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Abstract

Vaccine effectiveness, disease recovery and recurrence are important issues that must
be faced in the prevention and control of vector-borne infectious diseases. We develop,
in this paper, a dynamical model of vector disease with multi-age-structure to describe
the transmission of parasites (or bacteria) between vectors and hosts, where vaccina-
tion, relapse and general incidence are introduced to study how these factors influence
the spread and control of disease. First, the accurate formulation of the basic reproduc-
tion number is gained, which determines the existence and local asymptotic stability
of the disease-free and endemic steady states. Further, by utilizing the fluctuation the-
orem and the method of Lyapunov function, we verify that the disease-free steady state
is globally asymptotically stable if the basic reproduction number is less than one. In
addition, we also prove that the endemic steady state of this model without relapse is
globally asymptotically stable if the basic reproduction number is greater than one.
Moreover, the optimal control problem for our model is formulated and analyzed.
Finally, some numerical simulations are conducted to explain these analytical results.
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1 Introduction

Malaria, Chagasdisease (Americantrypanosomiasis), Leishmaniasis, Tungiasis,
African trypanosomiasis (sleeping sickness), etc.) are typical vector infectious dis-
eases, which are caused by parasites or bacteria and transmitted by certain insects
(such as mosquitoes, triatome bugs, sandflies, fleas, ticks, etc.) as vectors. Every year
there are hundreds of thousands deaths due to these diseases around the world. Such
as, approximately 500 million people worldwide are threatened by Malaria, and an
estimated 10 million people develop clinical symptoms of Malaria each year, 90% of
whom are on the African continent, where more than 2 million people die from the
disease each year [1].

There is a very long history of using mathematical models to study the transmission
patterns and prevention and control measures of vector-borne infectious diseases [2—
4]. In particular, Niger et al. [5] proposed an ordinary differential equations model to
evaluate the effect of reinfection on Malaria transmission. Chitnis et al. [6] developed
a model to describe the spread of Malaria between mosquitoes and humans, and
discussed the existence and stability of the equilibria which are determined by the
basic reproduction number. In Ref. [7], Osman et al. introduced a model to study
the different vector bias values of Malaria between low and high transmission areas,
obtained the existence and global stability of equilibria, and predicted the course of
this disease using a fit to actual data. Zheng et al. [8] developed a Malaria model with
two strains to analyze the impacts on incubation period and diversity of Plasmodium
on the transmission of this disease. Related studies are still continuous.

In recent years, clinical data have shown that the viral load in a host infected by a
pathogen is not constant, but varies with the time of viral invasion. This leads to the
fact that the transmission rate of pathogens from infected individuals to susceptible
individuals is a function of infection time, not a constant. For example, the infection
cycle for influenza is typically 2-10 days, with the rate of viral infection being almost
zero on the first day, peaking and beginning to decline on the second day, and gradu-
ally converging to zero after four days. This also means that the rate of transmission
of the virus is closely related to the time of being infected (also known as the age of
infection). In addition, for chronic infectious diseases such as Malaria, HIV, Tubercu-
losis, etc., the situation is more complicated [9]. The age factors (such as, the age of
infection, the age of vaccination, the age of relapse, etc.) not only influence the basic
reproduction number, but also influence the peak value of cases and the duration of
disease transmission. Recently, many epidemiological studies have attended to this
crucial aspect by introducing the compartment age of infectious disease models and
have yielded results which include the existence and stability of steady states [10—14].
Specifically, Wang et al. [15] presented a host-vector model with age-structure and
non-linear incidence for the transmission of Malaria, obtained the global asymptotic
stability of steady-states, and discussed the effects of the general incidence and age
of infection. Liu et al. [16] established an SEIR model with age-dependent latency
and recurrence periods, studied the asymptotic smoothness and uniform persistence of
solutions, and achieved the local and global stability of steady states by constructing
appropriate Volterra-type Lyapunov functions. Other studies on age-structured models
of vector-borne infectious diseases can be found [17-20], to name just a few.
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In addition, the study of optimal control for infectious diseases is an important part
of the dynamics of epidemic models, which is also an important guide to the rational
use of limited medical resources, effective control of disease transmission, and reduc-
tion of control costs [8, 21, 22]. However, there are also fewer research studies on the
optimal control of epidemic models with age structure. This is because the optimal
control of epidemic models with age-structure are usually coupling with ordinary dif-
ferential equations (ODEs) and partial differential equations (PDEs), which is more
complex than the optimal control of ODEs or PDEs. This will bring more computa-
tional challenges. Very recently, Mohammed-Awel et al. [23] proposed a vector-borne
infectious disease model with age of vaccination, and obtained the adjoints equations,
the existence and uniqueness of the optimal control for the optimal problem subject
to their model by using the Gateaux derivatives and the Ekeland’s Principle. Until
now, control measures for mosquito-borne infections have typically involved the use
of medications to reduce the risk of recurrence, the use of bed nets and insecticides
to reduce the likelihood of mosquito bites, extensive spraying to destroy mosquito
breeding sites, and vaccination of susceptible hosts [24-27].

We present, in this paper, a model of vector-borne with multi-age structures (that
is, age of vaccination, age of infection and age of relapse), where the general inci-
dence is also introduced to describe the complexity of parasites/bacteria transmission
from vectors to hosts. This article is organized as below. The model is presented in
Sect. 2. The global dynamics of this model is discussed in Sect. 3, which includes the
existence and uniqueness of global positive solutions, the basic reproduction number,
the existence and local stability of the disease-free and endemic steady states, the
global asymptotic stability of the disease-free steady state, and the global asymptotic
stability of the endemic steady state under ignoring relapse. The adjoint equations are
derived and the optimal control is described in Sect. 4. Numerical simulations and a
brief discussions are presented in Sects. 5 and 6, respectively.

2 Model Formulation and Preliminaries

Following the process of parasites/bacteria transmission between hosts and vectors,
the host population is divided into susceptible individuals S, vaccinated immune
individuals V},, infected individuals 7, and recovered individuals Ry. Let Vj, (¢, a)
denotes the number of immunized individuals with the age of vaccination a at time
t (here, a denotes the time-since-vaccination), then the total number of vaccinated
humans at ¢ is fooo Vi (t, a)da. The age-dependent decay rate of the vaccine is denoted
by wy, (a), so the total number of vaccine decay for vaccinated individuals entering the
susceptible hosts is f wp(a)Vy(t, a)da. Similarly, I (¢, b) is the number of infected
hosts with the age of 1nfect10n b at time ¢ (here, b represents the time-since-infection),

then the total number of infected humans at ¢ is f o In(t, b)db. The age-related removal
rate of infected humans is given by k&, (b), so the number of infected humans entering
the recovery term is fooo kn(b) I, (¢, b)db. Let Ry (t, ¢) denotes the number of recovered
individuals with the age of recover c at time ¢ (here, ¢ denotes the time-since-recover),
then the total number at time ¢ is fooo Ry (t, c)dc. The age-related relapse rate of
recovered individuals is denoted by r (c), so that the number of recovery individuals
entering the infected compartment is fooo rp(c) Ry (t, c)dc. The vector population is
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Table 1 The means of model parameters

Param. The biological meanings Units

Ap The total birth/recruitment rate of host population day_l
Ay The total birth/recruitment rate of vector population day_l
Lhs Ky Natural mortality rate of hosts and vectors, respectively day_l
Y Vaccination rate of susceptible individuals day_1
kp (D) Age-dependent recovery rate of infected individuals day_1
vy (b) Age-dependent death rate of infected individuals due to disease a,’ay_1
wp(a) Immunity loss rate of vaccinated individuals day_1
rp(c) From recovery class to infected class age-dependent relapse rate a,’ay_1

divided into susceptible S, and infected I,,, where, assume that the infected hosts will
carry the parasites/bacteria until it dies due to its short life cycle. Defined the infectivity
from infected hosts to susceptible vectors, 8,(b) = q,B1,(b), where g, denotes the
average biting rate of vectors, and 81, (b) denotes the probability of virus transmission
from infected hosts with infectious b to vectors after a successful bite. Under the above
hypothesis, a model with multi-age structure is formulated

dS, (1)

1 o]
T Ap — ppSp(t) — f(Sp(@), 1,(1)) — &thh(t) +/0 wp(@)Vi(t, a)da,

d d 1
(a* +6¥*) Vi(t,a) = —(un + wp(@) Vi (t, a), Vi(t,0) = =¥, Sp (1),
t da o
d 0
(5 +a%> In(t, b) = —(up + kp(b) + v (b)) I (2, b),
11,0) = F(Sh(D), To() + /0 (O Ra(t, e)de,

d d ©
(E +a&> Ry(t,c) = —(up +rp(e))Ru(t, c), Ry(t,0) = /0 kp (D)1 (t, b)db,

5@ _ ,, - foo By (0)So () I (1. BYAD — 110 Su (D).
dt 0
dr, o0
b0 / Bu(6)So () (1. bYAb — pu Ly (1),
t 0

ey

for ¢t > 0. Here, the initial conditions S,(0) = S0, V;(0,a) = Vyo(a), I5(0,b) =
Io(b), Ry(0,¢) = Ruo(c), Sy(0) = Syo, [,(0) = Iy, fora > 0,b > 0, ¢ > 0;
Io € RY := (0, 00), and Vyo(a), Ino(b), Ruo(c) € LL(R™), LY (R™) is the positive
cone of the function space L!(R) that are defined on R := (—o00, oo) and Lebesgue
integrable. The means of model parameters can be found in Table 1.

Remark 1 Where, parameter « is introduced to balance the difference in units of age
and time [23, 28]. For example, if the units of age and time are week and day, respec-
tively, then o = % In this paper, in order to simplify the calculation, the units of age
and time are both selected as day, so in this case, & = 1.
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In addition, the age-related parameters fulfill the following assumptions.

(Hy) Functions wy, (a), By(b), kn(b), vy (b), rp(c) € LL(RJF) are Lipschitz continu-
ous and B,(b) > 0.

(H») There is a constant pg € (0, wp] such that wy, (), ki (t), vi(T), rp(t) > uo for
T > 0.

(H3) f(Sn, I,) is locally Lipschitz continuous on Sy, I, that is, for every K >
0, there exists some Ch(K) > 0 and Cy(K) > 0 such that || f(Sp, I ) —
FSp I < Cn(K)|Sh — Snla 1f Sny L) — f(Sp, )| < Co(K)| Iy — L],
whenever 0 < S, Sh, I, I <K.

(Hy4) Function f satisfies f(0, I,) = f(Sy, 0) = 0, and f(Sy, I) is differentiable

2
such that af(asl”v’l”) >0, af(BSS"h’I“) > (0 and w <0, forsS, >0,1I, >0.

Remark 2 There are many concrete nonlinear incidence functions satisfying (Ha).

For example, f(Sp, I,) = Hfgh%plu (Beddington-DeAngelis incidence [29, 30]),
. . . p
f(Sp, Iy) = % (Crowley-Martin incidence [31]) and f(Sp, I,)) = ’fi’;’;é,

p, 1 > 1 (nonmonotone incidence [32, 33]).

Now, let the function space X =R x L'(RT) x L' (RT) x L (R*) x R x R endowed
with the norm

o o0
lCxer, -+ xe)llx = |x1l +/ Ixz(a)lda+/ |x3(b)|db
0 0
o0
+/ |x4(c)|dc + |x5| + |x6],
0

forany (x1, -+ - , x¢) € X, and its positive cone is denoted by X =R* x L! (RT) x
LI (R*) x L1 (R*) x R x RT. The initial conditions of model (1) can be rewritten
as xo = (Sno, Vao(a), Ino(b), Ruo(c), Svo, Lo) € X4. It’s easy to get that

Vi (0, 0) = ¥ Sho,
15(0,0) = £ (S0 Loo) + /0 i (c) Rio(c)de,

Rp(0,0) = /0 kn (D) Ino(b)db. @

From the basic theory of age-structured model in Ref. [34], model (1) has a
unique non-negative solution. That is, model (1) generates a semiflow ® (¢, x9) =
(S (@), Vi(t, ), Ry(t, ), In(t, ), Sy(t), I,()), t > 0, which is continuous and

P, xo)llx = |Sh(f)|+/0 [Va(t, a)lda
+/ |1 (2, b)|db
0

+/0 R, O)lde + 1Sy (0] + 1L (1). 3)
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The following substitution is introduced below, for a, b, ¢ > 0,

e1(a) = wp(a) + pn, &2(b) = kyp(b) + v (b) + pup,  e3(c) = rp(c) + wn,
Q) = e—f(f sl(s)dx’ (b)) = e fob az(x)ds’ Alc) = e~ Jo ez3(x)ds7
L= / wp(a)R2(a)da, H = / ky(b)T (b)db, N :/ rp(c)A(c)dc.
0 0 0

By the characteristic line method, solving V}, (¢, a) from the second equation of (1),
one has

Vi(t —a, O)e_fgl ei(s)ds t>a>0,
Vi(t,a) = 4

Vio(a — e Jar 5105 g > 1> 0,
Similarly, we can obtain I (¢, b) and R; (¢, c)

b
Iy(t — b, 0)eJo 285 ¢ - > 0
In(t,b) = ,
Ino(b — e =299 > ¢ > g,

Ryt —c,0)e Jo&s@ds 1 o o~ g
Rp(t,c) = 5)

Ruo(c — t)e Jemr 365 5 4 5

Next, define that the state space for model (1) as follow
D:= {(Shv Vh(tv ')7 Ih(tv ')7 Rh(t1 ')v Sl}v I'U) € X-’r
o0 o
2 Sh +/ Vi(t,a)da +/ I, (t, b)db
0 0

o0 Ap Ay
+ Ry(t,c)de < —, Sy + 1, < — .
0 2] My

Proposition 1 For model (1), region D is positive invariant for ®, that is, for any
xo € D, (¢, xg) € D, t > 0. Further, ® is ultimately bounded and D attracts every
point in X.

Proof Let ®(t, xq) = Z1(t,x10) + Zo(t,x20), where Z(t,x10) =
(Sh7 Vh(tv)s Ih(tv)s Rh(ts ')707 0)9 Z2(t7x20) = (Ov Os Oa 07 Svs IU)’ X10 =
(Sho, Vio(a), Ino(b), Rno(c), 0,0) and xz0 = (0,0,0,0, Sy, fy0). Then for any
x10 € X4, we have

dllZ1(z, x10)lIx -

Ay —
dr h— MKh

<Sh + / Vi(t,a)da —i—/ I (¢, b)db + f Ry(t, c)dc) .
0 0 0
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Hence, it yields that

Ay _ Ap
1Z1(t, x10)lx < — — e ! <— - IIX10||X> . (6)
i M
Similarly, we can get that
A _ A
1Z2(t, x20) |x = — — ™! <—U - IIX20||X> . @)
I’LU v

Therefore, for any xog = x10 + x20 € D, it follows that ® (¢, xo) € D for ¢+ > 0. This
means that D is a positive invariant for model (1). Further, it is also observe from
inequalities (6) and (7) that ® (¢, xg) is ultimately bounded and attracts every point in
X4. This completes the proof. O

Proposition 2 For some A > 2—:, B> % if xo € Xand || xollx < min{A, B}, then

0 < Si(®), Jo° Vat,a)da, [5° In(t, b)db, [;° Ry(t,c)dc < A, 0 < S,, I, < B for
allt > 0.

Proof By Proposition 1, it concludes that D is positive invariant and ® attracts every
point in D. Therefore, there exists A > A—Z and B > 2¢ such that 0 < Z,(1) < A,
0 < Z»(t) < Bforall ¢t > 0. This means that the conclusion of Proposition 2 is valid.
The proof is completed. O

The following two lemmas are useful to prove the global stability of the steady
state.

Lemma 1 (Fluctuation Lemma, Ref. [35]) Suppose that M : RT™ — R be a bounded
and continuously differentiable function, then, there exists sequences {s,} and {t,}
such that s, — 00, t, — 00, M(s;) = Mso, M'(sp) — 0, M(t,) — M, and
M'(t,) = 0asn — 00, where Moo = liminf,_, oo M (¢), M*® = lim sup,_, ., M (¢).

Lemma2 (Ref. [36]) Suppose that f : Rt — R is a bounded function and k €
L'(R"), then, lim sup,_, ., fé k@) f(t—6)do < f|k|-

3 Global Behavior of the Model

In this section we focus on the local and global asymptotiical stability of the disease-
free and endemic steady states of model (1).

3.1 Existence and Local Stability of Steady States
Model (1) always has the disease-free steady state £ O(S,?, Vh0 (a), 0,0, SB, 0), where

Ap Ay
S9=— "2 vl%a)=y8'Q@), S°=".
P un (1 —L) " "
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The basic reproduction number Ry is defined as

CAf(S). 0 nA, 1
al, w2 l1-NH’

Ro n— /0 Bo(b)T (b)db. ®)

Next, we discuss the existence and uniqueness of the endemic steady state. Assume
that £*(S;;, V) (), I (1), R; (), S5, I)) is the endemic steady state of model (1), then

]

A= St — F(SEI2) — WS} + /0 on @)V (@)da = 0,

d
an(a) = —(un + op(@)Vy' (@), V,(0) =ynS;,

b i (D) =—(un+kn()+vd)I; (b), 12‘(0)=f(5if,1:)+/0 ra(c) Ry (c)de,

d o
aRZ(C) = —(tn +1a(0) Rj(0), R(0) = /0 kn(b)1;; (b)db,

o0
Ay — / Bu(b)SELF(b)Ydb — pyS¥ =0,
0

o
/ Bu(b)SF T (bYdb — 11y IF = 0.
0

©)
Solving the second, third and fourth equations of (9), one can get
V(@) = ¥ S, (a),
Lib) = (f(S), 1)+ HNIF(0)A() T(b),
Rii(c) = HI(0)A(c). (10)
Further, substituting (10) into the fifth and sixth equations of (9), we have
A, — I* 21*
S;f:”—“”v, [;lk(())zuv—v. (11)
My n(Ay — ty 1:)

Combining I;(0) = f(S;. 1)) + fooo rn(c)Rj(c)dc and substituting the above
formulations of Sy, 7;(0) and V7 (0) into the first Eq. of (9) and rearrange yields

o M O = NH) _ nAn(Ay = poly) — p3(L = NH)I
P AR —L) Qa1 — L) (Ay — o)

12)

Inserting (10)—(12) into the last Eq. of (9), it follows that

Ao — o3 £S5 ID)

0=nSi0) — u I =
NS, 1, (0) — oIy =1 P T NH

poly
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In the light of the above discussion, model (1) has a positive steady state (S}, V;*(a),
15(b), R;(c), Sy, I)) if and only if I} is a positive solution of function F', where

vV
(I-NH)u2y
_ A — S0y
oy h = A, —1tyy) 1
F(y)=n— f .y — Koy
o wn + ¥n(1—L) 1-NH "

If Ro < 1, then, by using the monotonicity and the concavity of f in (Hs), one has

Fy) < Avf( Ap ) 1
VEN G ma =) T—wNe T
Ay, 1 0f(S%0)

STOT-NH  ay

Y= iy = wy(Ro — Dy,

for y > 0. This indicates that model (1) has no positive steady state for Ry < 1.
Now, we turn to the case Ry > 1. Note that F(0) = 0,

< ApAyn )
F 2
HyAp + (1 — NH)ug

_ (I —=mArAy + Ay _NH)va< ApAyn )
to (A + (1 — NH) o) o Ap + (1= NH)u?
ApAyn ApAyn

— = — <0,
Ap+ A = NH)py Ap+ A = NH)py

and

nA,  Af(S),0)

F'(0) =
wy(1—NH) 9y

— iy = p(Ro — 1) > 0.

From the intermediate value theorem of continuous function, there is at least one
positive root of function F, so model (1) has at least one positive steady state. Next,
we focus on the uniqueness of positive steady state. Using the contradictory method,
suppose that there is another positive steady state (Sh, Vi, I, Ry, Sv, I,,). Without

loss of generality, assume that I, > I* > 0. Let[ = by (H4), we obtain

1*7

FSE I 1 I, 11 o 1-
nO=T"Ng 1-wNe! e 7 ) 2 rioeg /O = 7O

where S;, < S;:' From the sixth Eq. of (9), it follows that

L l(0) Snrh©) 1 fEnh0) 1 Ll (0) L
= > = — = = — 1y,
VT O A n ) L+ n ) luu+n1h<0) 1Y

which is a contradiction.
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Summing up the above discussion, we can come to the following conclusion.

Theorem1 If Rg < 1, then model (1) has the disease-free steady state
EO(S;?, V,0(a), 0,0, Sg, 0); if Ry > 1, then model (1) has a unique endemic steady
state E*(S), Vi (a), I (b), R} (c), Sy, 1) in addition to the &y, where I} is a positive
root of F(I,) = 0.

Next, we proceed to investigate the local stability of the steady state using the
linearization method. Let ESn, Vi (), I(), Ry (+), Sy, I)) be a steady state of (1),
linearization at £ yields that

dxi (1) 3f(Sn, Iy) 3 f(Sn, Iy)
T <Mh + Yn + T)xlm T x6(1)
+/‘00 wp(a)x)(t, a)da,
0
0 0
<8—+—> x2(t, a) =—(un + wp(@))x2(t, a), x2(t,0) = Ypx1(2),
t 0da
0 d
<5 + ﬁ) x3(t,b) = —(up + kp(b) +vp(b)x3(2, b),
0 0 o0
(E + 8_> x4(t, ) =—(up+rp(c))xa(t, c), x4(t,0)=/ kp(b)x3(t, b)db,
dxs(t)
/ Bu(b)Syx3(t, bydb — / Bu(b) I (b)xs5(t)db — pyxs(t),
d)%(t)
/ Bu(b)Syx3(t, b)db +/ Bu(b) 15 (b)xs5(t)db — pyxe(t),

13)

and x3(¢, 0) = 8f(s” I, 9 GSnelo) 4y 4 8f(s" A Soly) 6() + Jo° rn(c)xa(t, c)de.

Now, we look for the solution of system (13) for the form x; (t) = x1€*, x2(t, a) =
(@), x3(t,b) = x3(b)eM, x4(t, ¢) = X4(c)e™, xs5(t) = XseM, x6(1) = Xge!,
where x; > 0, (i = 1,5, 6), x2(a), x3(b) and x4(c) will be determined later in the
calculation. Then,

3£ (Sh, 17»))21 N 3 f(Sh, iv)ié

A
( + un + Y + 3s, 3s,

— / - wn(@)%2(0)2(a)e *da = 0,
0

X2(0) — Ypx1 =0,
8f(§hv I_v)_ 3f(§h, I_U)—
X1 — X6
Sy al,

%4(0) — / h ki (b)%3(0)T (b)e ™ db = 0,
0

£3(0) — - / Y (OR0) A de = 0,
0
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O+ Jo)is + / Bo(B) 5,53 (0)T (b)e 0 db + f Bo(b) I (b)Fsdb = 0,
0 0

(A + po)Xe — /OO Bu(b)Su%3(0)T (b)e * db — /oo Bu(b) [y (b)X5db = 0.
0 0

Theorem 2 The disease-free steady state E° of model (1) is locally asymptotically
stable for Ry < land is unstable for Roy > 1.

f(Sh 0)

Proof Notice that = Ofor S; € R, we can acquire the characteristic equation

at £ as

A+ up)C1AN)C2(A) =0, (14)
where C1(A) = A + un + ¥l — K1 (W),

0
Sgaf(Sh,O)

Ka(),
a1, 4()

C200) = G+ ) (1= KWK () —
Ki(0) = fooo wp(@)Q(a)e ™ da,
Ky(0) = /O ” ki (b)T (b)e*bdb,

K3(0) = fo - rn(c)A(c)e *dc,

Ki(h) = f b Bu(b)T(b)e P db.
0

We claim that all roots of C1(1) = 0 have negative real parts. As a matter of fact, if
Mo with nonnegative real part, then vy, < |Ag + up + Y| = 1//‘;,|I€1 (A)| < Y. This
is a contradiction. Thus, the claim is true.

IfRo > 1,then C2(0) = (1 —Rp) < 0. By incorporating limy .o C2(X) =
and the intermediate value theorem of continuous function, we know that C>(1) = 0
has a positive root. Hence, &Y is unstable if Ro > 1.

Now, we claim that all roots of C(A) = 0 have negative real parts for Ry < 1.
Otherwise, let Ao be a root of C(A) = 0 with Re(Ag) > 0, then u,(1 — NH) <
|0 + o) (1 — K2 (ho) K3(20))| and

8f( ,,,0) Soaf<S°,0)

SOK4(n
A)— a1,

= o(1 = NH)Ro < po(1 — NH).

This is a contradiction. Therefore, all roots of (14) have negative real parts. This implies
9 is locally asymptomatically stable for Ry < 1. The proof is finished. O
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3.2 Uniform Persistence

To obtain the global dynamics of the steady state of model (1), we introduce the
asymptotic smoothness of solution semiflow. Denote operators ®(z, x¢), 2 (¢, x0):
Rt x Xy — Xy as follows ®(r,x0) = (0,9v(z,-), @/, ), ¢r(t,-),0,0),
D (1, x0) 1= (Sp(®), Va(t, ), In(t, ), Ru(t, ), Sy(2), 1,(¢)), where,

& t.a) , t>a>0, d
,a) = an
v Vi(t,a), a>t>0,
Jie by = r=b=0 (15)
I Iy, b), b>t>0,
Tr(t.0) 0, t>c>0, d
) an
REE. € Ru(t, 0), c>1t>0,
Vi(t,a), t>a=>0,
Vi(t,a) = 16
h( {0’ 45150 (16)
- I,(t, b), t>b=>0,
Py = | ) ~ and
0, b>1t>0,
- Ry(t,c), t>c=>0,
Rp(t,b) = )
0, c>t>0.

It’s obvious that ® (¢, xg) = P (¢, x9) + (¢, xg) forall r > 0.

Proposition3 For any r1 > 0, if xo € Xy and ||xollx < r1, then || ®1(f, x0)|lx <
e Mty fort > 0.

Proof Based on (4), (5), (15) and (16), one can get

0, t>a=>0,
Uy (t,a) = Q(a)

V — ), >t >0,

ho(a )Q(a—t) a

0, t>b>0,
Vit b) = (b

Ino(b —t , >t>0,

no( )r(b—t) >

0, t>c>0,

t,c) = A

Ur(.c) Rio(c — 1)2© >0

_— c>t
Alc—1)

For xp € X4 and ||xg||x < r1, we have
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D1, x0)lIx
™ o 20D PR
_/(; Vio(o) Q) dO-i-/(; Iy0(0) @) do
~ Ao +1)
+/(; RhO(U)W do
:/ Vho(d)e’f;ﬂ e1(9)ds| 4
0

do.

o0 7ft+a ()d o0 7‘/'t+(7 )d
+/ Ino(o)e Jo 28 do +/ ‘RhO(O')e o €3(s)ds
0 0

It follows from g1 (a), 2(b) and £3(c) > uj, + o, for a, b, c € R that one has

o0 o0 o0
n®mwmm5ewwwff mmwMg/|mwmw+/|mmmmﬂ
0 0 0
< e_(“h+“°)t||xo||x < rle_(“h+“°)t,
for t € RT. The proof is completed. O

Due to, LL(R*) is the infinite dimensional Banach space, and boundness does not
imply compactness in LL(RJ“), we introduce the following proposition to guarantee
tightness L! (RT).

Proposition 4 Semiflow {®(t, x0)};>0 is completely continuous.

Proof By the Proposition 2, Sy, (¢) remains in the compact set [0, A], S, (¢) and 7, (1)
r~emain in the~ compact set [0, B]. Therefore, we just need to prove that Vj (¢, -),
In(t,-) and Ry(t,-) belong to the compact set of LL(RJr), without dependence

on xo € Xy. Since Vh (t,-), fh (¢, ) and ﬁh (¢, -) are bounded, combined with the

Fréchet-Kolmogorov Theorem (see Ref. [43]), it need to prove that the condition

lim;_, o+ fooo |yi(t,a +1) — yi(t, a)| da = 0 uniformly with respect to xg € X;.
For!l € (0, t), by (15) and (H3), one has

o0
/ ‘Vh(t,a+l)— V(t, a)| da
0
t—1
=/ Vit a +1) — Vi(t, )] da
0
t
+/ 10 = Vi (t. @)l da < YAl
t—1
t—I1
+/ Vit —a —1,0)|2(a +1) — Q)| da
0

-l
+/ Vit —a—1,0) = Vi(t — a,0)| Qa)da
0

t—1
=1/thl+/ Vit —a—1,0)|R2(@a+1) — Q(a)|da
0
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t—1
+/ Yp |Sp(t —a —1) — Sp(t —a)| QL(a)da.
0
Note that 0 < Q(a) < e~ HotHna < | we obtain

t—1 1 )
/ |Q(a+l)—Q(a)|da=/ S'Z(a)da—f Q(a)da <1
0 0 t—1

and

<Ap+(un+ v +o0)A+ f(A B) = Ls.

dSu (1)
dt

Therefore,

00| _ ; . ,
/ ‘Vh("aJrl)—Vh(f»a)‘daSthAlJr j:/fh ,
0 h

which indicates lim;_ o+ 5~ ‘Vh (t,a+1)— Vp(t, a)‘ da = 0. Similarly, it also has

o0 o0
lim |Ih(t, b+ 1)~ I(t, b)|db = 0, llir(1)1+/ |Ri(t, c+1) — Ry(t, ¢)|de = 0.
0 g 0

-0t

This completes to verify that Vh (t,a), ih (t,b)and Ié;, (¢, c) satisty the above condition.
O

Now, we turn to the uniform persistence of (1). Define p : X; — R™T as

o
p(ShvthIthhvSvslv) =[) ﬁv(b)lh(»b)dbs (Shvvhvlhs th Svslv) €X+,
and

Xo={(Sn0, V10,110, Rno, Svo, Lvo) €D : p(P (2, (Sho, Vro,1ro, Rro,Svo, 1v0))) > 0,
t e R},

and 0Xg = X \Xg. Before proving uniform persistence, we give the following
Proposition 5.

Proposition 5 The £° of model (1) is globally attractive for the { D(t)}i>0 restricted
to 0Xp.

Proof Similar to the analysis of Ref. [17], ® (¢, X¢) C X and ® (¢, 0Xy) C 93X, that
is, Xp and 90X is the positive invariant set for semiflow @ (#) of model (1). Based on the
positive invariance of dXq for (Spo, -+, Iyo) € 90X, ityields that ® (¢, (Spo, -+, [10)) €
0Xg. Therefore, p(®(z, (Sho, - - -, Ivo))) = O, i.e., fooo Bv(D) I, (-, b)db = 0. This
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implies that I,(z,b) = 0 for t, b > 0. Substituting it into the fifth and seventh
equations of model (1), one can derives lim;_, o, R (¢, b) = 0 and lim; . I,(¢) = 0.
In conclusion, from the above results and the first, second and sixth equations of model
(1), one has lim;_, o0 S (t) = SY, im0 V4 (£, @) = V() and lim;_, o0 Sy () = SU.
This means limy_, oo ® (7, (Sho, - - -, Iyo)) = E°. This completes the proof. O

Theorem 3 IfRo > 1, then semiflow {®(t, x0) };>0 uniformly weakly p-persistent, i.e.,
for (Sho, Vio, Ino, Rno, Svo, 1v0) € Xo, there is a positive constant g, independent of the
initial conditions, such that lim sup,_, o, o (P (to, (Sro, Vko, 1ro. Rro, Svo, 1v0))) > &.

Proof For contradiction, for any & > 0, there exists a positive x® =
(Sh0 Vio» Tnos Rno. Swo, Ivo) € D\ Xg such that lim sup,_, o, [¢° Bo(b) I (¢, b)db <
e. Since Rg > 1, we can select [ > 0 such that

n() 0 f(@2(D), w1(1)) Ny — w1() _ A= Gy ()
. _ >1 and wy(l) (= ———,
1 —=NMHO) aly My Wn + Y
(18)
where wi(/) = ;ﬁil' By the hypothesis, there exists x* e D \ Xo (for

convenience, the remaining part of the proof is denoted by x) such that
limsup,_, o fo° Bu(®)In(t, b)db < % Then there exists fo € RT such that

fooo Bv(D) I (¢, b)db < [ forallt > t9. Without loss of generality, suppose that 7o = 0,
because we can substitute ® (¢p, x) for x. From the seventh Eq. of (1), one has

dr, (1)
dt

= (Ny — Iu(t))/ BoD) 1y (1, b)db — py 1y (1) < Nyl — (e + D1 (1),
0

that is, limsup,_, o, [, (1) < MN—‘JFIZ Again, without loss of generality, assume that
v

I,(#) <wi(l) forte R;. (19)
Combining (H3) and the first equation of (1), we have

dsSu ()
dt

= Ap — unSp(t) — f(Sp(®), 1y (1)) — Y Sp (1)
= Ap — Co(K)or1 (D) — (un + ¥a) Sp(0),

Ap=Co (K)o (D)

it follows that lim inf;_, o S, (t) > =T

suppose that

. Again, without loss of generality,

Sp(t) = wr(l) fort e RT. (20)
According to the seventh Eq. of (1), we have

dly (1)
dr

> /0 BoBY(Ny — 01 (D) (1, B)db — T (1),
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which implies that lim inf,_, o I, (t) > i fooo Bv(b)(Ny — w1 () I (¢, b)db. Again,
without loss of generality, assume that

157 Bo()(Ny — o1 (D) I (2, b)db

Iy(1) > fort € RT.
Mo
Combining Egs. (19) and (20), we have
0 D), w(l !
.0z 2O ) 4 [ @8
v 0

r—c
/ kn(b)In(t — b — ¢, 0)T(b)dbdc,
0

for t € R™. Applying the Laplace transform to each side of the above inequality, one
can get

LUH G 0)] = / RSN ACIORTLC) ARy o

0 a1,
/ - rn(c)A(c)e™de / - kn(b)T(b)e *Pdb
0 0

. i 1 _ 0 f(w2(D), w1 (D)) “e_lev(t)dt
1-NOMHO) al, 0

s L @O0 N0 [y ),
1-NOMWHO) al, My 0

o
/ e M I(t, 0)dr.
0
Here, HM) = [ kp(b)t(B)e™*db, N(W) = [ rm(e)A(c)e™db, (1) =
fooo Bv(b)T (b)e=*Pdb and £[fh (z, 0)] denotes the Laplace transform of [; (¢, 0), which
is strictly positive. Dividing both sides of the above inequality by LU (t, 0)], we have

(Ny — 01 ()AR) 3 f(w2(1), w1 (1))
T (I = NQH®M)) aly

’

which contradicts with Eq. (18). This completes the proof. O

Theorem 4 Semiflow {®(t, x0)}i>0 is uniformly strongly p-persistent for
Ro > 1. That is, there exists a positive constant & such that
lim inf; o0 p(P (10, (Sh0, V1o, Iho, Rnos Svo, 1v0))) > €.

The proof method is consistent with that in Ref. [37] and the proof is omitted here.
Theorem5 If Rog > 1, then model (1) is uniformly persistent, i.e.,
there exists a constant € > 0 such that for every xo € X,

liminf; o0 (S (0), Vi (@, 1, 1n (@, )1y 1Re @, )1, Su(@), (@) > €, where
If@ )l = Jo° £, x)dx, f(t,2) = Vi(t, ), In(t, -) and Ry(t, -), respectively.
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Proof 1t follows from (H3) and the first Eq. of (1) that

dsgt(” > A — (i + Ch(K) + Y S (), 2D

> Ay — wpSu(t),

S . Aj, .
‘ZhICh indicates that lim inf; o S, (t) > Tt o®) -

. = €3. By Theorem 4, there exists a e > 0 such that
liminf,_, o fooo Bu(D) I (t,b)db > e€;. Then, for [; € (0, €2), there is a constant
T; > 0 such that fooo By (D) I (t, b)db > €y — [] fort > Tj. It follows from

= €1, llmlnft_>oo Su(t) >

dr, (1)

4 2 Ny(e2 —11) — (o + €2 — [ 1y (1) forallt > T,
that liminf; .o I,(t) > (ZZE;%% Since [y is arbitrary, we can get
liminf, o I,(¢) > (MI\U’”ﬁz) := €4. For any [, € (0, min{ey, €4}), there exists 7> > 0

such that Sy, () > €1 — Ip, I,(t) > €4 — I for all t > T,. Then, for all t > T>,
t—1T
(2, b)Yl > /0 T(b) f(Sn(t — D), I, (t — b))db

t—1T»
> /0 T (b) f (€1 — 1), (€4 — 12))db,

which imply that liminf, o || I(t, )| = |tll1f((e1 — 1), (€4 — [3)). Simi-

larly, liminf; oo |Ri (2, )ll1 > [|AknTll1 f (€1, €4), and liminf; o0 | Vi (2, It >
Yrer]|2(a)|lr. Letting € = min{ey, €3, €3, €4} immediately completes the proof. O

3.3 Global Stability

We first show the global stability of the disease-free steady state £° by using Fluctuation
Lemma, that is Lemma 1.

Theorem 6 Assume that Ry < 1, then E° of model (1) is globally asymptotically
stable.

Proof Combining the positive invariance and attractive properties of D with
the Theorem 2, we just need to prove that {£°} attracts to ID. Suppose
(S (), Vi(t,a), In(t, b), Ry(t, c), Sy(t), I,(t)) be the solution of model (1) with
(Snos Vo (+)s Ino () Rno(+), Svo, Iyo) € D. From the Eq. (5), one has

0 00
In(t —b,0) < %IU +/ rr(c)Ry(t — b, c)de. Q1)
v 0

Combining the fifth Eq. of (1) and (H3), we can get

00 t
/ rp(c)Ry(t, c)dc =/ rn(c)Ry(t — ¢, 0)A(c)dc
0 0
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- a0 g d
+/; "h(dm no(c — t)dc
t
S/O r(©) Ry (t — ¢, 0)A(c)de + e " ||rpl oo | Rholl1
t t—c
:/ rh(C)A(C)</ kn(b)I(t —c — b,0)T(b)db
0 0

+ Ookh(b)&lho(b—t—i—c)db dc
t—c T(b —t-l—C)

+ e M irpllooll Ruoll1

t t—c
5/ rh(cm(c)(f kn () In(t — ¢ — b, 0)z (b)db
0 0
+ e U ey oo I Ino I l)dc + e || ry lloo | Rioll 1 -
Applying Lemma 1 and Lemma 2,

</OO rn(c)Rp (-, c)dc) <N </OO kn(b) Iy (-, 0)t(b)db) . (22)
0 0

According to the seventh equation of the model (1), we have

A t o0
L) < e ,(0) + 22 / e li=) / Bu () I (s. b)dbds
My Jo 0
A t o0
= e M, 0) + =2 / e HvS / Bu (D)1 (1 — s, b)dbds.

Ky Jo 0

It yields from Lemma 1 that (1,)™ < 2 (o~ Bo(B)Ia(-, b)db)™ . Further,

o0 t
/ Bo(B) I (t, )b = / Bob)In(t — b, 0)e (b)db
0 0
o0 b
4 / Bo(b)—2
t

T(
(b —1)
'
S/O BoB)In(t — b, 0)T(B)db + e[| Bulloc I Znoll-  (23)

Ino(b — t)db

Combined with (21), (22) and (23), it follows that

1 nA, 3f(S).0)
—NH p? oI,

(In (-, 0)> < 1 (In (-, 0)> = Ro(In (-, 0). (24)

To summarize, we obtained (I, (-, 0))>® < Ro(I5(-, 0))*°. Because Ry < 1, we can
get (I,(+, 0))°° = 0. Further, one can get lim;_, , I,(t, b) = 0, lim;— o0 Ry (t,c) =0
and lim;_, » I,(t) = 0. Finally, we come to the proof that lim;_, o S,(¢) = Sg,
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lim, o0 Vi (2, @) = V2 (a) andlim,—, o Sy () = 9. Dueto (S;)>® < SP, (S,)*° < Y,
it is only necessary to prove that (Sp)eo > Sg, (Sv)oo > SB. From Lemma 1, there

exists a sequence {f,} such that 7, — 00, Sy () — (Sh)oo> Sv(fn) — (Sy)eo and

ds,é_gf,,) — 0, %ﬁf") — 0 as n — oo. And then, from the first and sixth equations of
model (1), it follows that

dsy (i, ) o 0 )
;ljt ) =Ap = ('uh + Ilfh)Sh(ln) - f(Sh(tl’l)v I, (t:)) +‘/(‘) wp(@)Vy(t,, a)da,
dSzlit”) =Ay— /OO Bu(D) Sy (1) In (T, b)db — 11y Sy (1y).
0

When n — 00, one has 0 = Ay — (iun + V) (S)oo + (Sh)oo Jo - ¥nwn (@) (a)da,
0= Ay — 1y(Sy)eo- Then

. Ah . Av
Iim S,(t) = —————, lim Sy(t) = —.
t—00 un + vn(1 — L) =00 Mo
: P : : —  _YnhpQ(a)
According to (4), it is easy to derive lim;—o Vi(t,a) = AU (=0 Thus,
llmt%OO(Sh(t)7 Vh(ta ')7 Ih (ta ')7 Rh (ta ')7 Sv(t), IU(I)) = 50 The prOOfiS Completed'

O

According to Proposition 1, when ¢ tends to oo, it is obtained that that N, (¢) tends
to a constant Ny, and S, (t) = Ny — I,(¢) for t > 0. Therefore, to simplify theoretical
calculations, we only discuss the global asymptotical stability of the endemic steady
state £ (877, V¥ (), 17 (), Ry (-), 1)) of the limiting system (25) of model (1)

dsS,(t)
dr

= Ap = Sp (@) — f(Su (), Lo (1)) — ¥ Sp(2) +/; wp(a)Vp(t, a)da,

0 0
(5 + %> Vi(t,a) = —(up + wp(@) Vi (t, a), Vi(t,0) = ¥ Si(t),

0 d

(E + %) In(t,b) = —(un + kn(b) + v (b)) 14 (t, D),

11, 0) = F(Si(0), 1,(0) + /0 (&) R (1, )de,
0 d o

(87 + *) Rp(t,c) = —(up +rp(0)Rp(t, c), Ry(t,0) = / kp(b)I,(t, b)db,
t ac 0

drl, o
dt(t) :/o Bu(DY(Ny — Iy () I (2, b)db — puy 1, (2).

(25)

Define that function ¢ : RT — RT by g(x) = x — 1 — Inx, L(a) =

6 6
[ wp@)e Ja 199549, and (k) = [;° By (b)e™ Jo 2()9d6. The following assump-
tion on the nonlinear incidences is necessary.
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(Hs) For S, > 0,

IU < S;’:f(Shvlv) <

L= Suf(S5 1) ~

< S;;f(Shslv) < ﬂ,
T OSnf Sy L) T

1,0<1,<IF,
(26)
1

0<I;<lI,.

Theorem 7 Assume that r,(¢c) = 0 and (Hs) holds. If Ry > 1, then the endemic steady
state E* of system (25) is globally asymptomatically stable in Xy.

Proof By Theorem 5, we know that for any & > 0, there exists 7 > 0 such that, for
1> T, (Sp@), IVa(t, I M, s [1Re (2, Dlln, Su(@), Iy(2)) = €. Without loss of
generality, assume that (S;(¢), [|Va(t, )1, 1a @, )1, 1Re (@, )1, Su@), Ly(@)) > &
for t > 0. Define a Lyapunov function as Lgg (t) = Wi (t) + Wa(t) + Wa(t) + Wa(2),
where

* Sh(t)) /oo * (Vh(t’a)>
1 =n ,,g( 5 2) =1 A @V, (@g Vi@ a
00 I(t, b Sy Iy I,
W3(t):/ n(b)[,j(b)g( ntt )>db, Wilr) = Mg( (:)).
0 Ih(b) v [v

Calculate the derivative of function Wy (¢) along the solution of model (1), it follow
that

dwi () oy S S
” —n(uh+1/fh)5h<2 S,(1) s >
. FS@. @) S; S;f(sh<r),lv(r>>>
S 1— —
HREA ”)< F(SE Iz ORECORCNER
00 . (Vi) S Vi(t.a) S} )
V ks ~ - 3
+”/o o) ”(“)( Vi (a) SHOVE@ | Shn)

27)

where the Ay, = (upn + Y1) S + F(S), 1) — fooo wyp(a) V) (a)da is used. Derivation
of W (¢) yields

dWs(t) _ ﬂwa(a) (1 _ Vh(ﬁ‘ﬂ) [_8‘/’1([’“) _gl(a)vh(t,a)i| da.
0

dr Vi(a) da
Since
0 Vi(t,a) Vi (a) oV (t, a)
V*(a)— =VF 1— Vi (t _
h (a)aag< ) ) A (a)< Vo) e1(@)Vp(t,a) + % ,
we can get
dWa (1) . Vi, a)\|* s «
—3 = L@V <a>g( 5;1*(;; ) o /0 [L'(@)V; (@) — L@gei (@) V; (@] da
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o v (Valt @) o (ShD)
= —-nL@V, (a)g( V@) ) 700+7IL¢hShg( 5 )
e “ Vi(t, a)
_ ;7/0 wp(a)V), (a)g( V};"(a) )da. (28)

Similarly, for W5(#), one has

T — —awrti e (B

dr RO
I;(t,0) I(t,b)
+n1h<0>g( o ) f ﬁv(b)lh(b)g( o )db. 29)

Calculating the derivative of Wy(¢) along with the solutions of model (1) yields

AWa) _ nf S I )
e 7y b <1 I, (t)) (/ Bu(B)(Ny 1 (2, b)db)

SE LY I*
_W#leu(t) <1_ v >
wol; Iy(1)

Cnf S Uy — L)
lev(t)lf;k

/ Bv(D)I1(t, b)db. (30)
0
To sum up (27)—(30), from (Hs), we have

dLgg(t)
dt

. S5 S . FSh@). L@y S}
= +ynSi(2—- L — )+ ST (1— -
n(wn + ¥n)S;, ( Sp () S;f nf(Sy ) f(SZv 1) S (1)
S L (Sh(0), u(r)) /00 . (vh (1, a) SEVi(t, a)
ZhJ AR TV V —1-=
s ) Ty OO\ s Sh(O) V) (@)

Si . Vi(t, a) . (Su()
" sha))d“_ TN (“)g( Vi@ ) a:m”w"sﬁg( Si )
© " Vi(t,a) « In(t, b)
- n/o wp(a)Vy, (a)g( Vi@ )da - nD)1;(b)g ( 10) ) . +n1;,(0)

In(t.0) /°° ) (u(ub)) nf(S,f,I:)( I )
— (D) (b db 1—
g( 1;;<0>) y PO O (T ) L,(0)

) N rlf(S}T’ I:) I'T
) R o h® (1 B Iv(t)>

nf(Sp, INUF — Iy(1)?
- oLy (I / Bo (D) I, (2, b)db

s 5 Si
=+ D (& () v (52)) = nrsi e (52
h

00 . S; Vi1, a) nf(Sp, I — L)
- ”/o on@)Vi (@g (Sh (z)%,*(a)) da = PG

oo V R N
X/() Bu (D)1 (1, b)db — ﬂL(a)V;f(a)g( nt a)) —nb)I;(b)

Vi@
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X1, (t, b) )

1h<r,b)> /°° ) (
— (D) (b -
§ ( 7 ), b OO o)

It follows that % < 0if Rp > 1. In addition, the strict equality holds only
if §p = Sp(0), SiVi(t,a) = Sp()V)(a), I71x(t, b) = I,(t)I; (). This is easy to

see £** is the largest invariant subset of {(S,, -+, ) € Xp : % = 0}. By
the Lyapunov-LaSalle’s invariance principle, £** is globally asymptomatically stable
when all conditions of Theorem 7 are hold. The proof is completed. O

Remark 3 By the limit theory of dynamical systems [38, 39] and Theorem 7, we have
the following result: assume that r,(c) = 0 and (Hs) holds, if Rg > 1, then the
endemic steady state £* of model (1) is globally asymptotically stable.

Remark 4 1t should be noted that the condition (Hs) is a technical condition that we
attach to prove global asymptotic stability of the endemic steady state. It is also a
condition often used by epidemic models with general incidence in proving the global
asymptotic stability of the endemic steady state. As in the Refs. [15, 44] and the
references therein. In fact, if the incidence f (S, I,) degenerates into some special
incidence suchas f(Sp, I,) = BShly, f(Sp, Ip) = £3tIv and £(Sy, I,) = Lk

. v L / 14al, X 1+gSp+ply°
then (Hs) is clearly valid (i.e. it is not needed in some special cases).

4 Optimal Control Problem

In this section, two control functions u(¢) and u;(¢) are introduced to understand the
impact of controlling the transmission of mosquito-borne infectious diseases, where,
u1(t) represents the additional vaccination rate at time ¢, u»(¢) indicates the level
of larvicides and adulticides to be used in mosquito concentration sites in order to
minimize the size of mosquitoes. Hence, the control model is given by

ds o
(Tth = Ap—wnSh— f(Sh, Iu)—(I/fh+M1)Sh+/O wp(a@)Vp(t, a)da,

9 a

(5 + £> Vit a) = —(un + on(@)Vi(t, a), Vi(t,0) = (Yn + u1)Sp,
0 0

(5 + %) In(t, b) = — (un + kn(b) + v (D) In (2, b),

0 0 e
( + *) Rp(t,¢) = —(un +rp())Ru(t, ©), Ry(t,0) = /o kn(D)Ix(t, b)db,

at  dc
ds, *©
dr =Ay— ) Bu(B)Syly(t, b)db — (jby + u2) Sy,
di, o
= /0 Bo(B)Sy I (¢, bYdb — (juy + u2)1,, (31)

with I (¢, 0) = f(Sh, IU)—i—fOOQ rp(c) Ry (t, c)dc. Here, the control set U = {(u1, us) :
u; € LY(0, T, 0 <u;(t) <1, i=1, 2}. Hence, our optimal control problem is to
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minimize the objective function

T
1
T (uy, uz) = f (Allh + A2y + Asly + 5 (Bm% + Bzu§)> dr,
0

where A; and B; are positive constants to balance the differences between state
variables and control variables (i = 1,2,3; j =1, 2).

Remark 5 The introduction of the control variable u; is derived from Ross [2] proposal
that ““- - - in order to counteract malaria anywhere we need not banish Anopheles there
entirely — we need only to reduce their numbers below a certain figure.” Therefore,
th objective function aims to simultaneously minimize the number of infected humans
and mosquitoes at the end of the control period and the accumulated cost of control
strategies.

To obtain the optimal control system, it is needed to differentiate the objective
function about the control functions. The Gateaux derivative rule in Ref. [40] is applied
to derive the derivative about u(¢) and u;(¢). Given a control u; and u;, select an
additional control u§ = u|+e€ly and u5(t) = up+elp, wherel; (i = 1, 2) is a variation
function and € € (0, 1). Assume that S, = S, (u;), Vi = Vi(ui), In = In(u;),
Ry = R(ui), Sy = Sy(ui), Iy = Iy(u;) and S;, = Sy (u5), Vi = Vy(us), I = In(u),
Ry = Ry (uf), Sy = Sy(us), I} = I,(u5). Then the state equations corresponding to
controls u{ (i = 1, 2) are given as

[e¢]

dse
4 = Ah—uhS,i—_f(s;,l,f)—(wh+ui>sz+f0 wp(@) VA, a)da,

dr

e

+

N
Q’\m

) Vi (t,a) = —(un + o (@) Vi (t, @), Vi (t,0) = (Yn +uj)S,,

t
a9
(& + ﬁ) Iy (t,b) = —(un + ki (D) + va (b)) I (¢, b),
(3 + i) R}, (t,b) = —(up +r(®)R;(t,b), R;(t,0) = / kn(b)Ij; (t, b)db,
ar ' 9b 0
dss *© € J€E € €
5 =M —/ Bu(D)Sy1; (¢, b) — (o + u3)Sy,
t 0
dle [o¢]
dtv =A Bu(D)SS I (£, b) — (o + uS) 1y, (32)

with If (1, 0) = f(S5. I$) + [;° r(b)RS (¢, b)db. Define Vi = [° VE(t, a)da, I} =
I~ If (t, b)db and R, = [;° RS (t, c)dc, we find the following difference quotient

S5 —Sh

Ve, a)—Vy(t, If(t,b) — I(t, b
s, (&, a)—Vi( a)_)vh(t’a)’ (&, D) — In(t,b)
€ €

R¢(t,c) — Ry(t, ¢ A I —1
h( ) h( ) - Rh(t9 C), ¢ 2 - Sv’ £ -
€ € €

— In(t, b),

— I,
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as e — 0, where (S, Vi(¢, @), I5(t, b), Ry(t, ¢), Sy, 1)) complies with the following
system

dsy, AfO, 1) - bl _ df(Sh,0) -
dt’ =_ (Mh + W ur + f;S,, )) Sh +/O wn(@) Vi (t, a)da — fi)l}: )IU — 1S,
3 9 - _ _ _
(5 + $> Vi(t,a) = —(up + wp(a@)) Vi(t, a), Vi(t,0) = (Yp +u1)Sp + 11 Sy,
a9\ - }
(87 + df,)) In(t, b) = —(up + kn(b) + v (b)) 15 (t, b),
3 9\ - _ _ % B}
<ET + *) Ry(t,c) = —(up +rp(c))Rp(t, ), Ry(t,0) = / kp(b) 15 (t, b)db,
t  dc 0
ds, 00 _ - _
o= —/0 Bu(b) (Su T (1, b) + Suli (¢, b)) db — 1ty + u2)Sy — 1Sy,
Lo _ _ _
% = / Bu®) (Sl (1, b) + Syl (1, b)) db — (wy + un) Ty — b1, (33)
0

and I;,(z,0) = 3fg‘§ﬁ’o) I, + afgg’hl”)gh + fooo rn(¢)Ry(t, c)dc. For the purpose of
solving the equation, we can write the first equation of system (33) in the following
form

ds IO, 1) -
0=<7h+(uh+1/fh+ul+M>Sh

dr Sy
o0 _ 01 (Sy,0) -
—/ wh(a>vh(z,a>da+M1h+zlsh,m)
0 al,
- da a1, T poo _
:<Sh,—fl + Mh+wh+u1+7f( v) M>—[ / Moy (a)Vy(t, a)dadt
dt Sy o Jo
T 8f(Sh,0) - 00
-l—/ X]MIUdl‘-i-/ Al Spdt (34)
0 ol 0

under the initial conditions A1(7) = 0, S,(0) = 0 and (f, g) = fOT fgdt. Now the
second equation of system (33) can be reformulated as

Vit v (s, i
« ha(l a) + n(t,a) + (un + wp(a) Vi(t, a), lz(t,a)>>
t da

_ Dha(t,a) O,
= (V0. - zgi 9D _ 23(; )

0

+ (i + on (@), @)))

T T
— / (Yrp 4+ up)ro(t, O)Shdt — / 11 SpAo (2, 0)dt. (35)
0 0

and the initial conditions A5(T,a) = 0, V(r, 00) = 0, V4(0,a) = 0 and ((f, g)) =
fOT Jo° fgdadt. third-sixth equation of system (33) can be expressed as

0 <<8fh(t,b) N al,(t,b)

- S G+ Ky (B) + v 0D (1. b). A b))
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_ ar3(t,b) 93t b
e e P S IO R R IO D))
T
_/0 x3(r,0)<8fgslh’o)iv+8]:5(;11)S +/ rh(c)léh(t,c)dc>dt
(36)
under the initial conditions A3(T', b) = 0, I(, 00) = 0, I;,(0, b) = 0.
AR (1, AR (1, _
= (P8O SRyt a0 Rat, 0, 2t )
t dc
_ g, g,
= {[Rute, e, -0 PO Gyt et o)
t dc
T o0
— / / ra(t, 0Vkn (D) I, (¢, b)dbdt, (37)
0 0

and the initial conditions A4(T', ¢) = 0, R, (¢, 00) = 0, R, (0, ¢) = 0.

o=<ddS“ +/ Bo () (Suln(t,b) + Syly(t, b)) db+(uv+uz(r))sv+lzsv,xs)
= (5., —dd“ 4 (uv b / ﬁvaa)lh(r,b)db) )
0
T
—i—/ / ﬂv(b)SUI_h(t,b)ksdbdtJr/ Aslp Sydt, (38)
0 0 0

under the initial conditions S,(0) = 0 and A5(T) = 0.

di, 00 _ _ _
0= —”—/ Bo®) (5,11 (1. 5) + SuTy(0. 5)) db + (o + u2)ly + a1y )

- dig
= <Iv’ _d_l‘ + (i + MZ))\6>

T
— / / AeBu (D) (Syln(t, b) + Syln(t, b))dbdt + / Aglo Iydt, (39)
o Jo 0
and the initial conditions 7, (0) = 0 and A¢(T) = 0.
Furthermore, by defining the Lagrangian function £, the adjoint equations can be
obtained according to the objective function and (33). As a result, the Lagrangian £
is defined as

L(Sn, Vi, In, Ry, Su, I)

T T dsvh
:/0 <A11h+AzSU+A3I +§( +Bzu2))dt—)q/0 [W

af(() L) > 8f(Sh 0) -
) al

wp(a)Vy(t, a)da +

+(uh+wh+u1+ I —llsh]d

v
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~ ol a) / / [‘W”“ 2N avha(;’“)+<uh+wh(a))vh<r,a)]dadt

s, b)/ [a”’(’ b al”a(;’ D 4 un+kn —|—vh)l_h(t,b):| dbdt

44(,,@[/ [M"“’”+aR”(”C)+<uh+rh<c>>léh<z,c>]dcdt
0 0

ot dc
Trds
_A,S/ |:dv
0

T dl_v o) _ _ _
—Aﬁf [? —/ Bu(b) (S0l (1. 5) + Sl (1. 5)) db + (o + un)1, +lzlu]dz.
0 0

+ / Bo®) (Suln(t, b) + Syly(t, b)) db + (y + u2)Sy + zzsu] dr
0

AL _ g 3L g DL _ L _ L _ i i
=0, av =0, T =0, T =0, 35 = 0, o = 0, combined with

By solving ;? 5 =
the Egs. (34)—(39), we can obtaln the adjomt equations

d)\. 05 IU
(;t(t) ( wh+ Y +ur(t) + %}Z)) Al
af(0, 1)
— (Yn +up)a(t, 0) — A3(z, O)T’
h
0 0
<a— + —) A (t,a) = (up + wp(a))ra(t, a) — wp(a)hr,
t  Oda
0 d
<5 + 5) A3(t, b) = (up + kp(b) + v (b))A3(2, b)
+ Bu(B)Sy(As — Ag) — kn(b)As(t,0) — Ay,
d 0
(E + a—) Aa(t,c) = (up +rp(e)ha(t, ¢) — Az(t, 0)rp(c),

dr o0
d—; = (Mu+u2+/ ﬁv(b)lh(tvb)db> As
0
o
- ke/ Bu(B) I (t, b)db — As,

0

die 3f(Sk,0) 9f(Sh,0)
A A — A3(t,0)————= — A3z,
s = (y +u2)he + A1 —— o1, 3(1,0) o1, 3
(40)

Theorem8 If uj, w3 in U is an optimal control that minimizes J and
Sy, Vit @), Iy (2, b), Ry (¢, ¢), S5, 1)) and (1, Aa(t, a), A3(t, b), Aa(t, ©), As, A6)
are the corresponding state variables as well as the adjoint variables variables,

respectively, and then u} = min{max({0, i1}, u1 max}, #5 = min{ max{0, i3}, u2 max}-

Proof From the object function 7 (11, uz), one has

T
ij(ul,uz)Z/ (A11h+A25v+A3IU+Blulll +Bzu212)dl‘
0
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T _ dag af(0,1)
/0 h[ ” +(Mh+¢h+u1+ 3s, ) 1

af(, Iv)]dt
A

— (Y 4 u)Aa(r, 0) — A3, 0)
T 0o _ 9 9

+/ / vha,a)[ - (3— + —) hat.a) + (un + on(@)Aa(t, a)
o Jo t da

T
- wh(a)kl]dadt +/0 Int, b)[ - (% + 387)) A3(t, b) + (up + kp(b) + vp)As(t, b)

T o]
+ Bu(D)Sy(As — Ae) — ki (b)Aa(t, 0)](11‘ +/ f Ru(t, 6)[ - (ai + i) Aa(t, 0)
0o Jo t  Jdc
T dxs
+ (un +rp(e))ra(t, c) — A3(t, O)ry, (C)}dCdt +/ Sy [ I + (Mv +us
0
dig

+/oo ﬁv(b)lh(z,b)db))\S —x6/00 ﬁ,,(b)]h(z,b)db]dz+/oo iv[— -
0 0 0 dr

T
M — A3(t, O)M]dl +/ (Biu1lh + Bauslp)dt
0

X6 + A
+ (y +u2)re + A o1, oL,

T 00
=/ [Sh()»z(t,o)—M)-I—Blul]lldt-i-/ [Bzuz—lu)né—su)ns]lzdl‘,
0 0

where J ' (u1, up) denotes differentiation of the objective function J (u1, uz) with
respect to € and set € = 0. When [, [ # 0, the rest of the integrand function must be
equivalent to zero. Thus,

Sp(A2(1,0) — A1) iy = Iyhe + Syhs

Uy =
By B,

Hence, u} = min{max{0, i1}, #| max}, u5 = min{max{0, it3}, 2 max}, in which | nax
and uy max are the upper bounds of the two control functions. O

Now, we apply Ekeland’s principle (see Ref. [40]) to acquire the sequence of minima
of the approximation function, and then according to Ref. [41], there exists a set of
objective function sequences of the following form

Teur, uz) = J(uy, uz) + «/E(”Mi —uillpio,m) + flub — uzllpi0,7)-

Theorem 9 If (u$, u$) is a pair of minimizers for Je(u1, uz), then

SEAS(@,0) — AS
u§ = min {max {O, %} ,u1max},
1

IEAE + SN
u5 = min {max {0, %} ,Mzmax} ,
2

where the functions (05, 05) belong to L*°(E) such that |0| < 1( = 1,2) for
te E:=(0,T).
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Theorem 10 There exists a unique pair of optimal controls (u7,u3) minimizing
Ju1,up) if T/By and T | By are sufficiently small.

Proof Define two functions by

SEAS(2,0) — AS) — 6¢
]-"1(u1)=min{max{0, ACIULY v ﬁl}aulmax}»

By
I§hg+ S505 = Vebs |
BZ > U2 max

F>(up) = min {max {0,

For two pairs of controls (u1, u») and (i1, i12), according to the Lipschitz properties
of the states and adjoints and Ref. [41], we have

A KT N ~ KT A
IF1 () — Fr@)| < BT”“I —upllpee, N F2(u2) — Fauz)ll < B—2||M2 — Uzl ree,

where K7 depends on the L bounds on the state and adjoint solutions and the
Lipschitz constants.
If K7 /B small enough, it yields that

£
luy — uf|| < e
B

iz — ) < =%
— K7’ 2= By

— K7 '
This imply that (u1, u2¢) converges to (u7, u3). Following Ekland’s principle, one
can get that 7 (uf, u3) < inf Ju, upyev Ui, uz) ase — 0%, O

5 Numerical Simulations

According to the extensive Refs. [15, 18, 46, 47] on vector-borne infectious diseases
models, the basic model parameters are chosen as A, = 25, u, = m, Uy =
0.04, ¥, = 0.008, = 1, and g = 0.0001. Further, select that f(Sy(¢), I,(t)) =
ﬁllir‘;tl)vlégl) and Ct)h(a) — xme—Z.SaQZ, kh(b) — yme—Z.Sbe, rh(c) — ume—Z.SCCZ’
By (b) = npe 2b%, vy (b) = 0.0001 x (4 4+ 2¢709)~1 By the direct calculation, it
can be get

AyAppi fooo By (b)e™ fob e2(s)ds 4p,
M% (Mh + Yn (] — f()oo wn(a)e™ IS gl(s)dsda))
1
1— (fOOO rp(c)e” Jo e3()ds g fooo ki (b)eff(f sz(s)dsdb)

Ro =

X

We choose, firstly, A, = 11400, 1 = 9.5 x 10~7 and take Xm = 0.15, y,, = 0.08,
uy, = 0.04,n, = 0.1.Inthe case, the basic reproduction numberis Ry &~ 0.4457 < 1.
From Theorem 6, the disease-free steady state £° is globally asymptotically stable
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which shows in the Fig. 1a—c. That is, trajectories with different initial values converge
to the disease-free steady state. These imply that the disease is eradicated, the infected
classes are vanished.

Now, let A, = 22800, 8; = 1.2x 107>, u,, = 0.1andry (¢) = 0,no change in other
parameters in Fig. 1. Then, the basic reproduction number as Ro ~ 10.2868 > 1 in this
case. According to Theorem 7, the endemic steady state £* is globally asymptotically
stable, in agreement with the plots in Fig. 2a—f. However, if we only change rj,(c) =
0.04¢23¢¢? and other parameters remain unchanged. A direct calculation shows that
Ro ~ 10.2870 and the plots in Fig. 3a—d imply that the endemic steady state £* is
also globally asymptotically stable.

Next, we concerned about the effects of immune loss rate wy, (@) and vaccination rate
Y, on the distribution of this disease. The plots in Fig. 4a—c show that the distributions
of fooo Vi(t,a)da, Sy(t) and I,(¢) are a slight fluctuations when wy(a) gradually
increases from 0.02¢ 25942, 0.30e 2592, 0.67¢ 2592 t0 0.95¢ 259 ¢2, Numerical
simulations show that as the rate of immune loss increases, the number of vaccinated
individuals decreases and the number of infected vectors increases. Further, by Fig.
4d-f, this can also be found that when the vaccination rate v, increases, from 0.0012,
0.004, 0.008 to 0.02, the quantity of infected vectors declined significantly. This
suggests that both vaccine timeliness and vaccination rates can have important effects
on the distribution of infected individuals. Relatively speaking, the vaccination rate
has a greater impact. Therefore, increasing the vaccination rate will have a good effect
on disease control without guaranteeing the perfect effectiveness of the vaccine. Of
course, good vaccines and high vaccination rates are one of the best strategies for
disease control.

Further, we consider the influences of age-related parameters kj, (b), B, (b) and r, (c)
on the distribution of disease transmission. According to the Fig. Sa—c, as the value
of the recovery rate kj, (b) is increased form 0.08e_2'5bb2, 0.20e_2‘5bb2, 0.45¢=23bp2
to 0.9¢=2-50p2 the number of fooo I;,(t, b)db peaks almost simultaneously at time
t = 100 and as time increases the amount of fooo I, (¢, b)db and I, (¢) also changes. The
plots in Fig. 5d—f show that, when the relapse rate r (c) increases from 0.01e25¢¢2,
0.08¢725¢¢2, 0.20e=25¢¢? 0 0.92¢>%c2, the numbers of [, (¢, b)db and I, (t)
also change and the total number of infected individuals fooo I, (¢, b)db reach a peak
at the same moment. The plots in Fig. 5g—i show that the number of fooo I (¢, b)db
and [, (t) changes dramatically and achieves a steady state at the same time when the
values of transmission rate 8, (b) to be taken 0.02¢720p2 0.05¢22b2,0.08¢ 2 b2 and
0.11e72Pb?, respectively. Therefore, while all of the age-dependent model parameters
have an effect on disease transmission, however, the rate of viral transmission has an
important effect on the magnitude of disease transmission. Therefore, avoiding vector
bites on host populations is one of the most prove methods for vector-borne diseases.
Additionally, it is easy to see from the expression of the basic reproduction number that
the age-dependent parameters kj (b), r;(c) and B,(b) are positively correlated with
Ro, which implies that ignoring the age factor will overestimate or underestimate the
basic reproduction number and produce erroneous judgments about disease control.

To further elaborate the effects of the key parameters v, and w,, f1 and v, of
model on the basic reproduction number, other parameters are fixed as shown above.
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Fig. 5 The effects of age-dependent parameter kj, (b), r (c) and By (b) on the distribution of disease, a—c
the effect of kj, (b); d—f the effect of r (c); g—i the effect of By (b)

According to the expression of Ry, this is obvious that i, and u, are negatively
correlated with Ry, which can also be seen from Fig. 6a—b that R decreases as ¥y,
and w, increase. As shown in Fig. 6, when the transmission rate of the virus 8; (or
the vaccination rate 1) is unchangeable, we can only reduce the basic reproduction
number R by increasing the vaccination rate i, (or increasing the mortality rate u,
of mosquitoes) in order to control the disease.

Finally, some numerical simulations are performed to explain the optimal control
problem which is introduced in Sect. 4. Here, we extend the forward and backward
sweep method of the ODE model in Ref. [42] that is used for the state equations and
the accompanying system in the discrete age structure PDE model. Choose that weight
constants Ay = 1, A = 1, A3 = 1 and By = 20, B, = 900 to balance these states,
and the same parameters in Fig. 3 are used. Further, assume that the effectiveness of the
control strategy cannot be 100%, the upper bound of each control function are lowed
in order to better visualize the impact on control strategy, where the upper bounds for
the control functions u1(¢) and u>(¢) are chosen to be 0.05 and 0.65, respectively. The
distributions of infected and recovered individuals, and the time series of susceptible
and infected vectors are shown in Fig. 7. More specially, the red curve indicates the
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case of u1(t) = uy(t) = 0, while the blue curve indicates the situation with optimal
control functions u1(¢) and u;(¢). Numerical simulations indicate that the numbers
of infected individuals and and vectors are significantly reduced with optimal control
measures. At same time, it can be seen from Fig. 7a—d that the quantities of susceptible
and infected vector individuals are dramatically reduced under optimal control. This
suggests that for vector-borne diseases, it is more effective to minimize the threat from
disease transmission by increasing immunization rates as much as possible for the host
and controlling mosquito populations for the vector.

6 Conclusion and Discussion

During the spread of some vector-borne infectious diseases, such as, Chagasdis-
ease (Americantrypanosomiasis), Leishmaniasis, Tungiasis, African trypanosomiasis
(sleeping sickness), etc, relapse is a common phenomenon. Due to the intervention
in drugs, the concentration of the parasites or bacteria in host is suppressed at a very
low level or in a pseudo-dead state. However, with the prolongation of the disease
period and the emergence of drug resistance, a relapse of ‘recover’ can occur once
the host’s immune system declines. In addition, it is also noted that in the process
of disease transmission, the transmission rate of parasites/bacteria from infected vec-
tors to susceptible hosts is not constant, infected individuals have different infectivity
at different age of infection. At the same time, the efficacy of the vaccine and the
recurrence rate for vector-borne infectious diseases have similar characteristics. We
develop, in this paper, a vector-borne disease model with multi-age structure, where the
nonlinear incidence is also introduced to portray the complexity of parasites/bacteria
transmission between hosts and vectors. The existence and uniqueness of disease-free
and endemic steady states, asymptotic smoothness of solution semiflow, uniform per-
sistence of system, and global stability of steady states are analyzed in detailed. In
particular, the accurate expression of the basic reproduction number is inferred, which
can be used as a threshold value for adjudicating the extinction and persistence of the
disease. It is also easy to see from the expression for R that the age-dependent model
parameters wy, (a), By (D), ki (b) and ry(c) have an important influences on the trans-
mission of diseases. Treating these parameters simply as constants can underestimate
or overestimate the risk of disease outbreaks.

Seeking the optimal control strategy for infectious diseases is one of the purposes of
dynamical modeling. Therefore, we also discuss the optimal control problem induced
by our model. Here, we are controlling this disease by increasing vaccination rates
and reducing the mosquito population. The problem of optimal control of infectious
disease models with class-age structure is a difficult and hot problem in the field of
mathematical biology. By using the Gateaux derivative rule, the Ekeland’s principle,
and full combination of the methods from the Refs. [18, 23], the existence of optimal
control is obtained. Furthermore, it should be noted that the global asymptotic stability
of the epidemic steady state is proved only for the case r;(c) = 0. In the case of
rp(c) # 0, although we verified the global asymptotical stability of the endemic
steady state by numerical simulation, the rigorous theoretical analysis continues to a
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challenge. This is an open problem that we will continue to focus on and study in the
future.

Finally, it should be noted that the main purpose of this paper is to discuss the effects
of age of vaccine, infection and relapse on the transmission of vector-borne diseases.
Therefore, in order to highlight the research purpose and carry out the necessary
theoretical analysis, we assume that the population size is relatively fixed and the host
population and vector population have a stable recruitment rate, and ignore the intra-
regional or inter-regional population flow and the physiological age of the population.
It is also a subject worthy of further study to discuss the vector-borne models with
population physiological age, inter-regional or intra-regional diffusion.
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