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Abstract

In this paper we extend three results about polycycles (also known as graphs) of
planar smooth vector field to planar non-smooth vector fields (also known as piece-
wise vector fields, or Filippov systems). The polycycles considered here may contain
hyperbolic saddles, semi-hyperbolic saddles, saddle-nodes and tangential singularities
of any degree. We determine when the polycycle is stable or unstable. We prove the
bifurcation of at most one limit cycle in some conditions and at least one limit cycle
for each singularity in other conditions.
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Switching - Mixed-mode

Mathematics Subject Classification 34A36 - 34C23 - 34C37 - 37C29 - 37G15

1 Introduction and Description of the Results

The field of Dynamic Systems has developed and now have many branches, being one
of them the field of non-smooth vector fields (also known as piecewise vector fields, or
Filippov systems), a common frontier between mathematics, physics and engineering.
See [3, 11] for the pioneering works in this area. For applications, see [4, 16, 17]
and the references therein. In this paper we are interested in the qualitative theory of
non-smooth vector fields. More precisely, in the qualitative theory of polycycles in non-
smooth vector fields. A polycycle is a simple closed curve composed by a collection of
singularities and regular orbits, inducing a first return map. There are many works in
the literature about polycycles in smooth vector fields, take for example some works
about its stability [6, 8, 12, 27], the number of limit cycles which bifurcates from it [9,
10, 14, 21, 28], the displacement maps [7, 13, 15, 25] and some bifurcation diagrams
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[9, 22]. There are also some literature about polycycles in non-smooth vector fields,
dealing for example with bifurcation diagrams [1, 23, 24] and the Dulac problem [2].

The goal of this paper is to extend to non-smooth vector fields three results about
polycycles in smooth vector fields. To do this, we lay, as in the smooth case, mainly
in the idea of obtaining global properties of the polycycle from local properties of its
singularities. For a brief description of the obtained results, let Z be a non-smooth
vector field with a polycycle I'"* with n singularities p;, each of them being either a
hyperbolic saddle or a tangential singularity. For each p;, we associated a positive real
number r; such thatif r; > 1 (resp. r; < 1), then p; locally contract (resp. repels) the
flow. Our first main result deals with the stability of I'”, stating that if r(I'") = [[/"_, r;
is such that »(I'") > 1 (resp. r(I') < 1), then the polycycle contracts (resp. repels)
the flow. Our second and third main results deal with the number of limit cycles that
can bifurcate from I'”. More precisely, in our second main result we state sufficient
conditions so that the cyclicity of I'”? is one and in our third main result we state
sufficient conditions so that the cyclicity of I'” is at least n.

The paper is organized as follows. In Sect.2 we establish the main theorems. In
Sect. 3 we have some preliminaries about the transitions maps near a hyperbolic saddle,
a semi-hyperbolic singularity with a hyperbolic sector, and a tangential singularity.
Theorems 1 and 2 are proved in Sect.4. In Sects.5 and 6 we study some tools to
approach Theorem 3, which is proved in Sect. 7.

2 Main Results

Leth;: R2 > R,i e {1,..., N}, N > 1, be C*-real functions. For these functions,
define T; = A~ 1({0)). Suppose also that 0 is a regular value of k;,i.e. Vh;(x) # 0 for
everyx € X;,i € {l,..., N}.Define ¥ = UINZIE[ andletAq, ..., Ay, M > 2, bethe
connected components of R?\ X. For each j € {1, ..., M}, let A ;j be the topological
closure of A and let X ; be a C*-planar vector field defined over A ;.

Definition 1 Given X, Ay, ..., Ay and X1, ... X as above, the associated planar
non-smooth vector field Z = (Xy, ..., Xp; X), with discontinuity X, is the non-
smooth planar vector field given by Z(x, u) = X;(x, n), if x € A;, for some j €
{1,..., M}.In this case, we say that the vector fields X1, ..., X/ are the components
of Z and X1, ..., Xy are the components of X.

From now on, let us denote by p points on ¥ such that there exists a unique
i € {l,...,N}suchthat p € %;. Let also X be one of the two components of Z
defined at p. The Lie derivative of h; in the direction of the vector field X at p is
defined as

Xhi(p) = (X(p), Vhi(p)),

where (, ) denotes the standard inner product of R?. Under these conditions, we say
that p is a tangential singularity if

Xohi(p)Xphi(p) =0, Xu(p) #0, Xp(p) #0,



Stability and Cyclicity of Polycycles... Page3of33 142

Fig.1 An example of I'3. Observe that '} does not pass through the intersection of the components of X

where X, and X, are the two components of Z defined at p. Let x € X. We say
that x is a crossing point if there exist a unique i € {1, ..., N} such that x € ¥; and
Xahi(x)Xphi(x) > 0, where X, and X, are the two components of Z defined at x.

Definition 2 A graphic of Z is a subset formed by singularities p1, ... pu, pp+1 =
p1, (not necessarily distinct) and regular orbits Ly, ..., L, such that L; is a stable
characteristic orbit of p; and a unstable characteristic orbit of p;4+ (i.e. w(L;) = p;
and o(L;) = pi+1), oriented in the sense of the flow. A polycycle is a graphic with a
return map. A polycycle I'” is semi-elementary if it satisfies the following conditions.

(a) Each regular orbit L; intersects ¥ at most in a finite number of points
{xi,0,Xi 1, ..., Xi.n@i)}, with each x; ; being a crossing point;

(b) T is homeomorphic to S';

(c) Each singularity p; satisfies exactly one of the following conditions:

(i) p; is semi-hyperbolic and p; ¢ X;
(i1) p; is a hyperbolic saddle and p; ¢ X;
(iii) p; is a tangential singularity.

A polycycle is elementary if it satisfies conditions (a), (b) and if its singularities
satisfies either (ii) or (iii).

From now on, let I'"* denote an elementary or semi-elementary polycycle with n
distinct singularities p1, ..., p,. See Fig. 1.

Observe that I'” divide the plane in two connected sets, with only one being
bounded. Let A denote the connected set in which the first return map is contained.
Observe that A can be either the bounded or unbounded set delimited by I'”. See
Fig.2.

Definition3 Let p € X; be a tangential singularity, X one of the components of
Z defined at p and let X*h;i(p) = (X(p), VX*"'hi(p)), k = 2. We say that X



142 Page4of 33 P.Santana

(a) (b)

Fig.2 Examples of polycycles I'2 such that a A is the bounded set and b A is the unbounded set

p
L
(0)

Fig.3 Examples of a tangential singularity p such thata Ay # A, and b Ay = A,

has m-order contact with X at p, m > 1, if m is the first positive integer such that
X"hi(p) # 0.

Let p € ¥; be a tangential singularity of I'", Ly and L, the regular orbits of I'”
such that w(Lg) = p and «(L,) = p. Let X, and X, be the two components of Z
defined at p and let A,, A be the respective connected components of R?\ X such
that X, and X}, are defined over A, and A_;, Given two parametrizations y;(¢) and
yu(t) of L and L,, such that y;(0) = y,(0) = p, let A, A, € {A4, Ap} be such that
As Nys([—e,0]) # P and A, Ny, ([0, e]) # @, for any ¢ > O small. Let also Xj,
Xy € {X4, Xp} denote the components of Z defined at Ag and A,. Observe that we
may have A; = A, and thus X; = X,,. See Fig.3.

Definition 4 Given a tangential singularity p, let X; and X, be as above. We define
the stable and unstable contact order of p as the contact order ng and n, of X and X,
with X at p, respectively. Furthermore we also say that X and X, are the stable and
unstable components of Z defined at p.

Definition 5 Let I'” be an elementary polycycle with distinct singularities py, ..., pp.
The hyperbolicity ratio of r; > 0 of p; is defined as follows.
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(a) If p; is a tangential singularity, then r; = Biw where n; 5 and n; , are the stable
g g Yy s . .
and unstable contact orders of p;. ‘
(b) If p; is a hyperbolic saddle, then r; = %, where v; < 0 < A; are the eigenvalues
of Di-

In the case of a smooth vector fields, Cherkas [6] proved that if T" is a polycycle
composed by n hyperbolic saddles pq, ..., p,, with hyperbolicity ratios ry, ..., r,,
then I' is stable if,

n
ri= Hri > 1,
i=1

and unstable if r < 1. Therefore, our first main theorem is an extension, to non-smooth
vector fields, of such classic result.

Theorem 1 Let Z = (X1, ..., Xy; X) be a planar non-smooth vector field with an
elementary polycycle T'". Let also,

ra =[]r. 1)
i=1

Ifr(T™") > 1 (resp. r(I'") < 1), then there is a neighborhood Ny of T'" such that the
orbit of Z through any point p € No N A has I'"* as w-limit (resp. o-limit).

Definition 6 Let I'" be a semi-elementary polycycle with n distinct singularities
Pl ---, Pn. We say that p; is stable (unstable) singularity of I'” if it satisfies one
of the following conditions.

(a) p;i is a semi-hyperbolic singularity and A; < O (resp. A; > 0), where A; is the
unique non-zero eigenvalue of p;;

(b) p; is a hyperbolic saddle and r; > 1 (resp. r; < 1), where r; is the hyperbolicity
ratio of py;

(c) pi isatangential singularity and n; ; = 1 (resp. n; , = 1), where n; 5 and n; , are
the stable and unstable contact orders of p;.

Let I'" be a semi-elementary polycycle. We say that the cyclicity of I'" is k if at
most k limit cycles can bifurcate from an arbitrarily small perturbation of I'”. In the
case of smooth vector fields, Dumortier et al [9] proved that if I is a polycycle of a
smooth vector field composed only by stable (resp. unstable) singular points, then I"
has cyclicity one. Furthermore if any small perturbation of I" has a limit cycle, then
it is hyperbolic and stable (resp. unstable). Therefore, our second main theorem is an
extension of such result to the realm of non-smooth vector fields.

Theorem2 Let Z = (X1, ..., Xy; X) be a planar non-smooth vector field with a
semi-elementary polycycle T". Suppose that each singularity p; is a stable (resp.
unstable) singularity of T". If a small perturbation of I'" has a limit cycle, then it is
unique, hyperbolic and stable (resp. unstable). In particular, the cyclicity of T'" is one.
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Let I' be a polycycle of a smooth vector field composed by n hyperbolic saddles
P1, - -, Pn, With hyperbolicity ratios rq, ..., r,. Let also, R; = Hlj=1 r;j. Han et al
[14] proved that if (R; — 1)(Rj+1 — 1) < 0,i € {1,...,n — 1}, then there exists an
arbitrarily small C*°-perturbation of I" with at least n limit cycles. In our third main

result, we extend this result to the case of non-smooth vector fields.

Theorem3 Let Z = (X1, ..., Xu; X) be a planar non-smooth planar vector field
with an elementary polycycle T'" and let R; = ]_[lj:1 ri, i € {1,...,n}. Suppose
R, # 1 and, if n > 2, suppose (R — 1)(Riy1 — 1) < Ofori € {1,...,n — 1}.
Then, there exist an arbitrarily small perturbation of Z such that at least n limit cycles
bifurcates from U'". In particular, the cyclicity of T'" is at least n.

3 Preliminaries
3.1 Transition Map Near a Hyperbolic Saddle

Let X,, be a C* planar vector field depending in a C°°-way on a parameter ;1 € R”,
r > 1, defined in a neighborhood of a hyperbolic saddle pg at © = ug. Let A C R”
be a small enough neighborhood of g, v() < 0 < A(w) be the eigenvalues of the

hyperbolic saddle p(u), u € A,and r () = % be the hyperbolicity ratio of p(u).

Let B be a small enough neighborhood of pgand ® : B x A — R? be a C*®-change of
coordinates such that ® sends the hyperbolic saddle p(u) to the origin and its unstable
and stable manifolds W () and W* () to the axis Ox and Oy, respectively. Let o
and T be two small enough cross sections of Oy™ and Ox™, respectively. We can
suppose that o and t are parametrized by x € [0, xo] and y € [0, yo], with x = 0 and
y = 0 corresponding to Oy* N o and Ox™ N 7, respectively. The flow of X, in the
first quadrant in this new coordinate system defines a transition map:

D: (0, x0] x A — (0, yol,

called the Dulac’s map [8]. See Fig.4. Observe that D is of class C* for x # 0 and
it can be continuously extend by D(0, u) = 0 for all u € A.

Definition 7 Let I, k > 0, denote the set of functions f : [0, xo] x Ay — R, with

Ay C A, satisfying the following properties.

(a) fisC® on (0, xp] x Ag; .

(b) Foreach j € {0, ..., k} wehavethatg; = xjg;—f;(x, ) is continuous on (0, xg] x
Ay with ¢ (x, u) — 0 for x — 0, uniformly in w.

A function f : [0, x9] X A — R is said to be of class I if f is C*° on (0, xg] x A

and for every k > 0 there exists a neighborhood Ay C A of g such that f is of class
I* on (0, xo] x Ag.

Theorem 4 (Mourtada, [9, 21]) Let X, o, T, and D be as above. Then, for (x, j1) €
(0, xo] x A, we have

D(x, 1) = x" M (A(w) + @(x, 1)), 2)
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Oy

Fig.4 The Dulac map near a hyperbolic saddle

with ¢ € I and A a positive C*°-function.

Following Dumortier et al [9], we call Mourtada’s form the expression (2) of the
Dulac map and denote by © the class of maps given by (2).

Proposition 1 ([9, 21]) Given D(x, ) = x" ™ (A(n) + ¢(x, 1)) € D, the following
statements hold.

(a) D‘l is well defined and D‘l(x, n) = xﬁ(B(,u) +Y(x,n) €9;
(b) % is well defined and

D r(u)—1
a(xa n) =r(uwx (A(p) +&(x, w)), 3)

with& € I.

For a complete characterization of the Dulac map, see [19, 20]. The following result
is also a classical result about the Dulac map.

Proposition2 Let X be a vector field of class C*° with a hyperbolic saddle p at
the origin, with eigenvalues v < 0 < A. Suppose also that the unstable and stable
manifolds W* and W* of p are given by the axis Oy and Ox, respectively, and let
D = D(x) be the Dulac map associated with p. Then, given ¢ > 0, there is § > 0
such that,

[v] v| ] [v|

v
sl7iexie < D(x) < Sl aFe xate

The proof of Proposition 2 is due to Sotomayor [27, Section 2.2]. A similar result
was also proved by Cherkas [6]. Since both the references are not in English (and as
far as we know, there are no translation of it), we find it useful to prove Proposition 2
in this paper.
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y=2>o
(z,y)
r

Xe(z,y) Y
X(z,y) ‘ D.(z)

_pT g =20 APT g r=20

Fig.5 TIllustration of X, X¢, D and D,

Proof of Proposition 2. Let X = (P, Q) be given by,

P(x,y) =2rx +ri(x,y), Qx,y) =vy+rx,y).

Since W* and W* are given the coordinate axis, it follows that r; (0, y) = r2(x, 0) = 0,
for every (x, y) € RZ2. Observe that,

1
or
ri(x, y) = ri(0, y>+x/ “Lisx,y) ds.
0 ox

Hence, it follows that we can write r1 (x, y) = x71(x, y), with 71 continuous and such
that 71 (0, 0) = 0. Similarly, we have r2(x, y) = yra(x, y). Given ¢ > 0, consider the
linear vector field X, = (Pg, Q) given by,

P&‘(x’y):()\-'i_e)xv Qe(X7Y)=V)’-
Let

T y) = <P(x,y) Pe(x,y)> _ (Ax + xF1(x, y) (A+e)x>
M=oy 0y ) T oy +ymey vy )

and observe that
det J (x, y) = xy(vFi(x, y) — ve — (A + &)Fa(x, ¥)).

Therefore, there is 6 > O such thatif 0 < x < §and0 < y < §,thendet J(x,y) > 0
and thus the vectors X (x, y) and X.(x, y) have positive orientation. Hence, if D, is
the Dulac map associated with X, it follows that D(x) < D¢(x),forevery0 < x < 4.
See Fig.5.

Since X, is linear, it follows that its flow ¢ is given by

o(t,x,y) = (xe™ T ye™),
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and thus we have D, (x) = ye", where fo > 0 is such that xe*+t®% = §.Hence,

_ 1 8
= 5% In - and thus we have,

[v] [v]

5§\ i+ T
Ds(x)zé(expln— =4 exive,
X

This proves the first inequality of the proposition. The other one can be obtained by
considering X, (x,y) = (A — &)x, vy). (|

3.2 Transition Map Near A Semi-hyperbolic Singularity

Theorem 5 (Theorem 3.2.2 of [9]) Let X, be a C*°-planar vector field depending in a
C®®-way on a parameter u € A C R", r > 1. Suppose that at . = j1o we have a semi-
hyperbolic singularity at the origin O. Let also B be a small enough neighborhood
of O. If A is a small enough neighborhood of |, then for each k > 1, k € N, there
exists a C*-family of diffeomorphisms on B such that at this new coordinate system,
X, is given by

=g, n), y==y,

except by the multiplication of a C*-positive function. Furthermore, g is a function of
class C satisfying,

0
2(0, 119) = a—g(o, 1o) = 0.
X

Let X,, be a C*-planar vector field depending in a C*°-way on a parameter p €
A C R", r > 1. Suppose that at © = o we have a semi-hyperbolic singularity po
with a hyperbolic sector (e.g. a saddle-node or a degenerated saddle). At i = po, let
A € R\{0} be the unique non-zero eigenvalue of pg. Reversing the time if necessary,
we can assume that A < 0. Locally at po, it follows from Theorem 5 that we can
suppose that X, is given by

x=gx,uw), y=-y,

with g of class C¥ (for any k large enough) and satisfying,

d
g0, no) = 8—g(0, wo) = 0.
X

In this new coordinate system given by Theorem 5, and at © = p9, let o and t be two
small cross sections of the axis Oy™ and Ox™ (which are, respectively, the stable and
the central manifolds of pg). As in subsection 3.1, we can suppose that o and 7 are
parametrized by x € [0, xg] and y € [0, yp], with x = 0 and y = 0 corresponding to
OyT No and Ox™ N7, respectively (see Fig.4). Let x*(u) be the largest solution of
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g(x, u) = 0 and observe that x*(ug) = 0. For each u € A, let o () C o be given
by x € [x*(u), xo] and let

C=Jlow.u) coxA.
HEA

As in Sect. 3.1, in this new coordinate system the flow of X, defines a transition map
F:C— (0, yl

Theorem 6 [Theorem 3 of [9]] Let X, and F be as above. Then
F(x,p) =Ye Tm) 4)

where Y > 0 and T: C — R is the time function from o (u) to t. Moreover, if
w = (Ui,..., ), then for any k, m € N and for any (io,...,iy) € N+ yirh
io+---+1i, =m, we have

amF k
axioauy ... o

3.3 Transition Map Near a Tangential Singularity

Let po be a tangential singularity of I'"* and X, X, be the stable and unstable compo-
nents of Z defined at po with u = . Let B be a small enough neighborhood of pg
and ® : B x A — R? be a C™ change of coordinates such that ®(pg, ro) = (0, 0)
and (BN X) = Ox.Letly = (BN Ly),l, = (BN L,) and 74, T, two small
enough cross sections of /; and /,,, respectively. Let also,

o=1[0,¢e) x {0}, o =1(—¢,0]x{0}, oro ={0} x [0, ¢),

depending on I'". It follows from Andrade et al [1] that ® can be choose such that the
transition maps 7°%: o x A — 14, given by the flow of X , in this new coordinate
system, are well defined and given by,

ny—2
T (hyu(x), 1) =k x™ + 0" + Y~ M (w)x;,

W=y (©)
¥ (hu(x), ) = k(x™ + O™ + 3 A3 ()i,

i=0

with 1] (o) = 0, ks,u(po) # 0, hy: R — R a diffeomorphism and with h,, and
Af’” depending continuously on p. For examples of such maps, see Fig. 6.
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Tu

(b) ()

Fig. 6 Illustration of the maps 7" and T*. The choice between a and ¢ depends on whether the Poincaré
map is defined in the bounded or unbounded region delimited by I'”

4 Proofs of Theorems 1 and 2

Proof of Theorem 1. For simplicity, we assume that ¥ = 4 ~!(0) has one component
and thus Z = (X1, X»; ¥) has two components. Moreover, we assume that ['" = rs3
is composed by two tangential singularities pi, p» and by a hyperbolic saddle p3. See
Fig.7. The general case follows similarly. Let B; be a small enough neighborhood of
pi and let ®;: B; x {;o} — R? be the change of variables chosen as in Sect.3.3,
i € {1,2}. Let also B3 be a neighborhood of p3 and ®3: B3 x {i9} — R? be the
change of variables chosen as in Sect.3.1. Knowing that 7" : o; x {so} — ;" and
D:o x {ug} — 7, let,

=0 (o), T =07'(7), =071},

Ji=o7'0), =93,
with i € {1, 2}. Let also,
PLiT =T, Pty > Js, p3id— T,

be defined by the flow of X| and X»,. See Fig.7. Finally let,

pr=®r0p, 007", pr=D30p0P;", p3=Pop30d;,
and,
Ti=®'oTfo®;, T; =0 'oT"o®;, D=d;'0Dod;,
with i € {1, 2}. See Fig.7.

Let v < 0 < X be the eigenvalues of p3 and denote r = lxll Let also n; 5 and
n; 4 denote the stable and unstable order of p;, i € {1, 2}. Suppose r(I'") > 1. Given
e > 0, it follows from Sects. 3.1 and 3.3 that,

T3 (x) = kisx"s 4+ 0"t T () = ki x4 O (Mt D,
[v]
D(x) < Cx#, pj(x) =ajx+ O(x?),
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g} D)

Fig. 7 Illustration of the maps used in the proof of Theorem 1

with k; g, ki y,aj,a #0,C > 0,i € {1,2}and j € {1, 2, 3}. Since & > 0 is arbitrary,
it follows that if we define

T =pyo T2" o (TZS)_1 op1 o Tlu o (Tls)_1 opzo D,
then one can conclude that,
T(x) < Kx"0 + 0"+,

with K # 0 and 1 < rg < r(I'"). Hence, if x is small enough we conclude that
7 (x) < x. The result now follows from the fact that the first return map

_ o\ —1 _ o\ —1 —

P:ﬁon;o(T;) oﬁloTIfo<Tsl) opyoD,
satisfies P = &3 Yomo ®3. If r(I'"") < 1, the results follows by inverting the time
variable. O
Proof of Theorem 2. Let us suppose that every singularity of I'” is attracting (see Defi-

nition 6). Following the proof of Theorem 1, we observe that the Poincaré map, when
well defined, can be written as the composition

P,=GroFio---0Gjolky,
where each F; is the transition map near a hyperbolic saddle (given by (2)), a semi-

hyperbolic singularity (given by (4)), or a tangential singularity (given by (6)), and
each G; is regular transition given by the flow of Z, i.e. a C*°-diffeomorphism in x.
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P2

Lo

b1

Fig.8 Illustration of ' at u = ug

We call y1 = Fi(x1), x2 = G1(y1), - - -» Yk = Fi(xk), Xkr1 = Gr(yr). Thus,

Py (x1) = G () Fy(xo) . .. Gy (y1) Fi (x1).

Therefore, it follows from (3), (5) and (6) that for all ¢ > 0 there exists a neighborhood
A of po and neighborhoods W; of x; = 0,7 € {1, ...,k + 1}, such that if x; € Wy,
then x; € W; and |F/(x;)| < e, foralli € {I,...,k + 1} and for all € A. Also,
if A and each W; are small enough, then each G’ (y;) is bounded, and bounded away
from zero. Since ¢ > 0 is arbitrarily small, it follows that P;/L (x1) is also arbitrarily
small, for (x;, u) € Wi x A. Therefore, the derivative of the displacement map
du(x1) = P, (x1) — x1 cannot vanish and thus at most one limit cycle bifurcate from
I'". Moreover, if it does, it is hyperbolic and stable. The other case follows by reversing
the time variable. O

Unlike Theorems 1 and 2, to obtain Theorem 3 it will be necessary to work on some
technicalities about the displacement maps of a polycycle. We will deal with that at
Sects. 5 and 6.

5 The Displacement Map

Let Z = (X1, ..., X;y; X) be a planar non-smooth vector field, depending in a C*°-
way on aparameter u € R, and such that Z has an elementary polycycle I'" at © = po.
Let also A C R” be a small neighborhood of o and from now on assume p € A.
In this section, we will study the displacement map between two singularities p; and
pi+1 of I'". We will begin by the case in which both p; and p;; are hyperbolic
saddles. To simplify the notation, at © = o, let p;y € Aj and pp € As be two
hyperbolic saddles of I'" with the heteroclinic connection Lq such that w(Lg) = py,
a(Lg) = ppand LoN X = {xo}, X = h"(O). Let yo(#) be a parametrization of
Lo such that y9(0) = xo and up be a unitary vector orthogonal to 7, % such that
sign({ug, Vh(xg))) = sign(X1h(xg)) = sign(X2h(xp)). See Figure 8.
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Also, define wg € {—1, 1} such that wg = 1 if the orientation of I'"* is counterclock-
wise and wy = —1 if the orientation of I'” is clockwise. We denote by DX (p, n*) the
Jacobian matrix of X|,—,+ at p,i.e.if X = (P, Q), then

P L OP .
—(p, ") —(p, u")
0x1 0x2
90 a0
—(p, u*) —(p, u*)
0x1 0x2

DX (p, u*) =

If A is a small enough neighborhood of ¢, then it follows from the Implicit Function
Theorem that if & € A, then the perturbation p;(u) of p; is well defined and it is
a hyperbolic saddle of X;, with p;(u) — p; as u — o, and with p;(n) of class
C*®,i € {1,2}. Let (i1, yi.2) = (vi.1(w), yi.2(w)) be a coordinate system with its
origin at p; () and such that the y; 1-axis and the y; »-axis are the one-dimensional
stable and unstable spaces Ef (n) and El" (w) of the linearization of X; (-, w) at p; (1),
i € {1,2}. It follows from the Center-Stable Manifold Theorem (see [18]) that the
stable and unstable manifolds Si” and Ui“ of X;(-, ) at p; () are given by,

SEyio = Win(i,mw), Ul yin = Wi1(yia, 1),

where W; | and W; 5 are C*°-functions, i € {1, 2}. Restricting A if necessary, it follows
that there exist § > 0 such that,

Vi) = (8, Wia(8, w) € Sf', yi'(w) = (Wi,1(8, w), 8) € UL,

i € {1,2}. If C;(w) is the diagonalization of DX;(p;(u), i), then at the original
coordinate system (x, x2) we obtain,

xP () = pi() + Gy (w) € S, xi' () = pi(w) + Ci(w)yj' () € U,
i € {1,2}. Furthermore x; () and x;' (1) are also C* at A. Let ¢;(z, &, ) be the
flow of X;(-, u) such that ¢; (0,&, u) = & and Ly = Lj(n), Ly = Lj(n) be the

perturbations of Lg such that w(Ly(n)) = p1(w) and a(Lg(un)) = p2(u). Then it
follows that,

X0t w) = o1t xy (), 1), x"(t, w) = galt, x5 (), p)
are parametrizations of L{(u) and Lg(u), respectively. Since L intersects X, it fol-

lows that there are 7j < 0 and 7y > 0 such that x*(¢3, o) = xo = x"(#;, i10) and
thus by the uniqueness of solutions we have,

x*(t 415, o) = yo(t) = x"(t + 15, o),

for ¢t € [0, +00) and ¢ € (—o0, 0], respectively.
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Fig.9 Tllustration of x{(w) and xg (1)

Lemma 1 Tuking a small enough neighborhood A of o, there exists unique C*°-
Sfunctions ¥ () and t(u) such that T° () — 13 and t(u) — t, as u — o, and
xp(n) = x*(°(w), n) € L and xj(u) = x“(t"(n), n) € %, for all u € A. See
Fig. 9.

Proof Let X denote a C*°-extension of X to a neighborhood of ‘A and observe that
now x*(t, o) is well defined for |t — 7| small enough. Knowing that ¥ = h=10),
define S(z, u) = h(x*(t, u)) and observe that S(#5, o) = h(xg) = 0 and,

a5
E(tg, rno) = (Vh(xg), X1(xo)) # 0.

It then follows from the Implicit Function Theorem that there exist a C°°-function
7% (1) such that 7° (o) = #; and S(r* (), 1) = 0 and thus x5 () = x°(t°(u), u) €
3. In the same way one can prove the existence of t%. O

Definition 8 It follows from lemma 1 that the displacement function,
d (i) = wolxy (1) — x5 ()] A uo,

where (x1, x2) A (¥1, y2) = X1 y2 — y1 X2, is well defined near g and it is of class C*°.
See Fig. 10.

Remark 1 We observe that Lg can intersect ¥ multiple times. In this case, following
Sect.2, we write Lo N X = {x¢, x1, ..., X} and let yo(¢) be a parametrization of L
such that yo(t;) = x;, with t,, < --- < 11 < fp = 0. Therefore, applying lemma 1 one
shall obtain x}/ (1) and then applying the Implicit Function Theorem multiple times
one shall obtain x;' (1) as a function of x, | (n), i € {0,...,n — 1}, and thus the
displacement function is still well defined at xg.
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Fig. 10 Illustration of d(p) > 0 and d(u) < 0

Let us define,
X, (1) = ¢1(t, xg (), p) fort > 0, x;,(t) = ga(t, x5 (1), p) forz <0,

new parametrizations of L{(u) and L (1), respectively. In the following lemma we
will denote by X; some C*°-extension of X; at some neighborhood of Aj i€ {1,2},
and thus xfl (t) and xl’j (r) are well defined for |¢| small enough.

Lemma2 Forany u* € A andanyi € {1, ..., n} the maps
ax? . ax",
(1), ),
i Ik

are bounded ast — +00 andt — —o0, respectively.

Proof Let us consider a small perturbation of the parameter in the form,
w=u"+ee;, @)

where e; is the ith vector of the canonical base of R”. The corresponding perturbation
of the singularity p,(u*) takes the form,

p2(w) = p2(u*) + eyo + o(e).
Knowing that X»(p2(u), ) = 0 for any ¢ it follows that,
X2 X2
0= g(pz(u), w) = DXo(pa(), wlyo + o(e)] + W(pz(u), wei,

and thus applying ¢ — 0 we obtain,

Yo = _F071G06i7
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01 02

Fig. 11 Illustration of 61 > 0 and 6 < 0

where Fp = DXy(pa2(u*), u*) and Gog = %(pg(u*), uw*) (observe that Fy is

reversible because p; is a hyperbolic saddle). Hence,

apz * -1
— = —F; Goe;.
' (n") 0 0€i

Therefore, it follows from the C°°-differentiability of the flow near p,(u) that,

ox", 9
lim ) = P2 (%) = —Fy ' Goe
1=—00 ;i dfLi
and thus we have the proof for x;"ﬁ. The proof for xfl* is similar. O

Let 0; € (—m, ) be the angle between X; (xg) and ug, i € {1, 2}. See Fig. 11.
Fori € {1, 2} we denote by M; the rotation matrix of angle 6;, i.e.

o cos 6; —sin 6;
M; = < sin 6; cos 6; )

Following Perko [25], we define
n(t, w) = wolx, (1) — xol Auo,  n*(t, u) = wolx;, (1) — xo] A uo.
It then follows from Definition 8 that,
d(p) =n"(0, p) —n*(0, p,
and thus,

ad (20) on" ©. 10) on®
o Ho) = » H0) —
8;1,]- ale aﬂj

(0, o). ®)
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Therefore, to understand the displacement function d(u), it is enough to understand
n* and n®. Let X; = (P;, Q;), i € {1, 2}. Knowing that yy is a parametrization of L
such that y9(0) = xo, let L§ = {y0(t) : t > 0} C A and,

X1 .
I = / e [(Mlxm—(yo(r),uo)—slnelRl,,»(yoa),uo)]dr, ©)
‘ Ly Iuj

where,

t
D) = — /0 divX; (vo(s), wo)ds.

and,

oP; 00; 0P oP;, 00;
R i=—|=+-—")0, L _Z\p
" o |:< 0x1 + 8x2> Qi+ (8x1 8x2> l:|

00; [ (P 00, 0Q; JIP
=L =) p Zxt 700 .
+8uj |:(8x2 + 3x1> l+<8x2 8x1)Qli|

ie{l,2),je(l,....rh.

Proposition3 Forany j € {1, ..., r} it follows that,
on’ wo
— 0, p0) = ————1I7.
o [1X1(x0, o)l 7

Proof From now on in @s proof we will denote X| some C*°-extension of X at
some neighborhood of Aj and thus x),(r) is well define for |f| small enough. Let
j €{l,...,r}. Defining,

ax;
E(t,p) = a—(l),
M

it then follows that,

S

Et,p) = ax—ﬂ(t) -0 (X1(x, (1), W) = DX1(x},(1), WE, 1) + &(XS (1), 1)
’ Y Iy e AT oy
(10)

Let (s, n) = (s(¢, n), n(t, 1)) be the coordinate system with origin at xlﬂ (1) and such
that the angle between X (xli (t), ) and s equals 61, and n is orthogonal to s, pointing
outwards in relation to G. See Fig. 12.

Write £ (¢, u) = &(¢t, u)s +&, (¢, w)n in function of this new coodinate system and
observe that &, (i.e. the component of £ in the direction of n) is given by

o(t, 1)

St ) = 0 G ol
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Fig. 12 Illustration of (s, n) along xli(t)

n

where p(t, u) = & A M1X1(fo (#), ). Since n(0, w) is precisely equal to the normal

direction of ug, it follows that,

a_nS(O ) =wo—p(0’ )
o [1X1(x5,0), )l

Denoting M1 X = (Po, Qo). & = (§1, &2) and,
p(t, ) =& AMIX1(x), (1), 1),
we conclude that,
p =§&1Q0— Poba,
where,
Py = Pycosfy — Qisinby, Qo= Qicosb + P;sinb.
Hence,
p=£E100—EP+E 00— &P
Knowing that,

.. AP P . . 00 001
Pi=Xx1=—P +—01, Q1=Xo=—""P +——01,
0x1 0x3 dxy dx2

(1)

(12)

13)
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we conclude,

. P P a a
Py = —lPl cos O + —]Ql cos ) — gPl sin¢y — ﬂQl sinfy,
dx; 9x2 dx1 9x2

(14)
. d ad oP oP
Qo = gP1 cos Oy + &Ql cosy + —1P1 sin 0y + —lQl sin 6.
ax| dx2 ax1 dx2
Replacing (10) and (14) in (13) one can conclude,
. . 00X .
p=d1VX1p—M1X1Aa——i—smé’]R],j. (15)
Hj

Solving (15) we obtain,

D] _

p(t, we

n 8X
/ P10 [sin@lRl,j(x,sp w) — M Xy A —1(xZ(t), ““):| dt.
fo to aﬂj

(16)

Observe that X (fo (1), u) = 0ast — +4o0. Therefore, it follows from (11) and (12)
that p(¢t, u) — 0 ast — 400 (since from lemma 2 we know that % is bounded).
Thus, if we take fg = 0 and let r; — 400 in (16), then it follows that,

oo Dy (1) aXl N .
PO, u) = e M1X1/\m(xu(t),ﬂ)—SlnelRl’j(t,,bL) dt,
0 J

and thus it follows from (11) and (12) we have that,

on’ ©. 10) wo I+
— 0, po) = ————1I7.
o [1X1(x0, o)l 7

]

Remark 2 Observe that even if L intersects X in multiple points, Lg was defined in
such a way that there is no discontinuities on it. Moreover, if Lo N X = {xo}, then
Ly = {yo(t) : t < 0} also has no discontinuities and thus, as in Proposition 3, one
can prove that,

on Bt 1)
(tv /J“) Zwou—’
o 1X2(et (1), )]

with p satisfying (15), but with x; instead of x;, and X instead of X;. Furthermore
we have p(f, u) — 0 ast — —oo and thus by setting r; = 0 and letting fp — —o0
we obtain,

+00 D 3X2
000, n) = —/ D20 |:M2X2 A W(xz'([)’ n) —sinth Ry ;(t, ,bL)i| dt.
0 J
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Hence, in the simple case where L intersects X in a unique point xg, it follows from
(8) and from Proposition 3 that,

o ( I, 1 1+>
—(no) = —wo : ),
o j [1X2 (0, wo)ll 7 11 X1 (x0, o)l 7

with,

It = 20 (MX)/\&( (1), jro) — sin 01 Ry i (yo(1), o) | dt
i = 1. 141 e Yoll), (o 181, (Y0(7), Lo )
L§ Mj

1#=/
S

Remark 3 1f instead of a non-smooth vector field we suppose that Z = X is smooth,

X .
P20 [(M2X2> A ﬁ(yo(t), 140) — sin 62 Ry j (yo(1), Mo)] dr.
0 J

then we can assume X| = X, and take ug = % In this case we would have
01 = 6, = 0 and therefore conclude that,

400
9 = / e~ Jo WX (0).p0)ds [X A 22X o), Mo)} dt,
o 1X o, o)l Joos oL

as in the works of Perko, Holmes and Guckenheimer [13, 15, 25].

Remark 4 Within this section, the hypothesis of a polycycle is not necessary. In fact,
if we assume only a heteroclinic connection between saddles, then we can define the
displacement function as

d(n) = [xg () — x5(10)] A uo,

and therefore obtain,

2 ) ( S 1+)
1o) = — : R
O [1X2(x0, wo)ll 7 11X1(x0, o)l
itis only necessary to pay attention at which direction we have d () > O ord () < 0.

Let us now study the case where at least one of the endpoints of the heteroclinic
connection is a tangential singularity. In the case of the hyperbolic saddle, we use the
Center-Stable Manifold Theorem [18] to take a point x} (x) within the stable manifold
of the hyperbolic saddle. Then, we define,

x*(t, w) = g1, xy (), 1), 7)

where ¢ is the flow of X1, the component of Z which contains the hyperbolic saddle.
Then, we use the Implicit Function Theorem at lemma 1 to obtain a smooth function
% () such that,

xp(n) = x*(T° (), w) € X, (18)
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B

Fig. 13 Illustration of XS (p) and xé‘ () in the case of a tangential singularity

for every i € A, where A is a small enough neighborhood of jo. Therefore, in the
case of the tangential singularity, we define

xp () =T (hu(0), ), 19)

where T° and h, are given by (6). However, in the case of a hyperbolic saddle the
definition of x* (¢, w) given by (17) works essentially because the hyperbolic saddle is
structurally stable. But this may not be the case of a tangential singularity. Moreover,
the parameters at (6), related with the transitions maps near tangential singularities,
depend continuously on the parameter . Hence, we cannot take its derivative with
respect to . To avoid these problems, it is sufficient to assume that Z is constant, in
relation to u, in a neighborhood of the tangential singularity.

Remark 5 From now on, given a tangential singularity p of the planar non-smooth
vector field Z, we suppose that Z is constant, in relation to u, in a neighborhood B of

p-

In this case, let x{ (1) € B be given by (19). It follows from Remark 5 that xj (1) =
xf is constant. Now, similarly to the case of the hyperbolic saddle, let x*(¢, i) be
given by (17) (i.e. x*(¢, n) is the parametrization of the regular orbit Lg(it)). Let
xog = x*° (tg, o) be the intersection of Lo(up) and X. See Fig. 13.

Similarly to lemma 1, it follows from the Implicit Function Theorem that there
exist a C*°-function 7° () such that 7° () — 1§, as ;& — [Lo, and such that xj(u) =
x*(t*(u), n) € X, for all u € A. Similarly, one can define x{ (1) and then obtain
(1) and x(j (). Therefore, we have obtained an analogous version of lemma 1 for the
case of tangential singularities. Since Z is constant, in relation to 1, in a neighborhood
of pi, it follows that the partial derivatives of x® in relation to p are zero near pj.
Hence, lemma 2 is also clear in this case. Although the assumption made at Remark 5
is strong, we observe that to prove Theorem 3, we will make use of bump-functions to
construct perturbations that does not affect any tangential singularity. We now prove
the similar version of Proposition 3.
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Proposition 4 Let py be a tangential singularity satisfying Remark 5. Then for any
je{l,...,r}itfollows that,

on® w(
—(0, o) = ——— (I + H),
I [1X1 (x0, o)l 7 !

where | ,+ is given by (9)

d¥0
H = eP1™ == (1)) A MiX1(p1, o),
Buj

and yy is a parametrization of Lg such that y9(0) = xo and yo(t1) = p1.

Proof Let yy be a parametrization of Lo such that y5(0) = xg and yp(7;) = p;. It
follows from Proposition 3 that,

an’ p(0, w)
— O =
o X 1(x),(0), ]
with,
p(t, p) =& AMXi(x), (1), 1),
satisfying,
t h X
o(t, 1)1 O =f D1 [sinelRl,,-(x;,u) — M X A —1(xZ(t),u)i| dt.
0 10 o

(20)

Observe that #; > 0 and thus we can define LT = {yo(t) : 0 < ¢ < t;}. Then, it
follows from (20) that,

p(O. o) = I + P Wp (1, o).

Since Z is constant in a neighborhood of p1, it follows that £(¢;, ©) = 0 and thus
p(t1, o) = 0. This finishes the prove. O

In the following proposition we use the Poincaré-Bendixson theory for non-smooth
vector fields (see Buzzi et al [5]) and the displacement maps to prove, under some
conditions, the bifurcation of limit cycles. Such result will be used in an induction
argumentation in the proof of Theorem 3.

Proposition 5 Let Z and I'" be as in Sect. 2, with the tangential singularities satisfying
Remark 5, and d; : A — R, i € {1, ..., n}, be the displacement maps defined at the
regular orbits of T'". Let oy € {—1, 1} be a constant such that oy = 1 (resp. og = —1)
if the Poincaré map is defined in the bounded (resp. unbounded) region of T'". Then
following statements holds.
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di(p) = 0. di(p) < 0.

Fig. 14 Observe that if d; (1) > 0, then the composition may not be well defined

(a) If r(T") > 1 and p € A is such that oodi(n) < 0,...,00d, () < 0 with
oodi(w) < O for some i € {1,...,n}, then at least one stable limit cycle '
bifurcates from T'".

(b) If r(T") < 1 and u € A is such that ood () > 0,...,00d, () > 0 with
oodi () > O for some i € {1,...,n}, then at least one unstable limit cycle '
bifurcates from T'".

Proof For the simplicity we will use the same polycycle I" used in the proof of Theo-
rem 1. Let x; o € L; be as in Sect.2 and /; be transversal sections of L; through x; o,
i €{l,2,3}. Let R; : [; x A — [;_1 be functions given by the compositions of the
functions used in the proof of Theorem 1, i € {1, 2, 3}. See Fig. 14.

Hence, if dj(n) < 0,i € {1, 2, 3}, then the Poincaré map P : [} x A — [ can
be written as P(x, u) = R3(Ry(Ri(x, ), ), ). We observe that P is C* in x,
continuous in p, and it follows from the proof of Theorem 1 that P (-, o) is non-flat.
It follows from Theorem 1 that there is an open ring A in the bounded region delimited
by I, such that the orbit I through any point ¢ € Ag spiral towards I'> as r — +o0.
Let p be the interception of I" and /1, go € Ap N1, & acoordinate system along /1 such
that £ = 0 at p and £ > 0O at g¢ and let we identify this coordinate system with R .
Observe that P(qo, (t0) < qo and thus by continuity P(qo, 1) < go for any p € A.
See Fig. 15.

Therefore, it follows from the Poincaré-Bendixson theory and from the non-flatness
of P that at least one stable limit cycle I'g bifurcates from 3. Statement (b) can be
prove by time reversing. O

6 The Further Displacement Map

Let Z and I'” be as in Sect. 2, with the tangential singularities satisfying Remark 5. Let
LY (1) and L3 (1) be the perturbations of L; such that (L) = p;y1 and w(L}) = p;,
i € {1,...,n}, with each index being modulo n. Following the work of Han et al
[14], let C; = x; 0. If C; ¢ X, then let v; be the unique unitary vector orthogonal to
Z(Cj, o) and pointing outwards in relation to I'”. See Fig. 16.
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Fig. 15 Illustration of the application of the Poincaré-Bendixson theory

Fig. 16 An example of the construction of the points C; and the lines /;

Onthe other hand, if C; € X, thenlet v; be the unique unitary vector tangent to T¢; X
and pointing outwards in relation to I'". In both cases, let /; be the transversal section
normal to L; at C;. Itis clear that any point B € [; can be written as B = C; +Av;, with
A € R. Moreover, let N; be a small enough neighborhood of C; and J; = N;NX. Itthen
follows that any point B € J; can be orthogonally projected on the line /; : C; + Av;,
A € R, and thus it can be uniquely, and smoothly, identified with C; + A gv;, for some
Ap € R.Ineither case C; € X or C; ¢ X, observe that if A > 0, then B is outside I'”
and if A < 0, then B is inside I'". Foreach i € {l, ..., n} we define,

Bl{‘ = L? Nl =C; ~|—bf‘(u)vi, Bi? = L‘; Nl =C; —i—bf(u)vi. 201
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P1 P1

A A A

D L/BQ

b2

rg > 1 and d] < 0. rg < 1 and dj < 0.

Fig. 17 Illustration of dik <Oforbothrp > landry < 1

Therefore, it follows from Sect. 5 that,

di(w) = bi'(w) — bj (),

ief{l,...,n}. Letr; = % if p; is a hyperbolic saddle or r; = ;ﬂ if p; is a

tangential singularity, i € {l,...,n}. If ; > 1 and d;(u) < 0, then follbwing [14],
we observe that,

B | =L!Nli_1 =Ci—1 +b]_;(nvi_1,
is well defined and thus we define the further displacement map as,
iy (1) = bl (1) — bi_, ().

See Fig. 17.
On the other hand, if r; < 1 and d; 1 () > 0, then,

B =Lj_ Nl = Ci + b} (wv;,
is well defined and thus we define the further displacement map as,
di (1) = b (w) — bf (w).
Proposition6 Fori € {1,...,n}and A C R" small enough we have,

di-1(w) + O(|ln — Molll”) ifri > 1,

di(w) = Lo
! di () + Ol — poll)  ifri < 1.
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Proof For simplicity let us assume i = n and r,, > 1. It follows from the definition of
dy_, and d,_ that,

o1 = (by_y —by_y) +du-1. (22)

n—1 — Wn—1

Let B = B} + Av, € I, A < 0, with |A| small enough and observe that the orbit
through B will intersect /,,_1 in a point C which can be written as,

C = B:—l + F(\, wv,—1.

Therefore, we have a function F : [, — [, with F(A, u) < 0 for A < 0, |A| small
enough, such that F(,, u) — 0as A — 0. From (21) we have,

B’L; =(Ch + b‘,‘lvn) + (b,u, - bf,)vn = B,i + dy vy
B;lk_l = (Cph—1 + b,’:_lvn—l) + (b;: - b,’:_l)vn—l = B,I:_l + (b;'; - bz_l)vn—l-
(23)

Since B;‘:_l is the intersection of the positive orbit through B} with [,_; it follows
from (23) that,

by — by _y = F(dn, ).
Therefore, it follows from (22) that,

di_y = F(du, ) + dy1. (24)
If p; is ahyperbolic saddle, then F is, up to the composition of some diffeomorphisms
given by the flow of the components of Z, the Dulac map D; defined at Sect.3.1.
If p; is a tangential singularity (we remember that we are under the hypothesis of
Remark 5), then F is, up to the composition of some diffeomorphisms given by the
flow of the components of Z, the composition 7} o (T} )~! defined at Sect.3.3. In
either case, it follows from Sect. 3 that,

[F (&, ) = A" (A(n) + O(1)), (25)
with A(ug) # 0. Since d, = O(||u|]), it follows from (25) that,

F(dp, ) = 0(lpll™),

and thus from (24) we have the result. The case r,, < 1 follows similarly from the fact
that the inverse F~! has order ;! in p. O

Corollary 1 For each i € {1, ..., n} the further displacement map d} is continuous
differentiable with the j-partial derivative given either by the j-partial derivative
of di or diy1. Furthermore a connection between p; and p;_o exists if and only if
d* 5(u) =0andd; (1) #O0.
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Fig. 18 Illustration of the sets G

i,J

7 Proof of Theorem 3

Proof of Theorem3 Let Z = (Xi,...,Xy; X) and denote X; = (P;, Q;), i €
{1,..., M}. Let {p1, ..., pn} be the singularities of I'" and L; the regular orbits
between them such that w(L;) = p; and o(L;) = pi+1. If L; N X = ¢, then take
xi,0 € L; and y;(t) a parametrization of L; such that y;(0) = x; 0. If L; N X # @,
then let L; N ¥ = {x;0,...,X; )} and take y;(¢) a parametrization of L; such
that y;(#;,;)) = x;,; with O = ;0 > ;1 > --- > 1 ). In either case denote
LY = {y;(t) : t > O} if p; is a hyperbolic saddle or L = {y;(t) : 0 < ¢ < t;},
where #; is such that y;(t;) = p;, if p; is a X-singularity. Following [14], for each
iefl,....n}letG; j, j € {1,2}, be two compact disks small enough such that,

(D I"NG; ;=L NG ; #0,je{l2}
2) G,',l C IntG,’,z;

(3) GiaNGsp="0foranyi #s;

“4) GiiNnx= @.

Letk; : R2 — [0,1]bea C °°-bump function such that,

)0, x¢Gip,
kl(x) - { 1, xe Gi,l-

See Fig. 18.
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Letu e R*and g; : R2 > R2%,ic {1, ..., n}, be maps that we yet have to define.
Let also,

g, ) = Y piki(x)gi(x),

i=1

and for now one let us denote X; = X; + g. Let A be a small enough neighborhood
of the origin of R". It follows from Sect.5 that each displacement map d; : A — R
controls the bifurcations of L; near x; . It follows from Definition 8 that,

di () = wolxi' o (1) — x; o (W1 A ni,

where 7; is the analogous of ug in Fig. 8. But from the definition of g we have that
each x; O(M) does not depend on w and thus x;' ‘0 = Xi0. Furthermore it follows
from the definition of k; that each singularity p; of I'" also does not depend on u
and thus gl’:’ (t;) = 0 for every tangential singularity p;. Therefore, it follows from

Propositions 3 and 4 that,

_( ) = W
o [1X; (xo, lto)ll

/L+ ePi® |:(M X;) /\ ()/z(f) 0) —sin6; R; (v (1), 0)]

i

with,

t
Di(t) = — /O div; (y0(s). o)ds,

and,

BQ oP;  0Q;
=i (5 ) o+ (- 54) 7]
au] ax1 8x2 0x1 RBY)
8 oP;  0Q; 0Q; 0P;
8/1,J 0xy  0xj oxy  0xj
i, j € {l,...,n}. We observe that 1f LiN'Y = (@, then 6; = 0. It follows from

the deﬁmtlon of the sets G; ; that Odi (0) =0ifi # j.Let M;X; = (P;, Q;) and
Rii= B/Ll Fii+?3 iF,;z, where,

00; 0P P 00,
Fo= (22 270 . ot _CEN) p
i1 (3)(1 + 3)62) Qi + <8X1 dx2 !

oP; | 90 00; 9k
Fo=(—+ &) p+ (= -2 o,
P2 (8)62 + 0x1 ) + (3)62 8)61) Qi



142 Page 300f 33 P.Santana

Let g; = (gi.1, gi.2) and observe that,

0X; . — . — )

(M&Wﬂj—mwmu=h@ﬂﬂ—mﬁﬂﬁ—&ﬂ&+M%&m.
1

Therefore, if we take gi = —wo(—Q; — sin6; F;.;, P; — sin6;F; ), then we can

conclude that,

di (W) = aip; + O(|ul?), (26)

with a; = g—l‘f’i(O) > 0,i € {l,...,n}. If n = 1, then it follows from Proposition 5
that any o € R arbitrarily small such that (R} — 1)ogu < O result in the bifurcation of
at least one limit cycle. Suppose n > 2 and that the result had been proved in the case
n — 1. We will now prove by induction in n. For definiteness we can assume R, > 1
and therefore R,,_1 < 1 and thus r,, > 1. Moreover, it follows from Theorem 1 that
I'" is stable. Define,

D = (dlv L 9dn—27 d:_l)-

It follows from Proposition 6 and from (26) that we can apply the Implicit Function
Theorem on D and thus obtain unique C*°-functions u; = w;(u,), ®i(0) = 0,
i €{l,...,n— 1}, such that,

D(u1(pn), s n—1(Un), tn) = 0,

for |, | small enough. It also follows from (26) thatd,, # 0if w,, # 0, with |, | small
enough. Therefore, if u; = w;(,) and w, # 0, then it follows from the definition of
D = 0 that there exist a I'"*~! = I'""~!(,) polycycle formed by n — 1 singularities
and n — 1 regular orbits L} = L7 (u,) such that,

() =1 > 7,
2 L) — L,UL,_ and,
() L¥— Li,ief{l,...,n—2},

as u, — 0. See Fig. 19.
Let,

j
*
Ry =11 ’
i=1

wi=upi(1n), i€{l,...n—1}

j e f{l,...,n—1}. Then it follows from the hypothesis,
(Ri — D(Ri41 — 1) <0,
fori € {1,...,n — 1} and from the hypothesis R,_; < 1, that,

(Rf —1)(R,, —1) <0,
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P1

b3
Before the perturbation. After the perturbation.

Fig. 19 Illustration of the induction process with R3 > 1 and Ry < 1. Blue (resp. red) means a stable (resp.
unstable) polycycle or limite cycle

fori e {l,...,n -2} and R} _, < 1 for p, # 0 small enough. Thus, it follows
from Theorem 1 that I'"~! is unstable while I'" is stable. It then follows from the
Poincaré-Bendixson theory, and from the fact that the first return map is non-flat, that
at least one stable limit cycle y,, (u,) exists near "~ In fact both the limit cycle
and I'"~! bifurcates from I'". Now fix u,, # 0, |, | arbitrarily small, and define the
non-smooth system,

Zy=Z"(x) + g*(x. ),

where Z*(x) = Z(x) + g(x, w1 (in), - - - s n—1(Mn), i4n) and,

n—1

g, ) =) ki ()i (x),

i=1
with 7t; = p; — i (in). It then follows by the definitions of G; ; and L that,
M"1'nG,;=LH"NG;; #0,

iefl,...,n—1}and j € {1, 2}. In this new parameter coordinate system the bump

functions k; still ensures that %(M) =0ifi # j. Since a; > 0, it also follows that
J

at the origin of this new coordinate system we still have gi"_(O) > 0. Therefore, it

. . . . . —_— I— .
follows by induction that at least n — I crossing limit cycles ¥ ; (i), j € {1,...,n—1},
bifurcates near ' ~! for arbitrarily small |7z|. Furthermore, we observe that Va(itn)
persists for & small enough, because it has odd multiplicity. O
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