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Abstract
In this paper, we study the nonlinear Schrédinger equation with L2-norm constraint

—Au = ru~+ |ulP"2u+ h)|ul?%u inRVN,
I uldx = 2,

wherec > O, N > 3,1 <g <2 < p < 2—1—%,}1 € Lﬁ(RN)and)x eR
is Lagrange multiplier, which appears due to the mass constraint |u|, = c. We use
barycentric functions and minimax method to prove that for any ¢ > 0, there exists a
positive solution u € H'(R") for some A < 0.

Keywords Normalized solution - Deformation lemma - Barycentric functions -
Brouwer degree

1 Introduction and Main Results

In this paper, we study the existence of solutions for the following elliptic problem
with L?-norm constraint
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{—Au =u+ [uP2u + h(x)|ul?2u inRV, (LD

S uldx = c2,

2
wherec > O, N >3, 1 <g <2< p< 2+%,h € LH(RN)and)» e Ris
Lagrange multiplier, which appears due to the mass constraint |u|, = c.
The energy functional of (1.1) is defined by

1 1 1
I(u) = -f |Vul?dx — —/ lu|Pdx — —/ h(x)|uldx, Yu e H'(RV).
2 JrwN D JrN q Jr¥

For ¢ > 0, we define
S :={ue H'®RY) : |ul, = c).

In the last decade, the existence and the properties of the solutions to the
nonhomogeneous problem
—Au = in RV
Au 1 M}tv+g(x,u) in RY, 1.2)
ue H (RY)

has been studied by many peoples. When g(x, u) = a(x) f (u), Lehrer and Maia [22]
studied (1.2) via Pohozdev manifold, where N > 3, A < 0, f is asymptotically linear
at infinity and a satisfies suitable conditions. The authors obtained the existence of
high energy solutions. When g(x, u) = f(x, u) + h(x), (1.2) turns to
—Au = u+ f(x,u)+h(x) inRV,
LN (1.3)
ue H RY).

For the homogeneous case, i.e. h(x) = 0 (which means O is a trivial solution of
(1.3)) has been studied extensively (see e.g. [3, 10, 21, 23]). For the nonhomoge-
neous case (h(x) % 0), this problem without trivial solutions and presents specific
mathematical difficulties. When f(x,u) = a(x)|u|P~2u, Adachi and Tanaka [1]
obtained the existence of at least four positive solutions under the assumptions:
0 < a(x) < a*® = limysoealx), h € HL(RN) is nonnegative and satisfy-
ing [|A||g-1rny sufficiently small. Zhu [29] obtained the existence of two positive
solutions for the following problem
—Au = u+ |ulP"2u+ h(x) inRY,
{u e H'(RM), (1.4

where h(x) € L2 (RN), h(x) > 0,and 1 < p < %(N >3),1 <p<+oo(N =
2).In [11, 15], the authors studied the Sobolev subcritical perturbation problem with
fixed frequency and proved that this problem has at least one positive solution when the
perturbation is small enough (7 may be in different spaces). Moreover, some authors
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also considered the qualitative and asymptotic analysis of solutions to some related
elliptic problem, we refer to [25-28] and the references therein.

In this paper, we consider the normalized solutions to the nonhomogeneous elliptic
equations (1.1). In what follows, we recall some basic facts concerning the existence
of normalized solutions for nonlinear Schrodinger equations in RY . It is well known
that the following problem

—Au=ru+ul”u, u>0inRY (1.5)

has a unique solution(up to a translation), which is radial, radially decreasing. In
addition, there are two exponents which play a crucial role on the existence and profile
of the solutions for (1.5) with L2—norm constraint: in addition to the Sobolev critical
exponent p = 2*, we have the mass-critical exponent p = 2 + %. f2<p<2+ %
(mass-subcritical regime), then the energy functional associated to (1.5) is bounded
from below on the L?—sphere S,, while if p > 2 + % (mass-critical or supercritical
regime) this is not true and one is forced to search for critical points that are not global
minima. For mass-supercritical case, Jeanjean [18] considered the problem

{—Au:lu—i—f(u) in RV, (16)

Jrw u?dx = 2,

where N > 1, f is mass supercritical and Sobolev subcritical. A model nonlinearity
is f(u) = 21;21 |u|Pi~2u with 2 + % < pj < 2*forall j. Jeanjean obtained a radial
solution (u#, A) € Hrla d (RM) x R* of (1.6) by a mountain pass argument for / on
SeN Hrla d (RM). In [2] the authors obtained the existence of infinitely many solutions
of (1.6) under the same assumptions as in [18]. For mass-subcritical case, Hirata and
Tanaka [14] employed a version of symmetric mountain pass argument on H,1 RM) to
derive the existence and multiplicity of normalized solution for problem (1.6). Here
H,] (R™)) denotes the space of radial H' —functions on R". Recently, Jeanjean and Lu
developed a new minimax theorem with index theory in [19], and used that theorem
to give another proof of the result due to Hirata and Tanaka. This has been done in the
recent paper [9] by Chen and Zou who considered the problem

—Au = u+ |u|?"2u+ h(x) inRVN,
I uldx = 2.

For the mass-subcritical case 2 < p < 2 + %, they proved that there exists a global
minimizer with negative energy for arbitrarily positive perturbation. Secondly, for the
mass-supercritical case 2 + % < p < 2% where 2* = % if N > 3 and 2* = +o0 if
N =1, 2, when 4 is a small radial positive function, they proved that the existence of
a mountain pass solution with positive energy. We would like to mention that recently
various results have been obtained for normalized solutions, we refer to [4-7, 13, 16]
and the references therein.
In this paper, we suppose that
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2
(h)) h e L7 (RN), h(x) <0, h(x) < 0 on a set with positive measure and

—1 oo
|h|i<u’
2—q c4

where m2° and 7 are defined in (2.10) and Lemma 3.1, respectively.
In light of the above discussion and mainly motivated by the results in [8, 30], we
focus our attention on problem (1.1) and establish the existence of positive high energy

solutions. It seems this is the first contribution to the high energy solution for problem
(1.1). We aim to establish the following result:

Theorem1.1 Let N >3, 1 <g<2<p<2+ % and h satisfies (h1). Then for any
¢ > 0, problem (1.1) has a positive solution u € S. for some A < 0.

Remark 1.2

(i) To the best of our knowledge, it seems only [9] studied the normalized solution
for such a perturbed equation. In [9], Chen and Zou proved that there exists a
ground state normalized solution with negative energy for arbitrarily positive
perturbation(h(x) > 0). In this case, inequality c(a + b) < c(a) + co0 (D) plays
a crucial role in proving the convergence of this minimizing sequence. In this
paper, we assume that #(x) < 0, in this case, we do not need to prove that
inequality c(a +b) < c(a) + coo (D) holds. In fact, we obtain the convergence of
non-negative Palais-Smale sequences of /s, by a local compactness result(see
Lemma 3.2).

(ii) The question of finding normalized solutions is already interesting for scalar
equations and provides features and difficulties that are not present in the fixed
frequency problem. And thus the existence of normalized solutions becomes
nontrivial and many techniques developed for the fixed frequency problem
can not be applied directly. A series of theories and tools related to fixed fre-
quency problem have been developed, such as fixed point theory, bifurcation,
the Lyapunov-Schmidt reduction, Nehari manifold method, mountain pass the-
ory and many other linking theories. However, for the fixed mass problem,
the normalization constraint certainly brings too much trouble in mathematical
treatment. Comparing to the fixed frequency problem, the fixed mass prob-
lem possesses the following technical difficulties when dealing with it in the
variational framework:

(a) One can not use the usual Nehari manifold method since the frequency is
unknown.

(b) The existence of bounded Palais-Smale sequences requires new arguments.

(c¢) The Lagrange multipliers have to be controlled.

(d) The embedding H!(RY) — L?(R¥) is not compact. For the fixed frequency
problem, usually a nontrivial weak limit is also a solution. However, for the
fixed mass problem, even the weak limit is nontrivial, the constraint condition
may be not satisfied.

(e) For the the general mass subcritical problem, we only need to prove the conver-
gence of the minimizing sequence to obtain a solution to the problem. But the
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perturbation term 4 (x)|u |9=2y with h(x) < 0 makes it different from the gen-
eral mass subcritical case. In this paper, we can not search for the minimizer of
I in S, since it does not exist. This fact is proved in Sect.2. Secondly, it is hard
to get the range of energy levels corresponding to pre-compact Palais-Smale
sequences of [|g, since the embedding H L(@RN) — LP(RN) for2 < p < 2*
is not compact. Finally, we need to find a solution in a high energy level.

(iii) To prove Theorem 1.1, we follow the approach in [8, 30]. Firstly, we can show

that problem (1.1) does not have a ground state solution(see Lemma 2.3). Hence,
we need to find a solution in the high energy level. To this aim, we use Splitting
Lemma and carefully analyse the relation between A and the energy levels of
non-negative Palais-Smale sequences of /|s. to get the compactness of such
sequences with energy levels close to the infimum of 7 in S.(see Lemma 3.1).
Finally, we prove our main result by topological methods.

This work is organized as follows. In Sect. 2, we introduce the variational formu-
lation of (1.1), some notations and show that the problem (1.1) has no ground state
solution. In Sect. 3, we establish a compactness result for some non-negative Palais-
Smale sequences, which are essential to carry out the proof of our main theorem.
Finally in Sect. 4, we prove Theorem 1.1.

2 Preliminaries and Nonexistence Result

In this section, we introduce some notations, some known results which will be used
in this paper and prove that (1.1) has no ground state solution for any ¢ > 0.
Let H'(RN) be a Sobolev space with the standard norm

||u||2=/ |Vu|2dx+/ lul?dx, Yue H'RY).
RN RN

Moreover, throughout this paper, we will use the notation || = |-|srny, s € [1, 00).
Let

1 1
I1%°u) = —f |Vul?dx — —/ lulPdx, VYue H'®RY).
2 JrN p JrN

For » < 0,u € HY(RM), we define

1 Y .1 1
L(u) == |Vu|dx + — lu|*dx — — lu|Pdx — — h(x)|u|ldx
2 Jry 2 Jry P JrN q Jry

and

1 —A 1
I°u) = _f |Vul?dx + —/ lu|?dx — —f lu|Pdx.
2 RN 2 RN p RN
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In what follows, we recall the Gagliardo-Nirenberg inequality (see [24]). For any
2 < a < 2%, there exists a sharp constant C(N, «) > 0 such that

Yo 1—yq . N(O{ — 2)
lule < C(N,a)|Vuly*ul, ™, where yy 1= e 2.1
o
It is well-known that the following problem
—Au=—-u+uP"! nRY,
u>0 in RV, 2.2)

u(0) = maxgwy u

has a unique solution w, in H L(RN), which is radial, radially decreasing and belongs
to C2(RY) (see [20]). For A < 0, we denote

w; p(x) = (—)\)P%pr(\/—_)xx), vx e RV, (2.3)
Then wj, p is the unique solution(up to a translation) of
—Au=ru+uP", u>0 mR". (2.4)
Moreover, there exists ¢ > 0 (see [21] and the references therein) such that

N—-1
w)\’p(x)|x|TeV*)‘|x‘ — ¢ as|x| = oo,

_ 2.5
w/kﬁp(r)rNTle‘/j” — —c/—A asr = |x| > +o0. )

Lemma 2.1 (Splitting Lemma). For any A < 0, let {u,,} € H'(R"N) be a non-negative
Palais-Smale sequence of I). Then up to a subsequence, there exists a number | €
N U {0}, a non-negative function uy € H'(RN), I sequences of points {y'} C RN for
| <i <1 such that |y!| — +o0 asn — oo and

!
wn =uo+ Y_wip(+yh) +o,(1) in H'®RY). (2.6)
i=1
Furthermore, u is a weak solution of
—Au=ru+u" "+ hOWT 2 inRY, 2.7
and

lunl3 = luol3 + Hwi p13 + 0n(1), (2.8)
L) = L(uo) + LI (. p) + 0n(1). 2.9)
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The proof of Lemma 2.1 can be found in [ [8], Lemma 3.1]. The difference is that
[8] deals with external domains, not with RN . However, in combination with condition
(h1), the proof is similar.

We denote

me = inf I(w), m := inf I®(u). (2.10)
uesS.

c
ueS,

Lemma 2.2 (Lemma 3.1, [30]). For any ¢ > 0, m&® € (—o0, 0). Moreover, if {u,} <
S, is a non-negative minimizing sequence for I°° in S., then up to a subsequence,
there exists {y,} € RN such that

up (- — yn) = wy,p Stronglyin HI(RN) asn — oo,

where A < 0 is determined by

2 Y 2 .
¢ = (_)\)Ap|wp|2, Sp = ﬁ R (2.11)

In particular, mZ° is attained by the function w;, , and can be expressed as

sp+1

()
m®=|— 1% (w)). (2.12)

prlﬁ
We define the map T1 : RN — ..

[yl = wi, p (- — ¥).

Lemma 2.3 m, = m2° € (—o0, 0) and m. could not be attained.

Proof For any u € H'(RV)\{0}, by (A1), we have I1°°(u) < I(u), then m® < me.
Next, we prove that m. < mZ°. Considering {y,} C RN, |ynl — o0, we have

I[y,] € S.. Moreover, by h € Lﬁ(RN), we have
AN h(x)|wy, p(x — yp)|9dx — 0asn — oo,
which implies that
me < lim I(T[y,]) = lim I1°(M[y,]) = m°.

Therefore, m, = m° € (—o0, 0).
We suppose that there exists a critical point u € H'(RN) of I at level m,. By a
direct calculation,

1 1
M S 1% = 1w + fR hOOluldx = me + - /R h(x)lul?dx.
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then,
/ h(x)|u|?dx =0, (2.13)
RN

that is, /°(u) = m2°. By Lemma 2.2, we have u = Wy, p up to a translation, where
A < 0is determined by (2.11). Since w;, , > 0in R¥, we deduce that u > 0 in RY.
Moreover, by (A1), we have

/ h(x)|ul?dx < 0,
RN

which contradicts to (2.13). O

3 Compactness Result

In this section, we prove the compactness of some specific Palais-Smale sequence of
Iin S..

Lemma3.1 Let N >3, 1 <g <2 <p <2+ %, c¢ > 0. Then, there exists a
positive constant n = n(c) € @Y 1) depending on c such that if {u,} € S is a
nonnegative Palais-Smale sequence of 1|, at level d withm?® < d < nm¢°, then up
to a subsequence, there exists ug € S, such that

u, — uo strongly in H'®Y) asn — oo.

Furthermore, u is a positive solution of (1.1) for some X < 0.

Proof Since2 < p <2+ %, we have s, > 0, then 0 < 2-sp < 1. By Lemma 2.2,
we get

m® < qm%® < 275rm> < 0. (3.1

Let {u,} € S. be a nonnegative Palais-Smale sequence of I|g, at level d, where
d e (m®, 27" m2). By I (u,) — d < 0asn — oo and

1 2 1 » 1 q
I(un) = Elvunb - ;|un|p - g . h(x)|un|?dx

1 1
2 5IVitnls = ZCPN. PP Vun P77 = Jh 2,

which implies that I is coercive in S,. Then {u,} is bounded in H'(R"). Moreover,
(I Sr)/ (un) = 0,(1). By the Lagrange multiplier rule, there exists {A,} € R such that

/ Vunvwdx—)»n/ unwdx—/ u{l’_lwdx—/ h(x)uz_lwdx
RN RN RN RN
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=o,(DIYll, ¥y e H'®RY). (3.2)

By {u,} € S, is bounded in H'(R"), then from (3.2), we have
— hne® = lunly = | Vun|3 + fRN h(x)|un|?dx + 0, (D] lunll, (33)

which implies that {1, } is bounded, up to a subsequence, there exists A € R such that
Ay — A asn — oo. Furthermore, by p > 2and I (u,,) - d < 0asn — oo, we have

— € =lunlh — |Vun|3 + /N h()|un|9dx + o (1)
R

-2
=—pl(u,) + pT|VMn|% + 0 —-p) /]RN h(x)|up|?dx + o(1)
> — pd + o(1).

Letting n — oo, we get

d
c

Thus A < 0. By (3.2) and {u,} € H'(R") is bounded, we see that {u,} is a Palais-
Smale sequence of ;. By Lemma 2.1, up to a subsequence, there exists an integer
! > 0, a non-negative function uq € H'[®RM), 1 sequences {yfl} CRNforl<i<lI
such that |yfl| — 400 asn — oo and

1
wn =uo+ Y wip(+yh) +o,(1) in H'®RY). (3.5
i=1

In addition, ug is a solution of

— Au=u+uP '+ h()|ul?%u inRY, (3.6)
and
= luol} + w13, 3.7)
L (un) = Li(uo) + 11°(w;., p) + 0, (1). (3.8)
Since
_ —A 0 1N
L(v)=1()+ 7|v|2 forv e H (R"Y)
and

—A
W) = I®(@) + 7|u|§ forv e H'(RY),
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by (3.7), (3.8), Lemmas 2.2 and 2.3, we have

d = I(ug) + lmﬁﬁwlz

o0 o
>
Z Myugly + lmlub\,plz

3.9
) AL PR AL 59
=C[(c —lwy pl3) 7 + 1wy ply) }

where

gttt
C:=(lwply) *» I®(wp) <O.

Next, we will divide into three steps to prove that there exists n = n(c) € 271/%, 1)

such that if m>° < d < nm°, then! = 0.
Step1l.If m>° < d < Z_I/Sl’m(?o, then |w;\,p|% > kc?, where

N
1| —pI® ’ 1
k= | 2@ <0, —).
2 lwplz 2
In fact, by (3.4) and Lemma 2.2, we have

N
2 2 —pd\" 2
[wi, pl5 = (1) P |w,l5 > (c_2> |wp 5

(o ey

_ w
- 6'2 pi2
= kc?.
Moreover, w), is a solution of (2.2), then we have

2 2 p
[Vwpls + [wply = [wplp.

Therefore,

X wp) = (5 - ;) (Vw3 + 1w, 3) > (5 - ;) w3

Note that I°°(w,) = 1% (w,) — %|wp|2 < 0, we have

—pI™(wp)

0<
2
lwp 3

< 1.

Since s, > 0, we deduce that k € (0, %)
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Step 2. Let
kl = k(Sp-i-l)/Sp + (1 _ k)(Sp-‘rl)/Sp c (2—1/5‘1,’ 1)

If ml® <d < kym2, thenl < 1. Indeed, for ! > 1, we consider

sptl sp+1 2

F@):=(*—1It)r +1t v, VO<t< -

Here we point out that Fj(¢) is actually the transformation form of (3.9). Evidently,

Fr € C([0, €1 and

1 2
Flay =21 [rl/Sp — (- lt)l/sl’] . Vie [o, C—} .
S

» l

2 . . .. . . .. 2
Lety = lﬁr—l, then Fj is strictly decreasing in [0, #;] and strictly increasing in [#, ‘T].
Thus,

L,
min  F(t) =F@)=0+1) 7?7 >0.
1

tef0,¢2/
Combining Step 1 and (3.7), we have [ < k1 Let
() = (1 — k)t Do 4 k6ot Dlse -y e 11, k7.

It is obvious that & € C'([1, k~']) and

1 1
W (1) = kbrt /s — kﬂ(l — k), Vlell,k .
Sp

Let

! sp\" -1
lp =~ — e (1, k).
k sp+1

Then £ is strictly decreasing in [1, [p] and strictly increasing in [lo, k1. IF1 > 2, by
(3.9), we have
d > C max{F;(kc?), Fi(c*/1)} = max{h(l), [~"/5r}m%®
> max{h(1), h(k~"), 271/ ym
=kim®,

contradicting to d < kym2°. Hence [ < 1.
Step 3. There exists n = n(c) € [ki, 1) such thatif m° < d < nm°, thenl = 0.
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By Step 2, we have [ < 1. If ug = 0, then by (3.7) and (3.9), we have d = 0 or
d = m2°, which contradicts to m2° < d < 0. Hence, u¢ # 0. From (3.7), we have

[Vuol3 — Aluol3 = luolh + fRN h(x)|uo|?dx. (3.10)

Combining Sobolev inequality and (3.10), there exists C; > 0 independent of u( and
A such that

min{1, —A}(|Vuol3 + |uol3) < luolt +fN h(x)|uol?dx
R
P
< C1(IVuol3 + luol3)?.

By ug #£0, A <0and p > 2, we have

2
in{l, —A}\ 72
il )

C (3.11)

|Vuol3 + luol; = (
On the other hand, by (3.10), (2.1) and A < 0, we have

(I=yp)
IVuol3 < luolh < C(N, p)|Vuolh ™ luoly" 7.

Since2 < p <2+ %, thatis, 0 < py, < 2. Then,

1—
p pU—=yp)

|Vugla < CT#7% (N, p)luol, """ . (3.12)

Thus, together with (3.4), (3.11), (3.12) and d < 2~ /5rm°, it follows that

r—=yp)

P —
CT=mr (N, p)luoly "™ |uol3
2 (3.13)

1 m |\ r2
> —min {1, —p2~1/sr—< 0,
> (grmin{t—re i)™ -

which implies that there exists C(c) > 0 such that

luol3 > C(o).
Denote

ki, if 2 < C(0),

= 3.14
n(©) max{kl,w} it > Clo. @19

sp+l
() °r
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If ¢2 < C(c), together with |ug|3 > C(c) and (3.7), we find that |ug|5 = ¢? and
I1=0.
If ¢2 > C(c), then 0 < ¢2 — C(c) < ¢? and hence

sp+1

0 < Fi(c® — C(c)) < max{F1(0), Fi(cD)} = (&) ™

which implies that 0 < L]Cﬁ” < 1. Therefore, n(c) € [ki, 1). If | = 1, then it
c2) Sp
follows from Step 1 and (3.7), we have

ke? < |wy pl3 < ¢ —C(o).
Then, by (3.9), we deduce that
d > C max{Fy(kc?), Fi(c* — C(c))} = n(c)m®,

which contradicts to d < n(c)m2°. Hence [ = 0. O

4 Proof of Theorem 1.1

In this section, letc > 0, N >3and1 <g <2 <p <2+ %. We focus on the proof
of Theorem 1.1.

Lemma 4.1 Assume that h satisfy (hy). Then

sup I(IT[y]) < nmg°, 4.1)

yeRN
where n = n(c) € (0, 1) is defined in (3.14).
Proof By (h), we have
I(T[yD) = I°([y]) + (I (T[y]) — I*(TI[y]))
=m +/ h(x)|w;, pl?dx
RN
<m®+|h| 2 |w; |2
2—q
=m + |h| 2 !
2—q
< nm

c

Next, we define the barycentre of a function u € H'(RV)\{0}. Let

w(u)(x) = lu(y)ldy,

| By | B (x)
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with w(u) € L>(RY) and p is a continuous function. Subsequently, take
1 +
u(x) = [u(u)(X) — 5 max u(u)] :

It follows that i € Co(RY). Now, we define the barycenter of u by

Bu) = / xii(x)dx € RV,
RN

lit]
Since # has compact support, by definition, B(u) is well defined. The function 8

satisfies the following properties:

(a) B is a continuous function in H (RN )\{0}.

(b) If u is radial, then B(u) = 0.

(c) B(tu) = Bu).

(d) Giveny € RY and defining u,(x) := u(x — y), then B(uy) = f(u) + y.
Let P be the cone of non-negative functions of H!(RV). Define

M:={uePnS.:pu) =0}

Moreover, by wy , € M, we have M # (. Therefore, we are allowed to define
b = inf,caq ().
Lemma4.2 There holds b > m°.

Proof By the definition of b, wehaveb > m. = m>°. Toreach the conclusion, we argue
by contradiction. Indeed, suppose b = m_°, then there is a sequence {u,} € P N S,
such that

B(uy) =0,Vn > 1and I (u,) — m° asn — oo.
Thus, by Lemma 2.2, there exits a sequence {y,} C RY such that
up(- —yp) = wy,p asn — ooin HI(RN). “4.2)
Then, we have
Yn = BUn) + yn = Bun(x — yn)) = B(wy,p) =0asn — oo,

that is, lim, , o0 y» = 0. From (4.2), we have u, — wj;_, in H'(RN) and I (u,) —
I(wy, p) = m,, which contradicts to Lemma 2.3. ]

Condition (/1) implies that 1°°(I1[y]) < I(I1[y]), for any y € RY. By Lemma
4.2,b > m:°. By the definition of I1[y] and Lemma 2.3, we have I(I1[y]) — m° as
|y] = o0. Then there exists R > 0 such that

b o0
m° < max I(Il[y]) < e
=R 2

4.3)
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for any R > R. Next, we defineaset S C P C H 1(RN ) as follows:
X = {I(y) : |y] < R}.
Let
. b+ m2°
H= heC(’PﬂSC,’PﬂSC):h(u):u,VuePﬂSCwnhI(u)<T
and
r={ACPNS.:A=h(X),heH}

Lemmad4.3 I[fA €T, then AN M # 0.

Proof We just to show that for every A € T', there exists u € A such that B(u) = 0. It
suffices to prove that for every & € H, there exists § € RY with |J| < R such that

(BohoID[yl=0.
For any h € H, we define
J=Boholl :RY > RV
and F : [0, 1] x Bz(0) — RY given by
F@,y)=tJ(y)+dA—-0y.
We claim that O ¢ F(t, 3 B3(0)). Indeed, for |y| = R, by (4.3), we have

b+ m°

I(I[y]) < >

Hence,
Ft,y)=t(BoIDlyl+ (1 —1t)y
and
(F@,y),y) =t(ByD, y) + (1 =) (y, »).
Ift =0, then (F(t,y),y) = |y|*> = R?> > 0.1f t = 1, then by B(T1[y]) = y, we have
F(l,y) = (BII[yD, y) = |y|*> > 0.If r € (0, 1), then (F(¢, y), y) > O since the

terms 7, 1 — ¢, (B(T1[y]), y) and |y|? are all positive. Then, by the invariance under
homotopy of the Brouwer degree, one has

deg(F(t, ), B(0),0) = deg(J, B5(0),0) = 1, Vr € [0, 1].
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Then, there exists y € By (0) such that 7(3) = 0, that is,

J) =(BoholD[y]=0.

Now, let us denote

d = inf sup I (u), “4.4)
A€l yep

Ki={uePnS.:Iu)=dand VI|g, (u) =0},
and
Ly={ueS: 1)<y}

forevery y € R.
Proof of Theorem 1.1. We will show that d given by (4.4) is a critical value, that is,
K4 # 0. First, we claim that

oo oo
m. <d < nm..

In fact, by Lemma 4.3, for each A € T, there is # € A N M. Hence,

b= inf IT(w) < inf I(w) <I@m) < sup I) <supl(u).
nf ()_MeAmM () < ()_MEM?M ()_MGE ()

Since b > m?°, from Lemma 4.2, we have

m> < b <supl(u), VA € I.

c

UEA
Thus,
00 .
m. < b < inf supI(u) =d.
A€l yep
By the definition of d,

d <supl(u), VAeT,

ueA

it follows that

d < sup I(h(Il[y])), Yh € H.
Mfylex
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Now, taking & = I, we find

d < sup I(II[y]).
M[ylex

Hence,

d < sup I(I[y]) < sup I(II[y]).
IyI<R yeRN

By Lemma 4.1, we have

d < sup I(TI[y]) < nm°. 4.5)
yeRN

Combining (4.4) and (4.5), one has

oo oo
m. <d < nm..

Suppose on the contrary that ; = @. Note that

b+ m° - d+m2°
2 - 2

<d < nml.
By Lemma 3.1 and the deformation lemma, there exists a continuous map
7:[0,1]xS. NP — S.NP

and a positive number € such that

(a) Ld+eo\Ld—eo CccC an;?"\L b+m° 5

2
(b) t(t,u) =u,Yu € Lg_¢y U {Sc N P\Lg4¢ ) and for any ¢ € [0, 1], and
© (L Lypo)CLy .

Fix A € T such that

d§sup1(u)<d+%0.

ueA

Since

€ ~
I(u) <d+30, forany u € A,

it follows that

ACL, «.
C Lot
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Now, by item (c) above, we have
€0 ~
I(u) <d— IR forany u € (1, A),
that is,

sup T(u) <d — 2. (4.6)
uer(1,A) 2

Moreover,~we note that t(1,-) € C(P N S;, PN S.). By A e I, there exists h € 'H
such that A = h(X). Then,

h=1(,)ohe C(PNS,PNS,).

By the definition of H,
) = u. Vi € PO S, with I() < +2m?o
and
fiw) = t(1,u), Yu € PO S, with I(u) < 2 +2m<g°'
By

bame 4o

and (b), we have

, b+ m®
i) = t(1,u) = u, Yu € P N S, with I () < +2’"‘

< d — €,

which implies that 1 € H. Moreover, (1, A) € I' since (1, A) = ﬁ(E). Therefore,
by the definition of d, we have

d< sup I,
uet(l,A)

which contradicts (4.6). Consequently, Ky # ¢ and d is a critical value of functional
ITonPNS..ByuePNS,, wehaveu > 0in R Since u # 0, it follows from the
strong maximum principle in [12] that # > 0 in RV, and thus, u € S, is a positive
solution of (1.1) for some A < 0. The proof is finished. m]
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