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Abstract

We study the maximum number of limit cycles that bifurcate from the periodic annulus
of the isochronous cubic centre of discontinuous and continuous piecewise differential
systems with three zones formed by the discontinuity set & = {(x,y) € R?> : (y =
0) v (x =0A y > 0)}. More precisely, we consider the following perturbed systems

X=—y+xtytepi(x,y), y=x+xy* +eqgi(x,y), i =1,2,3,

where p; and g; are polynomials of degree m. Using the averaging theory of first
order, we prove that for m = 1,2,3, at most 3, 9 and 15 limit cycles bifurcate
from the periodic annulus of the isochronous cubic centre in the discontinuous case,
respectively. While for the continuous case, it can appear 1, 5 and 6 limit cycles from
the periodic orbits of these centres, respectively. Furthermore, we extend our study
when p; and g; are homogeneous polynomials with 1 < m < 3, obtaining respectively
for m = 1, 2,3 at most one, seven and at least twelve limit cycles, which bifurcate
from the periodic orbits of the isochronous cubic centre.
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1 Introduction and Statement of the Main Results

The study of the limit cycles goes back essentially to Poincaré [23, 24] at the end of
the nineteenth century. The existence of limit cycles is one of the main problems in the
qualitative theory of continuous planar polynomial differential systems and became
important in the applications to the real world, since many phenomena are related
to its existence. See for instance the Van der Pol oscillator [27, 28] or the Belousov-
Zhabotinskii reaction which is a classical reaction of non-equilibrium thermodynamics
appearing in a non-linear chemical oscillator, see [3, 29].

On the other hand, the study of the bifurcation of limit cycles of isochronous centers
for planar differential systems has been a topic of research for many years. Indeed,
several methods are even used to study the problem of isochronicity, which appear in
many fields such as physics, chemistry, biology and engineering (for more details see
[6, 13]).

The study of this class of systems has been extended to solve the second part of the
16th Hilbert problem for continuous and discontinuous piecewise differential systems,
that is, to determine the maximum number of limit cycles. A particular study deals on
the bifurcation of limit cycles in planar polynomial vector fields, trying to exhibit the
maximum number of limit cycles that the differential polynomial systems can have
for some given degree.

In this work, we consider the unperturbed uniform isochronous center of the form

)'c=—y+x2y, )'sz—i—xyz. (D

The previous system has been studied by many authors, among them we can cite the
work of Haihua, Llibre and Torregrosa in [20], when the system (1) is perturbed by
polynomials of degree one, and they proved that there are not limit cycles by using the
averaging method of first order. While in the case where the perturbed polynomials
have degree two, they showed that there exists one limit cycle, and when the polynomial
perturbations have degree three, there are three limit cycles, by using the averaging
method of first order. Huang and Niu in [16], applying the same method, obtained that
from system (1) perturbed by homogeneous polynomials of degree 2n + 3 bifurcates
up to n + 2 limit cycles.

In recent years, the study of system (1) under different polynomial perturbations
has also been extended to piecewise differential systems. Among some works, we have
Itikawa and Llibre [17], where they study the maximum number of small or medium
limit cycles that branch from the periodic orbits of (1), when they are perturbed by
cubic polynomials separated by the straight line y = 0. Obtaining as an upper bound,
seven medium limit cycles (one of which bifurcates from a periodic orbit surrounding
a center). Also, in [18] the authors proved the existence of at least 12 limit cycles
bifurcating from the periodic orbit of the center of system (1) when they are perturbed
by cubic polynomials with four zones separated by the axes of coordinates.

In the present work, our objective is to study the maximum number of limit cycles
which bifurcate from the periodic solutions of the uniform isochronous center at the
origin given in (1) when it is perturbed by polynomials of degree 1 and 2 inside the
class of discontinuous or continuous piecewise differential systems with three zones
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separated by ¥ = {(x,y) € RZ:(y=0)V(x=0Ay > 0)}. We also wish to
understand the number of limit cycles in the case where the perturbed polynomials
are homogeneous. Additionally, we will treat the case where the piecewise differential
systems are continuous, that is, at each point of the discontinuity curve all the perturbed
vector fields coincide on the common boundary. The three components of R? \ ¥ are
the first quadrant

Ri={(x,y) eR*:x>0Ay >0},
the second quadrant
R2={(x,y)eR2:x§O/\yZO},
and the half-plane
R3:{(x,y)€R2:y§0}.

Thus, we consider the perturbed system (1) as a discontinuous or continuous piecewise
differential system of the form

Z(x,y) =Z'(x,y), (x,y) € Ry, 2)
withi =1, 2, 3, that is,
. 2
; X=-y+x7y+epix,y),
Zix,y) =1, ) ' )
y=x+xy+e€qix,y),

where 0 < € <« 1 and

m m
pie.y) = Y apx'yl, g y)= Y byxlyl,
I+j=0 I+j=0

m m
)= > apx'yl. @y = Y dyx'yl,
I+)=0 I+j=0

m m
p3.y) = Y epxlyl. gty =Y fiixlyd

I+j=0 I4j=0

are polynomials of degree m and a;;, b;j, c¢jj, dij, e, fij € R.
In this work, by using the averaging method, we obtain the main results as follows.

Theorem 1 For |e| # O sufficiently small, and using averaging method of first order,
we obtain that:



173 Page4of37 M. E. Anacleto, C. Vidal

(a) There are discontinuous piecewise polynomial differential systems (3) for m = 1
having at most 3 limit cycles which bifurcate from the periodic orbits of the
isochronous cubic center (1). Moreover we can find parameters ajj, by}, cjj, djj,
elj, fij, 0 <1+ j < 1suchthat the system (3) has exactly 0, 1, 2 or 3 limit cycles.

(b) There are discontinuous piecewise polynomial differential systems (3) for m = 2
having at most 9 limit cycles which bifurcate from the periodic orbits of the
isochronous cubic center (1). Moreover we can find parameters ajj, by}, cj, djj,
ej, fij, 0 <1+ j <2 such that the system (3) has exactly 0, 1, 2, 3,4, 5,6, 7, 8
or 9 limit cycles.

(c) There are discontinuous piecewise polynomial differential systems (3) form = 3
having at most 15 limit cycles which bifurcate from the periodic orbits of the
isochronous cubic center (1).

Corollary 1 Using the averaging theory of first order for |€| # O sufficiently small, the
following statements hold.

(a) There are discontinuous piecewise polynomial differential systems (3) withm = 1,
homogeneous polynomial perturbations having at most a limit cycle which bifur-
cate from the periodic orbits of the isochronous cubic center (1);

(b) There are discontinuous piecewise polynomial differential systems (3) withm = 2,
homogeneous quadratic polynomial perturbations having at most seven limit
cycles which bifurcates from the periodic orbits of the isochronous cubic center (1).

(c) There are discontinuous piecewise polynomial differential systems (3) withm = 3,
homogeneous cubic polynomial perturbations having at least twelve limit cycles
which bifurcate from the periodic orbits of the isochronous cubic center (1).

Theorem 2 For |e| # O sufficiently small, and using the averaging method of first
order we obtain that:

(a) There are continuous piecewise polynomial differential systems (3) form = 1
having at most one limit cycle which bifurcate from the periodic orbits of the
isochronous cubic center (1).

(b) There are continuous polynomial differential systems (3) for m = 2 having at most
Sfour limit cycles which bifurcate from the periodic orbits of the isochronous cubic
center (1).

(c) There are continuous polynomial differential systems (3) for m = 3 having at least
six limit cycles which bifurcate from the periodic orbits of the isochronous cubic
center (1).

The unperturbed problem in (1) has the first integral H(x, y) = (x2+y2)/(1—x2),
so the origin is a center surrounding by periodic solutions bounded by the line x = —1
and x = 1. In any case, our objective is to find limit cycles in the previous region. In
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our analysis we use the parametrization of the isochronous given by x = ——£<¢

y - p & y VrZcos2 0+1

and y = =% __ where 0 < r < 1 and 6 0, 27). We point out that in
Y Vr2cos26+1’ r € [0, ) p

the case m = 3, it is very difficult under our approach to provide an explicit upper
bound for the maximum number of limit cycles bifurcating the periodic orbits of the
cubic isochronous center for all » € (0, 1). This is mainly due to the fact that the
determinants of the Wronskians are too complicated to determine whether they vanish
at the interval (0, 1). However, we find in the discontinuous case at most 15 limit
cycles that bifurcate from the periodic orbits of the cubic isochronous center, in a
small subinterval (0.72, 1) of (0, 1). While for the homogeneous and continuous case,
we provide a lower bound for the number of limit cycles by applying Taylor series
around r = 0.

Theorem 1 and Corollary 1 are shown in Sects. 2 and 2.2, respectively. On the other
hand, the results of Theorem 2 are proved in Sect. 3.

2 Proof of Theorem 1

Proof of statement (a) of Theorem 1 To apply Theorem 4 given in the Appendix, we
need to write the system (3) in the form (41). In order to do that, consider the first inte-
gral H(x, y) = (x2 + yz)/(l — xz) and its corresponding integrating factor pu(x, y) =
2/(1 — x%)2. Note that by = 0, ho» = 1 and taking p(r,0) = r/(1 + r2 cos? 6) for

i — __rcosf — __rsinf
O0<r<1,0€]|0, 271.) with x = oo 051 and y = o we transform the
system (3) for m = 1 into the form
dr 3
_ _ 2
5 =€ X F 0.0+ 0, @)

j=1
where

Fl (0, r) = Y1ocos204r742 12 cos 294" +2 (pj©,r) (r*+1)cos6 + G;(0,r)sind),

V2
ﬁ.(@ r):p-( r cosf 7 sin O )
S J VrZcos20+17 VrZcos?+1) "’
3:0.7) = g; ( rcosf rsin 6
C]]( ) 4 VrZcos20+1" Vr2cos?0+1)

for j = 1,2, 3 the equation (4) satisfies the hypotheses of Theorem 4. The discon-
tinuous differential system (3) satisfies the assumptions of Theorem 3. Therefore, the
averaging function is the sum of three definite integrals as follows

/2 T 2
£(r) :/ Fl0,r)do +/ Ff(e,r)d9+f F (0, r)do, )
0 /2 b4

where

1
Fll @,r) = 3 (a01r3 $in26 + ajor cos 20 + ajor’ + agoy/'2r2 cos 6+/r2 cos 20 + r2 + 2
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+a00\/§cos 012 cos260 + r? 4+ 2 + agpir sin 20 + ajor cos 20 + ajor
+ boov/28in 012 cos 20 + 12 + 2 + byor sin 20 — boir cos 260 + bmr) ,

1
F}O,r) = 3 (c01r3 $in26 + c1or° €08 26 + c1or> + coov/2r% cos Ov/r2 cos 260 + 12 +2

+coo«/§cos 012 cos26 + 12 + 2 + corrsin 20 + cjor cos 20 + cior
+ doov/2 sin 0+/72 c0s 20 + r2 + 2 + dyor sin 20 — dg;r cos 20 + d()]r) ,

1
F13(9, r) = 3 (e01r3 $in26 + e1or> cos 20 + e1or> + epov/2r2 cos Ov/r2 cos 260 + 12 +2

+e00v/2cos 0v/ 12 cos 20 + 12 + 2 + egrr sin 26 + ejor cos 20 + eqor
+ foov/2sin6vr2cos20 + r2 4+ 2+ fiorsin20 — fo1r cos 260 + f0|r) . (6)

Using the integrals of Lemma 1 given in Appendix 1 and rearranging conveniently,
the averaging function f7(r) takes the form

1
Si(r) =%y (181 +o2g2 + 383 + 484 + 585 + a686) @)
with

a1 = (wbor + 2b1o + wdor — 2d10 + 27 fo1), a2 = Ragy + wao — 2co1 + 7w + 2mweyo)

az = 2 (boo + doo — 2 foo) » ag =2 (boo — foo) » ®)
as = 2 (ago — Coo) » a = —2(doo — foo)
and

g1 =r2, g =(r*+r?),

g3 =rvrt+1, g4=ln(m+r>,

gs=(r?+1)(¢*+ Dtan~'(r) +7), g6=ln( /—r2+1_r)'

Now observing that g = —g4 and @3 = a4 — @, SO we can rewrite the function (7)
as

1
fi() =%(W1G1 + 002Gy + a3G3 + 24Gy) , 9)

where G| = g1, G2 = g2, G3 = g3 + 84, G4 = gs. The functions {G1, G2, G3, G4}
form ECT-systems on (0, 1) (according to Appendix in Sect. 1), because the Wron-
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skians of these functions are

Wi(Gy) = r?,
Wa(Gy, Ga) = 21,

W3(G1, Ga, G3) = 43 [4sinh~1(r) — —— ,
r2+1

8r (Sr3 —4 (4}"2 + 3) tan—! (ry—4 <r2 — 3) msinh_l(r)>

(2 +1)%?

W4(G1, G2, G3,Gy) =

and easily W; # 0, j = 1,2 for r € (0, 1). On the other hand, for the functions W3
and Wy the analysis is not direct, but we are going to prove that they are monotonous
functions for O < r < 1. In fact, first we note that the first derivative of W3 satisfies

4

— >0,
(r2+1)°"?

W5(r) = 48r% sinh ™' (r) +

so W3(r) is increasing and W3(0) = 0, thus W3(r) > O for all r € (0, 1). For W4 we
obtain that the fifth derivative is

4 (M (r) + Mx(r) sinh ™' (r) + M3(r) tan~ 1 (r))

(5) _
W, () = >+ 1)3/2

< 0,

where

My (r) = r (32r* +289r% +233) Vr2 + 1,
Ma(r) = 4(96r° +190r* + 105-% + 11,
M3(r) =12 (27r* 4+ 34r2 + 7) V/r2 + 1.

Following in the same way we arrive to the fact Wy (r) is decreasing, and W4(0) = 0.
Therefore, we get W4(r) < Oforallr € (0, 1).

By using Theorem 6, we have that there exists a linear combination of these func-
tions with at most three zeros r; € (0, 1), k = 1, 2, 3, and coefficients a;;, by, c;j, djj,
ej, fij, 0 <1+ j < 1suchthat fi(rx) = 0and f{(rk) #0fork=1,2,3.

In short, applying the averaging theory of first order, there are discontinuous poly-
nomial systems (3) having at most three limit cycles which bifurcate from periodic
orbits of the uniform isochronous center (1).

For the proof of the second part of the statement (a) we are going to give concrete
examples after the proof. O

Proof of statement (b) of Theorem 1 Using the same arguments as in the proof of the
previous statement (a), in this case we transform the system (3) for m = 2 into the
form (4). Thus, using Theorem 3 given in the Appendix 1, the averaging function for
this case assumes the form

/2 b4 2
fi(r) =/ Ff(e,r)d9+/ F12(9,r)d9+/ F (0, r)de, (10)
0 /2 b4
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where

Fll ©O,r) = a10r3 cos? 0 + a01r3 sin @ cos 6 + ajor cos? 0 + aor siné cos @ + bgr sin? 6 +
V2(r? + 1) r?cos® faxg  v/2sin6 (r? sin® Obg; + boo) N
r2cos20 +r2 +2 r2c0os20 + 12 +2
cos @ (2r2 sin? 9 ((r2 + 1) ap + b))+ (r2 +1) (r2 cos26 +r? + 2) ago) N
22 cos20 +r2 +2
V2r?sin@ cos? 0 ((r? + 1) ary + boo + bo)
r2cos20 +r2 +2

F12(9, r) = clor3 cos? 0 + cmr3 sin @ cos 6 + cior cos? 0 + co1r sinf cos 6 + dor sin® 6
V2(r?+ 1) r?cos® Oc0  +/2sin6 (r* sin® Odoa + doo)

byor sin 6 cos 6 +

)

+djor sinf cos 0 +

r2cos20 +r2+2 r2cos20 +r2+2
+c030 (2r2 sin? ((r2 + 1) coz +di1) + (r2 +1) (r2 cos26 +r? + 2) coo)
V2/r2cos20 +r2 +2

V2r2sin@ cos? 0 ((r? + 1) c11 + doo + dao)
* r2cos260 +r2+2
Fl3(9, r) = e10r3 cos2 6 + emr3 sin @ cos 6 + ejor cos? 6 + ep1r sinf cosb + forr sinZ @
V2(r?+ 1) r?cos® feyy  +/25sin6 (r*sin® 0 foo + foo)

)

+ fior sinf cos 6 +

r2cos20 +r2 +2 r2cos26 +r2 42
+cos€ (2r2 sin? 6 ((r2 + 1) ey + f11) + (r2 + 1) (r2 cos20 +r? + 2) 600)
V2Vr2cos20 +r2 +2

+\f2r2 sin cos? 6 ((r> + 1) e11 + foo + f20)
r2cos20 +r2 42 .

So, integrating (10) by using again Lemma | from Appendix 1, the first order averaged
function adopts the form

1
filr) = P (B1g1 + P2g2 + B3g3 + Baga + Bsgs + Begs + B187
+Bsgs + Bogo + B10g10) (11

with

B1 = 2ap0 — 2ap + 2a0 — 2b11 — 2c0 + 202 — 220 + 241,

B2 = 2a01 + mwayo + whoy + 2b1g — 2co1 + 7wy + wdoy — 2dyo + 2mwero + 27 for,
B3 = 2a00 — 2a02 + 2a — 2coo + 2¢02 — 2¢20,

Ba = 2ag1 + mwaip — 2co1 + e + 2meno,

Bs = 2a11 + 211 — 4de1r,

Be = 2ay1 + 2boo — 2boz + 2bo + 2c11 + 2doo

—2dw + 2dro — 4e11 — 4 foo + 4 fo2 — 4 120,
B7 = 2ap0 + 2a02 + 2a20 — 2co0 — 2c02 — 2¢20,



Limit Cycles of Isochronous Cubic Centers with Three Zones Page9of37 173
Bs = 2a0o0 + 2ac — 2ax0 + 2b11 — 2co0 — 202 + 2¢20 — 2411,
Bo = —2ai1 + 2boo + 2bo> — 2bag — 2c11 + 2doo
+2dop — 2dr0 +4err — 4 foo — 4 fo2 + 4 f20,
Bio = —2ai1 +4bo2 — 2c11 + 4dox + 4err — 8 foz, (12)

and

g1 =r, g =r7 gy =r,
ga=r" gs =3I+ 1, g6 =rvrr+1,
g7 =r? (r? + 1) arctan(r), gg = (r* + 1) arctan(r), go = sinh~!(r),
gio = r2sinh~1(r).

We define the ordered set of functions {gi, g2, g3, g4, &5, &6, &7, &8, &9, &10}, Which
is an ECT-system on the interval (0, 1). In fact, computing the Wronskians, we obtain

Wig) =r,

Wa(g1, g2) = 1%,
Ws(g1. 82, 83) = 2r°,
Wa(gi. ..., gs) = 21,

Ws(g1, ..., gs5) = _w’
(r2+1)"?
We(g1,---» 26) = 3240777’
(2 +1)
Wi(gt,...,87) = _&0}"1102’
(r+1)
Ws(gl, ..., 88) = — 124416013 (Py (r) + %m tan~! () |
(r2+1)
Wolst, . = _238878720r6 (Q:1(r)sinh ™" ) 4‘2%Q2(r) + Q3(r) tan’l(r))’
(r2+1)"
6879707136001 (R (r) tan~1(r) + Ry (r) sinh ! (r) 4+ R3(r))
Wio(g1. ..., g10) — +
(r2+1)
where

s

Pi(r) =1 (32r6 + 343 + 6302 + 315) . Py(r) = —105 (r2 n 1)2 (r2 + 3) ,

01(r) =420 (r2 + 1)2, Or(r) =rvrr+1 (24r6 +483r% + 770r% + 315) ,

03(r) = —105vr2 + 1 (r2 + 1)2 <r2 + 7) CRI(r) = —21 (r2 n 1)2 <r2 "

Ra(r) =21 (10r2 4+ 11) V2 4+ 1, Rs(r) = 2 (4 4+ 119/ 4 119).

11),
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Clearly, we note that all W; # O for j = 1,...,7 and r € (0, 1). For the functions
Wg, W9 and Wio we use the same arguments as in the proof of statement (a), that
is, we will verify that these functions are monotonic. We are going to verify that the
function Wy is monotonic. The other cases are identical and for this reason their proofs
will be omitted. In order to prove that the sign of Wy for 0 < r < 1 is definite, it is
enough to study the function Ws(r) = Pi(r) 4+ P>(r) tan— ' (r) for r € (0, 1). For this
purpose, we compute the fifth derivative of Wg(r) to obtain

2
~ 5 r
sgn(Wé )(r)) = sgn (r2 - 1) .

As W8(4) (0) = 0, it follows that the fourth derivative of Wg is monotone increasing.
Thus Wg is monotone. Proceeding in a similar way, we obtain that Wy < 0 for all
re(0,1).

Applying Theorem 6 we have that there exists a linear combination of the functions
gj»j =1,...,10 with at most nine zeros. Thus, there existrg, k = 1,...,9in (0, 1)
and coefficients a;;, b;j, cij, dij, e;j, fij in R such that f1(rx) = 0 and fl’(rk) # 0.

In summary, applying the averaging method of first order, we found that there exist
discontinuous polynomial systems (3) having at most nine limit cycles which bifurcate
from periodic orbits of the uniform isochronous center of system (1).

For the proof of the second part of statement (b) we are going to give a concrete
example to obtain the maximum number of limit cycles after the proof. O

Proof of statement (c) of Theorem 1 The proof of this statement follows the steps of
the previous items. So, for m = 3 in the equation (4) and using Theorem 3 given in
the Appendix 1, the averaging function is

/2 b4 2
£(r) :/ Fll(e,r)d9+/ F12(9,r)d9+/ F(0,r)do, (13)
0 /2 b4

where the expressions F 11, F 12 and F ]3 which are given in the Appendix 1. Calculating
the integrals in (13) using Lemma 1, we obtain

1
fi(r) = ————=(kogo + k121 + kogs + k3g3
8rrv/r? +1
+kaga + ksgs + kege + k187 + ksgs
+kogo + kiog1o + k11811 + k12812 + k13813 + k14814 + k15815 + k16816
+k17817 + k1sg1s + k19819 + k20820 + k21821 + k22822 + k23 g3 + koagoa),
(14)
where
ag = —2m (a12 — azp — boz + ba1 +c12 — ¢30

—do3 + da1 +2e12 — 2e30 — 2 fo3 + 2 /21),



Limit Cycles of Isochronous Cubic Centers with Three Zones Page110f37 173

a1 = 2(a11 + boo — boz + b2o + c11 + doo
—do2 + dao + 2e11 + 2 foo — 2 fo2 + 2 f20)
oy = =27 (2a12 — azo — 2bo3 + ba1 + 2c12 — 30
—2do3 + dp1 +4e1n — 2e30 — 4 fo3 + 2 f21),
a3 = 2 (2ai1 + boo — boz + bao + 2c11 + doo — doz + doo + 4err + 2 foo — 2 fo2 +2f20)
a4 = =27 (a12 — boz + c12 — doz + 2e12 — 2 fo3) ,
as = 2(ain +ci +2en1), a6 =2ap0, o7 =ai, oag=—4(a +boo —bo+bw),

a9 = =2 (Barr +boo — bop + b2o) . @10 = —2cp0, 11 = 2(ao3 — co3) ,

a1z = 2(agz + ax — co2 — ¢20), 13 = 2 (aop — ao2 + az — coo + o2 — €20)

a14 = 2 2ap + b1y — 2co2 —di1), a15 =2 (ao2 — ax + b1 — coz + c20 — di1)

a16 = 2 (ago — a2 + azo — b11 — coo + co2 — 20 +d11)

a17 = 2 (2apz — az1 + b1a — 2co3 + c21 — di2) ,

a1y = 2 (ap3 — az1 + b2 — b3o — co3 + c21 —diz +d30), 19 = —deyy,

a0 = 2a01 — 2a03 + mwaip + waip + 2ax1 + wazp — 2co1 + 2cp3 + weyo + wep — 2621
+me30 + 2meyo + 2mwern + 2mwes,

an1 = ar + boo + 3boz + bao — 2c11 + 4doa — 4 foo — 4 fo2 — 4 fo,

ax = 2(2boo — c11 + doo + doa — dao — 6 foo + 2 fo2 — 2.f20)

a3 = 27 (a12 — azo — boz + ba1 + c12 — c30 — do3 + day + 2e12 — 2e30 — 2 foz3 +2.f21)

a4 = 2a01 — 2a03 + waio + 3mwaix + 2a21 — wazo + wbor — 3wboz + 2b1o — 2b12
+1ba1 + 2b30 — 2co1 + 2c03 + w0 + 3wc1a — 221 — wezp + wdop — 3mwdos
—2dyo +2d1y + wdy — 2d30 + 2mey0 + 6mern — 2wesy + 27 fo1 — 67 foz + 27 for,

=1, si=r, ga=r% g=r g=r"

52
gs=r> g = (r2 + 1) tan”' (1),

i1 -1
g7 =r*r2 +1 (sinhl(r) — 2tanh™! (—r + )) ,

p
1 1
g8 =§\/r2 + 1sinh~'(r), go = 572\/ r2 + 1sinh ™! (r),
5/2
g0=(2+1) @), gu=r"r2+ (2 +1), (15)

g =r'"Vr2+ltan~'(r), giz=rVri+l,
gu=r’Vr2+1tan~ (), gis=vVri4+1ltan"'(r), gig=rvr2+1,
g =rVr2 1 (2 41), =i+ 1 (2 +1),
5/2
819 = (rz + 1) sinh™'(r), g =r*Vr2+1, g =r>vr2+lsinh™'(r),
gn =vVri+1lsinh ' (), g3 =Vr2+1, gu=r’Vr2+1
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Using the following relations among the coefficients g+ o4 —op = 0,01 + o5 —3 =
0, g+ a3 = 0, 14 — 12 — 15 = 0 and applying trigonometric identities, we verify
that g15 4+2g14 + 812 = g6, &6 = &10, 821 = 2g9 and g2» = 2gg for 0 < r < 1. Thus,
the function (14) can be written as

1
f1(r) =——=—=—=(A0Go + A1G1 + A2G2 + A3G3 + A4G4 + A5G5 + AeGs
8arv/r? +1 16)
+ A7G7 + AgGg + AgGy + A10G10 + A11G11 + ApGio + A13G 3 (
+A14G14 + A15Gis) ,
where
Ag=as, Ar=a1, Arx=a4, Az=ay, Ag4=o0a16 As=ay,
Ag =13, A7=ay, Ag=oa1g, Ag=ua17, A0 =011, (17)

Ay =ag5 +ag +aro, A =ap +ag+oarp, Az = oag + 2002,
Ay = a9 + 2001, A5 = ayo,

and

Go=g3+g, Gi=g1+g., Gr=g +g G3=go+g — g,
Gy =g16. Gs=go, Ge=2g13, G71=g0, Gg=gn+guu. Go=guu+gis,

1 1
Gio=2¢g11, Gu=g17, Gn=gi Gi= 5822, Guy= 5821, Gis = g19.

(18)

For the 16 functions G; fori = 0, ..., 15 given in (18), we define the ordered set
of functions {G4, Gs, Gg, G7, ..., Go, G1}, which is an ECT-system on the subin-
terval (0.72, 1) of (0, 1). In fact, using the mathematic software, we calculate the
Wronskians,

Wi(Gy) =,
W(Gs, Gs) = r?,
W3(G4, Gs, Gg) = 2r°,
Wa(Ga, ..., G7) = 12r*,

Ws5(Gy,...,Gpy) = —

(r2+1)"2
We(G G) 540 Wegy
6(G4,...,G1) =
( 2+1)15/2
Ws(G G 48600 Wy
7G4, ..., G1)) = ——775,
(r2+1)21/2
30618000 W,
Ws(Gy,...,G)) = ——— 5L

(r2 + 1)]4
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1102248000 r* Wy

Wo(Gy,...,G1) =
(r2 + 1)22
132269760000 r W)
Wio(Gs, ..., G1) = — 30
)
7.61873...x 101 (WP + wip)
Wii(Gs, ..., G1) = ’
"+ 1)38

3.83984..x 107 (W) + W)
(r2 + 1)91/2

139340 x 102 (W5 + W + wiY)
"+ 1)°

1.26409 . .. x 1028 (W{}R +w® 4wy ng“)
"+ 1)121/2

6.30732... x 10% (Wf;) +w?+wd 4+ Wf;”)

2+ 1)
6.60891 ... x 10%2 (ng) WP W+ Wf?)

(2 + 1)157/2

Wi2(G4, ..., G1) = —

’

Wi3(Gy, ..., Gy1) =

’

Wi4(Gy4,...,Gy) =

’

Wis(Gy, ..., Gy) = —

s

Wie(Gs,...,G1) = —

where the expressions of the Wronskians are presented in the Appendix 1. Note that
W; #0for j =1,2,3,4andr € (0, 1). Taking into account the complexity of W
for j =5, ..., 16, we make the change variable s = +/r2 + 1 € (I, ﬁ). Thus, for
Wi, j=5,...,9and Wl%), we obtain

Wsi = 8s* + 453 — 125> — 155 — 5,

We = (s — 1)3 (16s5 — 2453 495 + 3) ,

Woi = (s — D* (85 + 452 — 45 — 1),

Wsi = (s — D*,

Wop = (s — D* (280s1° — 16057 — 3257 + 355% — 365> + 355* — 325 — 160s + 280) ,

Wi = (s —1° (2240s18 + 11525'7 — 1152510 4 1285"5 4 3845 + 3845'3 4 1998452

+117984s'" — 6629150 — 343666s° — 6629158 + 1179845’ + 199845° + 3845°
+384s* + 12853 — 115257 + 11525 + 2240) .

Since these expressions are polynomials according to Sturm’s Theorem, they do not
vanish for s € (1, ﬁ). However, for W;, where j =11, ..., 16, we have
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W = —8960s% + 65536577 — 24192057 + 753664s> + 3628805 — 12533765>
—5456640s22 + 21827584s%' — 288855005%° + 1129984s'? + 384819405 '8
—250744325'7 4 8911570556 — 2223427205 "> + 22234272053
—89115705s'2 4 250744325 — 3848194050 — 11299845° + 28885500s°
—21827584s” + 54566405° + 12533765> — 362880s* — 753664s> 4 2419205>
—655365 + 8960,

W = —210s5* (4480520 — 17925'® + 79250 4+ 792514 4 313167s'% — 8774285'°

+313167s% + 7925 + 7925% — 17925% + 4480) In(s),
W = —s(s2-1) (65536s27 — 5644805%° + 206438452 — 430080052+ + 759398457

+144748805%% — 652861445 + 63020160520 + 201600005 '° — 2622982605 '3
+615087360s'7 — 448769160s'® — 4679875205 + 8248952255
+162493056s'3 + 27226720552 — 18959592965 — 4140221405'°
+2941091840s° — 44870238058 — 143784345657 + 4482601205°
+1372815365° — 898632005 + 417792005 — 856800052 + 179200) ,

W5 = 63057 (18816s'® — 79872s'® + 1130805'* — 675285'% — 1719215'" + 16711665
—45129975° + 53432465 — 2769200s% + 476000) In(s),

W = —117964857 + 752640520 + 714342457 — 39065605 — 159744005
+994112052% — 66232320s2" + 3374112052 + 10173900805 '° — 6243902005 '8
—4255838720s'7 4 25507665405 4 8824187008515 — 49931756355
—10220039808s'3 + 54991437205 '% 4 6553920512s'! — 343032427550
—1937993728s° + 8548827705 + 392407680s° + 94617600s> — 408267720s*
413433280052 — 15904000,

W3 = 10552 — 1 (7168520 — 404485 + 6976057 4 425920520 — 58084405 '
+228543485 ' — 426687035 '+ + 4141252552 — 2029335050 + 28710445°
+35594245° — 3808768s* + 16371205 — 217600) tan ™' (\/s2 - 1) :

W = 420 (1267252 — 478725'® 4+ 701685'® — 499925 + 358352 — 802125'°
+642223s% — 13181925° + 1150032s* — 43648057 + 54400) In(s),

Wy = —589824005% 4 399974405* 4 10436608005 — 6841139205
—6228131840s%! 4 383231968052 + 191737692165 — 111270600005 '8
—342276997125'7 + 202636299605 '¢ + 3406983936055 — 265504015005 4
—10378307968s'3 + 27882409135s'> — 182928712965 — 2412981014550
+274794854405° + 16116801470s% — 175324160005’ — 75109955205°
+5740134400s° + 2179277800s* — 7884800005 — 32795840052 + 15904000,

W = —462053V/s2 — 1 (102452 — 46085 'S + 806450 + 2880s'* + 705205
—7400765'0 + 212164758 — 28616405 + 2028960s* — 7392005>
+112000) sinh~"! ( 2 — 1) ,
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W3 = 105v/s2 — 1 (35840052 — 613120057 + 3499584052 — 9949632058
+157124352516 — 1416076205 + 7614528952 — 415092265 + 450034205°
—406855685° + 19810560s* — 425856052 +217600) tan ™" (/52 ~ 1),

W = 420 (112645%* — 5632052 + 112640520 — 112640s'® 4 937205'° + 2431605'*
—31007155'% + 990720050 — 1517551158 + 125180325° — 5478160s*
+1091840s% — 54400) In(s),

Wi = 2v/52 = 1(s? = 1) (1590400 (s — 1)° + 13440(28805 +281) (s ~ 1)°
—140(133120s + 157113) (s> — 1)’ — 560(18304s + 167083) (s* — 1)°
+9(21232645 — 13008513) (s2 — 1)° + 2(7683104s — 22202691) (s2 — 1)°
(68922885 + 2123562) (52 — 1) + 48(45032s + 3661) (5% — 1)
~7(16640s + 46179) (s> — 1) — 14(2080s + 5131))

W2 = 215 (2176005 + 1647360s'® — 293107205'® 4 13737344054
—330141828s5'% + 4768160105 % — 4410376355 + 26661420056
—103236000s* + 234080005 — 2352000) sinh ™~ ( 52 — 1) :

W2 = —21(23520005%° — 23408000s'® + 103236000s'® — 2666142005 *
+441037635s'2 — 476816010s'% + 3301418285® — 1373734405°
+293107205* — 16473605 — 217600) tan ™" (V52 = 1),

W2 = 84v/s2 — 1 (5440052 + 4390405'® — 71013605 + 308509605
—678814575'% + 8727668450 — 6788145755 + 30850960s° — 7101360s*
+439040s7 + 54400) In(s),

Wi =V =1 ((s2 = 1)" — 6599880 (s — 1) + 2102396165 — 86321) (s ~ 1)°
—21(212992s + 152179) (s> — 1)” — 3(7987200s — 853873) (s> — 1)*
—26(139264s + 161315) (s* — 1)3 + (793172 — 3727365) (s* — 1)2
—36075 (s> — 1) — 7605)

We = —3s5(362880s'® — 61353605 + 397975205'2 — 13229277650 + 2474488415°
—2685292405° + 1662001605* — 540960005 +7235200) sinh ™" (V52 = 1),

W = —1248s% (2572552 — 169050s'® + 4582205° — 6630405° + 5429765
23833657 +43520) tan~! (Vs — 1)),

Wie = 38452 (s> — 1) V/s2 — 1(2835s'2 — 43680s'° + 244335s° — 6508325°
+867984s* — 56243257 + 141440) In(s).

Now, using similar arguments as in the proof of statement (a), we will verify that the
functions are monotonic. To show that W is monotonic, we calculate the twenty-fifth
derivative and we obtain
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1.46.. x 1018
we _ _+ (31 18302899712005%* — 2443731252019205°
s

+ 6682077642240052% — 8006526894080s2! + 399782423040520
— 57939481658 + 6651216510 + 525096514 + 37997596512 — 39922974510
41033451158 + 360365° + 960965 — 118809652 + 37623040) .

As W1(124)(1) < 0 it follows that the twenty-fourth derivative of Wy is monotone

decreasing. Therefore Wy is monotone. Thus, in a similar way we can obtain that
Wi1 < Oforalls € (1, «/5). For the remaining Wronskians, we proceed in the same
way, proving that they are monotonous and for this reason we will omit the proofs.
Applying Theorem 6 we have that there exists a linear combination of the functions

G; fori =1, ..., 16 with at most fifteen zeros. Then, there existry, k = 1,...,151in
(0.72, 1) and coefficients a;;, b;j, cij, d;j, e;j and f;; in R such that fi(rx) = 0 and
fi@ri) #0.

In short, by the averaging method of first order, there exist discontinuous polynomial
systems (3) having at most 15 limit cycles which bifurcate periodic orbits of the
uniform isochronous center of system (1). This concludes the proof of Theorem 1. O

2.1 Examples

In this subsection, we complete the proof of Theorem 1. Initially we consider the
statement (a), that is, we give conditions on the parameters in order to obtain 3, 2, 1
or 0 limit cycles.

First, we construct an example with three limit cycles. Since our objective is to
show an example where the function f7 in (9) has three non-degenerate zeros, we
will fix the three different roots in the interval (0, 1) and then, by virtue of Theorem
6, we will proceed to find the appropriate coefficients. Without loss of generality, we
assume that the zeros are ry = k/5,k =1, 2, 3, so by (9) the following equality must
be satisfied

a1G1(re) + 2Ga(r) +a3G3(rk) +aGa(r) =0, k=1,2,3. (19)
Solving the previous linear systems, we find
o] = 16.0547, ap = —24.0775, a3z = —9.57552, a4 = 10.
In this case, the averaged function fi(r) in (9) takes the form

0.397887
Ay =====
;

—0.957552In ( P21+ r) + (r4 122+ 1) tan—1(r)

tr (—2.40775r3 + 12— 0.957552v/72 + 1 — 0.802285r + 1)] . (20

For the graph of f; in (20) see Fig. 1.
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-0.01

-0.02

Fig.1 The graph of the averaged function f1(r) in (20)

Now, the objective is to complement the information by exhibiting one explicit
example possessing exactly three limit cycles and showing them numerically. In order
to describe the three vector fields Z¢,i = 1,2, 3 using the values from (8), we obtain
the next relation on the coefficients

app 1 o1
coo = aopp — 5, el = —— — =ajo + — — =c10 — 3.83206,
b4 2 b4 2
bio 1

1 1 1 d
foo = =boo + =doo + 2.39388, for = —=bo1 — —2 — ~do; + —2 +2.55518.
27075 2 T 2 e

The rest of the coefficients are arbitrary, and for our purpose, we take agg = 2,
aoy = —1,a10 = =3, co1 =4, c10 = 3. boo = 5, b1o = —1,doo = 5. bo1 = =3,
do1 = 0,dio = —2,e00 = 1, e01 = 2, fio = —1. Thus, the systems acquire the
following form

. 2
= 3x—y+2
Py = 7Ty YD) e
y=x+xy +e(—x —3y+5),
; 2 2x
= - 24 4y-3
Py = [T I FEYH (T H A T), 22)
y=Xx4xy +e(§—2x),
and
¢ = — 2 —1.07384x + 2y + 1),
Zx.y) = x y+x2y+6( x+2y+1) 23)
y=x+xy-+e(—x +3.73687y + 5.14388).

We know that for |e| # O sufficiently small, according to Theorem 1 item (a), the
systems (21), (22) and (23) have exactly three limit cycles surrounding the origin by
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-0.6

Fig.2 The three limit cycles for (21), (22) and (23) for € = 1074

the averaging method of first order. In Fig. 2 we exhibit numerically these three limit
cycles.

Now, we provide an example where the function f] in (9) has two zeros. We can
choose without loss of generality that a4 = 0 in (19) and the zeros r; = 5/10 and
r» = 7/10 which satisfy the equation (19). Then solving the system of equations in
(19) for r1 and r;, we get

o = —19.6255, ap =9.04291, a3 = 2.

Thus, from (8) we have the following relations for the coefficients

1 1
€00 = aoo, el = — o —ap + o —cio + 1.43922,
T 2 T 2
1 1 1 1 bio 1 dio
=—boo + ~doo — =, = — —bor — 2 — oy + 2 —3.12349.
Joo 200+200 5 JSot 5ot — — 201+n

For this case, the function fi(r) is of the form

9.04291 (2 + 1) r2 = 19.62552 + 2 (rv/r T+ 1In (V7 + 1 +7))

8mr

fi(r) =
(24)
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0.00

-0.10-

Fig.3 The graph of the averaged function fi(r) in (24)

The graph of the function fj in (24) is shown in Fig. 3.

Similarly to the previous example, we show an example where the function fj has
a single zero. Then, proceeding in a similar way, we can take o; = 0 fori = 3,4 in
(19) and r1 = 5/10, such that from (8) we get o« = —1.25 and o = 1. In addition,
we have the following relations on the parameters

api 1 01 1 1
€00 = a0, el = —7—50104-7—50104-%,

bip 1 dio

1 1 1
= ~boo + > doo. = — —bo1 — 22— _dyy + 22 —0.198944.
Joo 200-1-200 fot Sbor = — 201+n 989

So, the averaged function f] becomes
f1() = 0.0397887r (> = 0.25). (25)

See Fig.4 for the graphical representation of the function fj in (295).

Finally, we give an example where the function f7 has no zeros. For this, it is
enough to consider o; = 0 for i = 2, 3,4 in (19), such that the following equalities
are satisfied

_ _aol 1 +C()] 1 oo = 1b ~|—1d
€00 = 4oo, €10 = e 2(110 T 2C107 00 = ) 00 ) 00-

Thus, the function (9) assumes the form fi(r) = («1r)/8m. Clearly f1(r) has no
solution in (0, 1), and therefore, there are no limit cycles bifurcating from (1).

Now we are going to consider item (b). More precisely, we provide conditions on the
parameters a;;j, b;j, cij, dij, ejj, fij in order to obtain the maximum number of limit
cycles given in item (b) of Theorem 2.

Proceeding in the same way as the examples given for the second part of statement
(b) of Theorem 1, we will assume that the zeros of the function f7 in (11) are of the
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1
0.020

0.015}
0.010f
0.005

r
1.0

0.000 : L L L 1 L L L 1

-0.005 -

-0.010L

Fig.4 The graph of the averaged function f1(r) in (25)

form rp, = k/11 withk = 1,...,9. Then, by (11) we obtain

B = 1172.65, Br =3.45878 x 1077, B3 =506.833, B4 =0.000016853,
Bs = —822.627, g = — 1215.06, B7 =524.198, Bs =367.436,
Bo = —325.023, PBio = 100.

So, from (12) we have the following relations among the coefficients

1 1
coo = ago — 385.022, co1 = ag1 + 571’(110 + 57TC]0 + mejg — 8.42652 x 10_6,
o0 = axo + 127.264, cop = agp — 4.34111,

1 1
dio = 37bot + bio + 57dor + 7 for +8.25358 x 107, dyy = b1y + 332.909,

1 1 1 1
e|] = <daj + 56’11 + 205.657, foo = Eb()o + =dpo + 192.511,

2 2
1 1 1 1
f0 = Ebzo + Edz() —4.07322, foo = Eboz + Ed(n + 90.3283. (26)

From the above, the function f in (11) becomes

fir) =r (r2 (506.833 —822.627v/r2 + 1) +0.000016853r> — 1215.06v/72 + 1
43.45878 x 1077 + 1172.65) 4100 <r2 - 3.25023) sinh~! (r) 27)

+ (524.198r4 1 891.634r2 + 367.436) tan~' (r).

Fig. 5 shows the graph of the function f in (27).
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Fig.5 The graph of the averaged function f1(r) in (27)

2.2 Proof of Corollary 1

Proof of statement (a) of Corollary 1 1t is observed that in (9) all the polynomial per-
turbations are homogeneous, that is, ago = 0, bgp = 0, coo = 0, dpo = 0, egp = 0 and
foo = 0 in the averaging function (9), we get

-
Si(r) =% (r2 (2agr + waio — 2co1 + ey + 2mwero) + 2a01 + waio + 7Tb01(28)
+ 2b1o — 2co1 + weio + wdoy — 2dyo + 2mwero + 27 for) -

Note that the above equation has a root r € (0, 1) such that fi(r) = 0. Therefore,
there exist discontinuous polynomial systems (3) with homogeneous polynomial per-
turbations for m = 1 with at most one limit cycle which bifurcate from the periodic
orbits of the uniform isochronous center of system (1) applying the averaging theory
of first order. O

Proof of statement (b) of Corollary 1 Similarly to item (a), assuming that all the poly-
nomial perturbations are homogeneous, that is, agg = boo = coo = dop = eoo =
foo = 0in (11), we have the following equalities, 81 + s = 0 and B7 + B9 = 0.
Then, by a convenient regrouping, the function fj in (11) can be rewritten as

1
filr) = v (1G1+ 12G2 + y3G3 + vaGa + v5Gs + y6Ge + y1G7 + v3G3) ,
(29)

where G| = g2, G2 = g3, G3 = g4, G4 = g5, G5 = g7, G6 = g10. G7 = g8 — &1,
Gg = g6 — g9 and

y1 =2a01 + wayo + wbor + 2b1g — 2co1 + weyo + wdor — 2d1o + 2mwero + 27 for,
v2 = — 2ap2 + 2a0 + 2co2 — 2¢20,
y3 =2a01 +mayg — 2co1 + meyo + 2meno,
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va =2a11 + 2c11 — 4eyy,

vs = 2ag2 + 2ax0 — 2co2 — 2¢20,

Y6 = — 2a11 +4boy — 2c11 + 4doz + der1 — 8 foz,

y7 =2a02 — 2a + 2b11 — 2cop + 2c20 — 2d11,

ys =2a11 — 2boy + 2byo + 2c11 — 2dw + 2dag — 4e11 + 4 for — 4 f20.

The Wronskians of the functions G, j =1, ..., 8 in the variable r are

Wi(Gy) = r?,
Wa(G1, Ga) = r?,
W3(G1, G2, G3) = 2rS,

Wa(G G.) 6rt
4 1,...,0U4) =
(r2+ 1)5/2
Ws(G Gs) 24,11
5 Ty ooy 5) —
(}"2 + 1)11/2
96713
We(G1, ..., Ge) = 5
2+ 1)
2304r° (S (r) tan= ' (r) + S2(r)
W1(Gy,....Gr) = ( 3 )
(2 +1)
884736r '3 (T (r) tan~' () + T»(r) sinh ™' () + T3(r)
Ws(Gy, ..., Gg) = — ( 35/2 )
(2 +1)
with

S1(r) = 15(r% + 1)(dr* + 2172 4+ 21), S2(r) = —r(16r° + 228r* + 525r% + 315),
Ti(r) = 150> = 3)(r2 + 1), Ta(r) = 15(4r2 + 3)V/r2 + 1,
T3(r) = 2r(r* — 45r% — 45).

Using the same arguments as in the proof of Theorem 1, it is verified that the functions
Wi #Oforj=1,...,8in (0, 1). Thus, by Theorem 6 there is a linear combination
of the functions G ; with at most seven zeros. Therefore, there exist 7, € (0, 1) and
the coefficients a;;, b;;, ¢ij, d;j, eij, fij inR,i, j € {0, 1, 2} such that f7(rx) = 0 and
fir) #0fork=1,...,7.

In short, applying the averaging theory of first order for discontinuous piecewise
differential systems, there exist discontinuous polynomial differential systems form =
2 with at most seven limit cycles which bifurcate from the periodic orbits of the uniform
isochronous center of system (1). O

Proof of statement (c) of Corollary 1 Analogous to the previous cases, we assume that
all perturbation polynomials are homogeneous in (16). Moreover, we obtain the equal-
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ities 11 + @12 = 0 and a5 + 2oy 4+ 2a5 = 0. Thus, the function in (16) is written
as

1 _ _ _ _ _ _ _
f1(r) =—=—==(p0Go + p1G1 + 02G2 + p3G3 + 4G4 + p5G5 + p6Ge
87rrm(

+07G7 + p3Gs + p9Go + p10G1o + p11G11 + p12G12 + p13G13) . (30)
where

Go=Go, G1 =Gz, G2=Gs, G3=Gs, Gs=G7, Gs=Gs,
Go =G —4G13, G7=2G4, Gs= G, Go=Gs, Gio=Gy— Gy,
Gii =Gi1, Gin=Gr, Gi3=G5—4G3.

and po = A4, p1 = A3, p2 = Aig, p3 = Ag, pa = Als, p5s = A1, p6 = Aa,
p1 = Ac/2, ps = A7, p9 = Ag, p1o = Ai1, p11 = A13, p12 = Aus, p13 = Ajs.

We obtain the following Taylor expansions in the variable r around r = 0 of the
functions C_;,- fori =0,...,13

C_;o r3+r5+(9(r16),
G =r’+rt+ 00",
2,3 S 1377 13949 2749r11 52069-13 9592315

Gr = _ _ _ OF'5).
2= 3 75 " 730 T 2520 T 73920 T 1921920 612608 T S
5 7 9 11 13 15
- r r 5r Tr 21r
Gri=p34+ 4 _ 01,
3=t Ty T e T 1 T 56 1022 "9
6 8 10 12 14
- r r r Sr Tr
G4 = 4 - - - 40 16 i
=TS T T e T 1 T e 1O
Ge = r2 n r4 ro 58 7r10 n 21712 3314 Lo 16)
ST 7% T 16 128 256 | 1024 2048 o
G 2r3 N 2r 87 N 16r°  128r!! N 256r'3 102415 O
= —_— —_— —_ — r s
6= 73 15 105 315 3465 9009 45045
G r3 n P r’ n 479 grll n 64513 128715 4O 16)
= — _—— — —_— J— r s
T2 7T 6 T 15 7105 315 | 3465 9009
10 12 14
_ r r T1r
Gs=r' =50+ 50~ Tozp T O
Go e pdy 7’ N KT N 649r't 2911, N 101237713 Lo
o= 6 40 560 40320 295680 15375360 ’
- 2,3 5 1377 1392 2749, 5206913 95923715 16
Go=—+—— + — + — + O™,
3 5 140 2520 73920 1921920 4612608

8 10 12 14
- r r T1r 31r
G — 4 0 - O 16 ,
n=r st 3 1020 T oso O
= 2 O 8 7110 3112 304314

224722 1920 T 960~ 107520

+ 00",
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G 93 n 5r5 n r! n 279 gr!l n 16113 128715
= Zr —_— _— —_— —
13 3 715 105 315 | 693 6435

+ O,

Then we construct the 14 x 14 matrix of the variables !,/ = 1, ..., 14 and we obtain
that the rank of such matrix is 13. So, we have that 13 are linearly independent. By
Proposition 5, there exists a linear combination of these functions with at least 12
zeros. Moreover, the coefficients of these functions are linearly independent of the
variables a;;, b, cij, d;j, e;j, fij for 0 < i + j < 3 because the maximum rank of
the Jacobian matrix is 13. Thus, there exist ry € (0, 1) for k = 1, ..., 12 such that
fi(re) = 0and f{(rx) # 0.

In summary, by applying the averaging theory of the first order, there exist discon-
tinuous polynomial systems (3) that have at least 12 limit cycles which bifurcate from
periodic orbits of the uniform isochronous center of the system (1). O

Remark 1 A particular case of statement (b) of Corollary 1 is when agg = bog =
coo = doo = epo = foo = aio = bio = c10 = dio = e10 = fio = 0, that is, we
consider only quadratic perturbations for the averaging function (11). In this way, we
obtained the following relations among the coefficients 8; of f1(r) in (11),

Br=PB4=0, B1+B5=0, B7+ Bo=0.

Then the function (11) becomes

1
fi(r) =%mr 1G1 + ¥2G2 + ¥3G3 + vaGa + v5Gs + v6Ge) (3D
where G| = g3, G2 = g5, G3 = g7, G4 = g10, G5 = g8 — &1, G6 = g6 — g9 and

Y1 = — 2ap2 + 2a20 + 2co2 — 2¢20,

Y2 =2a11 + 2c11 — 4eyy,

¥3 =2a02 + 2a0 — 2co2 — 2¢20,

va = —2a11 +4bop — 2c11 + 4do + 4er1 — 8 for,

Y5 =2a02 — 2a0 + 2b11 — 2cop + 2c20 — 2d11,

Y6 =2a11 — 2boy + 2byo + 2c11 — 2do2 + 2dap — 4er1 + 4 fo2 — 4 f20.

Using the same arguments as in the proof of Theorem 1, the six functions G ; with
j =1,...,6 given in (31) form an ECT-system on (0, 1). Thus all the Wronskians
W; # 0 with j = 1,...,6. Then, by Theorem 6 there exists a linear combination
of the functions G; with at most five zeros. Therefore, there exist r, € (0, 1) with
i =1,...,5 and coefficients a;;, b;j, cij, dij, e;j, fij inR, i, j € {0, 1,2} such that
fi(rr) = 0and f{(rg) # 0.

In summary, applying the averaging theory of first order for discontinuous piecewise
differential systems with quadratic perturbations, we found that there exist discontinu-
ous piecewise polynomial systems (3) having at most five limit cycles which bifurcate
from periodic orbits of the uniform isochronous center of system (1).



Limit Cycles of Isochronous Cubic Centers with Three Zones Page 250f37 173

On the other hand, for the case of statement (¢) of Corollary 1 when we only
consider cubic perturbations for the averaging function (16), we have

Ay =As=As5=A¢=Ag=Ag=A11 = Aip=A15=0.

Thus, the function (16) is written as

1
8mra/r? +1
<A~1G1 + A1G1 + A3G3 + A~7G7 + A10G10 + A13G13 + A14G14) , (32)

filr) =

where

Gi=g0+8 —g23, Go=g2+ g4, G3 = g0, G4 = g4,
Gs = g18, Go = g17, G7 = g1,

and A] = A3, A~2 = A2, A3 = A7, A4 = A5, AS = A]z, A6 = A]], A7 = A]().

So, the seven functions G;, j = 1,...,7 given in (15) form an ETC-system
on (0, 1). Then, the Wronskians W; # 0,7 = 1,...,7 are nonvanishing in (0, 1).
Therefore, by Theorem 1 there exists a linear combination of the functions G; with
at most six zeros. Thus, there exist 74 in (0, 1), k = 1, ..., 6 and coefficients a;;, b;;,
cij, dij, eij, fijinR, i, j € {0, 1,2, 3} such that fi(rx) = 0and f{(rx) # 0.

In short, we conclude that there are planar discontinuous cubic polynomial differ-
ential systems (3) having at most six limit cycles bifurcating from the periodic orbits
of the periodic annulus of the uniform isochronous center (1).

3 Proof of Theorem 2

To prove the following items, we are assuming that the piecewise differential systems
(3) for i = 1,2, 3 must be continuous, that is, systems with i = 1 and i = 2 must
coincide on {x = 0,y > 0}, systems with i = 2 and i = 3 must coincide on

{x <0,y =0}, and systems with i = 1 and i = 3 must coincide on {y = 0}.

Proof of statement (a) of Theorem 2 Imposing the above conditions, we obtain that
o0 = aoo, c10 = aio, doo = boo, dio = bio.

Then by applying the previous conditions in the averaged function (9) of item (a) of
Theorem 1, we get

Si(r) = %r (2 (r2 + 1) ao + bor + fm) :
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| R G) b
Clearly, f] has one solutionr = — (2a10 + bo1 + for) whenever (2a10 + bo1 +

V2 aio

for)aio > 0. Thus, there are continuous piecewise polynomial differential systems
(3) with at most one limit cycle that can bifurcate the periodic solutions surrounding
the uniform isochronous center (1). O

Proof of statement (b) of Theorem 2 Proceeding analogously as in statement (a) for
the case m = 2 in (3), we have the following conditions

Co0 = epo = ago, €20 = €20 = a0, doo = foo = boo, d20 = f20 = b2,

cio = e10 = a0, dio = f10 = b1o, co1 = ao1, co2 = apz, do1 = bo1, do2 = boa.

Thus, the averaged function (11) after regrouping terms becomes

1
filr) = M(VIGI + 12G2 + v3G3 + 4Gy + y5Gs) , (33)

where

Gi=r* Gy=r*(*+1), Gz =sinh™'(r) = rvr2 +1,
Ga= (2 + Dtan”'() =7, Gs = (2 + 1) (sinh ™ () = V72 + 1),
and y1 = 7wboi + fo1, y2 = 2maio, y3 = 2(bo2 — fo2), v4 = —(an + c11 — 2e11),
ys =bu —du.

Then, the set functions {G;}, j = 1,...,5 form an extended Chebyshev system
on (0, 1) because the Wronskians of these functions are

Wi(Gy) =r?,
Wa(G1, Ga) = 2r°,

5r2+4
W3(G1, Ga, G3) = 4r° (4 sinh~1(r) — M) ’

(r*+ 1)3/2 i
7r2 +10)  2(2r* +5)sinh~!
W4(G1,G2,G3,G4): 16"5 r( r + 3) _ ( r + )Sn;/z (r)
(2 +1) (r2+1)
W5(G1. G, Gs. Gy, Gs) = 3274 (N () tan =1 (r) + No(r) + N3(r) sinh ! ()
9 9 9 9 (r2 + 1)6 b

where

Ni(r) = 402 + 1) (8r4 + 42 5) . Na(r) = r(33r® + 52¢% 4 6212 + 40),

N3(r) = —2v/r2 + 1 <6r6 T34 132 4 10) .
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Observe that Wy # 0 and W, # O for all r € (0, 1). Then using the same idea that
in the proof of Theorem 1 for W3, W4 and Ws, it is proved that these functions are
monotones on (0, 1). Then, by Theorem 6, there exists a linear combination of them

with at most four zeros. Therefore, there exist ry € (0,1) withi = 1,...,4 and
coefficients a;;, b;j, cij, dij, eij, fij in R, i, j € {0, 1,2} such that fi(r;) = 0 and
firk) #0.

Thus, applying the averaged method of first order the function f; given in (33) have
at most four solutions, that is, four limit cycles which bifurcate from periodic orbits
of the system (1)

Proof of statement (c) of Theorem 2 Proceeding in an analogous way as previous state-
ments, for the case m = 3 in (3), we obtain the following conditions

€00 = eoo = aoo, doo = foo = boo, co1 = ao1, co2 = ap2, co3 = a3,
Cl0 = €10 = a0, €20 = €20 = a20, C30 = €30 = d30,

do1 = bo1, dop = boz, doz = bo3,

dio = fio = b1o, dao = f20 = b20, d30 = f30 = b30-

Then, the function (16) with the previous conditions and regrouping terms becomes

1
fitr) = 3mr (MmG1 4+ mG2+m3G3 + 14Gs + 1n5Gs +16Ge +17G7),  (35)

where
_ 2 _ 4 _ 2
Gi=r", Gy=r", G3=—r+ (1+r")arctan(r),
32
A +r)In(l+r2), Gs= (r2—|— 1) 1 Ge=vVr241-1.
3/2
-2 <r (P+1)" = (1) sinh—l(r)) ,
Gg = (r2 + 2) sinh_l(r) — rm <3r2 + 2) ,

and

Gy

G7

m =4raio +3mai + 2ax1 —4mwazo + 2wbor — 6mwboz — 2b12 + why + 3wen — 2en1
+2d1p + wdayy + 6mery + 27 for — 67 foz + 27 fa1,

m =4mwayg + wapn + 2ax +4mwazo + wepp — 2001 + 2meynn,

3 =2(b11 —di1), na = —2(ax — b1z —ca1 +di2),

ns = — 2w (a12 — 2bo3 + c12 + 2e12 — 2f03) . n6 = —27m (—4azo + ba +do1 + 2 /21),

n7 = — a1+ 6by —ci1 + 2e11 — 6 f02, ng = —4 (bo2 — foo) -

We have the following Taylor expansions in the variable r around » = 0 of the functions
G;fori=1,...,8.

G =r’+0@¢"),
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Gy = r* + 0019,

Gy=" -+ T 100,

r r

G4 = 2 o o O 10’

4 r+2 6+12+ )
3r2 3t 0 3,8

Gs = — - - O 10’

5 5 + 3 16+128+ )
P ro 518

Ge=—=———+ — 1+ 00",

2 8 16 128
4r3 1475 1377 1977

G = —— — _ 010’
7 3 15 T0 s TOC

10r% 19 3377 4777 10
Gg = — T 140—504+O(r ) (36)

With (36) we construct the 8§ x 8 matrix whose inputs are the coefficients of the
variable r! for I = 1,...,8, and calculating the rank we obtain 7. By Proposition
5 since there are 7 linearly independent functions among the 8 previous functions,
then there exists a linear combination of them with at least 6 zeros. In addition, the
coefficients of these functions are linearly independent, because their Jacobian matrix
in the variables a;;, b;j, ¢;j, d;j, e;j, fij forO < i+ j < 3 has maximum rank, whichis
6. Thus, there exists r, € (0, 1) such that f(r;) = 0 and f{(rk) #0fork=1,...,6.

In summary, applying the averaged method of first order the function f] givenin (35)
have at least six solutions. Consequently, there are planar continuous cubic polynomial
differential systems (3) having six limit cycles which bifurcate from periodic orbits of
the system (1). O
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Appendix
In this section, we give some main results of first order averaging theory to study

the discontinuous piecewise differential systems development in Llibre, Novaes and
Teixeira in [21].

Theorem 3 (The first order averaging theorem for DPDS). Consider the following
discontinuous piecewise differential system

x'(t) = €Fi(t, x) + €R(1, x, €), (37)



Limit Cycles of Isochronous Cubic Centers with Three Zones Page290f37 173

with

M
Fi(t,x) =) x5, 0 F] (1, x),
j=1
" | (38)
Rt x, ) =) x5,(t. )R] (1,%),
j=1

whereFlj Sl D > R4 R/ :S! x D x (—¢p, €9) — Rdforj =1,...,M are
continuous functions, T-periodic in the variable t and D an open subset of R%.
We define the averaging function fi : D — R? as

1 T
fix) = 7/ Fi(z, z)dt. (39)
0

Moreover, we assume the following hypotheses:

(HC) There exists C C D an open bounded subset such that for each z € C the

curve {(t,z) : t € S'} reaches transversely the set ¥ and only at generic points of

discontinuity.

(Hal) For j = 1, ..., M the continuous functions F]J and RJ are T-periodic with

respect to variable t and locally Lipschitz with respect to x. In addition the boundaries

of §j, for j =1, ..., M are piecewise CK-embedded hypersurfaces, k > 1.

(Ha2) Fora*™ € C with fi(a*) = 0, there exists aneighborhood U C C of a* suchthat

f1(z) # O0forall z € U\ {a*} and the Brouwer degree of fi at 0is dg(f1, U, 0) # 0.
Then for |e| # O sufficiently small, there exists a T-periodic solution x(t, €) of

system (37) such that x(0, €) — a* as € — 0.

The next result provides a method to write the system (3) into the normal form (37).

Theorem 4 Consider the unperturbed system

Xx=Px,y)+eplx,y), y=0(x,y) +eqx,y) (40)

with p, q continuous functions, and its first integral H. Assume that for all (x, y) in the
period annulus formed by the oval {T'y,}, we have x Q (x, y)—y P (x, y) # 0. Moreover,
forall R € (Vhi, Vh2) and all 0 € [0, 27), let p : (v h1, vVh2) X [0,27) — [0, 00)

be a continuous functions such that

H(p(R, 0)cos, p(R,0)sinh) = R

Then the differential equation which describes the dependence between the square
root of the energy R = ~/h and the angle 0 for (40) is

dR _ _p&? +y)(0p = Pg)
do 2R(Qx — Py)

+ O, (41)
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where x = p(x,y)cos6, y = p(x, y)sin@ and u = u(x, y) is an integrating factor
corresponding to the first integral H of the system (40)¢—o.

We also need the next results to determine the number of zeros of the averaging
function (39).

Proposition5 Let I be a interval of R and let fy, f1, ..., fn : I = R by analytic
functions linearly independent, that is, if Y i_y ;i fi(s) = 0thenog = ... = ay =
0. Assume that one of the functions f; does not change sign in I. Then there exist
Siv...,8y € L and Ao, ..., Ay € R such that every j € {1,...,n} we have f(s;) =

Yoo Xifi(sj) =0and f'(sj) #0.

Let{ fo, f1, ..., fu} beasetof analytic functions on an open interval / C R. These
functions are an extended complete Chebyshev system on I, if and only if, for each
k €{0,...,n}and s € I the Wronskian

fo(s) fi(s) -+ fi(s)
fo(s) fi(s) -+ fi(s)
W(fo..... fdls) =| . oo .

&) Ry - R

Moreover, for an extended complete Chebyshev systemin / C R we have the following
well-known result. For a proof see for instance [19].

Theorem 6 Assume that the functions fy, f1,..., fo form an extended complete
Chebyshev system on I. Then the maximum number of zeros of the function

ao fo(x) +ar fi(x) + ...+ anfulx) =0, (42)

onl C Risn. Furthermore, if we can choose the coefficients ay, ay, . . . , a, arbitrarily,
there are functions of the form in (42) having exactly n isolated zeros in I.

In the following lemma, we give some integrals that appear in the averaging function
f1 of Theorem 1 and Theorem 2.

Lemma 1 The following integrals hold:
I = / cos O+ a + bcos20dO

1 V2(a +b) 2bsin 0
= — | 2sin6~a + bcos26 + tan~! ,
4 ( Vb («/a+bcos29

I :/sin@«/a + b cos20d0O
_1(vV20-a
=3 7
sin@ In («/a + b cos 26 + +/2b cos 9)
Iz :/ ——df = — ,
a4+ bcos?20 /2b

In (\/a + bcos20 + «/2bc039> —2cosb+a + bcosZ@) ,
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cosf 1 . /2b sin 6
Iy = | —————df = ——tan _ ],
a4+ bcos?26 /2b va+ bcos?26
sin 36 aln <«/a ~+ b cos 26 + +/2b cos 9) cosO~/a + bcos20
Is = do = _ .
> Ja + bcos20 2 b3/2 b
cos 36 sin@+/a + b cos 26 a _1 /2bsin 6
I = do = — tan .
Ja+ bcos26 b V2 b32 Ja -+ bcos20

We show the functions F lj for j = 1,2, 3 of (13) in the proof of statement (c) of
Theorem 1.

1
4 (cos(20)r2 +r2 +2)
+2r (r? 4 1) sin(20)agq (cos(20)r? + r? +2)
+v2r% cos(9)aozm
+4/2r2% cos(0)agr/cos(20)r2 + 12 +2
—V2r* cos(30)agay/cos(20)r2 + 12 + 2
—V2r? cos(36)a02\/m
+V/2r* sin@)ay v/cos(20)r2 + 12 +2
+4/2r2 sin(@)ay /cos(20)r2 + 2 + 2
+4/2r% sin(30)ay 1 v/cos(20)r2 + 12 + 2
+v2r2 sin(30)an v/cos(20)r2 + 12 +2
+3v2r* cos(§)azoy/cos(20)r2 +r2 +2
+3+/2r2 cos(0)azgy/cos(20)r2 + r2 + 2
+4/2r* c08(30)azgy/cos(20)r2 + r2 + 2
+v/2r2 cos(30)azny/cos20)r2 + r2 +2
+4/2r2 $in(0)booy/cos(20)r2 + 12 + 2
+4/255in(0)bogy/cos(20)r% + 2 + 2
1+4/2r2 5in(30)booy/cos(20)r2 + 12 +2
+33/2r2 sin(0)boay/cos(20)r2 + 12 + 2
—V/2r% $in(30)boay/cos(20)r2 + 12 +2
+4/2r2 cos(0)by1+/cos(20)r2 + 12 + 2
—V2r% cos(30)b11v/cos(20)r2 + 2 + 2
/22 sin(0)bagy/cos(20)r2 + 12 + 2
+4/2r2 5in(30)bagy/cos(20)r2 + 12 +2
+273 sin(20)ags + 2 sin(20)agz — r°
sin(40)ag3 — r> sin(40)ags + 3r’arg
+7r3ai0 + 4raig + 4r° cos(20)ayg + 83
cos(20)ayg + 4r cos(20)ayg + r>bo

)3/2

Fl@.r) = (2[2 (2 + 1) cos(®)agy (cos(20)r> + % +2
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Fl@O,r) =

+7 cos(40)ayg + s cos(40)ayg + r5a12
+r3ay — 1 cos(d@0)ayn — r3 cos(40)ais

+2r7 sin(20)ay; + 2r° sin(20)az; + r°
sin(40)az; + r> sin(40)az; + 3rdasg

+3r3a30 + 4r° cos(20)azg + 4r> cos(20)azg
+r cos(40)azy + P cos(40)azg

+4rboy — 4r cos(20)by; — 1> cos(40)bo,
+3r3bo3 — 4r° cos(20)byo 3

+r3 cos(40)bos + 2> sin(20)b1o
+4r sin(20)b1g + r3 sin(46)byo + 2r> sin(20)b1,

—r3 sin(40)b1s + r3bay — 13 cos(46)bay
+2r7 5in(20)b3g + r sin(40)b3) ,

1 2
4(COS(29)r2+r2+2) <2\f2(i’ +1)

cos(®)coo (cos20)r2 + 12 +2)°/*

+2r (r? 4 1) sin(20)co (cos(20)r2 +r2 4 2)
+v/2r% cos(8)coav/cos(20)r2 + 12 + 2
+4/2r2 cos(@)coay/cos(20)r2 + 12 +2
—V2r* cos(30)coay/cos(20)r2 + r2 +2
—/2r2 cos(30)cory/cos(20)r2 + 12 + 2
/27 sin(@)cp1v/cos(20)r2 + 12 4+ 2
14272 sin(@) 11 v/ cos(20)r2 + 12 4+ 2
/25 sin(360)c11v/cos2O) 2 + 12 +2
+v/2r% sin(30)c11v/cos(20)r2 + 12 + 2
+3v/2r* cos(0)c20v/cos(20)r2 + 12 +2
+3v/2r? cos(0)ca0v/cos(20)r2 + 12 +2
/2% c0s(30) cany/cos(20)r2 + 12 +2
+4/2r2 cos(30)ca0v/cos(20)r2 + 12 + 2
+v/2r% sin(@)dooy/cos(20)r2 + 12 +2
+4v/2sin(0)doo/cos(20)r? + 12 +2
++/2¢2 sin(30)dooy/cos(20)r2 + 1% +2
+3v2r% sin(0)doav/cos(20)r2 + 12 +2
—V/2r% 5in(30)dgay/cos20)r2 + 12 +2
+v/2r2 cos(8)dy1V/cos26)r? + 12 +2
—/2r2 cos(30)d1v/cos(20)r2 + 2 +2
+V/2r sin(0)dagy/cos(20)r% + 12 + 2
+7/212 sin(30)dagy/cos(20)r2 + 12 + 2

427 sin(20)co3 + 213 sin(20)co3 — 1>



Limit Cycles of Isochronous Cubic Centers with Three Zones

Page 33 of 37

173

Fl@,r) =

sin(40)co3 — 1 sin(46)cos + 3rcio

+7r3¢10 + 4reig + 4r° cos(20)cio + 8r°
cos(20)cyo + 4r cos(20)cyo

+r cos(49)cio + o cos(40)cio + r5c12
+r3c1a — 13 cos(@0)cia — 13 cos(40)cia

+217 5in(20)cay + 2r3 sin(20) ¢z + 12
sin(460)cy; + = sin(46)cy; + 31‘5630 + 3r3030

+473 cos(20)c30 + 453 cos(20)c30 + =
cos(40)c30 + 12 cos(d8)c3o + o dor + 4rdo

—4r cos(20)dy; — > cos(40)do; + 3r3dos
—4r3 c0s(20)do3 + 1 cos(40)dys

+2r3 5in(20)d1o + 4r sin(20)d + 1>
sin(40)dyo + 2r° sin(20)dy2 — r sin(40)dy»

+r3dy1 — r® cos(d9)day + 2r° sin(20)dsg + 3 sin(40)ds) ,

1
2V2(r* + 1
4 (cos(20)r? +r2 4 2) < V2 )

cos(@)eoo (cos20)r2 + 12 +2)°/*

+2r (r? 4 1) sin(20)eq; (cos20)r? + r* +2)
+v/2r* cos(@)egry/cos(20)r2 + 12 +2
1422 cos(@)egay/cos(20)r2 +r2 +2
—V2r* cos(30)egay/cos(20)r2 + 12 + 2
—V/2r2 cos(30)egay/cos(20)r2 + r2 +2
+/2r% sin(@)e; v/ cos(20)r2 +r2 £ 2
+4/2r2 sin(@)eqv/cos(20)r2 + 12 4+ 2
+4/2r* sin(30)e11v/cos(20)r2 + r2 +2
+4/2r2 sin(30)e11v/cos(20)r2 + r2 +2
+3v/2r* cos(@)eaoy/cos(20)r2 + 12 + 2
+33/2r% cos(B)eaoy/cos(20)r2 + 12 + 2
+4/2r* cos(30)eapv/cos(20)r2 + 2 + 2
/212 cos(30)ex0/cos(20)r% + 12 + 2
+/2r% 5in(0) foov/cos(20)r? + 12 +2
+4v/25in(0) foov/cos(20)r2 + 12 + 2
+v/2r7 5in(36) foov/cos(20)r? + 12 +2
+3v/2r2 sin(0) fon/cos(20)r? + 12 +2
—V/2r?5in(30) forv/cos(20)r2 + 12 +2
+v/2r2 cos(9) fi1v/cos20)r2 + 12 +2
—v/2r2 c0s(30) fi1v/cos(20)r2 + 12 +2
+v/2r%sin(0) fa0v/cos(20)r2 + r2 +2
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+/2r2 $in(30) fo0v/cos(20)r2 + r2 + 2
+27 sin(20)eps + 21> sin(20)ep3 — r°
sin(40)ep3 — = sin(460)egs + 3r5e10
+7r3e10 + 4reqo + 4r° cos(20)ero + 8r3
cos(20)eqo + 4r cos(20)eqg
+r cos(49)eo + = cos(40)eo + rSelz
+r3e12 - cos(40)err
—r3 cos(@0)ern + 2 sin(20)ea; + 2r3
sin(20)ez; + r° sin(46)ea;
+r3 sin(460)er; + 3rse30 + 31‘3630 + 473
c0s(26)e30 + 4r3 cos(20)exg
+r3 cos(40)e30 + 1 cos(@0)ezo + 3 for + 4rfor — 4r cos(20) for
—r3 cos(46) for + 33 fo3 — 4r3 cos(20) fo3
+r3 cos(46) foz + 23 sin(20) fio
+4r sin(20) fio + > sin(40) f1o + 213
$in(20) fi2 — 7 sin(40) fi2 + 1 for
—r3 cos(40) fa1 + 2% sin(20) f3o + r° sin(49) fao) .

Expressions of the Wronskians in the proof of statement (c) of Theorem 1.

8t +4 (r2 + 1)3/2 —15Vr2 £ 1442 -9,

16 (Vi 4 1=3) % 48 (1124 1=17) 0 +15 (W2 +1-8) 1
+4 (W 1—6)r =8V 4 1438,

(52 1=77)r* +4 (27 +1-7) 10+ (5207 +1 - 56) 2
+8 (V2 r1-1),

P (Ve r1-2) -8V T s,

280" — 40 (32v/2 1 - 107) r'2 + (20883 — 9792/ + 1) 10

+ (50532 - 30288v/% 1) r* — 63 (78417 1~ 1105) 1

+ (57246 — 4569612 + 1) r* — 4200 (6V/r2 + 1 - 7) 12

8400 (Vr2 +1-1),

2240 = 235200 (11v/72 1= 12) 1 = 470400 (v +1 - 1)
192 (64¢/r2 + 1-273) 122 — 256 (608/r? + 1 — 1647) 1"

+ (1825168 - 853760@) 1% 4 (4514637 - 270105612 4 1) '€
—308 (13208v/12 41 - 14361) P44 322 (2432077 1 - 15593) 12

1252 (44576\/r2 T1- 69109) 7104 63 (215808\/r2 T1- 251389) 8
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+2352 (1662\/ﬁ - 1055) r® — 7056 (488W - 663) r,

wi =2 (—8960r26 — 2207205 (384\/ﬁ - 341) r? — 339570 (416@
—341) + 256 (256W - 1435) r2* 1 896 (1792\/r2T - 4015) P2
+8960 (1440W - 2593) P20 4+ 476 (160768W - 300665) r18
+28 (12969088W - 23627335) 716 421 (57997056@
—91589155) r'* + 168 (15076184W - 19804525) ri2
2205 <1302656m - 1385513) 10 41470 (701280\/rzT - 391819) 8
—8085 (166400\/r2T - 212443> r — 32340 (56368W - 56203) r4> ,

2
WiP = =105 (12 1) (4480r° 4 43008r 1% + 186264r'° + 4802167 + 113115072

+1965726r 10 + 142170078 — 798336r° — 20187097* — 121275012
—242550) In (r2 + 1) .

Wiy = r? (—65536r% +72765 (7159V/r2 + 1 - 8320) 2 + 145530 (371V/r2 + 1 — 416)
+1792 (315\/rZT - 1664) 2 4+ 256 (45465\/r2T - 157792) r2
+640 (126819W - 329248) 2 42560 (87129\/ﬁ - 179387) P20
+4 (46439365\/r2T - 125965888) P18 484 (5244915@
—21612784) r'6 4 105 (40416639\/ﬁ - 87793792) P4
+84 (161583515\/ﬁ - 269437024) 12 4 105 (201928737@
—285638272) 10 + 210 (88325949@ - 110700928) 8
+1155 (8217371\/ﬁ - 9486464) r® 4 166320 (17285\/ﬁ - 19448) r4) ,
Wi = 31sr (2 + 1)7/2 (188160 + 89472016 + 15148014 + 6816072 — 30442510
5362178 + 167409r° — 8523974 + 1201207 + 20790) In (r2 + 1) ,
Wiy = 2 (<1155 (332872 + 1-30197) 12 — 4620 (416Vr2 + 1 — 401)
~3072 (384@ - 245) P2 — 20480 (400@ - 287) r2
—128 (173952\/ﬁ - 170065) r20 — 448 (240768W - 224365) ri8
+40 (51 14496y/r2 + 1 — 1538075) 16 44 (325557376\/ﬁ - 218802395) pl4
+ (1817405568\/ﬁ - 1538051795) r2 47 (161977088@
—160013995) 710 + 154 (3080896@ - 988165) rS 4 462 (372736@
+606835) r® + 1155 (14976@ + 146843) r4) ,

Wi = 1057 (71682 4 5273622 + 143488r20 -+ 5737607 '* — 1485880r'° — 05413567
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—14541087r'2 — 8656956r 10 — 3129555r8 — 5304156r° — 53371897
—1981980r% — 297297) tan~L(r),

w2 = 210 (12672r2° + 7884878 420956011 + 308600 * 4 258215r12 — 176661

18619678 4 19932010 + 62139 + 56101 + 330) In (r2 + 1) ,

W) = 39997440r2* — 20414464022 — 1053102400r2° — 1630692000r'® — 505588440r'°

+783218660r 4 + 42233383512 — 2781682750 — 2873555301 — 68521530r°
+2134055r% + 640640v/r2 + 172 + 822745r% — 58982400v/r2 + 172
+335872000v/r2 4+ 1r% + 1359298560/ r2 + 1r2 + 1317666816+/r2 + 1r'8
+1078034432+/r2 + 1r'® 4 822115840v/r2 + 1r'* + 95455360v/r2 + 1r'2
+15649920v/r2 + 1r'0 + 44918016+/r2 + 1r® + 32544512+/r2 + 1r6
+5765760v/r2 + 1r%,

WSy = —4620rv/1 + r2(— 429 — 3861r% — 6006r* — 79794r° — 298441/

—348673r'0 + 16988r'2 + 168824 + 37056110 + 18304r'® + 665612°
+1024r22) sinh ! (1),

W = 105 (358400r24 — 183040022 — 8792960r%° — 7905920 '® + 22302721

—6422724r'% — 25643475r'2 — 2578004010 — 11223355-% — 1151436,°
—33033r* — 26426412 — 33033) tan"L(r),

W = 210 (1 1264r%* 4 78848122 4 236544r2° + 394240r '8 4 431640r'° + 7901681 '

—193699r12 — 1248522r10 — 627396r% — 127072/° — 25751+*
—550r2 + 110) In (r2 T 1) .
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