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Abstract

By considering the radial solutions for a semi-linear elliptic equation model of gyres
and introducing exponential transformation, we derive a second-order ordinary differ-
ential equation, which acts as a new model for the ocean flow in arctic gyres. Then we
investigate the solutions for constant vorticity, linear vorticity and nonlinear vorticity
in this model.
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1 Introduction

Large areas spiraling circulations of water in ocean are called gyres, which are mainly
driven by the winds and the Coriolis force (due the rotations of the Earth). Gyres
are widely existing all over the world’s major ocean regions and controlled by land
masses and bottom topography (see [1]). The winds mostly only act on the surface
of the water, while the landmasses and the Coriolis force act beneath the surface (see
[22]). Due to Coriolis force, gyres in the Northern Hemisphere rotate predominantly
clockwise and gyres in the Southern Hemisphere rotate anticlockwise. Note that, due
to the vanishing of the meridional component of the Coriolis force, gyres are not cross
the equator (see [6, 16, 17]). There are three types of gyres. Tropical gyres are near the
Equator but confined strictly to the Northern or Southern hemispheres (see [9-11, 20,
21]). Subtropical gyres are situated between polar and equatorial regions, where exists
a gigantic ocean areas with thousands of kilometers of diameter (see [8]). Subpolar
gyres are the smallest ones on the Earth and are situated in the polar regions (see
[18]). In this paper, we will set our eyes on arctic gyres, which are distributed in the
Arctic ocean. Arctic ocean is a semi-enclosed ocean almost completely surrounded
by landmasses and is covered by permanent ice with thickness exceeding 2m. The
permanent ice floats on the ocean, slowly rotating clockwise, roughly centered on the
North Pole (see [1-5, 24]). It is worth mentioning that the Antarctic is very different
from the Arctic: the Antarctic is a single landmass encircled by a very powerful current
known as the Antarctic Circumpolar Current (ACC). We refer to [7, 14, 18-20, 25-28]
for the ACC.

In order to study the related properties of gyres, some simplifications are made to
reduce its complexity. The horizontal velocity of gyres is 10* larger than the verti-
cal velocity (see [23]). Ignoring the vertical velocity, a model of gyres in spherical
coordinates as shallow-water flow on a rotating sphere is obtained (see [8]). In [2],
this model is transformed into a plane semi-linear elliptic equation boundary value
problem by stereographic projection, and then it is reduced to second-order ordinary
differential equation by neglecting the change of azimuthal variations. Haziot replaces
the stereographic projection by the Mercator projection, which reduces the model in
[8] to a semi-linear elliptic equation that is simpler than the equation obtained recently
in [2] (see [15]). Then Haziot uses a conformal map to map the semi-linear elliptic
equation from the unbounded strip into the unit circle and considers the existence of
solutions for constant vorticity and linear vorticity (see [14]).

In this paper, inspired by Haziot’s work in [14], we derive a second-order ordinary
differential equation by considering the radial solutions for the semi-linear elliptic
equation model of gyres and introducing exponential transformation, which acts as a
new model for the ocean flow in arctic gyres. With the suitable asymptotic conditions
and boundary conditions, we study the solutions of constant vorticity, linear vorticity
and nonlinear vorticity in this model.
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2 Preliminaries

As we know, the classical model of arctic gyres is derived by Constantin and Johnson,
which is a model of gyres in spherical coordinates as shallow-water flow on a rotating
sphere (see [8]). One can set 6 € [0, ) the polar angle and 6 = O corresponds to the
South Pole. Let ¢ € [0, 2r) be the azimuthal angle. Considering the model for gyres
in spherical coordinates, the polar and azimuthal velocity components of the flow on
the Earth are given by

1

mwfp, — Yo,
respectively, where (6, ¢) represents the stream function in spherical coordinates.
Furthermore, the governing equation for gyres is given by

1
M\DW + Wy cot(f) + Wy = F(¥ — wcos(h)), €))

where W (6, ¢) = ¥ (0, ¢) +w cos(0) is associated with the vorticity of the underlying
motion of the ocean relative to the Earth’s surface, 2w cos(0) represents the spin
vorticity due the rotation of the Earth and F (¥ — wcos(f)) represents the ocean
vorticity.

Using Mercator projection (see [13]), the change of variables are given by

0 ~
—In |:tan (E)i| , y=o. (2)

Then the North Pole (¢ = ) corresponds to ¥ = —oo and the equator § = 7

corresponds to X = 0, where X < 0 is in the Northern Hemisphere. Setting U (x, y) =
¥ (60, @), one can reformulate the governing equation (1) as the following semi-linear
elliptic equation

X

- - FU(x,y)) sinh(X)
A =
v, ) cosh?(¥) wcosh3 (X) ©
with boundary condition
U (%o, y) = Uo(¥), )

where Xo < 0 is a constant. In the North Pole, the asymptotic conditions are given by
lim U(x, y) =vo, _lim {(Uz(x, ), Us(x, y)}cosh(x) = (0,0),  (5)
X——00 X—>—00

where ¥ € R is a constant, which is the value of the stream function i at the North
Pole. In fact, the second asymptotic condition of (5) means that the flow is stagnant
at the North Pole.
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Haziot uses a conformal map to project (3) into a unit circle (see [6]). In order to
map from the unbounded strip on the plane into the unit circle, setting & = x —xo+1y,
and then one can use the conformal map i = exp(&) to get it into the unit circle. Let
x and y be the new variables in the unit circle, which are defined by

x =" cos(§), y=e"sin(), 6)
and u(x, y) in the circle, such that u(x, y) = U (x, ¥). Therefore, we have by (3) that

4F () (x? + y?)
[e¥0(x2 + y2) + e ]2
[e%(x? + y?) — e ¥0](x2 + y?)
w = =
[e¥0(x2 + y2) + e ]?

Au(x,y) =

L, 0<x?+y?P <1, (D

and boundary condition (4) becomes

up(x,y) = u(arctan (X», ()

X

where x% + y? = 1.
Consider ug(x, y) = ug, where u( is a constant that the boundary is a streamline.
Similarly as in (5), the asymptotic conditions can be given by

lim  u(x,y)=vo, lim {uc uy}=1{0,0}. ©)
0 x24+y2—0

x24+y2—

Note that the second condition of (9) is necessary and sufficient for the North Pole
to be a stagnation point. Now we turn to consider the radial solutions of (7) and set

r=x%+ yz)%. From (7), we have

4 1 4F (u)r? Cu(eforz._ ¢ T0)r2
rr r (e,\?orz + e—io)Z (ei’(),l + e—)?o)3 ’

0<r<1.  (10)

Setting r = ¢, we obtain by (10) that

4F (u)e* (X0 — g=%0) et

_ - w— —,
(ex0e2t+e—xo)2 (€x062t+€_x0)3

u'(t) = —o0 <t <0. (11)

Meanwhile, the boundary condition (8) becomes

u(0) = uo, (12)
and (9) reduces to
limu(r) = lim u() =¥, limu'(r) = lim e "u'(t) =0. (13)
r—0 t——00 r—0 t——00
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In addition, we consider
u'(0) =0,

which represents no jet flow phenomenon.

3 Constant Vorticity Case

(14)

Constant vorticity represents specific gyres. In particular, the case of F = 0 is cor-
responding to precisely with the classical irrotational flow in two-dimensional (see

[8D).
31F=0

Considering (11) with F = 0 and (12) and the second equation of (13), one has

(ei() 62[ _ e*io)e4t

u’(t) = 8w —00 <t <0,

(e)?()eZI + 6—20)3 ’

lim e 'u'(t) =0,
11— —00
u(0) = uop.

Now we are ready to state the first result.

Theorem 3.1 The explicit solution of (15) is written as

u(t) = —2a)e_22°[ +21In(e*™e? + 1) + dilog(e* e + 1)]

62“€0€2t +1

+uo + 2we*2§0[ +210(e¥ + 1) + dilog (¥ + 1)],

e 4 1
—o00 <t <0,

where dilog(x) = f1x %d&

Proof Integrating the first equation of (15), we obtain

3,2t —2X
e +e 0 1 5 z

M’(t) = 8w |:(2212)f—0+1)2 + Ee_zxo ln(eZZeZXO + 1):| + ¢o.
e~e

Using (17) and the second equation of (15), we have
co = —8we 20,
Then putting (18) into (17) and integrating it, we have

u(t) = — 2we +21n(e?%0e2 + 1) + dilog (0 + 1)} +ci.

—2X0
eZJ?OeZt +1

15)

(16)

a7)

(18)

(19)



77 Page6o0of26

F.Chen et al.
By (19) and the third equation of (15), we obtain
— —2% 2X . 2%
¢l =ug + 2we”*0 |:e25‘0 1 4+ 2In(e™™ 4+ 1) + dilog (e + 1):| . (20)
Linking (19) and (20), one can obtain (16). This proof is completed. O
Considering (11) with F = 0 and (12) and (14), one has
X0 ,2t _ ,—X0\ 4t
W) = 80t ¢ i<,
(exerI + efxo)3 (21)
u'(0) =0,

u(0) = uop.

Now we are ready to state the second result.

Theorem 3.2 The explicit solution of (21) is written as

y y 1 .
_ —2x0 2x0 2t . 2X0 2t
u(t) = —2we |:2 In(e e + 1) + T 11 +dilog(e”*e” + 1)]

2% e 1 2%
—2Xx0 _ _ X0
+ 8we 1 o 1?2 In(e“ +1) | t + ug
+ 2we ™20 [ pr +21n(e*0+ 1) +dilog(e*™ + 1)] ,
e
—o00<t=<O.

The calculation is similar to that of Theorem 3.1. Here, we omit it.
32F=c(c#0)

Considering (11) with F = ¢ and (12) and the second equation of (13), one has

4C€4t (820621 _ 6—20)641
u’(t) = — — + 8w—— —, —oc0<t<0,
(exerI +e—xo)2 (exert +e_x0)3
im e~ (1) =0, (22)
——00
u(0) = uop.

Now we are ready to state the third result.
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Theorem 3.3 The explicit solution of (22) is written as

e —2X0

_ 2% [ 2%0 2t 2%y 2t B
ut) = —Qw+c)e [dzlog(e e’ +1)+2In(e™e” + 1)] 2w782£062t 1

¥ ug + Qo + c)e= 20 [dilog(eb20 1) +21In(e>o + 1)]
6—2)?0

+2 —o00<t=<O.

w—=,
e + 1

The calculation is similar to that of Theorem 3.1. Here, we omit it.
Considering (11) with F = ¢ and (12) and (14), one has

4ce4t (ei()eZZ _ e—i())e4t
1 _ _
w(t) = (e)?erI + e*io)2 @ (e)f()eZt + e*io)3 ’ 00 <1 =0,
23
W(0) =0, 29
u(0) = ugp.

Now we are ready to state the fourth result.

Theorem 3.4 The explicit solution of (23) is written as

ut) = —Qw + c)e >0 [dilog(eQ’?"eZ’ +1) + 21In(e* 0 + 1)]

—25%

< 2 1
- —2Xo _ 2X0 s
weﬁoezf 1 + 2ce [1 In(e* + 1) o 1] t
%+e—2io

—2X0 _ o
+ 8we |:1 T 12 TS

1 N
3 In(e*%0 + 1)i| t 4+ ug
—2X0

+ 20—+ Qo+ c)e” [dilog(e*™ + 1) + 2In(e*™ + 1)],
e~ 41

—o0<t=<O0.

The calculation is similar to that of Theorem 3.1. Here, we omit it.
To end this section, we apply our results to deal with the arctic gyres, which are

located between the North Pole and 84° N (which is approximately equal to }—‘5‘71).

From the Mercator projection, we have xo = — In (tan(lg'—g)) ~ —2.253. In particular,

we can take a typical approximation of e that is 4650 (see [8]). Without lose of
generality, we can set ug = 0. In terms of the original spherical variables (9, ¢), we
have by (2) and (6) that

[} [}
x=—=cos(p), y=—-=sin(g).
tan 5 tan >

Recalling = In(r) = In(x? + yz)%, we have
()

tan b3 2 .2 1
t=1In o (cos™(¢) +sin“(¢))? |.
tan bl
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20 ~

15 4

Fig.1 Under F = 0 and the asymptotic conditions specified by (5), the change trend of stream function
is monotonic increasing with respect to variable 6 from 84° N to the North Pole and independent of ¢. It
shows that the North Pole is a stagnation point and the center for the arctic gyres

Then ¥ (0, ¢) = u(t) = ¥(0) is independent of ¢. Fixed 68 = 6, ¥ (61, ¢) is a
streamline, where 6 € [%n, ) and ¢ € [0, 27) (see Fig. 1).

4 Linear Vorticity Case

Linking (13), we assume
lim u(r) = u(—N) =19, lim e 'u'(t) = u'(-N) =0, (24)
—>—00 ——00

where N > 0 is chosen large enough.
Now considering (11) with F = au + b (where a, b € R) and (24), one has

u’(t)=AMu+ B(), —N <t<0,

u(=N) = o, (25)
u'(=N) =0,
where
A — 4ae™
(1) := YT
4be* %0 ,2t _ ,—%0)2 4t
By = — b g, e v o<
(€x0€2t _|_efx0)2 (exerZ +e*X0)3

Set U(t) = (u' (1), u(t))T, then U(—=N) = (u'(—N), u(—N)T = (0, ¥o)T.
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Therefore, (25) can be written as the following form

U'@)=A0U@) + B@lt), —N <t<0,

with the constraint condition U (—N), where

f0= (0 A0). 0= (P0).

From [20], the following matrix function

(26)

t t 7]
&G, —N)=1 +/ A(r)dr +/ A(z)) [/ A(rg)dt2:| dry +- - -,
-N -N -N

solves ®'(t, —N) = A~(t)<I>(t, —N), — N<t<0, ®(—N,—N) =1, where I

denotes the identity matrix.
Therefore, the solution of (26) can be written as (see [29])

t
U(t)=d(t,—N)U(—N) +/ (1, I)E’(r)dr, te[—N,O0].
—-N

Finally, the solution of (25) can be derived

t T]
u(t) = <1 +/ / A(r)dtrdty

/ / A(Tz)/ f A(tg)dradrzdrodr) + - )lﬂ
+/ |:(t—r)+/ / A(m) (1o — 1)dTodT + - ]

x B(t)dt, t € [—N,O0].

Considering (11) with (13), we have

u(r>=wo+/

—00

— 250 [ 7 25,2 b
= Yy — 2we O[dllog (e O™ + 1) + e2%02t 4 |

t _ 4s
+f M= ps)ds.

oo (exerS +e—x0)2

t 4s X0 ,25 _ ,—X
¢ —5) <( 4F (u(s))e 48 (e"e e

e)?()eZs + 6—20)2 (620925 + e—)?o)?)

¥

+21In (eZEOeZ’ + l) — 1]

27)

We consider again the linear case F (1) = au + b. Then (27) has a form

u(t) = aAu(t) + bh(t) + wha(t) + Yo,

(28)
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for

t _ 4s
Au(t) = / ~4(t—s)6~u(s)ds,

NS (exoe2s + e—xo)Z

LA —s)e® 2501 gi1oe (2502
]’l](f)zv/;oo mds:—e [dllOg (6‘ e +1)

21 (e250e2’ + 1)],

ho(t) = —2e>%0 [dilog (ez;‘"e% + 1) + +21n (622062[ + 1) - 1].

62)?0621 +1

We solve (28) on a Banach space X = Cp(R_) of all bounded functionsu : R_ — R
with a norm |[u|| = sup,cp_|u(?)|. Note

64

t 1 1
[Au(®)| = IIMII/ 4t — 5)e™ds = — || < ~|ul,
o 4 4

t
|(Au) (£)] < |lull / 4e¥ds = e ||ull < ul,
—00

t 64[ 1 t
1 (1)) 5/ A —9etds =0 < IO 5/ 4etds = oM < 1,

—0o0 4 —00

t 4t —Xi
N N 1 0
lha (1) < f 87 — 5)(1 + e~ )b s = (1 4oy < 2T¢
- 2 2

t B - ~
IAGIE / 8(1 4+ ¢ )e*ds = 2(1 + e )™ < 2(1 4 ¢¥0).

—00

We see that any solution u € X of (28) satisfies lim;—, o u(t) = 1o and
lim;— —oo e "4/ () = 0 with a rate ¢*. Moreover, A : X — X is a bounded lin-
ear operator mapping the unit ball {# € X : |u|| < 1} into the set

AueX:ful <) ClveX:u@l <e¥, VieR_, V| <1}
Applying the Arzela-Ascoli theorem, we can see that the set
eX:fum)| <e” vieR_, V] <1}

is precompact in X. Thus A is compact. Next, if 1 7 0 is an eigenvalue of A with an
eigenfunction u, then for any 79 < 0, we have

4to
[A| sup |u(r)| = sup [Au(r)| = e sup [u(r)].

t<to t<to t<to
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So, if |A| > e%, then sup, -, |u(¢)| = 0, and noting

4 e4t

"N
A (t) = (e}()ezt _|_e—}0)2u

(0,

we have u(t) = O onR_. This leads, since A is compact, to the fact that the spectrum of
A is {0} and thus the spectral radius of A is 0. Consequently, (28) is uniquely solvable

u(t) = [(I — aA)~ (bhy + why + o)1)
= b[(I — aA) ' hi1(0) + o[(I — aA) " hal(t) + Yol(I —aA)'1(1).  (29)

Moreover, the Neumann lemma gives

(I —aA) ' =T4+aA+d*A>+ -, (30)
so we can solve (29) approximately. An alternative way is to use an iteration procedure
un1(t) = aAuy(t) + bhi (1) + wha(t) + Yo, n = 1, ui(t) = 0. (3D

In summary, we have the following result.

Theorem 4.1 (11) with (13) for F(u) = au+ b, a, b € R has a unique solution given
by (29). Moreover, (12) or (14) hold if and only if

bI(I —aA) " "'n11(0) + wl(I —aA) "h2](0) + Yol(I —aA)~'1(0) — up = 0,
(32)

or
bI(I—aA) ' h1(0) + wl(I — aA) " hal (0) + Yol(I —aA)~"'T(0)=0, (33)

respectively.

Remark 4.2 (32) and (33) are linear in (b, w, ¥, ug) while nonlinear but analytic
in a. They give surfaces in the parametric space (a, b, w, ¥, ug) that the unique
solution from Theorem 4.1 satisfies also either (12) or (14). These surfaces can be
approximately computed for a concrete value of Xo by using either (30) or (31).
Applying (31), we have approximated surfaces u,(0) — ug = 0 and u),(0) = 0,
respectively. For fixed (w, ¥, up), we have functions

up — wl(I —aA)~'h2](0) — yol(I —aA)~'1(0)
ol(I —aA)~"h)(0) + Yol(I — aA)~11(0)

b=Vi(a) =

)

and

wl(I —aA)~'ha] (0) + Yol — aA)~'T(0)

b=W(a) = — [(1 —aA)~"h1](0)

)

respectively.
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5 Nonlinear Vorticity Case

In this section, we study the existence and uniqueness of continuous solutions for (11)
with suitable asymptotic conditions and boundary conditions.

5.1 Lipschitz-Type Nonlinear Vorticity Case

Firstly, we show the existence and uniqueness of continuous solution for (11) with
asymptotic conditions by the Banach’s fixed-point theorem. Linking the second con-
dition in (13) and integrating (11), we obtain

5821 + 67256'() 1 B B 5
M/(l‘) = SwI:(ZZIZ)NCTl)Z + Ee—ZXO ln(eZ’eZXO + ])] — 8w€_2x0
e~e

N /’ 4e% F (u(s))

————=das
o (ex()eZs + efxo)Z ’

(34)
t <0.

Integrating (34), we have
u(t) = Yo + 2we >0 — 2pe 20

+ 21n(e*™e? + 1) + dilog (e + 1)}

1
. [——0—1 (35)

t 4s
+/ ¢ —s5) 4e™ F(u(s))

ﬁ , 1 < 0,
00 (e¥0eS + e=%0)

in view of the first condition in (13). Linking (34) and the second condition in (13),
by L’Hospital rule, we have

4¢* F(u(t))

lim {e_t/t mds}: lim (02 +e750)2

1——00 —oo (€¥0€25 4 e 0)2 1——00 e (36)

. 4F (u(t))
= lim = = =
t——00 ef3t (exert + efx0)2

b

which implies that u(¢) is a bounded function on (—o0, 0] (see (38)).
Next, we investigate the existence and uniqueness of continuous solution for integral
equation (35).

Theorem 5.1 Assume that F : R — R is Lipschitz continuous, i.e., there exists a
constant M > 0 such that

|F(u) — F(v)| < M|u—v|, u,vekR, 37

then integral equation (35) has a unique continuous solutionu : (—oo, 0] — R, which
is a unique solution of (11) with (13).
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2X()
< . £ .

Proof Choose to < 0 such that Tlog @00 D1 2@ D M. For all bounded
functions u € X, we consider the Banach space X defined above.

Consider the operator 7 : X — X as follows

(Tu)(t) = Yo + 2we™ X0 — 2we 2%
X [m _I_zln(eZ)?ert + 1) +dl-log(e2)?062t + 1):|
e e
+ /r 4¢M F (u(s))

_Oo(l —S)mds, t < 0.

Firstly, we check that 7 is well-defined with X. For each t € (—o0, 0], linking
(36), we have

4e% F (u(s)) T —4e*s|F(u(s))]
/ =9 ehoes 1 ey ” </_oo (et 1 e

t
4y
5/ —ds =4e' — 41’ < 4, (38)

ooe

which shows that 7 : X — X.
Then for any u, v € X, we obtain that

t 4s .
IITM—TvnsSup/ P LUCIO) e GOV Y

1<io (exerS + e—xo)Z

t 4e* Mu(s) — v(s)|
< t— - = d
- zsgg/_ ( s) (exoe2s + e—xo)2 §

T 4eM(r—s)
< M|lu — v| sup _
r<to J—oco (ex0€25 + e—xo)z
e [dilog(e*¥0e* + 1) + 2In(e*0e™ + )M |u — v||

< llu —vll,

where we use the fact

! 4e%(t —5)
——————dtds
oo (e)((]eZS‘ +e—x0)2 oo (exer‘L' +e—x0)2

= / 2¢” 2X0[1n(e25e2x0+1)—
—00

= e [dilog(e*0e* + 1) + 2In(e* e + 1)].

eZs ero

25250 1 1]ds

By using the contraction principle, 7 has a unique fixed-point on X. This fixed-point
is the unique solution to (35) on (—o0, ty]. If typ = 0, then result holds. If #y < 0, then
the linear growth rate of F(-) prevents blow-up in finite time, so that we may extend
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the solution from (—o0, #p] to (—oo, 0]. Assume that F (-) is Lipschitz continuous, we
obtain the uniqueness of solution to (35) on (—o0, 0]. The proof is completed. O

Theorem 5.2 In the sense of supremum norm, the solution of Theorem 5.1 (on the
infinite interval (—oo, 0]) is stable with respect to variations of V.

Proof Letu € X alnd i € X be two solutions of (35) with lim,—, _o u(t) = Yo and
lim,_, _o () = Yy, respectively. Choose #y < 0 such that

e 0 [dilog(e*0e* 4 1) + 2In(e*e? + 1)] <

. 39
1+ M (39
Setting ||u|| = sup,,, |u()|, we have
. . ! 4e4S(1?<u(s>) — F(ii(s)))
|wn—umyswn—wﬂ+ylma— e T
- ! 4e*|F (u(s)) — F(i(s))|
< — + t— ds
= o = fiol + sup [w< o=t
. ' 4™ u(s) — ii(s)|
< - + M t— = A = A
< o — Yol 2£[m< s (“0)
< 1o — Jol + Mllu — il /t 4 = 5t
— u—u u —_— %
=1vo 0 ISII(: oo (exoe2s + efxg)Z
= Yo — Yol + Mllu — iille > [dilog(e*0e* + 1)
+21In(e*0e? +1)], t < to.
By (39) and (40), we have
IW—ﬁHSWm—$M+A4+NW—ﬁW
so that
lu — @l < (14 M)lyo — ol (41)

Using (40) and (41), we obtain that

, - ! %“WW@»—FW@M
lu'(t) —a' ()] < /_OO (oeh {0y ds
4s
- /’ 4e M|u(s)—u(s)|ds

oo (efc()eZS + e—)'co)Z

~ t 4% J
=< M”M—M” 20623 +e_£0)2 s

4?
= M(1 + M)l —1/f0|/

—d
xerY + efxo)Z
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2t

_ 7 =25 2t 2% _ ¢
= M(14+M)|yo — Fol2e [m(e ) e ]], t<to.
Then, by (39), we have
' (t0) — @' (t0)] < Mo — Vol 42)
since
2% 2t 2% e
—zX0 X0
0<2e [ln(e e 1]
<2720 (e 0 + 1)
< 2¢7 20 (2020 4 1)
1
< , t<ty.
1+ M
Due to |u(ty) — it(to)| < ||lu — it||, from (41), we have
lu(t0) — @i(t0)| < (1 + M)y — Yol (43)

If tp = 0, then the proof is completed. Otherwise, for #y < 0, we see that u(#) is
the value for (35) at r = 1y, starting with data u(fp) and u’(19) at t = 1g. Let

s=1t—1ty, v(s) =u(s+1), to <t <0, (44)
then we have
4(s+t9) X0 ,2(s+10) _ ,—X0\ ,4(s+10)
V() = ¢ FOs)) LT e T <,
(e¥0e2(s+10) 4 o—%0)2 (e¥0e2(5+0) 4 —%0)3
(45)
with initial data
v(0) = u(ty), v'(0) = u'(t). (46)
Linking the second condition of (46) and integrating (45) on [0, s], we obtain
S 4T F (u(s))
1 7
v'(s) =v'(0) +/O (CF0e2TH0) + o—50)?
s (e)EOeZ(I—H()) o e—io)e4(f+to)
+/(; P dt, 0<s < —n. 47)
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Using the first condition of (46), then integrating both sides of (47) on [0, s], which
yields

4T+ F (u(T))
(e)?() 62(T+t0) + 8_)?0)2

v(s) = v(0) + v’ (0)s +/ (s —1)
0

K (62062(‘[4-[0) _ e—io)e4(f+t())
_ < ¢ < —
+/0 8w (s — 1) (2T | gF0)3 dt, 0<s < —n. (48)

Let v € X also be a solution of the integral equation (48), then we have

lv(s) = ()| < [v(0) — T(O)| + s5](v"(0) — '(0)]
s 4(t+tp) _ n
+‘/ (S_T)4e O(F(v(7)) F(U(T)))d‘c’
0

(e)?o eZ(‘L’-H()) + 6—20)2

< [v(0) = 5(0)| — to]v(0) — '(0)] + /Ol (s=1)
=< [v(0) = 5(0)| — to]v'(0) — ¥'(0)]

Y s 44T+ |y (1) — f)(r)|d 0<s <
+ A (s — 1) (F0g2+0) 1 g=Tn)? 7, 0<s=-n.

44T+ | F (u(7)) — F(ﬁ(r))ld
_ - T
(e¥0e2(THi0) 4 ¢=%0)2

Taking (42) and (43) into account, we obtain that

[v(s) = 0(s)] < (1+M — 1oM) o — Yol + M [ (s — 1)

4T [y (1) —5(1)|

(Ef082(1+t0)+6750)2 d‘[7 0 S N S _tO‘

By the Gronwall’s inequality (see [12]), we have

(s — )T t)

0e2(t+t0) + e—)?o)Z

dr),

Ju(s) = ()] < (1 + M — oMo — o exp(4M /0 =
(49)

where

s 4(s — T)e4(t+to) s pT 4e4(<7+to)
/o (eX0¢2(TH10) 1 e—)zo)zdr = /0 /0 (eX0¢2+0) + e—io)zdadr
3 s2 2% | (eZ(toJrr)eZio +1)
- 0 ¢ n 210 ¢2%0 +1
eZ(t()-i—‘L’)eZ.i() _ 621‘06220
+ (62(t0+r)62)20 + ])(eZI()eZ)E() + ])]dt

= ]/1(5) — VY2, 0 <s = —lo,




Study on a Second-Order Ordinary Differential... Page 17 of 26 77

and

y1(s) = e 2X[dilog(e* 026110 4 1) 4 2 In(e* 0> H0) 4 1)),
v = e X0 [dilog (e + 1) 4 2 In(e* 0?0 + 1)].

Thus, (49) reduces to
lu(t) — (1)) < (1 4+ M — toM)|yr0 — Vol exp(M (1 (5) — 12)). (50)

Then linking (44) and (50), we obtain

lu(t) — (1)) < (1 4+ M — toM)|Yo — Yol exp(M (71 (t) — 1)), to <t <0,
(51)

where 71 (t) = e~ 2[dilog(e*e? +1)+2In(e*e? 4 1)], 1o < t < 0. Linking (43)
and (51), u(t), which is the solution obtained in Theorem 5.1, continuously depends
on the variations of 9. The proof is completed. O

5.2 General Nonlinear Vorticity Case

Next, we will focus on studying the existence a continuous solution for the non-
linear second-order ordinary differential equation (11) with boundary conditions by
Schauder’s fixed-point theorem (see [21]). Using (14) and integrating (11) on [z, 0],
then we obtain

0 0
—u'(t) = f q(s)F (s, u(s))ds +f p(s)ds, t <0, (52)
! '

where

e4t (e)?()e2t _ e*io)e4t
— =5 > p(l) = 8w
(exoe2t + e—xO)Z

q() = (62062[ +e—i0)3 ’

Integrating both sides of (52) on [, 0] and using (12), we have
0 0
u(t) = up +/ (s —)g(s)F(s,u(s))ds + / (s —t)p(s)yds, t <0, (53)
1 t

Next, we show the existence a continuous solution for integral equation (53).

Theorem 5.3 Assume that q(-), p(-) : (—00,0] - R and F(-) : R — R are contin-
uous. Denoted by

0 0
Cq =/ q(s)ds, C» =/ |p(s)lds, forsomeT >0,
-T -T
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we suppose that there exists a constant h > 0 such that for

M), = max . |F(u@))|, t € [-T,0],

u(t)elug—h,up+

it holds My, < 2Th_Cl’ Cy < % Then (53) has at least one continuous solution u on
[—T,O0].

Proof Consider the Banach space
Uo=f{ulueC(~T.0LR)
endowed with the maximum norm

ull = max |u(?)|.
Jull = max_ [u(o)

Set
K={ulueUy:up—h<u(t)<uo+h, t e[-T,0]}

and the operator F : K — K is defined by

0 0
Fu) (1) = o + / (s — Dg(s)Fu(s))ds + / s —Dp()ds. (54
t t

Then we prove that F defined in (54) has a fixed-point on K by the following four
steps.
Step 1. Letu,(t) e K, n=1,2,...,and u, (t) — u.(t) € Uy, n — oco. We have

s () — uol < |us(t) — up (@) + lupy(@) —uol < h, n— oo,

which shows that K isclosed. Letu; (1) € K, i = 1,2, ...,m, m € N*and Z;"zl A=
1, X; > 0. Then we obtain

m
Z Ajui (1) — ug
i=1

> hiui(t) — uo)
i=1

m m
< D hilui(6) —uol < Y hih=h,
i=1 i=1

so that
m
Z)»iui(l) €K,
i=1

which means that K is convex. Obviously, K is a closed and convex subset on Uy.



Study on a Second-Order Ordinary Differential... Page 190f26 77

Step 2. We check that F is well-defined with K. For each r € [T, 0], we have

0
(Fu)(@) = uo| < f (s — Dlg()F(u(s)) + p(s)lds
t
0 0
< /T<s—r>q<s>|F<u<s>)|ds+/T<s—r>|p(s>|ds
0 0
< /T<s+T>q<s>|F<u<s>>|ds+fT<s+T>|p(s>|ds

0 0
< TMh/ q(s)ds + T/ |p(s)lds
T T

Sh7

which shows that 7(K) C K.
Step 3. Let us now prove that F(K) is relatively compact in Uy. Differentiating
both sides of (54) with respect to ¢, we have

0 0
(fu)'(t)=/ q(S)F(u(S))ds+/ p(s)yds, t€[-T,0].
t t
For all t € [T, 0], we obtain
|(Fu) (t)| <

0
/ p(s)ds‘
13

0 0
< / () F (u(s))lds + / p(s)Ids
t t

0
| arasas|+
13

0 0
< /Tq(S)IF(u(S))IdS+/T |p(s)lds

0 0
<M, / g(s)ds + / 1p(s)lds
T T

=

N =

Then let {u,} be an arbitrary sequence in K, by the mean value theorem yields

h
[(Fup)(t1) — (Fuy)(2)| < Tltl — |, Vt1,t0 € [-T,0], n € N¥,

which implies that {Fu,} is equicontinuous function in Uy. Linking Step 2, {Fu} is
uniformly bounded in Up. Therefore the Arzela-Ascoli theorem guarantees that {Fu}
is relatively compact in Up.

Step 4. We confirm that F : K — K is continuous. Given a fixed ¢ > 0, due to
F :[up — h, uo + h] — R is uniformly continuous, therefore there exists a constant
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such that if u, u € [ug — h, ug + h] with |u — u| < 8, then

|F(u) — Fu)| =

&
T2

where ¢, = max;¢[—7,0y ¢ (t). For arbitrary u1, uy € K with ||u; —u>|| < 8, we have

0 0
[(Fu1)(t) — (Fu2) )| = / (s = 0)q(s)F(ui(s))ds — / (s = 0)q(s) F(uz(s))ds
t t

0
< / (s — DG ()| Fur(s)) — Flua(s))lds
t

q S t S
Q*] —1

<28/0( + T)d
< — S s
2 ) ;

_ 2¢ T2
)
= €.

Therefore, we have || Fuy — Fuz|| < ¢. Then the operator F : K — K is continuous.

We have verified that all assumptions of the Schauder’s fixed-point theorem are
satisfied. There exists at least one u € K such that Fu = u, which corresponds to a
continuous solution of (53) on [—T, 0]. O

Remark 5.4 Applying our results to deal with the arctic gyres, one can determine
uniform upper bounds for C and C; as follow

/() )d /-O 4643 J
s)as = — =5 das
70061 o (exerX + e—xo)Z

2X0

_ —2X0 2X0 _ ~
= 2¢ [ln(e - e 1] 181.118,
0 0 X0 ,28 _ ,—X0) 48
/ Ip(s)|ds :/ goo| T —e e
o o (exerS + e—x0)3

341
o] 240 Lo % B ’%
S @D -1~ 00e,

= 8we

where xo ~ —2.253.

To end this section, we present a simple but rather general existence and uniqueness
result.
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Theorem 5.5 Set

+ />N —2X0 __ —2X%0
£ (Xp) =sup (Ze 2e [7e250e2’ 1

t<0

21X 4 1) + dilog(e¥0e* + 1)]) ,

¢ (o) =inf (25250 - 2e*2§0[ 1 21n(e*0e 4 1) + dilog(e*0e* + 1)]) ,
1<

eZZQEZt +1

£(%o) =supe [dilog(€* e + 1) +2In(e*e? + 1)].
<0
If there are constants k1 < k2 such that

Vo + wi T (X) + £(XFo) max {0, er[nax ] |F(u)|} < k3,
uelky, k2

(55)
Yo + wi ™ (Xo) + &(Xo) min {0, r[nin ]IF(u)I} > K1,

€lK1.k2

then (11) with (13) has a solution with k1 < u(t) < k3 for all t < 0. In addition, if
F (-) is Lipschitz continuous on [k1, k2], i.e.

|F(ui) — F(u)|
sup —_— <X

uy,ux€licy ko) uy #un [t — us|

)

then this solution is unique.

Proof We consider the above operator
(Tu)(t) = Yo + 2we™ 20 — 2pe™ >0

! 2xo 2t . 2% 2t
x [m+21n(e ¢+ 1) + dilog (e +1)]
! 4 4SF
+/ PR L CLC) N R
—00 (e¥0e2s 4 ¢=%0)2

It is to check, that inequalities of (55) implies
T(W/q,Kz) C WK1,K2 ={ulu e k1 <u(t) <k, V¥t <0}.

Clearly Wy, ., is a convex, bounded and closed subset of X. Since we already know
that 7 is a compact mapping, we can apply the Schauder’s fixed-point theorem for the
existence part of our theorem. The uniqueness follows from the proof Theorem 5.1.
This proof is finished. O

Remark 5.6 (55) is equivalent to

K2 — Yo — w¢ (o)

’

max {0, max ]|F(u)|} <

uelierk2 &(Xo) o 56)
min {O, min |F(u)|} > K1 — Yo —~a)§ (xo).
uelerie] &(Xo)
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Since always it holds

min{0, min |F(u)|} <max{0 max |F(u)|}
MG[Kl

(56) implies that we need
@ (¢ F(F0) — ¢ (R0) < k2 — k1. (57)

On the other hand, if (57) is satisfied, then (55) is equivalent to

—VYo—wl () _ {o, min |F(u)|}
&(Xo) u€lky,k2]
< max {O, max |F(u)|} (58)
u€lki, k2]

_ k2= Vo — w¢ ™t (o)

- &(Xo)

Clearly (58) is more readable and applicable than (55).

6 Ulam-Hyers Type Stability

In this section, we consider the Ulam—Hyers type stability of the equation (11) with
asymptotic conditions (13).

Let &, A, be two positive real numbers and let @ : (—o0, o] — [0, +00), 1H <0
be a continuous and nondecreasing function satisfying

t
/ (t = s)u(s)ds = (1), t € (=00, 10]. (59)

For example, we set (1) = pe®*’, —oo <t <0, where p > 0and @ > 1. Then (59)

holds. In fact,
f / pe“tdtds

:—/ e |1 ds
@ J 00

t
= B/ e“*ds = %e‘”.
aJ_ o o

t
/ (t —s)u(s)ds

Consider
46" F (u(1)) (e¥0e? — e=¥0)eH
4
w (1) = (e & eT? O Ragh 1 g—Ro)3 <en(r), te (=000l 10 =<0,

(60)
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and

4" F (u(1)) G
(eX0e2 § e—T0)2 P T(gR0e 1 o—To)3

<eg, te€]t,0]. (61)

u”(t) .

Definition 6.1 (see [30]) ForV ¢ > 0, if there exists areal number C; > 0 such that for
any solution z € C 2([to, 0], R) of (61) with asymptotic conditions (13), there exists
a solution u € C2([fy, 0], R) of (11) with asymptotic conditions (13) and

then the equation (11) with asymptotic conditions (13) is Ulam—Hyers stable.

Definition 6.2 (see [30]) For V & > 0, if there exists a real number C,, > 0 such that
for any solution # € C2((—oo, o], R) of (60) with asymptotic conditions (13), there
exists a solution u € C%((—00, 1p], R) of (11) with asymptotic conditions (13) and

| (1) —u(t) |= Cpep(t), Vit e (=00, 10,

then the equation (11) with asymptotic conditions (13) is Ulam—Hyers—Rassias stable.

Theorem 6.3 Assume that the conditions of Theorem 5.1 hold, then the equation (11)
with asymptotic conditions (13) is Ulam—Hyers—Rassias stable on (—o0, ty].

Proof Letii € C%((—00, 1y], R) be a solution of (60) with asymptotic conditions (13).
From (59) and (60), we have
4¢% F(u(s)) ‘
(eiOeQS + e—ig)z -
4¢* F(ii(s)) ‘

t
() — u()] = ﬁ(z)—g(r)—/ (i —s)

t
sﬁ(t)—g(t)—/_ (f—s)m
As t 4s
‘/ (1 =5y FE6) 4e™ F(i(s)) ds—/ (t—s)wds

ereZS +e )(())2 (exerf + e*XO)Z

< A(t)_ (t)_f ([— )Md ‘
= 8 T (Geer g e o)

t 4s () —
+/ t—s 4e™ | F(u(s) — Fu(s))|

(e)?o e2s + e—X~0)2

ds

4™ |F(ii(s) — F(u(s))l

t
SAuem(t) + / (t—s)

s (exoe% +e—x0)2
! 4™ M|i(s) — u(s)]
<Apep(t) + [w(t —5) (gD 1 o—0)? ds, —oo<t<ty.

where g(t) = Yo + 2a)e_220[ _| + 2In(e?0e? + 1) 4 dilog(e*0e? + 1) —

€202 41

1], —o0 <t <ty.
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By the Gronwall’s inequality, we obtain that
. tAM(t — 5)e®
() —u(®)| < Apepn(r) exp (/_OO md )

LOAM(t — 5)e™
< Aﬂeu(t)exp(sup/ %ds)

1<ty J—oo (€¥0€25 4 ¢—¥0)2
= Juexp (Me—”o [dilog(e*0e¥0 4 1) 4 2In(e¥0e?0 4 1)])

ep(t) == Cpen(r), —oo <t =ty,

i.e., the equation (11) with asymptotic conditions (13) is Ulam—Hyers—Rassias stable.
The proof is completed. O

Theorem 6.4 Assume that the conditions of Theorem 5.1 hold, then the equation (11)
with asymptotic conditions (13) is Ulam—Hyers stable on [ty, 0].

Proof Linking (44) and (48), we obtain that
(1) = u(to) + u' (1) (¢ t)+/[(t ) 4e® Fuls)
u(t) =u u — ) —————
0 0 0 o (ex(,ezs + e—xo)Z

t (eierS _ e—io)e4s
+ t—8)8w—— - ds, to <t <0.
/l‘;) ( ) (exoe.ZS + e—xo)?) 0

(62)

Let i € C*((—o0, fo], R) be a solution of (61) with asymptotic conditions (13).
From (61) and (62) we have

4e™ F(u(s))
4 4SF 0
< u(r)—h(t)—/ (r— )%

/ (¢ — 5 tUFGG) 4e% F(G(s)) B / ¢ — 4e% F(u(s))
(exo 2s + e—xo)z § (650623 + e—)?o)z

4e* F(u(s))
(eioelv —|—€7£0)2
! 4¢ | F(ii(s)) — F(u(s))|

+/ (t—s) (o2 1 o—Foy?

(t — to)2 ! 4e*|F(ii(s)) — F (u(s))|
< e+ / (t—ys) (oeD § o) ds
ﬁ / () MIAG) — o)

ex()eZA + e~ x0)2

t
li(t) — u(®)| = i) — h(r) —/ (t—S)

<l|a(t) —h(t) — (t —5)
to

ds

fh<t=<0,

25 ,—X 45
where h(1) = u(to) + u'(t0)(t — 10) + [; (t - s)Sw%ds, fo<t<O0.
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By the Gronwall’s inequality, we have

2 _ 4s
|ﬁ(z)—u(t)|s§ (/ (4M(’ $)e ds)s

X0 eZs + e—xo)Z

1 O 4M(r — 5)e®
< —exp| sup ——
0<t<0Jry (eX0e= + e=0)

0
i.e., the equation (11) with asymptotic conditions (13) is Ulam—Hyers stable. This
proof is finished. O

Conclusion

We study a new second-order ordinary differential equation model of arctic gyres,
which is derived by considering the radial solutions for the semi-linear elliptic equa-
tion model of gyres in [15] and introducing exponential transformation. With the
suitable asymptotic conditions and boundary conditions, we provide explicit solutions
of constant vorticity and linear vorticity. Then we study the existence and uniqueness
of continuous solutions for the nonlinear vorticity with the fixed-point techniques.
Finally, we show that Lipschitz-type nonlinear vorticity with asymptotic conditions
for arctic gyres is Ulam—Hyers stable on finite interval and Ulam—Hyers—Rassias stable
on infinite interval.
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