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Abstract

In this paper, we consider a delayed patch-constructed Nicholson’s blowflies system in
almost periodic environment. By combining the innovative inequality technique with
the basic properties of almost periodic functions and the fluctuation lemma, some
testable criteria are achieved to verify the global exponential stability of the addressed
almost periodic system under more general conditions, which improve and comple-
ment the existing literature. In particular, the assumptions employed in the established
exponential stability criteria are sharp when the addressed system degenerates into the
scalar Nicholson’s blowflies equation. Moreover, a numerical example is presented to
illustrate the effectiveness of the theoretical results.

Keywords Nicholson’s blowflies system - Patch structure - Time-varying delay -
Almost periodic dynamics

Mathematics Subject Classification 34K13 - 34C25

1 Introduction

The following known delay differential equation consistent with Nicholson’s classic
blowfly data [1] was established by Gurney in 1980 [2].

X' (1) = —dx(t) + Bx(t —)e "D d, B, € (0, +00). (1.1)

Here, x () labels for the size of the population at time 7, d stands for the per capita daily
adult death rate, 8 denotes the maximum per capita daily egg production and t repre-
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sents the generation time, which refers to the time taken from birth to maturity. This
model was studied in detail in [3]. Considering that the external conditions surround-
ing the actual biological model tend to undergo periodic or almost periodic changes
in line with seasonal and climatic variations, Eq. (1.1) can be naturally promoted as
the following non-autonomous version:

X'(t) = —d)x(t) + B)x(t — T(t))e 7T, (1.2)

in which t > 1y, d(t) > 0, B(¢) > 0 and 7(¢) > 0 are almost periodic on R. Recently,
the author of [4] has successively studied the global asymptotic stability issue of
periodic equation (1.2) under the following key conditions:

! . B() B() B(1) 2
< mn —— < max —— < max <e

telio.fo+w] d(t) ~ telin.totw] d(t) ~ telin.ot+o] d(t) — T(t)B(t) sup,cg ()
(1.3)

3

here w > 0 is the period.

It is widely recognized that populations evolve influenced by external effects which
are roughly in nature, but not exactly periodic, or under environmental forcing which
exhibits different, noncommensurate periods. This sort of time dependence can arise
from the interplay of short-term weather cycles and seasonal climate variations, or
from the superposition of daily and annually periodic phenomena, and so on. Growth
processes, for instance, depend on the length of days and nights which varies during
the year. Models with such time dependence are characterized more appropriately
by quasi-periodic or almost periodic equations or even by certain nonautonomous
equations rather than by periodic ones [5]. Due to this fact, the biological parameters
in model (1.2) may all not be periodic, but fall into the class of almost periodic
functions. For example, Li et al. in [6] has systematically demonstrated the existence
and global exponential attractivity of a unique positive almost periodic solution for
equation (1.2) based on the subsequent pivotal assumption:

A) < e, (1.4)

t
1<infm<su

ek d(r) — UPreR gy T(1)B(1) sup,cgr B(1)

which s a sharp condition ensuring the stability of scalar delayed Nicholson’s blowflies
equation with almost periodic biological or environmental parameters.

As pointed out in [7], patch dynamics models in biological systems are typically uti-
lized to describe the spatial distribution of populations as influenced by many factors,
such as habitats with different food-rich patches, ecological systems with protected
and non-protected areas, single species structured into several stages according to age
or size, and many other situations of heterogeneous environments. Given the preva-
lence of patch environments, mathematicians and biologists are increasingly focused
on understanding the dynamic evolution of populations at regional or local scales. Con-
sequently, with the recognition that the habitats of many species are fragmented and
spatial domains exhibit discrete physical regionalization (often referred to as patches),
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the following time-varying delayed Nicholson’s blowflies system incorporated with
patch structure has been proposed and analyzed [8—16].

u;,(t) =—d,(Dup()+ Y apg(uy(t)
q=l,q9#p (15)

m
+ > Bpg(Oup(t — qu(t))e_cpq(t)u”(Z_T”q(l))» t =1,
g=1

where u,(t) stands for the number of the denseness of the pth-species at time ¢,
apq(t)(p # q) represents the percentage of the species moving from patch g to patch
p attime ¢, d,(2) is the coefficient of instantaneous loss for patch p at time ¢ (which
integrates both death rate and migration rate of the species in patch p moving to other
patches), and they subject to the conditions listed below:

dp(t) > Z apq(t)- (1.6)

q=1.q#p

Besides, Bpq (1)up(t — Tpq(1))e e (Oup(1="pg (1) gtands for the reproductive function
for class p at time ¢, B),(t) labels the birth rate for the species, 7,,(¢) represents
the generation time, ﬁ denotes the size at which the population reproduces at its
maximum rate, where p € P :={1,...,n},ge€ Q:={1,...,m}.

Very recently, some excellent results on the dynamics of Nicholson’s blowflies sys-
tem with patch structure have been established. For instance, Faria in [17] obtained the
periodic attractivity on patch-constructed Nicholson’s blowflies system with multiple
delays of the forms

n

Wy (1) = —dpOup(t) + Y apg(ug(1)
q=1.q#p
+ Bp(Oup(t — npm)e 7 Oupd=npm ¢ > 1

(1.7)

where m > 0,n, € N, d, (1), B,(t), yp(t) are positive, continuous and m—periodic,
apq (1) is nonnegative, continuous and m —periodic, forall p, g. Subsequently, based on
Faria’s conclusions, Zhao et al. [18] infer that sufficient criteria ensuring the existence
of a unique positive periodic solution of system (1.5) that is globally asymptotically
stable can be established only under the following assumptions:

n m n m
dpvp — Y apg(vg — Y Ppg(t) [ > dbug+ ) ,B;'qvpi| Tpg (1) > 0,
q=l.q#p g=1 q=1.q#p q=1
cpg(Hvpa <2, (1.8)
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and

1<{ a1 Bpg Dvp }_

dp(OVp=3"0_1 4p Apg (Vg

Sy Bpg (Dvpecravpe + |
— <1,
dp(O0p=3 g1 gp apg V0= g1 Bpa (D[ g1 gp GpqVa+Dg=1 BigVpltpg (1) -

(1.9)

foreacht ¢ R, p € Pandg € Q, where > 0, and v = (v, v2,...,v,) 1S a
positive vector.

In view of the practical background of biomathematical models with almost periodic
parameters, and the non-autonomous ones are more difficult to analyse in general. It
is important and interesting to establish sharp sufficient criteria for ascertaining the
existence and globally exponential stability on positive almost periodic solutions of
patch-constructed Nicholson’s blowflies system with multiple delays. On the other
hand, it is preferable and desirable that the biological model not only converges, but
also converges as fast as possible in the real world, as we also know that exponential
stability gives a fast convergence rate to the almost periodic solution. However, there
are few existing results on the research of establishing sharp criteria for ensuring the
stability problem of almost periodic system (1.5) up to now. Addressing this problem
constitutes the purpose of this paper, which will innovate and promote the theory and
application of delay differential equations to some extent. More precisely, the main
contributions of this paper can be summarized as the following three aspects.:

1) A class of delay patch-constructed model for Nicholson’s blowflies system is
proposed, meanwhile, the basic problems for system (1.5) such as positiveness,
persistence, and boundedness are achieved.

2) Under some assumptions, the global exponential stability of positive almost peri-
odic solutions for system (1.5) is established through the fluctuation lemma
alongside innovative inequality analyses, which enhancing and extending the key
findings in [6, 20-22]. In particular, the sharp conditions ensuring the almost peri-
odic stability of scalar delayed Nicholson’s blowflies established in the above
literature are comprehensively covered by the conclusions of this present paper.

3) A numerical simulation example and some comparative analyses are provided to
reveal the uniformity of the theoretical results.

The rest of this article is listed as below. Section 2 presents some preliminaries that will
be used in the later sections. Global exponential stability of almost periodic system
(1.5) is shown in Sect. 3. In Sects. 4 and 5, numerical simulations and conclusions are
given, respectively.

2 Preliminaries

Let C(R, 2) represent the set comprising all continuous functions mapping from
Rto @, with 2 € R. Asto p € Pand g € Q, suppose that dp, cpq, ape(p #



Almost Periodic Dynamics of a Delayed Patch-Constructed... Page50f33 272

q), Bpg» Tpg € C(R, [0, +00)) are almost periodic and
T =supye f(@), f7 = inf f(0). where f € C(R.R).
te
Foru = (uy, ..., u,) € R", define

= ], e, el = ma |

Definition 2.1 (see [27]). u € C(R, ) is referred to an almost periodic function on
R, if for any ¢ > 0, the set

T,e)={5:|u(t+38) —u(@)| <e, YVt e R}
is relatively dense on R.

Designate

n
—maxt!l, T =maxt,, By = C([~1yp, 0], [0, +00)),
T,D qeg pq T [761)3(‘[[) + pl;[] ([ )4 ] [ + ))

and label u; (ty, @) (u(t; 1o, ¢)) as the solution of system (1.5) accompanying the initial
conditions:

Uy =¢, ¢ € By, in which ¢,(0) > 0 forevery p € P. 2.1

Throughout the paper, when all components of a vector are positive, it is defined as
the positive vector. For a positive vector v = (v, v2, ..., U,), we label

i
It 1 ln{ g=1 Bpa@®vp }
P era® T Ldpyvy - Y gmtigep Wa Vg — gy Bpg O gy 4epy apgvg + Y= Biagvpltpg (1) '

n

m
l; :=sup 3 plp > 0, Z ﬂpq(t)vpefcl’q(t)p > dp()vp — Z apg(vg, Yt eR |

q=1 q=1,q#p
o . - 0._ +
Co:= min ¢, ¢ = max c,.,
peP.qeQ peP.qeQ

and

*
. A _ 07 . .
L* :=max L*, k* € (0, 1) with k*e X = L% L") [* := min {min*, — ! .
peP P pep P 0
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For arbitrary p € P and g € O, we suppose further that

0< [dp([)”l’ - Z al’q(l)vq] , 1< [ Zq:lﬂpq(t)vp }

dp(Ovp = 301 gzp dpg (Vg

q=l.q#p
2.2)
[dp(’)”p = 2 apg(vg = X Bpg(0) |: PBNGAVEDY ﬂ;q”pi| qu(’)} >0,
q=1.9#p q=1 q=1.9#p q=1
2.3)
and
L*cpq(t) <2 forallt e R,qg € Qand p € P. (2.4)

In what follows, we present five lemmas that will play vital roles in establishing
our principal results.

Lemma 2.2 (See [22, Proposition 3.1]) Suppose that (t) is an almost periodic func-
tion defined on R. Then

liminf u(t) = u~, and limsupu(r) = u™.
i—>+00 t—+00

Lemma 2.3 Suppose that (2.2) holds. Then u(t; ty, ¢) exists on [ty, +00), and is
unique. Moreover, u(t; ty, @) is positive and permanent.

Proof Let [tg, n(¢)) be the maximal existence right-interval of u(t; to, ¢), and denote
u(t) = u(t; ty, @) for any t € [tg, n(¢)). According to u;, = ¢ € By and Theorem
5.2.11in[24], itis easy to see that u; € By forarbitrary ¢ € [fy, n(¢)). This, combining
(1.5) and the facts that a,q (p # q) and B, € C(R, [0, +00)), leads to

i . n m
— [ d d. _ _
/ e Jo dp(oyds |: § apq(0)ug(0) + E Bpq(@uplo — tpq(0))e cra@upl@ T’"’(g)):|
1o

q=1.q#p q=1
do > 0,

and

t N t ot N n
up(r)zu,,(to)e*fro"f’“)“+/ el O] NY G (@)ug (o)

fo q=l.q#p

m
+ Z ,qu (Q)Mp(Q _ -L-pq (Q))efcpq(Q)up(erpq(Q)) dQ
g=1

_ t
> up(t)e” Jo PO
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> 0, foranyr € [t9, n(p)) and p € P.

Next, one can substantiate 1(¢) = +o00. To do this, for ¢ € [tp, n(¢)) and p € P, we
set

mpy(t) = max
1 <s<

up(s), M(t) = maxm(t).
0—Tp t peP

Then

n

W, (s) < ( >

m
Apg(s) + Zﬁpq(s)>M(s) for arbitrary s € [fo, ] and p € P,

q=1.q#p q=1
and thus
s n m
p(s) < up(to) + / D ap@+ Y Bpyle) | M(o)do
o \g=l.q#p g=1

n

t m
<lloll + / max D ap@+ Y Bpgle) | M(o)de
0]

q=1,q9#p g=1
forall s € [ty,¢t]and p € P,

which produces

n m
max Z apq(0) + Z Bpqg(0) | M(0)do
P q=1.q#p q=1
for all ¢ € [tg, n(@)).

t
M) < ||<o||+/

fo

According to Gronwall-Bellman inequality, we obtain that

0 < u,()
=< mp(t)
<M(@)
f’i) m:;g( i apq(Q)‘f‘% ﬂpq(g))dg
<llglle " q=l.q#p q=1 for all ¢ € [t9, n(¢)) and p € P,

which combining with [25, Theorem 2.3.1] shows that n(¢) = +o00.
Choose p! € P such that

0<!l:=liminfu, () = minliminf u,(?).
- t——400 pl() peP t—+o0 p()
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Hereafter, we demonstrate / > 0. In contradiction, we suppose that

ltlin-&{gg up(t) = I;lelg lzlinl?.‘g up(t) =0. 2.5)
Let

wp(f) = max {E E<tu,) = mrgigtup(S)}

for t > to. (2.5) allows one can select p** € P and a strictly monotone increasing

sequence {&,} 2] satisfying lim,_, 400 & = +00,
U prs (W (8p)) = gleig up(wp(én)), ngr}rloo U pre (W (80)) = 0, (2.6)
and then
nlll-}-loo wp (&) = +00. 2.7

Without loss of generality, we further assume the following limits
ngl}kloo dp** (wp** (én))vp** , ngToo ,Bp**q (wp** (gn))vp** (g €0Q)
and

nBIEoo ap**q(wp** (é;_n))vq (g € O\ {P**})

exist. In addition, we can denote Q = Q1 U Q> with

0= {6] € Q|nETmﬁp**q(wp**(gn))vp** > 0}
and

0 = {6] € 0| nLirJIrloo ,Bp**q(wp** (gn))vp** = 0} .

Based on (2.7), it can be observed that there exists n** > 0 such that

Wy (§,) > 1o + Ty forn > n**.
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Let x, (1) = v, 'u, (1), then

n
X0 =v," | =dpOvpx, )+ Y apgugxg (1)
q=l.q#p
m
+ 3 Bpg(Ovpxp(t — Tpg(1))e= s O (=T | for all p € P.
qg=1

Therefore,

0> e (o (6n)

— U;*l* _ dp** (wp** (%‘n))vp**xp** (wl)** (Sn))

+ Z aprrg (W (§0)) Vg Xg (W po+ (§))

q=1,q#p**

+ Z Bprrq (W p (én))vp**xp** (w pr= &n) — Tprrg (W s én)))

q=1

X e—Cp**q (w,,** (§n))vp** xp** (U)p** (gﬂ)_rp**q (wl,** (Sn)))

> 0k | = dpe (W (B0 X pre (w e (En))

+ Z Ap**g (wp** ("En))vqxp** (wp** ¢n))

q=1l.q#p**

+ Z ,Bp**q(wp** (é:n))vp**xp** (wp** &n) — Tp**q (wp** )

q=1

X efcp**q (wp** (S,l))vp** xp** (wp** (%‘n)ftp**q (wp** (S,,)))

=0 b | X (W (E)) (—dper (s EDVVpes + Y aperg (s (Ea))y)
q=1,q#p**

+ Z ﬂp**q(wp** (én))”p**xp** (wp** ¢&n) — Tp**q (wp** én)))

g=1
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x e—Cp**q (w,,** (&n ))v,,** X e (wp** (En)—‘rp**q (wp** (&n)))

and

n

xp**(wp** &n)) dp** (wp** (gn))vp** - Z ap**q(wp** (én))vq

q=1.q9#p**

= Z .Bp**q (wp** (Sn))vp**xp** (wp** &n) — Tp**q (wp** én)))
1

q
X e—cp**q(wp**(5,1))vp**xp**(wp**(én)—r[,**q(wp**(s,,))), n> n**’

which, together with (2.2) and (2.6), produce

nEI—&I-loo Xpre(Wp (§,)) = 0,

and
nLiI}rlooxp** (wp(5n) — tp**q(wp** 1)) =0, g € 01. (2.3)

Note that

Z;n:l ﬂp**q (u)p** (sn))vp**xp** (wp** (En) — ‘L'p**q (u)p** (En)))
T Xpe (wp** (én))[dp** (wp** (én))vp** - Zzzl,q;ﬁp** Aprg (wp** (Sn))vq]
X e—cp**q (wp** (Sn))vp**xp** (wp** (S,,)—'L’p**q (wp** (%‘n )))
Z;n=1 ﬁp**q (wp** (";:n))vp**

- dp** (wp** (én))vp** - ZZ:L,HEP** Ap**g (wp** (%_n))vq

X efcp**q(wp**(én))vp**xp**(wp**(S;‘,,)frp**q(wp**(é,,)))’ n> ”l**,

Letting n — +o00, it follows from (2.2), (2.8) and Lemma 2.2 that

quQ1 limy— 400 Bpreg (Wpe (§n))Vp==

1> :

lim,— 4 dp** (wp** (%—n))vp** - Z lim;, s 4 ap**q(wp** (Sn))vq
g=l.q#p**

Soit My s o0 Bpreg (W pes (6)) Vs
limy o dpre Wy (E)VVpre — D01 g s iMoo e (W (62)) Vg
Y Bperg Wy (6))vpes
iy (W (En) U poe — Yo 0 pon g (W (E0)) Vg ]
Yoi1 Bprrg (v pes }

dp** (t)vp** — ZZ:l,q;ﬁp** Apreg (t)vq

=lim,- 100 |:

> liminf, 45 |:
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- { Yg=1 Bprq(Dvpm }_
- n
dpee(D)Vpee = D g gt s Apreg (DVg
> 1.
This is a contradiction, and hence, [ > 0. O

Remark 2.4 In Lemma 2.3, we have not required the assumption that lim inf;_, ; o B¢
(t) > Ofor p € P, g € Q, which is crucial for achieving persistence in [22]. This
indicates that the persistence result obtained in this paper extends the corresponding
ones in the aforementioned literature.

Lemma 2.5 (See [7, Lemma 2.3]) For arbitrary X € (0,2], K > 0and K # X,
e XK — X| > |Ke ™K — XeX|.

Lemma 2.6 Denoteu(t) = u(t; to, @) for arbitraryt € [ty, +00) and choose p!, p* e
P such that

= lim sup upL (1) = max limsupu,(t), [ = l1m 1nfu P (1) = mm hm 1nf up(r).
t—+00 PEP 140 PE

Moreover, assume that (2.2)-(2.3) are satisfied. Then

I* <l _hmlnfu p () <limsupu () =L < L*.
—+oo t—+00

Proof With the aid of Lemma 2.3 and the fluctuation Lemma [26, Lemma A.1], we
can select {tk} | and {hk} | satisfying that

. _ . o . p / _
kEToo ty = 400, k—lirfoo u,L(tx) = L with kEToo W (t) =0, (2.9)
and
li hy = , i hy) =1 with i " (hy) = 0.
o T = o0 k—:rfooup'( k) =1wi k—:ToouP’( 2 (2.10)

Without compromising generality, we can also assume that the following limits exist.

. . L .
kllm d,,L(lk), 11m Mq(tk)(q D), kllrfooﬂqu(fk),

kl:rf-l c Lq(tk) hm a Lq(tk) —lir—&r-looupL(tk — ‘L’qu(tk)),
. ! .
Jim dy (o, E‘Eoo w0 # P, T By (),

kBTOO Cp[q(hk)1 kETOO ap[q(hk)s kEToo upl (hk - Tp[q(hk))'
For arbitrary ¢ > 0, there exists 7 > 0 such that

upL(t) <L+¢ foreveryt > T.
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Thus, foreach t € (T + T,L, +00), one has

n
~d,.(t)(L +¢) <U;L1 —d, e (i) + Yy, (Vg (t)
g=1,q#p*"

m
+ 3 By (Ovprupr (1 = Ty, (1)) Pha Dt Ly
g=1

n m
<ol v+ D By vy | (L +e),

q=1l.g#p" =1
which, combined with the second inequality in (2.2), suggests that

n

WOl <v | D0 apg@vpe+ Y Bprg@vp | L +e)

g=l.g#pt g=1
n m
—1 + +
= Z L, Upt +ZﬂquUpL (L+e),
g=l.g#pt g=1

and

n
W (1) = U;Ll —d (VLU () + Y Ay, (Vg (1)
q=1.q#p*
m
+ Z ﬂqu(tk)UpLMpL (tk _ .L,qu(tk))e*Cqu(tk)upL (tk*prq(tk))
g=1
n
= @V () Y a0 vgug (1)
q=1.q#p*
m
Bory (ti)v,L
+Z ptq p

CpLq(tk)

_ ' .

Cqu(tk)upL(tk)e €L g (WU 1 (1)

q=1

m ﬂqu(lk)UpL —c 1 (o (=71 (1)

: el () I:CPLq(tk)upL (tx — Tqu(tk))e rkq » »Lg
Cqu(tk)

q=1

— 1) 1)
—CpLg (U 1 (tk)e C"L‘f(")u"L(")]

n

< v = @vpiu @)+ Y a,, )vgug(n)

P
g=1l.g#p*
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m

+ Z ﬂqu (tk)vpL UpL (tk)eicl’L‘i(tk)ul’L (1)
g=1

+ Zﬂqu(tk)vle(l —Og)e " |u L (t) — upr (e — Tpry ()]
g=1

n
i) —dpt vy () + D g (1)Vgig (1)

g=l.q#pt

<v

m
+ Z BpLqtiv L L (fk)e_C”L"(tk)u”L “
g=1

3

+ D Bprg (v, / 1 (5)1dls

g=1 %=L, (1)

n

< v —d vy () + Y a, (t)vgug ()

p
g=l.q#pt

m
+ Z ﬂqu (l‘k)vpL UpL (tk)e_cPLq([k)upL (1)

g=1
m n m
+ +
D Bprg@ | Dol gt Y Bl v | (L)t
9=l q=1.g#p" q=1
th> T + 7y, @2.11)

where 6, represents the intermediate point of the differential mean value theorem and

q¢€Q.
By taking the limits on both sides of (2.11), it follows from (2.9) that

n
0<v}'L|- lim d,.()v,. + lim a, (tov
-t k—>+o0o P () p k—+o00 Z P q(k) a
g=1,q#pt

m .
I B . (1) —kLITOOCPLq(lk)L
+ lm E L v,Le ~
ko0 £ pta k) Yp
q:

L+8 ] m n m
+=— Jim Y B[ DO a;quq+Zﬂ;qupL Ty ()
g=1 qg=1

—+00 L
q=1.9#p
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and
lim €L, )L

hm Zﬂqu(tk)v Le k—too
n

dpL(tk)vpL — Z aqu(tk)vq

> lim
k—+o00
g=Ll.g#p*
m n
L+e¢
=Y Bprgt)| D a a qvq +ZﬁpL Ve | Tprg (t) . (2.12)
g=1 q=1,g#p*
Letting ¢ — 0, (2.3), (2.12) and Lemma 2.2 yield
L < lim ;
k—~4o00 ¢qu(rk)
Ya=1ByL, v, L
dpL VL = X g Ly W0V = g1 Pl ()[Zq La#p pL, " 2. lﬁ Lg pL]Tqu([")

x In

which combined the definition of L* implies that L < L*.
It still needs to confirm that [* < [ = liminf,_ u,i(t). Otherwise, I* >

liminf,, { up (1). Note that
7,1y (h1)) < OL*

q(hk)< hm c q(hk) hm u z(hk

l hm c
k——+
and
—1 i (hy)
L dim ey () <K < 11 lim ey, (e oo Pla K
= ~ min se_s.
sell hmoocpl‘i(hk)’ OL*]
From (2.10) and the definition of /*, we acquire
n
0= lim dy(hvy Him uyh)+ Y, 1m ay,(hovg Tim ug(h)
g=1,g#p*
-z limk»Jroo,B 1q (hi)v 1
+ lim h hm h T, (h
- s PRI i )l = )
o lim ¢ ; (hg) liTooupl(hk*Tplq(hk))
n
Wm0 (hy) + Z lim _a,, (g, hrn g ()
+00 —+00
g=l.q#pt

> = lim dy (v,
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moocplq(/’lk)

"o — i
+Z;k2rfmﬁpzq(hk)uplze >+
q:

n
= | = Jim dyGhovy+ lim D0 ay (v
q=l.q#p"

" —1 lim ¢ (hy)
+ lim E 1 (hp)v, e kotoo P
k—+o0 lﬂ”( W
q:

> 0,
a clear contradiction, indicating that [* < [ = liminf, (oo u ! (1). This proves
Lemma 2.6. O

Lemma 2.7 Let up,(t) = up(t; to, ¢) be a solution of (1.5) with the initial data (2.1)
and <p;) € C([—1p, 0L, R). If the assumptions of Lemma 2.6 and (2.4) are satisfied.
Then, for any € > 0, there exists a relatively dense subset A, of R incorporating the
property that, for each 0 € A, there is a sufficiently large N > 0 such that

i p(t +0) — i1 (1)] < % for arbitraryt > N, p € P.
Proof Define
up(t) = up(ty — 1p), forarbitrary t € (—o0, 9 — 1)). (2.13)

For 6 € R, from (2.4) and Lemma 2.5, one can take Ny € (max {to, 7p—0}, +00),
[ € (0, [*) and L > L* satisfying that

l_,cpq(t) <2 foranyt e R,q € Q,p € P,
and
I < up(t),up(t+0) < L for arbitrary t > Nj.
Astot € R, set

iyt +6)

V@) =@, U2, ... Un(0), Uplt) = — 0
p

L,

and

Mp@.1) = —[dp(t +60) —dpO)iipt +0)+ Y lapg(t +6) — apg(D)ig(t +6)

q=1,q#p
m

+ Y [Bpgt +0) — Bpg (it p(t + 0 — Tpg (t + 0))e = pa IO U =Tpg (1+6))
g=1
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m
+ D Bpg (e + 0 = g (1 4+ 6))ra HO(+0 =5 (150)
g=1
il p(t — Tpg (1) + O)e P (t+9)12,,(t7r,,q(t)+t9)]

m
4 Z By (z)[ﬁp(t —Tpy () + Q)e—c,,q(zw)up(z—rpq(t)+e)
g=1
—iip(t = Tpg (1) + 0)e s DI (=T O],

Let Ko = max{ty + Nog + 7, t9 + Ng + © — 0}. Then, for all t > K, we have

12;,(1 + Nup(t) —up(t+ 9)12;,(1‘)

U (1) =
r liip ()]

n

1
= 7[_ 3 [ﬁpm {Hp(e,t)dpmﬁp t+0)+ Y apgig(t+0)
ip (0] a=1.g#p

m
+ Z Bpg )it p(t — Tpg (1) + §)e cpaDip(t=Tpg (+6) | _ iip (1 +6)
g=1

n

X|:dp(t)ﬁp(t)+ D apgiig (1)
q=1.9#p

m
+ 3 Bpg it p(t — tpg (1)ePaDipi=Tpg <’”} }

g=1
n
=——— ipOT, 0.0 +ipt) Y apgDiig(t +6)
[ul’(t)] q=1,q#p
m
Fitp(t) Y Bpg(Diip(t — Tpg (1) + 0)e™Pa Wip=Tpg(NH6)
g=1

n

—ipt+0) Y apg(iig(t)
q=1.q#p

m
—iip(t+0) Y Bpgiip(t — Tpg (1)) PaipI=Tpg ™) }
q=1

n

M, 1 ] )
= — + — up(t) apg (Diig (t +0)
“p(®) lip (012 [ ’ q=12,q:¢p e

—iip(t+0) Y apg (t)uq(t)l
q=l.q#p

1 B m ~ i _ B
* [ap()? Iup(’) D Bpg iip(t — Tpg (1) + 0)e ™ PaDitp(=Tpg (O+6)
g=1

m
—iip(t +0) Z Bpg (it p(t — Tpg (t))g—cpq(l)ﬁp(f—qu(t))}
q=1
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_T,0.0 Ya=1.q#papq D)

{(ﬂq(l‘-ﬁ-@) —iig(1) —ﬁq(t)M}

up(r) up(r) up(r)
m
+ % ip(1) Z Bpg Diip(t — Tpg () + g)e—cpq(t)ﬁp(f—qu(f)+9)
[up(0)] py

m
—iip(t) Y Bpg(D)itp(t — Tpg (1))ePa Wi =Tpg 1)
g=1

m
+iip(t) Y Bpg ()it p(t — Tpg (1))e ™ Pa Dtp=Tpg ()
g=1

~ip(t+6) Y Bpg ()it — Tpg(1))e™cra DTp=Tpq ©) }
g=1
_Mp©.0) Y a=1.q#papq (D)
ip (1) ip(r)

{(ﬁq([_;'_g) — g (1)) —ﬁq(t)M}

ip(r)
1 “ .
+ s Lap® Y Bpg® [ip(t = tpq (1) + 0)e™Cra V(=T O50)
lip ()] =

—iip(t — Tpg (£))e P <t>ﬁp<t—rpq(z>)}

m
- Z Bpqip(t — Tpg (t))é_cf"i(t)’zp(l—rf’q(t))[ﬁp(t +0) — ﬁp(t)]]

q=1
My (0.0 | Xg=1gzpra®
= it (1) + ﬁp(t) ug(1)(Uqg () — Up (1))

Y a=1Bpq(®

_ _ i (f— 14U, (t—
ﬁp(t) {[Mp(l —Tpg o) (1 + Up(t —Tpg ®)))e Cpqp(t—Tpg ()(A+Up(t—1pq (1))

it = zpq (e Pt VTP | iy (1 = mpg (1)~ 21O Oy (1))

_ H!’ ©,1) ZZ:Lq;Ep al’q(t)

= — + — ug(t)Ugy (t
i) i) q(OUq (1)
2 g=1Bpg(®) _ _ i T (—
+ qﬁp(t) [”p([ _ qu([))(l + Up(l _ qu([)))e cpg Wit p t—Tpg (D)) (1+Up (1—1pq (1))

—iip(t — -qu([))e—Cpq(f)ﬁp(t—qu(l))]

n t m t _
_ { Zq:],q;ﬁp apq () Zq:] Pra( )ﬁp(t —Tpg (t))e—(rpq(t)up(t—rpq(l))Up(t) .

ip (1) ug(HUp () + (D)

(2.14)
Define

- - - - xemove o4
G(x,y) :[col, cOL] X [col, cOL] - R, Gx,y) = x—=y V>
(1=—x)e ™™, x=y.

(2.15)
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Clearly, G(x, y) is continuous on R2. 1t follows from Lemma 2.5 that
|G (x, y)| < e forall (x, y) € D :=[col, L] x [col, "L].

Therefore, it is possible to choose an enough small » > 0 obeying that, for arbitrary
(u,v) e D,p e Pandt e R,

G v)] < —— | g — 2T (2.16)
’ et Z?:l Bpg I | .

and then

T —pe V| <

1, 2rii (1)
et - | u - vl (2.17)
e Sy Bpg (1

In view of Lemma 2.6, it is evident that i, (¢) and 12;, (1) are bounded on [7g, +00).
It follows from (2.13) that i, (¢) is uniformly continuous on R. Hence, for arbitrary
e > 0, we are able to select a small enough & > 0 satisfying that

lapg (1) — apq(t +0)| < &, |Bpq (1) — Bpg(t + )| < g,
lepg (1) — cpg(t +0)| < &, |Tpg(t) — Tpg(t +0)| <&,

it then follows that

[TT, (0, 1] 1

- < —ré, (2.18)
itp(t) 4L

wherer € R, p € P, g € Q. Furthermore, for & > 0, by exploiting the characteristics
of the set of uniform almost periodic functions [27, P. 19, corollary 2.3], it’s possible
to select a relatively dense subset A; of R agreeing that

lapg (1) — apq(t +0)| <&, [Bpg(t) — Bpg(t +0)| <&, }
1Cpg (1) — Cpg(t +0)] < &, |Tpg(t) — Tyt +6)| < &,

0eANzg,teR,pe P,ge Q.

(2.19)

For the simplicity of notation, we designate A, = A;. Then, for any 6 € A,, (2.18)
and (2.19) give us

MO0 1, (2.20)
ip(t) 4L

Denote

Y() = 1(0), Y2(t),.... Y,(0), Y,(t) = e”Up(t), where p € P.
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Let 1(1) = sup,_, s, {e"”* U (s) ||}, and p; be an index such that
1Yp, (D =Y (O] (2.21)
It is easy to see that "' || U (¢)|| < I(t), and I (¢) is nondecreasing.

We are now in a position to complete the subsequent verification in two cases.

Case 1. If
I(t) > €""||U(t)]| for arbitrary ¢ > K, (2.22)
we assert that
I(t) = | I(Ko)| foranyt > Kp. (2.23)
Assume contrarily that there exists s > Ko obeying that I(s;) > I(Kp). Since
I(s1) > UG, and & |U (1) < I(Kp) for arbitrary ¢ € [t9 — T, Kol,
there must be a constant @ € (Ko, s1) such that
NU @ = I(s1) = I(a),

which leads to a contradiction with (2.22). Hence, the aforementioned assertion is true
and we can choose s> > K satisfying

NlU@D| <e I(t) =e " I(Ky) < ﬁ for arbitrary t > s5. (2.24)

Case 2. If there is a s* obeying that s* > Kg and I(s*) = " ||U (s*)]]. It can be
deduced from (2.14), (2.17), (2.20) and the definition of Dini derivative that

0 < D™ (" |Up, ()
s=s*
Mp 005" | o Dg=tigzpe drea?)
ﬁ[’x* (s™) ﬁpv* (s*)
g (™) Ug (s™) = [Upy (s
m
18 5 (s™) e Vit ok o*
_%ﬁpﬁ (S* _ Tps*q(s*))en pr*q(b )Mps* (s tpj*q(A )) |Up:* (S‘*)|
Pyx 3
st Z?:l ﬁpv*q(S*) 1
ﬁpx* (s%) Cpx*q(S*)

) (L4 U (1 = Tppag (57)))ePre8 Dl (= Tpyag MU+ Upyo (=T 04 6")

* *
< re’s ‘UI’;* (s*)l Lo

+e

Cporg (il peu (1 = Tpuq (s™))

- e N _ S
- C'Ps*q(s*)”ps* (l - TPs*q(S*))e LI)S*q(A )MPS* ¢ I[)S*q(s »
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Mo O e Xamtatpe Wva 67
Up (%) Up (s%)

g (s*)(| Uy (8™ = |Up (sM1)
ZZL1 Bpyrq(s™)

- * * rs*—c (s¥)itp . (s*—T (s*)) *
- Wum* (™ = Tpag(s™)) {e Pex 5 TRbgx Pera U (7))
s

.1 oz « . 2rity , (s)
—e |Up L (s* = . *q(s*))| efcps*q(s Jilp s (8" =Tp g (s™) _ _ A )
erfpx* S ZZI=1 ﬁps*q(S*)l

* *
< re's |Ups* (s*)l +ers

« [T p (0, s*) | Zgzl,q#[,x* apy*q(s*)
'ZPS* (s*) ”_‘PS* (s%)
ﬁq (S*)(erx*qu (S*)l _ em*lpr* (s*)l)
Z;nzl ﬂpj*q(s*)

_ Lok )~ s *
- i, (5" — Tp:*q(s*)){e” Cpgrea (i p s (5" =Tp g (s ))IUPS* ()]

'Zps* (S*)
Yoot Boeq 5L

" )
=re" |Up. (s")| +e"”

oL * 31| g Cryra 6 (5% =Tp g (5*))
= U (5 = Ty (I € 70O (00

IA

Up (s*)
n * _ .
* M _[ﬁp L (5% = Tpoag (57))eCPeratngs " =Thgea ) _ M]
Up s (s*) 5 s Zq:l ﬂpx*q(s*)
’ T a6
3 7 r(s* =1y 4 q(s
¢ Upes (5 e (57 = Tprag 6™ — o € T U (87 = T (5T
“ {e—cps*q@*)ﬁpﬁ "~ Tpea s _ M]
Y a1 Bpq ()1

n
g=1 .Bpﬁq(s*)

ﬁpl\* (s*)

IA

Fitp. (s%) ] .
|1
ST Bpeg0 |1

i, (5™ ) g Cograilpgn (F=Tpiug ()
{—[upl\* (s —‘L'pl\_*q(s ))e Cpsealtpex Pykd -~

e )i o - 2riy, (s%)
it (5 — T <s*>>[e (pera (e (a0 ”%-]us*)
’ e S a6
iy (5)
R YT
Up, (s%)

i, (s*)

—2r1(s*)

IA

= —rl(s*) +¢7

< —rl(s*) + e L_rs.

- 4L
This indicates

% 1 % 1
e UG =1(s*) < —ee™ and |U(s™)| < —e.
U (sl (s¥) < i NUGHI < i
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Similarly, we drive
SNU@| < L e with U@ < Lo 1) =U®G)| and T > s*
= 4L = 4L
(2.25)
Furthermore, when 1(f) > " |U ()| for 7 > s*, we can take s* < s3 < 7 such that
I(s3) = "3 U(s3)|l, and I(s) > " |U(s)| foralls € (s3, 7. (2.26)
It follows from (2.25) that

&
Ul(s < —.
l (3)||_4L

A similar reasoning as that employed in Case 1 shows that
I1(s) = I(s3) forall s € (s3, f].

Consequently,

&

IUDI < e 1@ = e T(s3) = U (s3)]le 7T < o

which implies that there exists N > max{s™, s»} such that
P _ _ & .
U@ < A and |u,(t +0) —u,(1)] < 2 for arbitrary r > N, p € P.

This completes the proof of Lemma 2.7. O

3 Global Exponential Stability Analysis

In this section, we will confine ourselves to prove the main results on existence and
global exponential stability of positive almost periodic solution for system (1.5).

Theorem 3.1 If all the conditions in Lemma 2.7 are valid, then system (1.5) admits a
unique almost periodic solution which is globally exponentially stable.

Proof The proof will be subdivided into three steps.

Step 1. Consider z,(t) = z,(Z; fo, ¢) as a solution of system (1.5) that fulfills the
initial data in Lemma 2.7, and designate

Zp(t) = z,(t — 1p) forarbitrary ¢ € (o0, fy — 7p), 3.1
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and

wp(i,t) = —[dp(t +1t;) —dp()]zp(t +1;) + Z [apg(t +1) —apg()]zq(t +1;)
q=1,q9#p

m
+ Y Bpg(t + 1) = Bpg(D1zp(t + 1 — Tpg (t + 1;))e = ra (T2 U+ Tpg (11:))

qg=1
m
+ Z ,qu (l)[Zp (Z 4 i — qu ([ 4 tl_))e—Cpq (I+li)Zp(l+l,'—'L’pq(l"rtl‘))
qg=1
—2p(t — Tpg(t) + t;)e Cra (t+t)zp(t—Tpq (l‘)+ti)]
m
+ Z Bpg Olzp(t — Tpg (1) + tl.)e_cpq(t+[i)zp(t_qu(t)+ti)
qg=1
— 2t — Tpg (1) + 1;)e PO =TT for all 1 € R and p € P, (3.2)
where {#; }+ | is an arbitrary sequence of real numbers. Observing the boundedness of

Zp(1) and 7/ Zp (t) on[tp, +00), one can obtain from (3.1) that z , (t) exhibits uniform con-
tinuity on }R. This follows from [27, p.19, Corollary 2.3], along with the characteristics
of almost periodic function family { ZZ’,I Bpqg (), Z;Zl gp Apg (1), dp(0), cpg (1),

Tpg (t)}, we can take a sequence {t; }+ | which satisfies lim; , 1 t; = +00 and

n

Apg(t + 1) — Z apq(t))

q= lq#p q=1,q9%#p

(3 Bt + 1) Zﬁpqm\
g=I

1
< lT, ldp(t +1;) —dp(t)| < lT!

1 1 . 1
|Cpq(t +14) — Cpq(t)| < l_.a |qu(t +14) — qu(t)| < lTa |7Tp(l’t)| < lTa (3.3)

foranyr e Randi € {1,2,3,...}.

From the boundedness of z,(¢) on [t9, +00), ¢, € C([~7), 0], R), and (3.1),
one can see that {z, (t + tl)}Jr | is uniformly bounded and equiuniformly continuous
on R. It is readily seen from Arzala-Ascoli Lemma that there exists a subsequence
{zp(t + t;,)}n=1 of {z,(t + t;)}i>1 such that z,,(r + ¢;,) (To maintain simplicity, we
continue to use z,(f +#;)) uniformly converges to a continuous function z:,", (t) on any
bounded closed subinterval of R. This, combined with Lemma 2.6, results in

I* < zj(t) < L* for arbitrary t € R, p € P. (3.4)
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Due to (3.2) and (3.3), for any At € R and ¢ > f(, one gets

2t + A1) — 2, (1)
= lim [z,(t + At +1;) — 2,(t +1;)]
i—+00

t+At
= lim z/p(s+ti)ds
i—>+00 J;
t+At n
= lim —dp(s +1)zp(s + ;) + Z Apg (s +1i)zq(s +1;)
i—>—+00 J;

q=1,q#p

m
+ D Bpg(s +1)2p(s + i — Tpg(s + 17))e pa D CHI=Tpg S g

g=1
t+At n
= lim —dp)zp S +1)+ D apg($)zg(s + 1)
ooy q=1.9#p

m
+3 Bra()2p(s + i = Tpg ()™ PO 47 G gy | d
g=1
n

t+At t+At
= lim 7, s)ds + / —dp()TH) + D apg()7;(s)
ooy ! q=1.9#p

m
+ Z:qu (S)Z; (s — Tpg(s))e P O 6=Tpg (D) | g5
g=1

n

1+At
:/ —dp(S)Z;;(S)—i- Z apq(s)zz;(s)
!

g=l.qg#p

m
+ D Boa ()2 (s — Tpg (s PO | g, (3.3)
q=1

where t +1;, t +t; + At > to. Apparently, (3.5) leads to

n

@) =—dp(O)THO + D apg 1)z (1)
g=l.q#p 3.6)

m
+ Z Bpq (I)Z;(t — Tpq (t))e_cpq([)zt’(t_rl"’(t)),
qg=1

for all t > f¢. This shows that z;(t) is a solution of system (1.5).
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Step 2. We will confirm that z;‘,(t) is almost periodic on R. In accordance with
Lemma 2.7, for any given ¢ > 0, there exists a relatively dense subset A, of R
incorporating the characteristic of having a sufficiently large N > 0 corresponding to
that

12p(t +0) — 2,()] < %for arbitrary 1 > N, p € P. 3.7)
For every fixed s € R, select N > N such that for eachi > Ny,
I3
s+t > Nand |z,(s +1; +60) —z2p(s + 1) < X (3.8)
Letting i — +o00, (3.8) implies that
. 3
|2, (s +6) — z,(s)| = Jim jzp(s 416 +6) —zpls +0)l < 5 <,

which means that z; (t) is a positively almost periodic function.
Step 3. We shall validate that z; () is globally exponentially stable. For this purpose,
we label

x50 = v, 25 @), x,(0) = v, 2,5 10, 9),

and set

xp(t)

w(t) = (wi(1), wa(1), ..., wp (1)), wy(t) = 0
p

—1 forallt € [tp — 7, +00).
Then, for arbitrary p € P and ¢ > t¢, produces

5,0 = vy [ = dpOvprp O+ Y apg 05 (0)
q=l.q9#p

< - - (3.9)
+ 2 Bpg(Dvpxp(t — Ty (1))e™ra i T”q(’))],
qg=1
iy = v;lgop, ¢ € By with ¢,(0) > 0,

and

B x},(r)x;(l‘) — xp(t)(x;(t))/

w, (1)

(x5 (1)
v—l { n
14 *
=L lx (t)[—dp(t)vpxp(t)+ D apg(Dvgxg (1)
s U7 d=lqtp

m
+ Zﬁpq(f)vpxp(f ~ Trg (f))e_c"q(I)v"x"([_r’”’([))}
g=1
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n

—x,,(t)[—d,,(t)u,,x;;(t)Jr D apg(vgx()

q=1,q9#p
m
+ Zﬁpq(f)vpx;(t — Tpq (t))ec”‘i(')vpxp(ttf’q(t))i”
g=1
1 n
= s | O+ D apg(vgxg (1)
Pep q=1.q#p

m
+ Z Bpg (VX (t — Tpg (1))eraDVrxp=Tpq (1)
q=1
n
_|: —dp()vpxp(t) + Z apq(t)vqx;‘(t)

q=1.q9#p

Xp ()
x5 (1)

m
X (t) _ ko
+Z/3pq(t)vpxi(t)x;(t—qu(t))e Cpq (DVpx}, (1 T""(t))jl
q=1 4
1 n

= D apg (X () [wy () — wy(1)]

VX (2
AHI0N Pl

+3 Bug(t)vy [x;;(t — T () Wyt — Tpy (1)) + 1)
g=1

e~ Cpa (t)vpx]*,(t—r,,q ) (wp (t—1pg())+1)

—(Wp (1) + 1x(r — Tpg(1))e s30Ty (’”} . (3.10)

Now, we prove that z;‘, () is stable. For any ¢ > 0, let

k* = min v;ll*
peP

H =2 and |(x,),(0) — v;'0,0)] < H with p € Pand € [-7,. 1],

)

we now verify that
|xp, (1) —x;(t)| <ewith pe Pandt €[—1p, +00). (3.1

It is easy to see that for every ¢ € [ty — 7, o],

xp(t) — x3,(1) H _H
k

wp0l = [F < o < B (3.12)
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We assert
H
lw, ()] < e forall t > tyand p € P. (3.13)

If the assertion would not hold, then there exist p; € P and S; > fg satisfying that
either

*

H
, and |w, (1) < - for arbitrary ¢ € [tp — 74, S1)and g € P,
(3.14)

H
wp, ($1) = -

or

H H
wp, (S1) = = and |wy(#)] < e for arbitrary ¢ € [t9 — 74, S1) andg € P.
(3.15)

If (3.14) is satisfied, and thereisa g € Q suchthat 8,4 (S1)wy (S1—17p,4(S1)) # 0,
we get from (3.3), (3.10), (2.4), Lemmas 2.5 and 2.6 that

0 <w, (S1)

1 n
= T o § aplq(Sl)vqx;(Sl)[wq(Sl) — Wp, (S1]
vp X5, (S |
g=L.g#p1

+ Zﬂplq(sl)vpl [x;l (81— Tp|q(Sl))(wp1 (81— Tp|q(Sl)) +1)
g=1

Xe_cplq(sl)vplx;k;l (Sl_fplq(sl))(wpl (Sl_Tplq(Sl))+1)

—(wp, (S1) + l)x;l S1 — Tplq(Sl))efc"l"(sl)””lle (Slrl’l‘i(s‘))]

- Up|x;§1 (S])Cplq(Sl)
*cp]q(sl)vmx;l (Slffplq(sl))(wm(Slffp]q(sl))+l)

{Cplq(Sl)Umx;l (81— Tplq(Sl))(wpl (81— Tplq(Sl)) +1

X e

— Cpig (S)Vp X (S1 = Tpyg (S1))e s S0y 1 FraaS)
— Cprg (SDVp wp, (S, (St — Tplq(Sl))e_cl’l‘f(sl)”ﬂl";l (Sl_fﬂw(sl))}

ZZL] :3p1q(S1)
Up|x;1 (Sl)cplq(Sl)

X Jwp, (81 — Tplq(Sl))|e_c”1‘1<sl)v”1x;I<S]_T”1‘7(S‘))

{Cplq(sl)vmx;l (81— fplq(Sl))
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H e * _
—Cqu(Sl)Uplk_*x;l(Sl — Tpig(S1))e €p1a(S)Vp; X, (Si ’M(Sl))}

Z?:l Bpia(S1)

= " X S —1 S e_cplq(sl)vplx;l(Sl_fplq(sl))
X;I(Sl) Pl( 1 plq( l))

I: |U,p (*S Zp q(‘S ))l]
k ! ! ! !
S 07

which is a contradiction. In addition, when 8, ,(S1)wq(S1 — 7p,4(S1)) = 0 for all
q € O, we can establish the aforementioned contradiction as well.

If (3.15) is true, a contradiction arises such that (3.13) holds by a similar manner,
so (3.11) follows, and then

xp (1) — x5 (1)
W
v;lzp(t) - v;lz}",(t)
vy 2 ()
zp(t) — 25,(1)
z5(1)

pr(t)| =

H
k_*.
Thus,
lap () — 250 < 50 < 1 — e forallr > fgand p € P
Zp 2y <z, o = k*—s orall t >y and p ,
which implies that z;(t) is stable.

Finally, it suffices to prove the global exponential attractiveness of z7,(¢). From
(2.4) and Lemma 2.6, one can choose 0 < I <I*<l<L<L*< L such that

Lepg(t) <2 forallt eR,g € Q, p € P.

According to (2.15) and Lemma 2.5, one can choose a small enough positive constant
r obeying that, for arbitrary (#,v) € D, p € P andt € R,

2 k
L 250 (3.16)
e’ > g=1Bpg(®l

IGu,v)| <

and then

1 2rx (1)
lue™ —ve ™| < — e — ———2——|lu—vl. (3.17)
e’ Zq:l IBPq (t)l
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Define
Wy(t) =€ |w,(t)| forallt € Rand p € P. (3.18)
In light of (3.4) and Lemma 2.6, there exists a large enough 7* > £y such that
0 <l <z25(), zp(t) < Lforanys > T*and p € P. (3.19)
Clearly, forany ¢ € [t — t, T*]and p € P,
W,() < max__ [e"w(s)| +1 éM(/,. (3.20)
s€lto—1, T*]

We claim that
Wy(t) < M, forall t > T*and p € P. (3.21)

Assume that, in contradiction to the conclusion (3.21), there exist p € Pand Ty > T*
satisfying that

Wy, (To) = M, and W, (1) < M, for arbitrary ¢ € [to — 74, Tp) andg € P.
(3.22)

Using (3.10), (3.16) and (3.19), we obtain that

0 < D™ (" |lwp, ()

s=Tp
< re" o, (To)| + 10 ————
" Upa X5y (To)
n
Y apg(T)vgxg (To)llwg (To)| — |wp, (To)]
q=1.97#p2

m
+ D Bpag(To)op,
q=1
—Cprq (TO)Upzx;Z (TO_szq (TO))(wp2 (TO_szq (To))+1)

X3, (To = Tpag (To)) (wp, (To — Tpyg (Tp)) + 1)

X e

—Cprq (TO)UpZX;Z (TO_szq (To))

- X;Z (To — Tpag (To))e

m
_ Z B pag (T0)Vps | s (To)Ix;2 (To = Tpag (TO))E*Cﬁzq(TO)Uﬁzxpz(TO*TI)zq(TO)) }
g=1

< re" P, (To)| + e

T 1 { > 4=1Ppag (To) [
Upa X, (To) ¢paq(To)
x (wpz(TO _ szq(TO)) + l)e_cpzq(TO)Upzx;Z (TO_szq (TO))(wpz (TO_szq (To+1)

Cpaq (TO)Upzx;kyz (To — szq(TO))
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= paqg(To)vpyxp, (To = Tpog (To))e_cpzq(TO)Upszz(To_rpzq(TO))‘

= ¢pag(T0)Vpy |wpy (To) 15, (T — Tprq (T0))e

quzl Bpaq(To)

~pag (To)vpy X, (To—Tpyg (To))] }

< re"wp, (Tp)| + = (T0) {x22(T0 — Tpaq (T0))e" 0wy (Th — T (Tp)))
p240
*
« [efc'pzq(To)vpleiz(TO*szq(TO)) . 2rxp2(T0) _:| rl
ZZL] Bprq(To)l 1e P2

— " 0wy, (To)lxh, (To — Tpyq (To))e 2 (TO)”PZ";z(TO*fﬁzq(TO))}
Z;nzl Bpag (To)
x5, (To)

*
X [e_cpzq(TO)vpzxZZ(TO_szq(TO)) _ 2rxp2(T0) _:|
> g=1 Bpaq(To)l
— Myxy, (To — tpzq(To))e_C”Z‘l(TO)”sz;z(TO_TPZ‘i(TO))}
<rMy —2rMy,
= —rM(p
< 0.

< re 0w p, (To)| + {XZZ (To = Tpoq (T0)) My

This contradicts and suggests that (3.21) is valid. Thus,

Wp(t) = 3”|wp(t)|
_ k) ~ x50
oG]

-1 —1 %
_erzh)p 2p®) — v, 20l

vy 25 ()
_ |2p (1) — 25, (@)]
Z5(1)
< M,,

which means that
|2p() — 25 (1) < 25 ()Mye™"" < LMye "', forany t > T*and p € P.
This concludes the proof of Theorem 3.1. O

Forn = m = 1 and ¢ = 1, system (1.5) becomes the following Nicholson’s
blowflies equation [6] :

u'(t) = —d(Ou(t) + B(Ou(t — t(r))e =70, (3.23)
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One can easily check that the hypotheses (2.2)—(2.4) are satisfied. Then, from Theorem
3.1, the following corollary can be deduced.

Corollary 3.2 Assume that the conditions of Lemma 2.7 hold, Eq.(3.23) admits a
unique positive almost periodic solution which is globally exponentially stable.

Remark 3.3 Especially, when the impact of delay vanishes, the sharp conditions (2.2)-
(2.4) become

n

0< dp(t)vp — Z apq(t)vq , 1 < Zq 1 ﬁpq(t)vp

{ dp()0p = 301 gp Apa (Vg

q=l.q#p
(3.24)
:dp(t)vp— Zn: apq(t)vq} > 0, (3.25)
g=1.q#p
2=t Pra Oy g (3.26)
dp(vp = 3 g—1.g2p Apg (Vg .

These time-delay independent conditions guarantee that system (1.5) has a unique
globally exponentially stable positive almost periodic solution. Specifically, we have
the following corollary:

Corollary 3.4 Given that (3.24)—(3.26) are satisfied, then there exists a positive almost
periodic solution of system (1.5) which is globally exponentially stable.

4 A Numerical Example

In this section, we give a numerical example to support the validity of our results.

Example 4.1 Consider the two-dimensional delay Nicholson’s blowflies system with
patch-structure as follows,

W](1) = —(2 + 2] cos 2t )Wy (1) + (1 + 1] cos 2¢[) Wa (1)
+(0.5+0. O6| cos 2¢])| sin ] (4.05 + (e* — 4.1))

—Wi(t——L|cost
xWi(t — gl cos e @D

+(0.5 + 0.04| cos 2t])(4.05 + (e —4.1)| sint])

-W 2,
xWi(t — s sin2e))e "™ soet | sin 21D,

Wi(1) = —(3 4 3]sin 2t|)W2(t) + (1 + 1| sin 2t|)W1 (1)
+(0.6 + 0. 2| sin 2¢|)| cos t|(4.05 + (€2 —4.1))

—Wa(t— 0 S~ | cos6r])

4.1

xXWo(t — Toe 4|c0s61‘|)e
+(1+0.2] sm2t|)(4 05 + (¢ —4.1)| cost])

8
X Wa(t — =L| sin 8¢[)e~"2¢ e sin81D.

704

where t > 19 = 0.
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24 T T T T T T T T T
—Ww,0
—W,0

22F

0.4 | | | 1 | | | 1 |
0 2 4 6 8 10 12 14 16 18 20

t
Fig.1 Transient states of system (4.1) with initial values (W1 (z), Wa(z)) = (0.5, 1), (1, 1.7), (1.5, 2.3)

It is straightforward to verify that (4.1) adheres to

Vp=cCpg(t) =1, m=n=2,

a=1Bpg (DVp
{ - (z)v,,z_"zézi;pé,,q qu} ~1.00> 1,
{ S Bog (v, }*
dp(0p=3 41 gp g (V0= g—1 Bpa (DI g1 g2p apqVa+ D=1 BrgUplTpg (1)
~ 6.04 < €2,
“4.2)

and L¥cpq (1) # 1In6.04 < 2.

Hence, according to Theorem 3.1, it can be demonstrated that Eq. (4.1) possesses
a positive globally exponentially stable almost periodic solution. The findings are
validated by the subsequent numerical simulations depicted in Fig. 1. The trajectory
of the solutions robustly validates the efficacy and accuracy of the results presented in
this study.

Remark 4.2 Clearly, the results reported in [19-22] and the references therein are not
applicable to system (4.1) because (4.2) fails to meet the requirement of (1.7) and
incorporates time-varying delays. This suggests that our findings significantly extend
the current results, even under constant delay. It is evident that the model we have
examined is highly versatile, and the outcomes of this study both broaden and enhance
the existing findings from [17, 19-22, 27] and the referenced sources.
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5 Conclusions

We remark that, in nature, there is no phenomenon that is purely periodic, and this gives
the idea to consider the almost-periodic situations. So, in this paper, motivated by prior
literature addressing the stringent condition for ensuring global exponential stability
of the positive equilibrium for the autonomous delay Nicholson’s blowflies equation,
this study investigates the global exponential stability of a positive almost periodic
patch-constructed Nicholson’s blowflies system with time-varying delays. Employing
the fundamental properties of almost periodic functions, the fluctuation lemma, and
analysis techniques, this paper establishes several new adequate criteria guaranteeing
the existence and global exponential stability of the positive almost periodic solution
for the addressed system under less stringent conditions. It is notable that in the
absence of delay effects, our findings fully encompass the current results regarding the
stringent criterion ensuring the global exponential stability on the positive equilibrium
of the scalar delay Nicholson’s blowflies equation. We also claim that many results
in the literature dealing with equilibria or periodic solutions of patch-constructed
Nicholson’s blowflies system are special cases of the results in this paper. Hence, the
findings presented in this paper serve to complement and improve the corresponding
scalar almost periodic equation. The approach outlined in this paper can be readily
applied to investigate the sharp stability criteria for other types of biological models
that incorporate multiple time-varying delays, as discussed in [20, 21]. We defer this
endeavor to our future work.
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