assumption that i € N and k € N (i # k) are symmetric players in
the coalition size monotonicity-like interval-valued cooperative game v € G", then
we have

o(SUi) =(SUKk)
for any coalition S CN\{i,k}. Namely, v (SU{)=v,(SUk) and

vr(SUI) =vg(SUKk). Hence, we have 3 ¢, c0L(S) =2 giesvr(S) and
Y sics VR(S) = D gues Vr(S). According to Eq. (8), we can easily obtain that

#(0) = _ULElN) . nY sies VL(S) ;2§J;N > sjes vL(S) 7 DRSV)
n nY sies UR(S) —ZHE_,fN > sjes UR(S)}
o) on > skes VL(S) = Dien Dosijes VL(S) vg(N)
L on + n2n-2 " n
n nY skes VR(S) — Z/’EN ZS:jeS UR(S)]
n2n—2
— (),

i.e., X (0) = x;(0). Thus, we have proved the symmetry.
(4) According to Eq. (8), we can obtain that
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vp(N)

n ) sa(ies VL(S) = 2 o DI(S
X (07) = { —+ 2sio(ijes VE(S) = 2jen 2osyes VE(S)

n2n=2 ’
vR(N) n ZS:a(i)eS vR(S) — ZjeN ZS:jeS v%(S)
n n2n—2
o(0 N (N)) 1Y soes v (a7'(S)) — djeN 2_sies vr(a'(S))
n n2n—2 ’
vr(c7H(N)) n n ZS:a(i)es vr(a7'(S)) — ZjeN ZS:jeS vr(a7'(S))

n n2n-2

op(N) 1 giesUL(S) — ZjeN ZS:jeS vL(S) vgr(N)
n + n2n72 ) n
nY sies R(S) — ZjeN ZS:jES vr(S) .

+ nzn_z = Xi (6)7

ie., X (07) = % (0) (i = 1,2,...,n). Namely, ¥*(0°) = 6#(x"(0)). Therefore, we
have proved Theorem 2.

6 Conclusions

We define the concept of the interval-valued least square prenucleolus of interval-
valued cooperative games. The main work of this paper is to develop a simplified
method for computing the interval-valued least square prenucleolus of coalition
size monotonicity-like interval-valued cooperative games, which satisfy Eq. (5).
The method proposed in this paper does not use either the Moore’s interval
subtraction or the ranking of intervals (or interval comparison) due to the
monotonicity of our introduced concept under some conditions, i.e., Eq. (5). Thus,
it can effectively overcome the irrational issues resulted from the interval
subtraction. It is noted that the method by using the partial subtraction operator is
a special case of the method proposed in this paper when the interval-valued least
square prenucleolus is calculated. Moreover, we discuss some important and
useful properties of the interval-valued least square prenucleolus of coalition size
monotonicity-like interval-valued cooperative games, which are also desire for
(interval-valued) cooperative games. In the future, we will find other weaker
conditions than Eq. (5), which always ensure that a more broad class of interval-
valued cooperative games has interval-valued least square prenucleolus deter-
mined by Eq. (8).
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