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Abstract
In this paper, we consider the following fractional Schrodinger equations with
prescribed L2-norm constraint:

(—A)u = Au + h(ex) f(u) in RV,
Jan lul?dx = a?,

where 0 < s < 1, N >3,a,¢ > 0,h € C(RN,R+) and f € C(R,R). In the
mass subcritical case but under general assumptions on f, we prove the multiplicity
of normalized solutions to this problem. Specifically, we show that the number of
normalized solutions is at least the number of global maximum points of 4 when ¢
is small enough. Before that, without any restrictions on ¢ and the number of global
maximum points, the existence of normalized ground states can be determined. In
this sense, by studying the relationship between k¢ := inf, gy A(x) and heo =
lim|x| 00 (x), we establish new results on the existence of normalized ground states
for nonautonomous elliptic equations.
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1 Introduction and Main Results

We are concerned with the following fractional Schrodinger equations with prescribed
L?-norm constraint:
(—A)u = Au+ h(ex) f(u) in RV,
2 2 (1.1)
S |uPdx = a?,

where 0 < s < I, N >3, a,e >0,h € CRY,R"), f ¢ CR,R)and » € R
appears as an unknown Lagrange multiplier.
In particular, (—A)?® is the fractional Laplacian operator defined as

ux) —u(y)

N
. mdy’ Yu e S(R ),

(=A)’u(x) = CN,SP.V.'/
R

where S(R") denotes the Schwartz space of rapidly decreasing smooth functions, P.V.
stands for the principle value of the integral and Cy s is some positive normalization
constant [20]. Moreover, the operator (—A)*® can be seen as the infinitesimal genera-
tors of Lévy stable diffusion processes, see [4] for example. Of course, this operator
also arises in several areas such as optimization, finance, phase transitions, stratified
materials, crystal dislocation, flame propagation, conservation laws, ultra-relativistic
limits of quantum mechanics, materials science, and water waves, see for instance [8,
13, 20, 22, 26] for an introduction to these topics and their applications.
Whens ' 17 and h = 1, problem (1.1) reduces to the following class of elliptic
problems
—Au = hu+ f(u) inRV,
{fRN lul2dx = a?. 1.2)

The above problem has been studied by JeanJean in [14], where the author proved
that the existence of normalized solutions in purely L2-supercritical case, i.e., f (1) =
|u|P~2u,24+4/N < p < 2* := 2N /(N —2). Recently, Soave [24] carefully analyzes
the cases when the combined power nonlinearities in (1.2) are of mixed type, that is,

4
F) = pwlul?2u+ uPu, 2 <qg <2+ S SP< 2%,

After that, a great attention has been paid to problem (1.2), we refer the reader to [2,
5, 15, 25, 31] and the related results mentioned there. As far as the nonautonomous
Schrédinger equations are concerned, most of the current researches add an additional
term V (x)u compared to problem (1.2), and then prove the existence of normalized
solutions under the appropriate assumptions on potential V, see for instance, [19,
28] and the references therein. In particular, if 4~ # 1, Alves [1] was concerned
with the existence of multiple normalized solutions to the following nonautonomous
Schrodinger equations
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{_Au = Au+ h(ex) f(u) in RV, (1.3)

fRN |u|2dx = a2’

where a,¢ > 0 and A € R is an unknown parameter that appears as a Lagrange
multiplier. The nonlinearity f is a continuous function with a L2-subcritical growth
and satisfies the following assumptions:

(f1) fisodd and there is ¢ € (2,2 + +) such that lim,_,o L2 = & > 0;

Isla=1
(f>) there exist constant ¢y, ¢ > O0and p € (2,2 + %) such that

If )] <c1+cals|PL, Vs e R;

(f3) thereexists g1 € (2,2 + %) such that f(s)/s?~! is an increasing function of
s on (0, 00).

Moreover, the function % satisfies the following conditions:

(h1) h € CRY)and 0 < hg := inf cgn 7 (x) < max, gy A(x) = hmax;
(h2) heo := liIn|)c|%oo h(x) < hmax;
(h3) B ({hmax}) ={ar, a2, -+ @} withay = 0 and a; # a; if j #1i.

Based on the above assumptions, it is proved that the number of normalized solutions
is at least the number of global maximum points of # when ¢ is small enough. In
addition, it is worth noting that the condition (k3) was introduced in [10] to prove the
multiplicity of positive and nodal solutions of problem (1.3) without mass constraint.

In the sequel, we turn our attention to the case of s € (0, 1). In this regard, it is
well known that when dealing with problem (1.1) with f(u) = |u|”_2u and h = 1,
the L2-critical exponent

p =2+ —
P N

plays a special role. From the variational point of view, if the problem is purely L>-
subcritical,i.e.,2 < p < p,thenthe functional of (1.1) is bounded from below on mass
constraint manifold. In the L?-supercritical case, i.e., p < p < 2% :=2N/(N—2s),0on
the contrary, the functional is unbounded below. For more details, we refer to [3, 17, 29,
30, 32] and the references therein. Compared with the research about nonautonomous
Schrodinger equations or autonomous fractional Schrodinger equations, there are few
works concerning the existence of normalized solutions for nonautonomous elliptic
equations in the fractional setting. Indeed, the corresponding results are presented
n [11, 16, 21], which have been studied the fractional Schrodinger equation with
potential.

In light of the above discussion and mainly motivated by the results in [1], we focus
our attention on problem (1.1) and establish the existence of normalized ground states
and multiple solutions in the nonautonomous fractional setting, which have not been
studied in the existing literature and are also not a simple extension of the results in
[1]. Moreover, in this paper the assumptions related to f are presented as below:
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(F1) f € C(R,R)isodd and lim,,o L0 = o > 0 for some g € (2,2 + ¥);

t
IE
(F>) there exist constant C > Oand p € (2,2 + %) such that

IfOl < CA+[t1P7h), Vi e R;
(F3) there exists ¢q; € (2,2 + %) such that
0<q1F(t) < f(t)t for all t € R\{0}.
Here, the conditions (F)-(F>) are fractional versions of (f1)-(f>). For convenience,
we replace monotonicity condition (f3) with the Ambrosetti-Rabinowitz condition
(F3). Then, we give two examples that f satisfies the above assumptions: the one is
F@) = alt|? %t + |t|P7%, Vi € R,
where 2 < g1 < g < p < 2+ 4s/N;, the other one is
f@) = alt|?t + |t|""2tIn(1 + |¢]), Vi € R,
where2 < q1 <qg <r < p <2+44s/N.
Before stating our main results, we present some necessary notations. The fractional
Sobolev space H*(RY) is defined for any s € (0, 1) as
H'RY) = {u e L>RY) : (=A)*"%u € L>(RN)},

which is a Hilbert space endowed with scalar product
(u, v) =/ (—A)%u(—A)%vder/ uvdx, VYu,v € H'RY)
RN RN
and the norm is given by
||u||2=/ |(—A>%u|2dx+/ lul*dx, Yu € H* (RY)
RN RN

with

_ 2
[ jeaiutan = [ OG0 gy,

|x_y|N+2s

The usual norm in the Lebesgue space L" (R") is denoted by |u|, with 2 < r < 2%,
From [20], H*(R") is continuously embedded into L" (RY) for any 2 < r < 2% and
compactly embedded into Lfac(RN ) for every 1 < r < 2. Naturally, associated to

problem (1.1), the energy functional I, : H*(R"Y) — R is of the form

I.(u)= %/RN |(—A)%u|2dx— /RN h(ex)F(u)dx, Yu € H*(RM).
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It is standard to verify that I, € C L(HS(RN), R). Meanwhile, for a > 0, we define

S(a) := {u e H'(RV) : / lu)>dx = az}
]RN

and

Moreover, the ground states of (1.1) on S(a) is defined as follows:

Definition 1.1 We say that i is a ground state of (1.1) on S(a) if it is a solution to (1.1)
having minimal energy among all the solutions which belongs to S(a):

Il (@) = 0 and I, (it) = inf {Ig(u) Il W) = Oand u € S(a)} .
Now, we are in the position to state our main results. Note that (h1)-(h2) imply

the inequality 0 < hg < hoo < hmax holds. It is necessary to consider two different
situations, namely,

ho = hoo (1.4)

or the other hg < ho. For example, set

h(x), 0 < |x| < lal,
PO s
m“r — ko, x| > lal,
where
) 1 11
x) = ,
I+ |x —aillx —azllx —asz|-- - |x —al
O=|a| <laz| <--- <|aland2 — ko > inf h(x).
O=lx|=la]

It is obvious that & satisfies (41) — (h3) but the identity (1.4) dose not hold. Moreover,
h(x) satisfies (h1) — (h3) and (1.4). As we will see, whether the identity (1.4) holds
true or not is directly related to the restriction on parameter ¢ in problem (1.1). Indeed,
we can establish the existence of the normalized ground states for any ¢ > 0 if (1.4)
holds.

Theorem 1.2 Assume that (Fy) — (F3), (h1) — (hy) and (1.4) hold. Then problem (1.1)
has a positive ground state solution i € S(a) for any &€ > 0 and the corresponding
Lagrange multiplier ). < 0.

Remark 1.3 In particular, the condition (&;) ensures that / is not a constant function.
In this sense, we establish new results on the existence of normalized ground states
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for nonautonomous elliptic equations. Of course, the proof processes of Theorem 1.2
allow h to be a constant function, which extends the results in [17] to the general
nonlinearity in the L>-subcritical sense.

We stress that in order to determine the inequality m, ,» < m, ,2, the identity
(1.4) plays an essential role, see Lemma 2.6. Once the inequality m, ,» < my, ,2 is
established, the relative compactness of all the minimizing sequences for m, ,» can
be verified in Proposition 2.7. If the condition (1.4) in Theorem 1.2 is not satisfied, it
is necessary to impose restriction on parameter ¢ to estimate the relationship between
m, 42 and m, ;2. Indeed, the property that 0 is a maximum point of / in (k3) condition
determines this point, see the last part of Sect.2.

Theorem 1.4 Assume that (F1) — (F3) and (h1) — (h3) hold. Then there exists &g > 0
such that for any 0 < & < g, the results of Theorem 1.2 still hold true.

To discuss the multiplicity of normalized solutions for problem (1.1), the condition
(h3) is pivotal. Indeed, our result shows how the “shape” of the graph of / affects the
number of normalized solutions.

Theorem 1.5 Assume that (F1) — (F3) and (h1) — (h3) hold. Then there exists
eo > 0 such that for any 0 < & < &g, problem (1.1) possesses at least | couple
', 1) € HRYN) x R of weak solutions with fR3 lul|2dx = a2, I, (u') < 0 and the
corresponding Lagrange multipliers ' < 0 fori =1,2,--- 1.

The remainder of this paper is organized as follows. In Sect.2, we establish the
strong subadditivity inequality and complete the proof of Theorems 1.2 and 1.4. Sec-
tion3 is devoted to accomplishing the proof of Theorem 1.5 if the assumption (%3)
holds.

2 Existence of Normalized Ground States
In this section, we establish the existence of normalized ground states for problem
(1.1), namely, Theorems 1.2 and 1.4 can be accomplished. First of all, the properties

of functional /. and m, ,» are as follows. Meanwhile, the letter C will be used to
denote a suitable positive constant, whose value can change from line to line.

Lemma 2.1 Assume that (F1) — (F3) and (h1) — (hy) hold, then the functional I, is
coercive and bounded from below on S(a).

Proof According to (Fi) — (F3), there is C > 0 such that
|F()] < C(|t]7 + [¢]), YVt € R. 2.1

Then, by the fractional Gagliardo-Nirenberg inequality [6, Appendix B.1]
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/]RN ul"dx < CS,N,r(/RN |<7A)%u\2dx>

N(r—2) r_NG-2)

2 2 4s
(/RN | dx) L Vre @2,

2.2)

we can conclude that

1 s
I.(u) = E/RN |(—A)7u|2dx - /RN h(ex)F(u)dx
1 .
== [(=A)zul"dx — Chipax |u|qu — Chpax |u|/’dx
2 RN RN RN
Ng=2)
1 -
>

s -2 s 4s
'/ (=) uPdx — CCy y ghmaxat™ " 5 (f I<—A>zu|2dx>
2 Jry RN

N(p—2)

__NOp-2) s 9 4s
- CCs,N,phmaxap Zs [(—A)2u|*dx
RN

Asq,p e 2,2+ %), we derive N(g — 2)/4s < 1 and N(p — 2)/4s < 1, which
imply that the functional I, is coercive and bounded from below on S(a). O

Lemma 2.2 Assume that (F1)— (F3) and (h1) — (h2) hold, for any a > 0, the following
statements hold true:

(i) mg 2 <0;
(i) let{u,} C S(a) be a minimizing sequence form, 2, then there exist a constant
n > 0 and ng € N such that

/ F(uy)dx > 7
RN

foralln > ny.

Proof (i) Given u € S(a), we define
Nz T N
H(u,t)(x):=e2u(e'x)forx e R" and r € R.

A direct computation provides

/ |H (u, 7)(x)]?dx = a?
RN

and
/ F(H(u, 7)(x))dx = ¢V / F(e'T u(x))dx.
RN RV
It follows from the assumption (Fi) that lim;—,¢ qfq(’) =a > 0, thenthereisad > 0

such that
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qgF(t) «
po > 5 vt € [0, §]. 2.3)

Note that H*(R") is continuously embedded into LI (R") for g € (2,2 + %). Thus,
in view of (2.3), for T <« —1, we have

Nt
2

I.(H(u, 1)) = 1/ |(—A)%H(u, r)|2dx —/ h(ex)F(e 2 u(e'x))dx
RN RN

2

IA

1 : -
_62”/ |(—A)2uldx — hoe"‘“/ F(e'T u(x))dx
2 RN RN

1 s h (@—2)Nt
—EZST/ |(_A)7u|2dx_ﬂeq 2 f |u|qu
2 RN 2q RN

<0,

IA

which shows that m, ,2 < 0.
(ii) Arguing by contradiction suppose that there exists a subsequence of {u, } with
respect to m,_,2, still denoted by itself, such that

/ F(uy,)dx — 0asn — oo.
RN
By (i), we conclude that
0> mg 2 +on(1) = Ie(uy) > _/ h(ex)F(u,)dx > _hmax/ F(u,)dx,
' RN RN

which is a contradiction. Thus, the proof is completed. O

Lemma 2.3 Assume that (F) — (F3) and (h1) — (h2) hold, then m_ 2 is continuous
on (0, 0o) with regard to a.

Proof For any a > 0, let a, > 0 and a, — a. Let {u,} C S(ay) such that I, (u,) <
me .2+ % for every n € N. Then Lemma 2.1 implies that {u,} is bounded in H* (RM),
Moreover, the fact {%un} C S(a) that

a
mg g2 < I | —uy
An

Cl2 s 2 a

= [ ) bu P - / h(ex)F (—u) ax
Zan RN RN n

= I (uy) +0,(1) < Mg 42 +0,(1).

Analogously, considering a minimizing sequence {v,} C S(a), we have {%"vn} -
S(a,) and

an

Mgy = 1 (Ton) = () + 0u(1) = m g2 + 0 (D).



Normalized Ground States and Multiple Solutions... Page90f24 128

Therefore, m a2 is continuous on (0, co) with regard to a. O
Lemma 2.4 Assume that (F1) — (F3) and (hy) — (hy) hold, then for 0 < a; < ay,

a;
—zm&a% < ms’alz.
)

Proof Let {u,} C S(a;) be a minimizing sequence for M g2 and let £ = Z—f Then

& > 1 and {&u,} C S(az). Obviously, from (F3), the function ¢ %1’) is increasing

on (0, 0co). Therefore, we have
F(rt) >r?" F(t)forallt > Oand r > 1.

Moreover, we conclude that

m, 2 < Lo(Euy) = E2 L (uy) + &2 / h(ex)F (uy)dx — / h(ex)F (Euy)dx
2 RN RN
< B0y + & — £ fR e F )
< &1 (un) + (& = £7)ho fR | Flupdx.
Using Lemma 2.2—(ii) and the fact £ — £¢ < 0, we obtain
m, 5 < E L (un) + (67 — EM)hoil
for n > 1. Letting n — o0, it follows that

Mo S Em, 2+ (E = EMDhoi] < &m, 2,

that is,
a12
—m, 2 <m, 2.
a2 &,a; &,ay

2

Corollary 2.5 For 0 < a; < ay, the strong subadditivity inequality
Mg a2 < Mg g2+ m

2 2
&,(ay—ay)

holds.
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Proof According to Lemma 2.4, it is clear that

a; a3 — aj

—zm&a% < mg’a% and 5 mg’a% < m&(a§_a%),

) )

which imply
a2 a2 — a2
m, 2 L 2+2 m, »<m_,24+m., 2 2
£,a 2" e,a; a2 &,a5 £,a &,(ay—ap)"
2 2

In what follows, we need to consider the following two functionals:
1 s o
Tnax (W) = z (I(=A)2ul*dx — hpax F(u)dx
RN RN
and
1 s )
Ioo (1) = —/ (|(—A)7u|2dx — hoo/ F(u)dx, Vu € HA(RN).

2 JrN RN

Obviously, 1yux, Ico € C L(HS (RY), R). Moreover, I, (1) and Ioso (1) correspond
to the energy functional of problem (1.1) when & = h,,, and b = h, respectively.
Then, we define

Myax,a? = ueigfa) Lnax (u)

and

m = inf Iso(u).
c0.a® " E S oo (1)

According to the above arguments, if & = h,,, and h = h,, Lemmas 2.1-2.4 still
hold. Moreover, using standard arguments or similar to Proposition 2.7, it is easy to
prove thatm,,, . ,» < 0and my, ,» < 0 are achieved.

Lemma 2.6 Assume that (F) — (F3), (h1) — (h2) and (1.4) hold, thenm ;2 < my, ;2
foranya > 0.

Proof Leta > 0 and {u,} C S(a) such that I, (u,) — Moo q2. From (1.4), it follows
that

Mg g2 = I (up) < Ioo(uy) = Moo o2 + on(1),

which shows that m, ,» < m, ,» forany a > 0. O
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Proposition 2.7 Assume that (F1) — (F3), (h1) — (h2) and (1.4) hold. Let {u,} C S(a)
such that Ig(un) — mg .2, then the sequence {uy} is relatively compact in H*[RM)
up to translations and m ,2 < 0 is achieved for each a > 0.

Proof In view of Lemma 2.1, the sequence {u,} is bounded. Then there exists u €
H* (R") such that, up to a subsequence,

up—u in H*RY), u, - win L] (RY)for1 <r <2 andu, — ua.e.inR".
(2.4)

Now, we claim that
Ie(up) = I (uy — u) + I (u) + 0, (1). (2.5)

It follows from (2.4) that
/ (—A)%un(—A)%udxdyzf [(—A)2u2dxdy + o, (1).
]RZN RZN
Thus, we conclude that
f |(—A)%un|2dxdy—f |<—A>%(un—u)|2dxdy—/ |(—A)2ul?dxdy
]RZN RZN R2N
=2f (—A)2up(—A)Zudxdy —2f (= A)2u|?dx=0,(1).
RZN R2N

On the other hand, in view of (2.4), Brézis-Lieb Lemma [7] and [33, Lemma 2.2], we
know that

2 2 2
|un|2 = |u, — u|2 - |M|2 + 0,(1)

and
/ h(ex)F (u,)dx = / h(ex)F(u, —u)dx + / h(ex)F(u)dx + 0,(1).
RN RN RN

Hence the claim is true. In what follows, it is necessary to consider the following two
cases:

Case I lulp =b € (0,al]. If b € (0, @), let v, = u,, — u, d, = |v,|2 and supposing
that d, — d, we get a®? = b* + d?*. From d,, € (0, a) and (2.5), we have

Mg g2+ on(1) = Le(un) = Le(vy) + I (u) + 0n(1) = Mg g2 + Mg 2 + 0,(1).

Moreover, Lemma 2.4 indicates that

2
mg g2 + 0,(1) > a—gm&az + mg 2 + 0n(1).
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Letting n — oo, we deduce that

d? d? b?
Mg g2 = ;m&az +mg 2 > a—zmg’az + a_2m8’“2 =My 42,

which is absurd. This shows that |u|, = a. In addition, (F}) — (F>), (k1) and the
Lebesgue’s dominated convergence theorem ensure that

/ h(ex)F (u,)dx — / h(ex)F(u)dx asn — oo.
RN RN

Therefore,
Mg g2 = HILH;O I (up) = I (u) = mg g2,
ie., I.(u) = m, 2 and |(=A)2uyl3 — [(=A)2ul as n — oo. Thus, mg 2 is

achieved by u € S(a).
Case 2 u = 0. Namely, u,,—0in H*(R"), thenu, — 0in L® (RV)for1 < w <

loc
2% and u, — Oa.e.in RN, Combining with (F1) — (F3) and (hy), it is easy to check
that

/ [A(ex) — hool F (uy)dx = 0,(1). (2.6)
]RN
Hence,

I (un) = loo(up) + 0u (1) = mg 2 + 0, (1). 2.7

Next, we claim that there is a constant § > O such that

lim sup / lup|?dx > 6. (2.8)
B.(y)

n—>00 | RN

Otherwise, by using [12, Lemma 2.2], one has u,, — 0 in Lr(RN) for2 < r < 2¥and
(2.1) ensures that f]RN F(u,)dx — 0, which contradicts Lemma 2.2-(ii). Therefore,
there exists |y,| — oo such that

[ |up|?dx > 8.
By (yn)

In view of (2.8), letting the sequence of translations i, (x) = u,(x + y,), we may
assume that there exists # € H*(R")\{0} such that, up to a subsequence,
iip—i in H*(RV);
ity — i in LY (RY), Yw € [1,25); (2.9)

i, — iia.e. inRV.
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Noting that |y,| — oo implies (2.6) holds, then it is obvious that
Ioo(ity) = mg 2 + 0n(1). (2.10)

In addition, similar to (2.5), we have lim,, s o oo (l1n) = Ioo (1) +1imy, s oo Loo (il — ).
Then it follows from (2.9), (2.10), Lemma 2.3 and Lemma 2.6 that

My 2 >m, 2= lim Iy (i)
00,a* — £,a n%oooon

= Ioo (@) + lim I (iin — i)
n—>oo

: @2.11)
= Mog, a3y T HM Mog i, —a2)
= Mo i) T Moo, (@2—il2)"

2

This proves |ﬁ|% = a?. In fact, if |ii |% < a“,in accordance with Corollary 2.5, we have

m +m >m

oo, (Jiil3) 00, (a?—|iil3) 00,a?>
which contradicts (2.11). Hence, we have i1, — i in LY(RV) for2 < w < 2%,

Moreover, from the weakly lower semicontinuous, we conclude
m, »= lim I;(u,) > I, (1) >m, 2,
e,a N 00 8( n) - 8( ) il e,a

which verifies m, .2 is achieved. O

Proof of Theorem 1.2 In view of Lemma 2.1, there exists a bounded minimizing
sequence {u,} C S(a) with respect to m, 2, that is I¢(u,) — m, 2 asn — oo.
Then, by using Proposition 2.7, there exists # € S(a) such that I (it) = m, ;2. Now,
we prove that i can be chosen to be positive. Indeed, by formula (A.11) in [23], we
have

/ |(_A)%|g||2dx§/ (=) ¥ Pdx.
RN RN

Hence, we infer that |i| € S(a) and I (|i]) = m, .2, i.e., i can be replaced by |i].
For the convenience, it is still denoted by . Moreover, the strong maximum principle
[9] yields that ii(x) > O for all x € R, Corresponding to i, in view of (F3) and
m, 4,2 < 0, there exists a Lagrange multiplier % € R such that

Xa2=/ |(—A)%ﬁ|2dx—f h(ex) f(it)iidx
RN RN

=2m, .2+ 2/ h(ex)F(a)dx — / h(ex) f(u)udx
’ RV RN

<2m, 2 < 0.
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Up to now, we are in the position to establish the proof of Theorem 1.4. Indeed, if
ho < ho, the preview Lemma 2.6 cannot hold, which depends heavily on g = hoo.
In this regard, we can overcome this difficulty by choosing ¢ small enough such that
the following strict inequality

Mg g2 < My g2

holds. Once the inequality above is established, repeating the process in the proof of
Proposition 2.7 and Theorem 1.2, the proof of Theorem 1.4 is complete.

Proof of Theorem 1.4 According to the description above Lemma 2.6, there exists
Uoo € S(a) satistying Ioo (o) = Mg 42. In view of (1), we have

Mypay.a? < Imax (Uoo) < loo(Uoo) =My 42 (2.12)

On the other hand, there exists u,,q, € S(a) with Lyqy (Upmax) = My a0y q2- Then,

1 s
Moo < Lelliman) = » / (= A) gy dx — / h(EX) Fliumar)dx.  (2.13)
2 RN ]RN
Now, we claim that there exists &g > 0 such that
Mg g2 < Mo g2 (2.14)

forall e € (0, &). Indeed, letting ¢ — 0% in (2.13) and using (h3), (2.12), we deduce

lim supm, 2 < lm I (Umax) = Inax Umax) = Mgy g2 < Moo g2-
e—01 ’ e—01 ’ ’
Hence, the claim is true and the proof is complete. O

3 Multiple Normalized Solutions

In this section, we establish the existence of multiple normalized solutions based on
the (h3) condition, and prove Theorem 1.5. Meanwhile, decreasing if necessary &g, we
always assume that ¢ € (0, g9), which not only to ensure that (2.14) holds. Moreover,
by (2.12), we have

Myax.a? < Moo g2 < 0.

Then, we fix0 < p; = %(moo’az — My ¢ 42) and establish the following two lemmas
that will be used to prove the (P .S). condition for I, restricted to S(a) at some levels.

Lemma 3.1 Assume that (F1) — (F3) and (hy) — (h3) hold. Let {u,} C S(a) with
Ie(up) — mg 2 andmg 0 <m,,,. 2+ p1 < 0. ffupy—uin HS(RN), then u # 0.
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Proof Assume by contradiction that u = 0. By (h2), for any given ¢ > 0, there exists
R > 0 such that

hoo > h(x) — ¢ forall |x| > R. 3.1
Thus,
Mg 42 +0,(1) = I (uy)

= Ioo(upn) +/ (hoo — h(ex)) F (uy)dx
RN

= Ioo(up) + / (hoo — h(ex))F (up)dx + / (hoo — h(ex)) F (uy)dx
Bryc(0) B, (0)

> Toottn) + / (oo — h(ex)) F(un)dx — F(un)dx.
Bg/:(0) B;/S(O)

It follows from Lemma 2.1 that {u,} is bounded in H*(RM) and u, — 0 in
LY (Bg/s(0)) for all w € [1, 27), by using (2.1), we deduce that

mg,gz + o}’l(l) 2 IOO(MH) - é’C

for some C > 0. Since ¢ > 0 is arbitrary, we conclude that

Mg 2 > Moo g2
which contradicts (2.14). Hence, u # 0. O
Lemma 3.2 Assume that (Fy) — (F3) and (hy) — (h3) hold. Let {u,} be a (PS).
sequence for I¢ restricted to S(a) withc < my,,, ;2 +p1 < 0and uy,—ue in H*(RM),
that is,

Le(un) = ¢, el @n)ll — Oasn — oo.

Ifu, - ue in H® (RN), there is B > 0 independent of ¢ € (0, &) such that

lim inf |u, — uc|3 > B.
n— 00

Proof Define the functional ® : H*(RY) — R given by
1 2
D) = - lu|“dx,
2 RN

we infer that S(a) = ®~! ({a?/2}). Then, by [27, Proposition 5.12], there exists
{A,} C R such that

11, (n) — An® (un) || -5 vy — 0 as n — oo. (3.2)
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It is clear that {u,} is bounded in H*(R"). Then, we get {A,} is bounded. Thus, we
can assume that A,, — A, as n — oo. Together with (3.2), we get

I (ug) — 2e® (ue) = 0in H*(RY)
and
11, (vn) — 2@ (Va) | g—s vy — O as n — o0, (3.3)
where v, = u,, — u,. Using (F3), then
0>myucqa2+p1 = nll)lrolo inf I, (u,)

1
= lim inf I:Ig(un) — — I (up)uy + Apa® + 0,,(1)} > Apa2,
n—o00 2
which implies that

+m 2
lim supi, < P17 Pmax,a? < 0.

e—>0F a?
Thus, there exists A, < 0 independent of ¢ such that
re < Ay < Oforall e € (0, &g). 3.4
It follows from (3.3) and (3.4) that
[ el =i [ s = [ pwudr+o,)
and

f |(—A)%vn|2dx—x*f |vn|2dxsf F(Wp)vpdx 4 0,(1).
RN RN RN

Combining (F1) — (F>) with Young’s inequality, for any € > 0, there exists Cc > 0
such that

/ £ (p)vpdx SG/ |vn|2dx+ce/ U |Pdx.
RN RN RN

This yields that

/ [(—A) 2wy 2dx + (—hs — 6)/ va*dx < Ce/ [un|Pdx + 0, (1).
RV RV RN
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Since u, - u, in H*(RN), namely, v, - 0in H*(RY), the inequality above verifies
that there is C > 0 independent of & such that

lim inf/ |v,|Pdx > C.
RN

n—oo

Since {u,} is bounded in H* (RN), {v,} is also bounded in H*(R"). Then we assume
that ||v,|| < « forall n € N, where k¥ > 0 is a constant independent of ¢ € (0, &).
From (2.2), we see that

o » N2 ~ M
C < lim inf v, < Cs N pk™ = <hm inf |v, |2
n— 00 11— 00
Hence, the proof is complete. O
Lemma 3.3 Assume that (Fy) — (F3) and (h1) — (h3) hold. Let
. |1 B
0 < o2 < min 2 (Moo g2 — My g2) < P15 (3.5)

then the functional I satisfies the (P S). condition restricted to S(a) forc < my,,, 2+
2.

Proof We assume that {u,} C S(a) is a (PS). sequence for I, restricted to S(a)
with ¢ < my, . ;2 + p2. From Lemma 2.1, {u,} is bounded in H*(RM) and let
up—ug in H*(RN). Then we know u, # 0 by Lemma 3.1. Let v, = u, — u,. If
v, — 0in H*(RY), the proof is complete. On the contrary, v, - 0 in H*(R"), then
lugl2 = b € (0, a) and it follows from Lemma 3.2 that there is 8 > 0 independent of
& such that

lim inf v, |5 > B.
n—0o0

Setting d, = |v,|> € (0, a) and supposing that d, — d > 0, we get d> > B and
a® = b? + d*. Then, in view of (2.5), we deduce

c+on(l) = Ie(un) = I (V) + Le(ue) + 0n (1) = mog g2 + Mgy p2 + 0n(1).
Arguing as in the proof of Lemma 2.4, we obtain

d? b?

n
P2+ Myyax,a? = ;n/loo,a2 + a_zmmax,az'
Letting n — oo, we can infer that

d2

P2 = a_z(moo,a2 - mmax,az) > a_z(moo,a2 - mmax,az)*

which contradicts (3.5). O
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In the following, let us fix pg, ro > O satisfying:
(1) Bpy(ai)(\Bpylaj) =@ fori # jandi, je{l,2,---,1};

) UL By (ai) C By (0);
(3) Koo = Ui By (@).

We define the function Q, : H*(RV)\{0} — RV by

gy x(e0)|ulPdx
QS(M) - fRN |u|2dx

where x : RN — RY is given by

x, iffx] <o,

x(x) = (3.6)

Voﬁ, if |x| > rg.

Lemma 3.4 Assume that (F1) — (F3) and (h1) — (h3) hold. There is p3 € (0, p2) such
that ifu € S(a) and I (u) < m,,, .2 + p3, then

Qe (u) € Krp, Ve € (0, 0).

Proof Assume by contradiction that there exist o, — 0, &, — 0 and {u,} C S(a)
such that

Lo, () < Mgy g2 + P 3.7)
and
Qe (un) & Kro.
This gives
Mypax.a? < Imax Un) < Ie, (Un) < My g2 + Pn,s
which shows that
{un} C S(a) and Ly (un) — M4, 42 881 —> 00,

In view of Proposition 2.7, we have the following cases:

(i) up — uin HSRN) foru € S(a);
(ii) thereexists {y,} C RN with |yn| — oo suchthatv, = u(-+y,)is convergence
tov € S(a) in HS (RN).



Normalized Ground States and Multiple Solutions... Page 190f24 128

If case (i) holds, by Lebesgue’s dominated convergence theorem,

Sy X (EnX) 1y *dx N Jan x (0)|u|*dx
Jrv lunl?dx Jr lul2dx

an (un) =

=0¢€ Kp asn — o0,
2

which is a contradiction.
If case (i) holds, we need to consider |&, y,| — yo for some yo € RN or |e,yu| —
oo. Provided that |&,y,| — yo for some yo € RY, the v,—v in H*(R") states that

1 5
I, (i) = E/RN |<—A>2un|2—fRNh@nx)F(un)dx

2

— Iy (v) asn — o0.

:
_ —/ |<—A)zvn|z—f h(enx + £nya) F(va)dx
RN RN

Combining (3.7), we find that

Mypax,a? = Tn(yp) (V) > My (y0),a2+ (3.8)

Next, we verify that 4 (yg) =hpax, namely, yo=a; for some i =1, 2,- - -, [. Supposing
h(y0) < hmax, it is obvious that my, .y ;2 > My, 4y 42, Which contradicts (3.8). From
this,

Jey X En)|un*dx fon X (nX + €nyn)lval*dx
S lun|?dx Jrw |vnl?dx
Jan x (yo)|v]dx
IO T S—
S [v]2dx

Qe,,(un):
=x(o) =a; € K%o asn — 00,

which is absurd.
For |&,y,| — o0, the similar argument yields that

Moo,a? = Mipax a2

which contradicts (2.12). Based on the above discussion, the proof is complete. O
Now, we define the notations as follows:
0p = {u € S(a) : |Qe() — ai| < po}, 36; = {u € S(a) : |Q: () —ai| = po}

and

772 = inf I (u), ﬁé = inf I (u).
ueh! ueab}
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Lemma 3.5 Assume that (F1) — (F3) and (hy) — (h3) hold. Then
e < Myar.q2 + p3 and n. < it for all & € (0, &)

Proof Let u € H*(RY) satisfy Lyax(u) = m,,,, 2. For 1 < i <1, we define the
function 4% : RV — R by

It is clear that 12; € S(a) forall e > 0,1 <i <[. By adirect calculation, we deduce
that

1 ;
L(d') = 5/ |(—A)7u|2dx—/ h(ex + a;) F(u)dx,
RN RN

which, together with (43), signifies that

lim 7o () = Ina) () = Inax (1) = My g2 3.9

e—0

In light of definition of Q., we have Q. (iiL) — a; as e — 0. It follows that &%, € 6!
for ¢ sufficiently small. Combining with (3.9), there is ¢ € (0, &) such that

Mypay.a2 + 03 > Is(ﬁi)
and

Mypax,a? +p03 > ni, (3.10)

the first conclusion is reached immediately. Therefore, it suffices to verify the
remaining one. Notice that if u € 96/, then

00
u € S(a) and |Q:(u) — a;| = po > >

which indicates that Q. (1) ¢ K 2. Therefore, by Lemma 3.4, for all u € 30; and
e € (0, g9), we obtain

I (u) > my 40 02 + 03
Then
i

e = inf Io(u) > my,, 2+ p3. (3.11)

ueab}

Consequently, together with (3.10) and (3.11), the desired result is reached. m]
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Proof of Theorem 1.5 For every i € {1,2,3,---,1}, we can use the Ekeland’s
variational principle [18, Theorem 4.1] to find a sequence {u},} C S(a) satisfying

Le(uh) — nt
and

I (v) — I (u)) > —;||v —uy,|l, Yv € 6f with v # u;,.

In view of Lemma 3.5, for all ¢ € (0, &9), we have 1\ < 7. Hence, u’, € 6:\36! for
all n large enough.
Next, we consider the path y : (—§, §) — S(a) defined by

uil +tv

1) =a———
v(® [u!, + tv]z

belongsto C'((—8, 8), S(a)), where v € T, S@) ={z e HY[RY) @ [on ulzdx = 0}
Thus,

y (1) € 0I\O!, Vi € (=8,8), y(0) =u', y'(0) = v
& & n

and
. 1 .
L) = Lot} = = |y @) i vi € (=6.9).
Then,
LoO) = LO) Ly =L 1|ro-u
t B t ~ on t
= Lr@—vOF v ¢ s,
n t

Since I, € C'(H'(RY), R), letting the limit of 7 — 0%, we obtain
i 1
I, (u,)v > —;Ilvll-

Furthermore, replacing v by —v, we have

(0 1
sup {17l < ol <1} =< —,

N

which indicates that

I (un) — n}, and || e[ (un)l| — O as n — oo,
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namely, {u,} is a (PS)né for I, restricted to S(a). From Lemma 3.5, we have ni <

Mpax.a2 + p3. Then combining with Lemma 3.3, there exists u’ such that u!, — u' in
HS(RN). Consequently,

u' €np, I(u') =n} and L[, () = 0.

Q:(u') € Byy(ai), Q:(u!) € Byy(aj)

and

By, (a;) N Bpy(aj) =¥ fori # j,

we deduce that u’ =+ u’ for i # j,where 1 < i,j < [. Hence, I, has at least{
nontrivial critical points for all € € (0, &9). Then there exists a Lagrange multiplier A’
such that

x%ﬁ:/ |(—A)%u"|2dx—/ h(ex) f(u')u'dx.
RN RN

In view of I, (u’) = ni < 0 and (F3), it is obvious that A\ < O fori = 1,2,---,1.
The proof is complete. O
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