Qualitative Theory of Dynamical Systems (2023) 22:10
https://doi.org/10.1007/s12346-022-00717-4

®

Check for
updates

The Controllability for Second-Order Semilinear Impulsive
Systems

Qian Wen' - Michal Fe¢kan?3 - JinRong Wang'

Received: 27 September 2022 / Accepted: 2 December 2022 / Published online: 13 December 2022
© The Author(s), under exclusive licence to Springer Nature Switzerland AG 2022

Abstract

This paper studies the controllability of the initial value problems of linear and
semilinear second-order impulsive systems. Necessary and sufficient conditions of
controllability for linear problems are obtained, and a new rank criterion is presented.
We also show semilinear problems are controllable via Krasnoselskii’s fixed point
theorem. Finally, two examples are provided to verify the theoretically results.

Keywords Controllability - Second-order - Impulsive differential equations - Rank
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1 Introduction

Many evolution processes in science and technology, such as mechanics, population
dynamics, pharmacokinetics, industrial robotics, biotechnology, economics and so
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on, may change their state rapidly, or the duration of the change is negligible. We
describe these processes with impulsive effects by impulsive differential equations
and the theory of impulsive differential equations is an important branch of differential
equation theory; see [1] and the references therein.

Control theory is an important branch in applied mathematics and engineering and
modern control theory was developed by Kalman. Roughly speaking, the object of con-
trol theory is to find a control function that can steer the state function to the desired
result at the end (terminal). Numerous papers are devoted to the controllability of dif-
ferential equations in Banach space [2-22], such as exact controllability, approximate
controllability and null controllability, and the main techniques are based on fixed
point theorems [3, 4, 14, 18, 23], variational methods [5, 24], semigroup theory [2, 8],
and so on.

Second-order systems capture the dynamic behavior of many natural phenomena
and have applications in many fields such as mathematical physics, electrical power
systems, quantum mechanics, biology, long transmission lines and finance [25, 26].
Numerous papers focus on the controllability of second-order impulsive systems (see
[2,3,6,7, 11, 27] for cosine family theory and [2, 8, 10, 28] where the corresponding
operators of the cosine family are compact). However, as noted by Travis and Webb
[29], some of these results work only to finite-dimensional spaces. We refer the reader
also to [3, 30] for other results on the controllability of second-order impulsive systems.

For the controllability of initial value problems for second-order differential equa-
tions

x"(t) = Ax(t) + Bu(t), t€[0,b],

*(O) =0, ¥(0) = o, b
many authors consider the controllability of the solution x(¢) i.e., one finds a control
u which makes the state function x(¢) arrive at the value that we wish at the terminal.
As mentioned in [7], it is unreasonable to regard the damped term x’(¢) in the con-
trollability. Recently, the authors in [7, 10, 11, 27] consider the controllability of x ()
and x'(¢).

In [7], Li et al. consider the approximate controllability of system (1.1). Let J =
[0, D], the state x(-) takes values in a Banach space X, u(-) € L2(J, U) is the control
function where U is a Banach space, the definition of controllability defined as follows:
Systems (1.1) are said to be approximately controllable on J if D = X x
X, where D = {(x(b, xo, yo, ), y(b, x0, yo, ) : u € L*(J, U)}, y(-, xo, yo, u) =
x'(, x0, yo, u) and x(-, xo, yo, #) isa mild solution of (1.1).

Their aim is to pick a control function u which controls both x(¢) and x'(¢). In [10,
11, 27], the following two assumptions are used,

(A1) The linear operator G : LZ(J, U) — X, defined by

b
Giu ::/ S(b — s)Bu(s)ds,
0
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has an invertible operator Gl_1 which takes the values in L2(J ,U)/ker G| and there

exists positive constant M; such that ||G1_1 | < M.
(A2) The linear operator G : L2(J,U) — X, defined by

b
Gou ::/ C(b —s)Bu(s)ds,
0

has an invertible operator G, ! which takes the values in L?(J,U)/ker G and there
exists positive constant M such that || G5 N < my.

As pointed by Balachandran and Kim [31] the control function defined in [11, 27]
can not steer the value of the state function to what we want at the terminal unless the
condition

(H) G1G;! = G2G{! = 0is satisfied.

For the second-order systems in finite dimensional space, (A1) or (A2) will lead
to a contradiction with the definition of controllability. Since if we assume system
(1.1) is controllable. Then for any (x1, y;) € X X X, there exists a control u#; such
that x(b) = x1, and x’(b) = y; under the control u;. For another point (x1, y7), since
Y1 # Y2, there exists a control up such that x(b) = xi, and x’(b) = y, under the
control uy as well. Then if u; = up, we have y; = y;, a contradiction; if u; # uo,
since A is the infinitesimal generator of a strongly continuous cosine family C () on
X, hence, the Cauchy problem (1.1) is well posed. Then from the expression of the
solution for (1.1),

t
x(t) =C(t)xo+ S(t)yo —i—/ S(t — s)Bu(s)ds,
0

and we get

b
x1 = C(b)xo + Sb)yo + f S(b — $)Bu (s)ds,
0
and
b
x1 = C(b)xog+ Sb)yo + / S(b — s)Buy(s)ds.
0

Combining these two equalities with conditions (A1), we find
ur = Gy (x; — C(b)xo — S(b)yo) = ua,

a contradiction to the assumption u; #* u». Hence, if assumptions (A1) or (A2)
hold, we cannot obtain the controllability result of system (1.1) under the definition
of controllability defined in [7]. In view of this, we introduce a weaker definition of
controllability in Sect. 2.

To the best of our knowledge, there are only a few articles on the controllability of
second-order linear systems, and we note that, for finite-dimensional linear systems,
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all the concepts of controllability are equivalent (exact controllability, approximate
controllability and null controllability). In this paper, we consider the controllability of
the following initial value problems for second-order impulsive differential equations

x"(t) = Ax(t) + Bu(t), teJ=1[0,b], t#1,
Ax(t;)) = Bix(t;), i=12,...,m,

(1.2)
AX'(t)) = BoxX'(t7), i=1,2,...,m,
x(0) = xo, x'(0) = yo,
and semilinear second-order impulsive differential equations
x"(t) = Ax(t) + Bu(t) + f(t,x(t)), teJ =J\{t;}, i=1,2,....m,
+ — —_ .
") =x(t; )+ Bix(t; ), =1,2,...,m,
x(") =x@;) + Bix(t;), i m (1.3)

XA =X+ Bx' ), i=1,2,...,m,
x(0) = x0, x'(0) = yo,

where A, By and B; are constant n x n matrices satisfying AB; = B1A, ABy = BA,
BB, = ByB1,0 =1 <t < -+ <t < txyy+1 = b are impulsive points, u €
L%(J,R") is a control function, and f € C(J x R"; R").

The contributions of this paper are as follows:

(1) We introduce a weaker definition of controllability with respect to the state func-
tion x (7) and the damped term x'(z).

(2) We present a new algebraic method to obtain a rank criterion, and a rank criterion
of controllability for second-order impulsive linear systems is given.

(3) Based on the controllability of the linear systems, we give a sufficient condition
to guarantee the controllability of the semilinear second-order impulsive systems.

The paper is structured in the following way. In Sect. 2, we give a weaker definition
of controllability and some associated notations and essential lemmas. In Sect. 3,
instead of converting a second-order system into a first order system, we obtain a
new rank criterion of controllability of system (1.2) by direct analysis of the second-
order system itself. In Sect. 4, we give a sufficient condition of the controllability
of the system (1.3). Finally, in Sect. 5, some examples are provided to illustrate the
suitability of our results.

2 Preliminaries

In this section, we modify the definition of controllability and list some notations and
properties needed to establish our main results.

LetPC(J,R") denote the Banach space of piecewise continuous functions on
the interval J, that is PC(J,R") = {v : J — R"u € C((tx—1, tx], R") for
k € {1,...,m + 1} and there exists v(z, ) and v(t,:r), ke{l,...,m}withv(ty) =
v(f, )} equipped with the Chebyshev PC-norm |[v||pc := sup{|[v(®)]| : t € J}.
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Let PCY(J,R") := {x € PC(J,R") : x' € PC(J,R)} equipped with the norm
lxll pcr = max{||x| pc, [|x"||pc}. Obviously, PC(I, R") endowed with the norm
Il -l pc1 is also a Banach space. We use the notation

B B B, — B
A1=1+%, A2=%.

Let m = i(¢, 0) denote the number of impulsive points on (0, 7), and assume AB =
BA.

Definition 2.1 The system (1.2) is said to be exact controllability in R”", if for each
pair (xg, yo) € R" x R”, there exists a pair of control functions (u(-), u2(-)) €
L%([0, b], R™) x L?([0, b], R") such that for any (x1, y;) € R" x R”",

x(b) =x1, y'(b) =y,

here x (-) is the solution of (1.2) under the control u1, y(-) is the solution of (1.2) under
the control uy, and y'(¢) = dy(r)/dzt.

Remark 2.2 In [4, 5, 9, 14, 18], the definition of controllability imply that one find a
control function which steer the state function x () to the target value, and in [7, 10, 11,
27], which imply that one find a control function which steer both the state function
x(+) and damped term x’(-) to the value we wanted. However, Definition 2.1 indicates
that one pick a pair of control functions (g, u1) such that u( control the state function
x(t) and u; control the damped term y’(z). Notice that at this moment except for a
constant difference, the antiderivative of damped term y’(r) may be different with the
state function x (7).

The following Lemmas is crucial to our proof of main results.

Lemma 2.3 (see [32]) Let | - | be a norm on R" and B be an n x n matrix. Then for
any ¢ > 0 there exist Tp > 1 such that l|B¥|| < Tp.e(p(B) + &)k, where p(B) is
the spectral radius of B.

Lemma 2.4 (Krasnoselskii’s fixed point theorem) Let B be a bounded closed and
convex subset of a Banach space X and let Fy, F be maps of B into X such that
Fix + Foy € B for every x,y € B. If Fy is a contraction and F, is compact and
continuous, then the equation F1x + F>x = x has a solution on B.

Lemma 2.5 (PC-type Ascoli-Arzela theorem, see [33]) Let Q C PC(R2, X) where
X is a Banach space. Then Q is a relatively compact subset of PC(2, X) if, (a)
Q is uniformly bounded subset of PC (2, X); (b) Q is equicontinuous in (t;, tjy+1),
i=0,1,...,k;and (c) Q@) ={v(H)|lve Q,t € Q\{t;},i =0,1,...,k}, Q(ti+) =
{v(tl.+)|v € Q}and Q(t;7) = {v(t; ) |v € Q} are relatively compact subsets of X.
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Lemma 2.6 (see [34]) Fort € (ty, tms1), m = 0, 1,...,k, the solution of (1.2) is

given by
mol g
x(t):W(A,t,xo,yo)+Z/ Wi(A, t, s)Bu(s)ds
i=0 vl

'
+A*%/ sinhA%(t — s)Bu(s)ds,
Im

where W (A, t, xo, Yo) is the solution of the homogeneous initial value problem of

(1.2), and

Wi(A,t,s)

— ATTATISInh AT — ) — AP AATE YD sinh AZ(— 26, + )

i+1<iji<m
i _1 . 1
+ A7 2A3A72 Z sinh A2 (t — 2t;,, + 2t;,, — 5)
i+1<iz1<in=<m

Foe (=D A AT A

> sinh A2 (¢ — 26, 0y
i1 <im—i—1,1<im—i—1,2<<im—i—1,m—i—1 <M
Fom—i gL 1
iy i ymia — o E 2 F )+ (=D)"TTAY AT 2 sinh A2
(t = 2ty + 21 — £ 21 Fs), i=0,1,....m—1.

Consider the notation

Wo(A,t,s), to<s =<1,
Wi(A,t,s), 11 <s <t,

On(t,s) =

Wm—l(AataS)a tm—l <SS Stn’h

I 1
A7 2sinh A2(t —s), t, <s <t,

then the solution of (1.2) can be expressed by
t
x(t) = W(A, 1, xo, yo0) +f Om(t, s)Bu(s)ds.
0
Lemma2.7 Foranyt, <11 <10 <b,andty, <t <t,41 <b, we have

H fot (Qm(l'z, §) — Qm(‘tl,s))dsH <61 —1l,

2.1)
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and
H /Ot (Q;n(fbs) - Q,, (11, S))dSH <l — 1l

where 01 and 0, are positive constants, and Q),(t, s) denotes the function that takes
derivative with respect to t.

Proof Since

o]

1 ] A"t2n+1
AZsinhAZt =AY ———
— 2n+ 1)

o0 2n

At
cosh A%t = E )
e (2n)!

combining this with the Lemma 2.3, we have

| A% sinh A3t < Taoy/p(A) + seVPTel, 2.2)
and
| cosh AZz]| < Ty pe¥P@Fer, 2.3)

According to the definition of Q,,, inequality (2.3), and the mean value theorem, we
find

| [ (@ute2s) = 0ntrr.s)as]

m tit1
= [ WA ) - WA s
. t’

1
Mmoo atigg . 1 i1 i 1
< Z/ 1A cosh A2 ol + [ A7 Ay Y~ cosh A2 gy |
i=0 71 j=1

Cmfifl

) m—i 1
Fot A AT Z cosh A2y, i1 jl
j=1

+ 1A%~ cosh A2 g illds - |r2 — 1|
m tit1 .
< TA’ge\/P(A)-FSbZ‘/\ ng(lo(Al) +/0(A2) +28)m_’ds
i=0 i

=1
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m
< (p(A) + p(Ag) +26)" BT VP 1) — 1y
i=0
=: 0l — 7l
where o, 61,j, -+, Sm—i—1,j» Sm—i are selected by the mean value theorem located

in[—=b, b], Ty = max{Ta ¢, Ta, ¢, Ta,.¢}. Similarly, by virtue of the definition of Q,,,
inequality (2.2), and the mean value theorem, we have

| [ (@i = Qe sas|

m lit1 , ,
<> [ ) - Wi o las
—Jy

cl .
m tit1 ) ) m—i
< Z/ | AT A sinh A2go] + |71 4,42 Y sinh AZEy ;|
— t j:1
Cmfg'fl
i 1 . 1
oo [AAYTTTAT D sinh A2E, il
j=1

+ ||ATF A2 sinh A&, _;||ds - |7, — 71|

Ml )
< Tae/p(A) + geV/PDFeb Z/ T2(p(A1) + p(A2) +28)" " ds
i=0 i

=Tl
m
<Y (p(A) + p(A2) +26)" BT/ p(A) + £V PV T 7y — 1
i=0
=:thlra — 7l
where &y, &1, ..., &n—i—1,j, &m—i are selected by the mean value theorem located in

3 The controllability of linear systems

In this section, we present some controllability criteria for systems (1.2) by using an
algebraic method.

Theorem 3.1 The following statements are equivalent: 1°The system (1.2) is exact
controllability;, 2° The matrix Fg = fé’ Qx(b,s)BB*Q;(b,s)ds and Ag =
fé’ Q. (b, s)BB* Q" (b, s)ds are nonsingular; 3° There at least exists a pair of inte-
gers 0 < i < k, 0 < j < k such that both ft[t_”l W; (b, s)BB*Wi*(b, s)ds and
ftt’”" WJ’. (b, s)BB*W;* (b, s)ds are nonsingular.

J
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Proof First, we show the equivalence of 1° and 2°. Assume the systems are exact
controllability. We show that the matrix 1"8 and Ag both are nonsingular. If the result
is not true, then at least one of matrices Fé’ and Ag is singular. Suppose l"g is singular.
Then there exists a nonzero vector xg € R” such that

b
/ X$ Ok (b, s)BB* Q5 (b, s)Xods = 0.
0

Hence we have

/0 b 1B* Q5 (b, )To||*ds = 0,
that is
B*Q;(b,s)x0 =0, Vs e (0,b]. 3.1
On the other hand, since the systems are exact controllability, then because of the
definition of exactly controllability, there exists a pair of control functions (u1, u3)

such that for xo + W (A, b, xo, yo) € R", the solution x(-) of systems (1.2) under the
control uy(-) arrives at xo + W (A, b, xo, yo) € R" at the terminal b, i.e.

b
To + W(A, b, x0, y0) = W(A,b,xo,yo>+f Oub,$)Burds.  (3.2)
0

Now (3.1) with (3.2) allows us to affirm that
b
I%ol* = X X0 = / uf B*Q; (b, s)Xods =0,
0

which implies Xo = 0 and this contradicts the hypothesis. Hence Fg is nonsingular.
In a similar way, we obtain that Ag is nonsingular,

If both the matrices Fg and Ag are nonsingular, we prove that systems (1.2) are
exactly controllability, that is for any fixed (x1, y;) € R" x R", we show that there
exists a pair of control functions (u1(-), u2(-)) € L2([0, b], R™) x L2([0, b], R") such
that the solution x (¢) of systems (1.2) satisfies x(b) = x1 under the control #(-) and
y'(b) = y; under the control u;(-). We choose the control functions by

ui(t) = B*Qj (b, () ™" (x1 — W(A, b, x0. y0)), (3-3)

and

ua(t) = B* Qi (b, 1)(AG) ™ (vi — W/(A, b, x0, 0))- (34
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Then we have

t
x(1) = W(A, 1, x0. y0) +/0 QO (t,5)BB* Qf (b, s)(T§) ™ (x1 — W(A, b, x0. y0))ds.

Obviously, x(b) = x;. Similarly, under the control function us (), y'(¢) satisfies

t
Y (1) = W(A, 1, x0. ) + /O 0} (1. )BB* Q[ (b, s)(AJ) ™ (v1 — W/(A, b, x0, y0))ds.

and we have y’(b) = y;. Hence the systems (1.2) are exact controllability.
Next, we show the equivalence of 2° and 3°. Assume the matrix Fg is singular.
Then there exists a nonzero vector xg € R” such that

b
/ X4 Qi (b, s)BB* Q5 (b, s)¥ods = 0,
0

that is

11 5]
/ fg Wo(b, s)BB*W( (b, s)Xods + / fg Wi(b, s)BB*W{ (b, s)Xods
0

31

Tk
. +/ T W1 (b, $)BB*W,_, (b, s)Tods

Ik—1

b
+ / T A~ 3 sinh A2 (b — s)BB*(sinh A2 (b — 5))*(A~2)*Tods = 0,
173
which is equivalent to
Liy1
/ X6 Wi(b, s)BB*W} (b, s)Tods =0, V0 <i <k,
t

that is f:“ Wi (b, s)BB*W;(b, s)ds is singular for all 0 < i < k. Hence
Fg is nonsingular iff there at least exists a constant 0 < i < k such that
f:“ Wi (b, s)BB*W} (b, s)ds is nonsingular.

By the same argument, we also can show that Ag is nonsingular iff there at least
exists a constant 0 < j < k such that the matrix ft[/j“ W]/. (b, s)BB*W]’,’k (b, s)ds is
nonsingular. O

Remark 3.2 Theorem 3.1 shows that initial value problems of second-order linear

impulsive systems (1.2) are controllable iff there exist constants A > O and y > 0
such that for all x € R",

(Thx, x) = y x|,
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and
(Abx, x) = Allx)?.
Then

1
Iyt < —, ”“‘3)71”5%' (3.5)

R | =

Since the conditions which guarantee the controllability in Theorem 3.1 are formal
and are hard to verify. In what follows, we give a new rank criterion of controllability
of systems (1.2). For convenience in writing, in what follows, we use the notation

W(r) = A2 sinh A21.

Theorem 3.3 Systems (1.2) are exact controllability iff there exists a pair of integers
l1,1b €{0,1,2,...,k} such that

Rank (A B - AV ALB - AYB) =n,
and
Rank (AIIZB Allz_iAéB AZZZB) =n.

Proof Theorem 3.1 shows that systems (1.2) are exact controllability iff there is a pair
of integers 0 < i < k, 0 < j < k such that both f:“ Wi (b, s)BB*W*(b, s)ds and

ftj_j*' Wi(b, s)BB*W* (b, s)ds are nonsingular. We subdivide the proof into several
cases.
Case 11fi = j = k, thatis both [}’ Wi (b, )BB*W{ (b, s)ds and [, W[ (b, s)BB*

W (b, s)ds are nonsingular. Now ftf Wi (b, s)BB*W/ (b, s)ds is singular iff there

exists a nonzero vector xg € R” such that xOT Wi (b, s)B = 0forallf; <s < b. Since
A is a nonsingular matrix, we have Rank Wy (b, s) = n, hence Rank B < n. Likewise,

we can show that f: W (b, s)BB*W;*(b, s)ds is singular iff Rank B < n. Hence

both [’ Wi(b, s)BB*W (b, s)ds and [ W/ (b.s)BB*W/*(b. s)ds are nonsingular
iff Rank B = n.
Case2Ifi = j = k—1, we show that both ftik_l Wi—1(b, s)BB*W}_,(b, s)ds and

t;’il Wi _,(b,s)BB*W;* | (b, s)ds are nonsingular iff
Rank (AlB AzB) =n.
Assume ftik_l Wi—1(b, s)BB*W}"_, (b, s)ds is nonsingular. Then we show that

Rank (AlB AgB) =n.
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If this is not true, that is Rank (A1 B A; B) < n, then there exists a nonzero vector
xo € R" such that

xg (A1B AyB) = 01,2,
ie.,
xlAB=0, xlAB=0.
Hence, forall 1 <5 < i,

xIWi_1(b, s)B = x [AjA™2 sinh A2(b — 5)B — AyA™2 sinh A2 (b — 21 + 5) B]

= xU[A{BA"Zsinh A2(b — s) — AyBA™ 2 sinh AZ(b — 21 + 5)]
=0,

which implies ft:‘_l Wi—1(b, s)BB*W}_,(b, s)ds is singular. This contradicts the
hypothesis. Therefore, Rank (AlB Ay B) =n.

AssumeRank (A1 B A2B) = n. Wewillshow that [* Wi (b, s)BB*W}_, (b, s)
ds is nonsingular. Assume ftjil Wi—1(b, s)BB*W}"_, (b, s)ds is singular. First, we

prove that there exists a number sequence (A, A2) € (fx—1, tk]z, where A1 # A2, such
that the matrix

Wb — A1) Wb —22) 3.6)
Wb =2t +41) V(b — 2t + A2) '

is nonsingular. Suppose for every (A1, A2) € (fx—1, ]2, we have

V(b — A1) Yo —-2r) | _
‘\D(b—ztkﬂo Wb — 21 +2)| = G
Take Ao = t; in (3.7), since |¥ (b — A2)| # 0, we find
Wb =26+ A1) — Wb -] =0, (3.8)

however, by the Jordan decomposition, we find zero is not an eigenvalue of W (b —
2t + A1) — W (b — A1), hence, (3.8) is not valid, that is there exists a number sequence
(A1, A2) € (tg—1, #x]? such that (3.6) is nonsingular.

Suppose fz;k,l Wi—1(b, s)BB*W}*_, (b, s)ds is singular. Then there exists a nonzero
vector xg € R” such that

174
/ xd Wi_1(b, s)BB*W;_ (b, s)xods = 0,

Ir—1
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that is

173
[ weiw.omiPds o

-1

which implies

7 [AlA—% sinh A2 (b — 5)B — AyA~™7 sinh A2 (b — 214 + s)B]
=0, V| <s <t. (3.9)

Take (A1, Ap) € (tr—1, #1? such that (3.6) is nonsingular, and then by (3.9), we find

x()T (A1B —AzB) (ly(;,y(_bg;kﬁ]_))\l) W(;yp(—bz:k/\.i)xz)> = 01x2n,
therefore,
xg (A1B —A2B) = 01525,
that is

Rank (A|B —A3B) < n,

which contradict the hypothesis.
Thus [* Wi_,(b, s)BB*W/" (b, s)ds is nonsingular iff

Ir—1

Rank (A{B A>B) = n.

Using the same argument we can establish that ftz"_l W,é_l (b, s)BB*W,;*_ (b, s)ds is
nonsingular iff

Rank (AlB AQB) =n.

Case 31fi = j = k — 2, we show that both [*"! Wy_s(b, s)BB*W;"_, (b, 5)dss

k—2
and [ W, _,(b, s)BB*W[* ,(b, s)ds are nonsingular iff

tk—2
Rank (A3B A1A,B A3B) =n.
To do this, we first show an auxiliary result. For s1, 52, §3 € (tx—2, tx—1], let

(b —sy) V(b —s3) Wb —s3)
;= > Wb -2, +s51) > WM -2, + ) > Wb -2, +s3)
k—1<i <k k—1<in <k k—1<in <k

V(b — 2t +2t5—1 — 1) W(b =2t +2tr_1 — 52) W(b —2t; +2t_1 — 53)
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and

k—1<iy <k k—1<in <k k—1<iy <k

Wb —s1) V(b —s2) V(b —s3)
Eg — ( Z \I/’(bth,-” +S1) Z \P’(bth,«H +S2) Z \P/(b72ti“ +S3)) )
W (b — 2ty + 2t—1 — 51) W' (b — 2t + 2t5—1 — 52) Wb — 2t + 2t—1 — $3)

We claim that

23x0 = 03xcn, V(51 52, 53) € (th—2, tr—1)°, (3.10)
or

25x0 = 03nxn,  V(s1,52,83) € (-2, tk-1)°, (3.11)
where xo = (A1, 221, 2317 € R¥>" implies xg = 03,x,. We only show that
(3.10) implies that xo = 03, x,, and the other case can be treated similarly. For any
s € (tx—2, tx—1) and &1, &2 > 0 small enough, let

sp=s, s2=+es, s3=(1+¢e)s.

By the first row of equality (3.10), we have

MYBD—5)+ 20V 0 —A+e1)s)+ V0 —(1+e2)s) =0,xn, (3.12)

take the second and fourth derivatives with respect to s in (3.12) respectively and we
have

MAWB —5) + A+ e)> Wb — (1 +61)s) + A + )2 Wb — (14 £2)s)
=0n><n, (313)
AT (B — 5) + A A2+ ) Wb — (1 + 1)) + A2+ )W (b — (1 + £2)s)

= 0n><n~

(3.14)
Combine (3.12), (3.13) and (3.14) to obtain
A Ao A3 (b —ys)
MA A +e)?  A3A(0 + 6)? Vb —(1+ens) | = 0sxn,
MAT A2 46Dt MAZA +e)?) \WOD — 1+ )s)
and since (¥ (b—ys), W(b—(1+¢1)s), ¥ (b—(14£2)s))T is anonzero vector therefore
A A2 )\3

MA  MA(d+e)?  MA(+e)?| =0,
MAZ AT+ et A3A%(1 + &)t
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which implies that at least one of A1, A2, and A3 is zero.
Let A1 = 0, then by the second row of (3.10), we find

M Y WO =2y +(IteNs) +hs Y Wb =28, + (1+£)s)
k—1<i;1<k k—1<iji<k

=0nxn- (315)

Take the second derivative with respect to s in (3.15) to get

AL+ Y Wb =24, + (1+6)s)

k—1<ij1<k
(3.16)
+a3A(L+ ) D Wb =2, + (1 +£2)5) = Oy
k—1<ij1<k
Combine (3.15) with (3.16) and we have
Yoo Wb =24, +(1+e))s)
A2 A3 k—1<iy <k —0
A +e1)2 AA(l + £2)? S Wb =24, + (1 +2)s) nxn
k—1<iy1<k
since
> Wb =24, + A +e1)s)
k—1<ij1<k + 0
oo Wb 24, + (14 ¢&2)s) s
k—1<iy1<k
hence,
A2 A3 —0
MA(+¢e1)? MA(1+&)?|
which implies that at least one of A, and X3 is zero.
Let Ap = 0, then by the third row of (3.10), we have
MY (b — 24 + 2t—1 — (1 + €2)s) = 0yxp, (3.17)

obviously, (3.17) implies A3 = 0. Thus, xg = 03, xz.

Suppose fti"_’zl Wi—2(b, s)BB*W[_,(b, s)ds is nonsingular and assume Rank

(A%B A1A>B A%B) < n. Then there exists a nonzero vector xg € R” such that

x{ (A}B A1A2B A3B) =0,
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that is, for all s € (tx—2, tx—1],

xd Wi_a(b, $)B =x{ (A%B\p(b — ) — A1A2B(¥ (b — 2t + 5)
FATIU(D — 2y +5)) + AZBATIW (b — 21 + 2ty — s))

—0,
which contradicts the fact that ft:‘:z ' Wi—2(b, s)BB*W_,(b, s)ds is nonsingular.
Suppose Rank (A%B A1ALB A%B) = n and assume
Tk—1
/ Wi—2(b, s)BB*W;'_,(b, s)ds
tk—2

is singular. There exists a nonzero vector xo € R” such that

th—1
/ X3 Wi_a(b, s)BB*W; (b, s)xods = 0.

k-2
which implies
xd Wi—a(b, $)B =0, Vs € (tr-a, ti—1]- (3.18)
For s1, 52, 53 selected in the auxiliary result, by equation (3.18), we have
7 (A%BA—%\II(b — 1) = AJAB(ATTW (b — 21 + 51)
FATIW(b — 21 +51)) + ASBATITW(b — 2t + 2ty — s])) =0,
xF (A%BA’%lI/(b —$2) — A1 A2 B(A™ T (b — 2t + 52)
FATIW(D = 2y +52)) + AZBATIW(b — 21 + 24y — SZ)) —0,
L (A%BA—%qJ(b —53) = Aj Ay B(ATTW (b — 214 + 53)
FATIW(b — 26y +53)) + AZBATTW(b — 21 + 26y — s3)) —0,
that is
xg (A2B —A1A2B AZB) 35 =0,
then by the auxiliary result, we find

xd (A2B —A1AB A}B) =0,
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which implies
Rank (A7B —A A2B A3B) <n,

which contradict the hypothesis.
Thus ftk" Wi—2(b, s)BB*W}'_, (b, s)ds is nonsingular iff

k-2
Rank (A3B A1A,B A3B) =n.
In similar way, we obtain ftik:zl W, _,(b, s)BB*W[* ,(b, s)ds is nonsingular iff
Rank (A3B A1A,B A3B) =n.
Thus, we have case 3.

Similarly, taking the proof method of auxiliary result in case 3, for any 0 < m <
k — 2, we can show an auxiliary result fori = j = m, i.e.

Zk—m+1%0 = O —m+Daxn,
or

s 1%0 = Ot Dynxn
implies X9 = O(k—m+1)nxn, Where Xi_,, 41 is constructed the same way as X3. Making
use of this auxiliary result and proceeding as the technique in case 3, we can show that

fori = j = 0, both ftf)l Wo(b, s)BB*W( (b, s)ds and ftf)l W (b, s)BB*W( (b, s)ds
are nonsingular iff

Rank (AXB .- AY'ALB -~ AXB) =n.
By Theorem 3.1, obviously, if there exists an integer / € {0, 1,2, ..., k} such that
Rank (A'B .- A\"ALB ... ALB) =n,
then system (1.2) is controllable.
On the other hand, if system (1.2) is controllable. Then, by Theorem 3.1, there
at least exists a pair of integers 0 < i < k, 0 < j < k such that both
:H Wi(b, s)BB*W; (b, s)ds and [/"! W/ (b, s)BB*W/*(b, s)ds are nonsingular,
that is :
Rank (AX='B ... AY= 1AL ... ALTIB) =,

and

Rank (Alf*jB AlffjfiAéB Aléij) — g
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4 The controllability of semilinear systems

In this section, we consider the controllability of the initial value problems of second-
order semilinear systems (1.3).

For convenience in writing, let us introduce the notation || B|| = K, and the follow-
ing assumptions.

(Hy) f : J xR" — R"is a continuous function and there exist a positive constant
L such that

ILf(z,x) = f@& I < Lilx =yl

for every x, y € R", and N = max;c[o,p] || f (¢, 0) ||
(H>) The linear systems (1.2) are exactly controllable.
(H3) Let

p(A1) + p(A2) < L.

Theorem 4.1 Let xq, yo € R" and assume the condition (Hy)-(H3) are satisfied. Then
the initial value problems of semilinear second-order impulsive systems (1.3) are
exactly controllable provided that

T9 T3
K2 & e3«/p(A)b+ & e«/p(A)b) <1 (41)
( 2yp(A)/? Vp(A)
and
L (K T92 eVPAb L TIeVrA) ”) < min{p(4)"/%, 1}, 4.2)

1
where m = maX{W, W}
Proof From Lemma 2.6, for ¢ € (, b], (1.3) are equivalent to the integral equation

i+l

x(t) = W(A, t, xo, yo)+2/ Wi(A, t,s)(Bu(s) + f(s,x(s)))ds
t

t
+A—%/ sinh A2 (¢ — 5)(Bu(s) + f(s, x(s)))ds
Tk
t
= W(A,1, x0, yo) +/0 O (t,s)(Bu(s) + f(s, x(s)))ds.

In light of (H3), we choose ¢ > 0 small enough such that

p(AD) 4+ p(A2) +2e < 1.
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Combine with Lemma 2.3 and it follows that for z € (#, b],

T} . ,
IW; (A, 1, 5)] < m(pmo + p(Ag) + 26)f VPN Fel=s)

3
< T e,
T WJe(A) te
IW/(A, £, )|l < T3, (p(A1) + p(Az) + 26)f eV PDTEC=D)
< Tj’se«/p(A)%s(t—s)’

(4.3)

4.4)

and

IW(A, 1, x0, Yo) | < A1e¥VP DL (oA + p(Ar) + 26)F

4.5
< Alea/p(A)+8b7 @5)

W/ (A, 1, x0, yo)ll < A1e¥PITE(p(A) + p(A2) + 260

4.6
< A]é‘“/’o(A)JFEb, ( )

where

1
Al = Zmax{m, VvV ,O(A) + S}TS’

T, = max{Tae, Ta, e Ta,,c} and € > O small enough.
We show the controllability of the solutions of (1.3). Define the feedback control
function

b
uix(t) = B*Qf (b, 1)(TY) ™! <x1 — W(A, b, x0, x1) — /0 O (b, s)f(s,x(s))ds).
4.7

and the operator F : PC(J,R") — PC(J,R") as follows,

t
(Fx)(1) = W(A, 1, x0, y0) +/0 O (t,8)(Burx(s) + f(s, x(s))ds, € (t, bl

Let
B, ={ve PCU,RY||vlpc <7},

and we use the notation

t
(F1x)(1) = W(A, 1, x0. y0) +/0 Qk(t, s)Buix(s)ds, 1t € (i, b],
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t
(F2x)(1) =/0 Qi(t,5) f (s, x(s))ds, 1€ (1, D]

Now F = F| + F>.

We subdivide the proof into several steps.

Step 1 We show that for every x,y € B, Fix + F,y € B,. In fact, for every
X,y € By, from (4.3), (4.5), (4.7) and (H;), we have

| Fix + Fayllpc

< Wt +| [ ot oBunias| + | [ 0utoo 6. yonas]

|
< |W(A, 1, x0, yo)ll + K*— / — & WpMFe(=s) g
14 p(A)+¢

b 3
T
: (||x1 I+ W (A, b, xo, yo)| + (N + Lr) —SeW(AW”—”ds)

0 Vp(A)+e
b T3
+ (N +Lr) | ——==eVrWHelb=s)g
0 vp(A)+e
21 TP 2Vp(A)Feb
< |W(A, 1, x0, o)l + K*— ——F—— VP

¥ 2(p(A) + €)%/

T3
xi|l + |W(A, b, x + (N +Lr)—=Et—-¢
(II 1+ WA 0, Yol + ( ) DA+ e

«/p(A)+£b)

T3
+ (N + L) ——t Pt

p(A) +¢
51 TS
<A v p(A)+eb _te 2 p(A)+eb
1e (IIxoll + llyolD) + K 2(p(A)+g)3/2e
(||x1 I+ A1eYP@OFL (o) + lyoll) + (N + Lr)—eW‘)*”’)
(A) +¢
T3
+ (N + Lr)—~f——VrA)Feb
( ) p(A) +¢
1 7
<A L K2 e 3/ p(A)+eb «/,o(A)+sb
+ L( —2 (A)5/2e + — (A) ),

where

9
A = AP (gl + llyoll) + N SR I R
p(A) 7 2p(A)72°

1
K* W AP (x| + A1e P (ol + o D).
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By inequality (4.1), we can pick

A
r> — — , (4.8)
2 £ 3/p(A b £ V(A b
U= L(K?y 5 osm VPl 4 e pilied)

Then, we have
I Fix + Fayllpc <,
that is
Fix + F,y € B,.

Step 2 We claim that F; : B, — PC(J,R") is a contraction mapping. For every
x,y € B,,by (3.5), (4.1), (4.3), and (H}), we have

t
17 = Pyl = | [ 09 Bnc(s) =, 62

6 t
o7 gl / 2PATE(b=5) g
“pA)+e v o

| [ exteorcsx6n = s sy

T2K*L 1
<t VP |l pe,
2(p(A) + )32y
so Fj is a contraction mapping.

Step 3 We show that F, is compact and continuous. For any x,y € B,, by the
inequality (4.3), we have

t
[ Fox — F2yllpc S./o 19k, )N - 11 (s, x(s)) — f(s,y(s))llds

3
< PLTE  yotayre B

S A +e —yllec,

therefore, F> : B, — PC(J,R) is continuous. To check the compactness of F», we
prove that F; is uniformly bounded and equicontinuous. In fact, for any x € B,, by
the inequality (4.3), we have

| Faxllpc =| / 0kt ) f (s, x(5))ds H
OT3
< &

<—~f VPN (N 4 Ly,
p(A) +¢
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thatis F, B, = {Fx |x € B, }isuniformly bounded. Next, we show that F; is equicon-
tinuous. For any #, < 71 < 70 < b, by Lemma 2.7, and (4.3), we have

|(F2x)(12) — (F2x) (x|l < H /0 0k(2, 5) f (5, x(5))ds —/0 Ok(t1, ) f (s, x(s))ds H
il
= H/O (Qk(z2,5) = Qk(x1,9)) £ (5. x(5))ds |

+|

/;2 Ok(2,8) f (s, x(5))ds H

T3
<OI(N+Lr)|t — 71| + ———eVPM+eb(N 4 Lr)

Vo(A) +&
S —Tl,
therefore, F» B, is the equicontinuous family of functions in PC(J, R"). From Lemma
2.5, F> B, is relatively compact in PC(J, R").
From Krasnoselskii’s fixed point theorem, we obtain that F has a fixed point x in
B,., which is the solution of (1.3) and satisfies x(b) = xj.

In what follows, we show the controllability of the derivative of solutions for systems
(1.3). Define the feedback control function

b
ure(t) = B* QU (b, 1)(AL)™ (v1 — W'(A. b, x0, yo0) — /0 0, (b, 5) f (5. x(s))ds).

and the operator H : PC'(J,R") — PC'(J,R") as follows,

(Hx)(1) = W(A, 1, x0, o) + /Ot Qi(t.5) (Buz(s) + f(s,x(s))ds, 1€ (1. b].
Let
(Hix)(1) = W(A, 1, x0, yo) + /Ot Qi (t, s) Buax (s)ds,
(Hyx)(t) = /Ot Ok(t,9) f (s, x(s))ds,
and H = Hy + H». Let
Dy = {x € PC'(J,RY|lxllpcr < €}.

We show that H : Dy — PCL(J,R") has a fixed point. Proceeding as before, we
subdivide the proof into several steps.
Step 1 We show that Hix + H>y € Dy, for any x, y € Dy.

In fact, for any x, y € Dy, proceeding as in the proof for the operator F, and by
inequalities (3.5), (4.3)—(4.6) and condition (H}), we have
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|Hix + Hyyllpc

< Wt + [ 09 Bussias| + | [ 0uttoo 6. yonas]

| S AFE (b—s
< IW(A, 1, x0. yo)ll + K* - / e VPO g
AJo Vp(A) +e

b
' (”yl” +IW'(A, b, x0. yo) | + (NJrLr)/0 Tfem(“)ds)

b 3
s N+ [l et 4

0 p(A)+8

T6
< [|W(A, 1, x +K2 ——OE
W ( 0, Yol 7 200(A) 1 5)

(I|y1|| + [IW'(A, b, xo, yo)ll + (N + Lr) e«/Wb)

VR

3
(N + Lr)—=&—— VP Feb
( ) (A)+

I
< AP (x| 4 + Kio AV AT
1 (lxoll + llyolD) X 200(A) T o)

(||y1 I+ AreVP ¥R (o]l + lyoll) 4+ (N + Lr) Wmsb)

VP (A) +e
3
Vo (A)Feb
+ (N + Lr)—(A) n e

9 3
SZ—‘,—L KZl Ts e3«/p(A)+8b+ Te e./p(A)-{-ab r,
A 2p(A)3/2 p(A)

3 9
& = 81eVPAF (g + ol + N | —oeeVp@Feb o g2 _Te  3/ptdreb
p(A) 2 2p(A)2

1 10
+ szmezmb(”yl I+ ApeP@DFEL (xol + llyolD).

By inequality (4.2), we can pick

A
r> , 4.9)
1-L (Kzl o )3/2 e3Vo(ArFeb 4 p(A)Te )

then, we have
|Hix + Hayllpc <.

It follows that for any x, y € D,, Hix + Hyy € D,.
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Similarly, making use of (3.5), (4.4), (4.6), (4.7) and (H}), we get

ICH1 ) + (H2y) | pe

t t
<ol + | [ o]+ | [ 0i¢5 76, ynds

1 b
< IW'(A.t.x0. yo)l + K°T9— / VPO s
0

b
: (nyl I+ |W'(A, b, xo0. yo)| + (N + Lr) / TSeMA)*“b—“ds)
0

b
+ (N +Lr) / T VP Tel=9 g
0

K2TS 1
< A1eVP@FEL ol + 1ol + ———f —2VP(A)Feb
llxoll + llyoll NAOETD)
T3
(il + AP (g 4 flyoll) + — e (N + Lr)e*/mb>
( Vp(A) +e
T3
+ (N 4 Lr)——t—V/p(A)teb
VPo(A) + e
9 3
<F+L(K21T_ee3mb+ T; emb> ,
B A 2p(A) 0(A)

where

1 15
T = K2 2 AVPFb (g | 4 AP D%l (o + [1y0lD))

A 2J/p(A)
T3 T9 1
A eVPAFeD N~V b 4 g2t VAT )
T Ae (llxoll + llyoll) + A0k HREPTE

By inequality (4.2), we can pick

r
r= AN 3 , (4.10)
_ 21_T) 3 /p(A)teb 2 Jp(A)teb
1 - L(K %2y AR e + ¢ )

Then, we have
I(H1 ) + (o)l pe < 7.
Take r be the maximum of the right hand of (4.8) and (4.9), then we obtain
IHix + Hayllper <,
that is

Hix + Hyy € B,.



The Controllability for Second-Order Semilinear Impulsive... Page250f34 10

Step 2 We state that Hj is a contraction.
For any x, y € D,, by inequalities (3.5), (4.2), (4.4), and (H;), we have

t
= Hilee = [ 0ut. 9B =y 0015

T6
<LK 2 _te _/ 2/ p(A)+e(b— s)ds / b.s
OETS) Q% (b, )l

|lx = yllpcds

1 1 Y
K2T9 63 )O(A)+8b||x _

<L - :
< e X2 (AP ylipc

and

t
I = Y e = | [0 9)Ba(s) = uay 0015

IA

t
LT86K2% [ 62“/’[)(A)+g(b7s)ds
0

b
/0 10, )l - lx = yllpcds

92
. _ LKL 1 VP

O E x = yllpc,

hence according to (4.2), there exists € > 0 small enough such that

Lk2ro! LN o I
X 2p(A)2 ’

and

9 2
Te K°L leSQ/p(A)ﬂ?b <1.
2(p(A) + &) A

Therefore, Hj is a contraction mapping.
Step 3 We show that H; is compact and continuous. Since, for every x, y € Dy, by
(4.3) and (4.4), we have

t
|H2x — Hayllpc S/O 1Ok, )N - N1 (s, x(s)) — f(s, y(s))llds

< bL 4/p(A)+€b||x

(A)+8 Ylpct,
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and

t
I(H2x)" — (H2y)'l e S/O Q4 ) - 11f (s, x(s)) — f (s, y(s)ds

3
<\/bL—L€ p(A)—‘,—sb”x — y”Pcl,
V(A +&

therefore, H, : Dy — PC!(J,R) is continuous. To check the compactness of H,
we consider the mapping

'
(Hax) (1) = [) Q;C(t, $)f(s,x(s))ds.

For every x € Dy, by inequality (4.4) and (H;), we obtain

t
|(H2x) || pc Sfo 105, ) - Ilf(s, x(s))llds
t
5/ T;’e‘/m(t_“(N + Lr)ds
0

<bBT2(N + Lr)eVrD+eb,

which implies (Hy Dg) = {(Hzx)’Ix € Dy} is uniformly bounded in PC(J, R). We
prove that for any x € Dy, (H>x)' is equicontinuous. In fact, forany #, < 71 < 10 < b,
in term of inequality (4.4), (H;) and Lemma 2.7, we have

[ (H2x)'(2) — (Hax)'(z1) |
1% 71
| [ citrasrsxonas = [ 0tm £, x|
0 0
71
< [ 10k~ Ofr - I x ) ds
0
©»
+/ Q) (z2, ) f (s, x(s))llds
7
< O(N + Lr)|ta — 1| + T2eVPITEON L Lr) |5y — 11,
therefore, (HyDy)' is the equicontinuous family of functions in PC(J, R"). From
Lemma 2.5, (H, Dy)’ is relatively compact in PC(J, R"). Hence, for any sequence
{x,} C Dy, there exists a subsequence of {x,}, again denoted by {x,}, such that
(Hpx,) — ¢ in PC(J,R") as n — oo. 4.11)

Obviously,

Ixllpc < blix"llpc,
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for any x € PC!(J, R"). Let ¢ be the antiderivative of ¢, combining this inequality
with (4.11), we have

| Hoxy — ¢l per =max{|| Haxy, — dllpc, |(Haxn) — ¢llpc}
<max{b, 1}|(Haxn) — $llpc

<€,

as n is large enough, which implies that for any { H>x,,} C H» Dy, there exists a subse-
quence { Hpxy, } which is convergence in PC'(J, R) . Thus, H : Dy — PC'(J,R")
is a compact and continuous operator.

Hence, by the Krasnoselskii’s fixed point theorem, we obtain that H has a fixed
point x in D, which is the solution of (1.3) and satisfies x'(b) = y;.

In conclusion, second-order impulsive systems (1.3) are exactly controllable.

5 Examples

In this section, we give some examples to illustrate the effectiveness of our results.

Example 5.1 For the simplicity of calculation, we consider the controllability of sys-
tems (1.2) with

10 12 2 0 0 1
2= 2) (o 3) 2= ) wm () 0= (o)

and0 =1 < 1 =1 <2 =t = b. Obviously, B is nonsingular, then Theorem 3.1
holds for / = 0, that is system (1.2) is controllable. For the sake of convenience in
calculating, we consider x; = (30 40)T | then we show that we can choose a control
function u; (7) such that, under u;(¢), x(2) = (30 40)T. By Theorem 3.1 in [34], we
obtain that, for r € (1, 2], the solution W (A, t, xo, yo) of the homogeneous initial
value problems of (1.2) is expressed as follows,

W(A. 1. x0. o) = 2cosht 2cosh+/2t 2o 4 (2sinh V2 sinh /2t
, 1, X0, YO) = 0 4COSh\/§t 0 0 Zﬁsinhﬁ[ y(OS 1)

__ (2sinht + 2 cosh V2t
- 4 cosh v/2¢ ’

By the calculation, we find

Wo(A,t,s), 0<s <1,

ts) =
Qu(t.s) {Wl(A,t,s), l<s<t
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here
2sinh(r —s)  ~/2sinhv/2(r — s)
W A’ t? = . b
o $) ( 0 24/2 sinh ﬁ(r —5)
sinh(t — ) 0
MAL9={""0  Lsinhvac-s)
and
—3sinh2 4 4sinh 4 — i sinh 2v/2 + i sinh4+v/2 — 19
272 272
. —%sinh2ﬁ+%sinh4ﬁ—18
- . (52)
-5 sinh2+/2 + NG sinh4+/2 — 18
LI 272 + 18 sinh4+/2 — 36

ﬁ ﬁ 2x2

Hence, by (3.3), we can define the control function u1(¢) by a piecewise func-
tion,piecewise function,

4sinh(2 — 1) 0 2,1
<3ﬁsinh V22 —1) 64/Zsinh fz(z—t)> )™ (11 = W(A. 2.30.y0)). 1 € (. 1],

“MO=1 G - 1) .
0 % sinh ﬁ(z_ ) (F()) (xl - W(A, 2, xo, yo)), te(l,2],

here W (A, t, xo, yo) is expressed by (5.1), Fg is expressed by (5.2), x is the state
we want to arrive. Therefore, under the control u1, we have x(2) = x, see Fig. 1.
Similarly, take y; = (0 0)T, then we can take the control u5 as follows,

4cosh(2 —1) 0 20—1 /
( <6cosh V22 —1) 12cosh/2(2 — t)> A (1 = WA 2.20.50)). 1€ 0.1,
1) =
wa () <2cosh(2—t) 0

2y—1 /
0 3cosh V22 — t)) A5 (1 — WA, 2,x0.30)), 1€(,2],

and under this control, we can steer the derivative of the solution of systems (1.2) to
(00)7 at terminal, see Fig. 2.

Example 5.2 Consider the systems (1.3) with

2 0 -1 1 1
— —B=("2 2 —(2
126 o) menm () o= Y)
1

O=th<3;=n<l=n=band f(t,x(t)) = 3% sin x(¢). Since B is nonsingular,
by Theorem 3.3, we find condition (H>) is satisfied. Obviously, (H7) is satisfied with

= O
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A

0 05 1 15 2
t
0.08 T C.1 T
x11
0.06 1
[
=1
©
>
0.04 1
0.02 . " =
0.5 1 1.5 2

30 0.16
0.14
0.12
20
0.1
(]
=}
©
>
0.08
10
0.06
0.04
0 0.02

45

40

35

30

25

20

Fig. 1 A The control function u (¢), where blue line denote the first component of u(¢), red line denote
the second component of u| (). B The state function X (¢) of (1.2) without any control, similarly, where
blue line denote the first component of X (¢), red line denote the second component of X(¢). C Figure C1
denote the first component of state function x (#) under the control function u1 (), and Figure C2 denote
the second component of state function x1(¢) under the control function u1 (¢). It should be noted that, in
figure C1 and C2, on the left side of impulsive point # = 1, we refer to the left scale, and on the right side

of impulsive point # = 1, we refer to the right scale (color figure online)

L= % Then we show that (4.1) and (4.2) hold. Define a new matrix norm || - ||’ by

Il = 11Ol

where

o

10)

0 2¢

Vx € R",
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value

0 0.5 1 15 2

value
h bbb Ao 2N w s N ®

o
o
@
@
N
E}
o
o
o
N

Fig. 2 E1 The state function X (¢) of (1.2) without any control function. The blue line denote the first
component of X(¢), and the red line denote the second component of X(¢). E2 The derivative of state
function X (¢) without any control function. Similarly, the blue line denote the first component, and the red
line denote the second component. F The control function u7 we picked to control the derivative function,
the blue line denote the first component of u>, and the red line denote the second component u. G1 The
state function x (¢) under the control u>. The blue line denote the first component of x> (¢), and the red line
denote the second component x; (7). G2 The derivative of state function x; (7). The blue line denote the first
component, and the red line denote the second component (color figure online)
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and ||A| = 1211?2(" Y ' laijl. According the Theorem 2.2.8 of [35], we find for

B1+B
A[ =1 + _12 2,
||A1||/ ”Q 1111Q” = /O(Al) €. (53)

Lete = %, then we have, for all x € R”",

—=lxll < llxll” < flxll,

100

hence,

[A1x] 100 [ A x| 100 /
A1l = sup <sup | —— — 1 = 1ALl
a0 U llxdl x20 | 98 x|l 98

combining this with (5.3), we have

100
A1l = 5o (0(A) + &),
98

: _ 100 . _ 10 . .
that is TAI’ Ho= 55 Obviously, T4, = 1, therefore, T% = 9% With a simple

calculation, we find

Fl _ (a1 a2
0= >
azy a2

here
sinh +/2 cosh v/2 + % — sinh “/TE cosh 4 % + sinh ‘/TE cosh */TE
ay) = + ,
3242 1612
sinh +/2 cosh /2 + % — sinh ‘/TE cosh */75
app = ,
482
sinh /2 cosh /2 + % — sinh 4 cosh 4
az) = s
482
sinh +/2 cosh /2 + % — sinh “/TE cosh 4 % + sinh “/TZ cosh */75
ax = + )
3642 162

hence, for all x € R”,

(Thx,x) > — x|,
10
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that is we can pick y = %. Hence we obtain

) T 3Vp(A)b r; VoAb
K e3VPAb e pvr(4)

2yp(A)3/2 Vp(A)
1 10019432 100y2,2
1 (G +(98) <1 (5.4)
37\ 32v2 V2
Similarly, we can get
b1 bz
A= ,
0 (bzl bzz)
here
sinh +/2 cosh /2 — % — sinh ‘/Ti cosh “/75 n sinh */77 cosh */75 — %
11 = ,
1672 82
b sinh /2 cosh /2 — % — sinh 4 cosh g
T 242 ’
b sinh +/2 cosh +/2 — % — sinh 4 cosh @
2 242 ’
sinh /2 cosh /2 — % — sinh 4 cosh g sinh g cosh 4 — %
by = + ,
18v2 8v2
hence, for all x € R",
(Abx, ) > — x|
o 107"
i.e., we can pick A = 11—0. Put these constants into (4.2), we obtain
L (K270 L eV I ) < (5.5)
£ 2% VoA ' '

Therefore, all the assumptions of Theorem 4.1 are satisfied, that is the systems (1.3)
are exactly controllable.

6 Conclusion

In this paper, we introduce a new definition of controllability, and obtain some sufficient
and necessary conditions of second-order linear impulsive systems, the rank criterion
of impulsive systems is obtained as well. Then, we present some sufficient conditions
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of nonlinear impulsive systems provided the linear systems are controllable. Finally,
some examples are presented to illustrate our results.
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