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Abstract

This paper deals with the asymptotic and oscillatory behaviour of third-order non-
linear differential equations with mixed non-linear neutral terms and a canonical
operator. The results are obtained via utilising integral conditions as well as com-
parison theorems with the oscillatory properties of first-order advanced and/or delay
differential equations. The proposed theorems improve, extend, and simplify existing
ones in the literature. The results are illustrated by two numerical examples.

Keywords Non-linear differential equations - Oscillation - Asymptotic behavior -
Canonical operator - Mixed neutral terms

Mathematical Subject Classification 34K11 - 34NO5

B4 S.S. Santra
shyamO1.math @gmail.com; shyamsundar @ddn.upes.ac.in

J. Alzabut
jalzabut@psu.edu.sa

S. R. Grace
saidgrace @yahoo.com

G. N. Chhatria
c.gokulananda @ gmail.com

Department of Mathematics and Sciences, Prince Sultan University, 11586 Riyadh, Saudi Arabia

2 Department of Industrial Engineering, OSTIM Technical University, 06374 Ankara, Turkey

3 Department of Engineering Mathematics, Faculty of Engineering, Cairo University, Orman,
Giza 12221, Egypt

4 Department of Mathematics, JIS College of Engineering, Kalyani, West Bengal 741235, India

5 Department of Mathematics, Applied Science Cluster, University of Petroleum and Energy
Studies (UPES), Dehradun, Uttarakhand 248007, India

6

Department of Mathematics, Sambalpur University, Sambalpur 768019, India

X Birkhauser


http://crossmark.crossref.org/dialog/?doi=10.1007/s12346-022-00715-6&domain=pdf

15 Page2of17 J. Alzabut et al.

1 Introduction

In this work, we aim to investigate the asymptotic and oscillatory behaviour of all
solutions of the non-linear third-order differential equations with mixed neutral terms
of the form:

@@ (")) +q©Ox¥ (T () + p(Ox* (@) =0, ¢ > o, (1.1

where y(£) = x(¢) + p1($)x"(0(£)) — p2(£)x* (0 (£)). Throughout the paper, we
always assume that

(Al) o, v, k, y and X are the ratios of positive odd integers with o > 1,

(A2) a, p1, p2, pand g € C([{0, 00), RT) with a’(¢) > 0 for £ > o,

(A3) w,t,0 € C([¢p,0),R) such that 7(¢),0(¢) < ¢, w(¢) > ¢ and
7(£),0(¢), w(§) = oo as { — oo,

(Ad) h(Z) =071 (x(2) <&, h*(Q) =0 (@(8)) = ¢ with h({) — coas § — oo,

(AS) A, 50) = [z ds With AL, o) — o0 as ¢ — oo,

A solution of Eq. (1.1) is a function x(¢) which is continuous on [T, 00), Ty >
o and satisfies Eq. (1.1) on [Ty, 0o0). The solutions which are vanishing identically
in some neighborhood of infinity will be excluded from our consideration. Such a
solution of Eq. (1.1) is said to be oscillatory if it has arbitrarily large zeros, and to be
nonoscillatory otherwise. Equation (1.1) is said to be oscillatory if all its solutions are
oscillatory.

A variety of physical and technological issues raise the question of developing a
mathematical model that describes a specific process or structure. It is known that
most differential equations, such as those used to model real-life processes, may not
have closed-form solutions. This led to a new branch of the theory of differential
equations, namely, qualitative theory. In particular, we are especially interested in the
study of the oscillatory behaviour of some classes of functional differential equations.
Over past years, the oscillation theory of functional differential equations has received
much attention since it has a great number of applications in engineering and natural
sciences, see, e.g., [1-3, 7-9, 20, 30, 40, 42] and the references cited therein. For
example, third-order differential equations appear in a variety of real-world problems,
such as in the study of curved beam deflection, scattering cross-section, steam turbine
regulation, control of a flying apparatus in cosmic space, entry-flow phenomenon,
and so on; see, e.g., [22, 40]. Danziger and Elemergreen [22] discovered a class of
third-order linear differential equations by observing the thyroid-pituitary interaction
over time. The governing equations that describe the variation of thyroid hormone
with time are as follows:

alx///(é.) +a2x//(€.) +Cl3x/(§) + (] +l)x = lC, X <c,
arx" (&) +ax" (&) +azx’ () +x =0, x>c,

where x(¢) is the concentration of thyroid hormone at time ¢ and a1, az, a3, [ and ¢
are constants.
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Apart from this, neutral delay differential equations arise when lossless transmission
lines are employed to interconnect switching circuits in high-speed computers, see
[30].

In the recent years, some authors considered the special cases of Eq. (1.1), that is,
p)=0,or,a=1,orv=k=1,orA=1,0ry = 1,see, e.g,[11, 12, 14-18, 21,
23,24,26,27,29, 32,38, 39, 43—45] and references cited therein. In particular, Grace
and Jadlovska [25] established several oscillation theorems for the odd-order neutral
delay differential equation

(x(2) — p1©O)x (@ +q(@)xP(z(2)) =0,

where n > 3 is an odd natural number, 0 < p;(¢) < 1 and the delay terms t, o are
non-decresaing. This paper’s contribution is that it employs the comparison technique
to provide conditions that only ensure the oscillation of the aforementioned problem. In
[14], Chatzarakis and Grace considered the coupled of third-order neutral differential
equation

(@@ (")) +q@)x" (x () =0,

where y(¢) = x(¢) £ p1(£)xP(0(£)), 0 < p1(§) < 00, @ = 1 and o (¢) is strictly
increasing. By using the comparison method, their two main conclusions (Theorems 1
and 2) guarantee that every solution of the aforementioned equations either oscillates
or converges to zero.

Therefore, we aim here to initiate the study of the oscillation problem of (1.1)
with either v < ¥ < lorv < 1 and k > 1, via comparison with the known
oscillatory behaviour of first order equations. The method we employ here in this
work has naturally a partial resemblance of the works [14, 24, 28], however the results
and most arguments are quite different due to more general nature of Eq. (1.1). The
obtained results improve and correlate many of the known oscillation criteria existing
in the literature, even for the case of Eq. (1.1) with p1(¢) = 0, or p2(¢) = 0, or
p1(§) = p2(5) =0.

To make it easier to read, we simplify our notations here: for b € C ([¢g, 00), Ry),

1) := (1 — v pl " (b1 (2),

£2(0) := (k — DT pI ™ (b1 (2),

P() = p(&) 00 = q()
(p2(h(2)))

(p2(h*(¢)))

>
=R

and

K
v

P@) = (%) [P @] 7 (pa0) ™.

2 Some Preliminaries Lemmas

In order to prove our results later, we have replicated some lemmas that are required.
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Lemma2.1 Letq : [{g, 00) — R, g : [£o, 00) — Rand f : R — R are continuous
functions, f is non-decreasing and xf (x) > 0 for x # 0 and g(¢) — oo as { — oo.

If
(I) the first order delay differential inequality (i.e., g(¢) < ¢)

Y@ +q@) f(y(g)) <0

has an eventually positive solution, then so does the corresponding delay
differential equation.
(Il) the first order advanced differential inequality (i.e., g(¢) > ¢)

Y'(©) —q@) f(y(g)) =0

has an eventually positive solution, then so does the corresponding advanced
differential equation.

Proof This Lemma is an extension of known results in [10, Lemma 2.3] and [41,
Corollary 1] and hence the proof is omitted. O

Lemma 2.2 [31] If X and Y are non-negative, then
X7+ (¢ = DY’ — XY =0 for ¢ > 1 @.n
and
X —(1— @)Y —pXY? 1 <0 for 0<gp <1, 2.2)

where equalities hold if and only if X =Y.

Lemma 2.3 (Young’s Inequality) [31] If X, Y be nonnegative real numbers and if
m, n > 1 are real numbers such that % + % = 1. Then

1 1
XY = =X+ —=Y". (23)
n m

Equality holds if and only if X"=Y™.

3 TheCaseWhenv<1andk > 1

In this section, we present some oscillation criteria for Eq. (1.1) when v < 1 and
K> 1.

Theorem 3.1 Let (A1) — (A5) hold with v < 1 and k > 1. Furthermore, assume that
(A6) there exists a function b € C ([£o, 00), Ry ) such that

{ingo[g1(§)+gz(§)] =0 3.1
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and

(A7) there exist non-decreasing functions u(¢), w(¢) € C([&, 00), R) such that
11(Q) = 1(@) < &, ua(6) = u(u(@)) with p(¢) = h*(n2(8)) > ¢,

() <7w(@&) <¢ for¢ =& (3.2)
hold. If there exist numbers 01, 6> € (0, 1) such that the delay differential equations

7(¢) 14
W)+ 619(¢) (/{ A(s,§1)ds) W (t(g)) =0, (3.3)
0

Y (2) 4 677K () QAT (1(2), T(0))Yir ((£)) = O (3.4)

and the advanced differential equation

¢ -1 u v A
9’(;)—[ [ (a7 w) (/ P(s)ds) du]&w(p(c))=o (3.5)
(@) ()

are oscillatory, then every solution of Eq. (1.1) is oscillatory or converges to zero.
Proof Suppose x(¢) is a non-oscillatory solution of Eq. (1.1) with x(¢) > 0 and

lim; 00 x(¢) # Ofor¢ > o. Therefore, x(7(¢)) > 0,x(0(¢)) > Oandx(w()) > 0
for ¢ > ¢ for some {1 > ¢p. It follows from Eq. (1.1) that

@@ ("(©)") = —q©)x" (x(©)) — pOx*(w(©)) <O. (3.6)

Hence, a(;)(y”({))a is decreasing and of one sign, that is, there exists a {» > ¢1 such
that y”(¢) > Oor y”(¢) < Ofor ¢ > &,. We shall distinguish the following four cases:

Ly©)>0,y'(¢) <0, 2.y¢)>0,y"(¢)>0
3.9() <0, y'(©) >0, 4.y <0, y'(¢) <0.

Case 1: Since y”'(¢) < 0 and y”(¢) < 0, then a constant K > 0 exists such that
1

y'(©) < _f(; < Ofor ¢ > ¢3 > &, which on integration from ¢3 to ¢ gives
ao

!
V©) v (&) - K7 / LN
3 oaw(s)

Letting { — oo and using (As), we get lim; y'(¢) = —o0. Therefore, y'(¢) < 0.
But conditions y”(¢) < 0 and y'(¢) < 0 imply that y(¢) < 0, which contradicts our
assumption y(¢) > 0.

Case 2: For this case we have following two sub-cases:
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Case 21: Let y'(¢) < 0 for ¢ > ¢,. This case is excluded because of the choice

limg 00 x(¢) # 0.
Case 25: Let y'(¢) > 0 for ¢ > ¢,. From the associated function y(¢), we have

Y(@) = x(0) + (b(O)x (@ ()= p2(O)x (a(0)) + (P1(§)x" (0 () =b(§)x(6(£))),

or,

x() = y(©) = (b(D)x(0 ()= p2(H)x“ () — (P1(D)x"(0(2)) — b({)x(0(£))).
3.7)

If we apply (2.1) to [B(E)x(@(©) = pa(Ox*(@@)] with ¢ = k > 1, X =
Py (O)x(0(¢)) and Y = (%b(c)pj (:))H , we get

(b(0)x(0 () = P2 (@ () < (k — DT pI ™ (b1 (L) = g2({).
Similarly, if we apply (2.2) to [p1(¢)x"(0(¢)) — b(¢)x(c(¢))] with ¢ = v < 1,
1

1 -1 T
X=p/@)x(@(&))and Y = (%b(f)l?l" (5)) , we get

v L v
(P1@)x"(@(2) —b(D)x(a(£))) < (1 —v)vT= p/ " (ObTT(F) = g1(2).
Thus, from (3.7), we see that

_810) + 8200

. 3.8
O }y(C) (3.8

x() = [1

Since y(¢) > 0 is increasing, a constant € > 0 for {3 > ¢, exists such that y(¢) > €
for ¢ > ¢3 and so, we have

_ 810 +£2(0)

x(&) = [1 c

} (&) for¢ > ¢s. (3.9)

Now, in view of (3.1), a constant ¢ € (0, 1) exists such that

x(8) = cy(?). (3.10)

Thus, we have

(@@ @)%) = =" q(@)y” (x(0)) = ¢ pO)y* (0 (). (3.1D)

Since y’(¢) > 0, then the last inequality can be written as

(@@ @)*) < =" q(@)y" (x (). (3.12)
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Because y”(¢) > 0 and y'(¢) > O for ¢ > ¢3, then following [1, Lemma 2.2.3], a
constant k € (0, 1) exists such that

V() = kAL, t)aw (2)y(©).

Integrating this inequality from ¢3 to ¢, we get

e

() = (k/ Acs, §1)ds))ati(§)y"(§).
3

Using this inequality in (3.12) and setting W (¢) = a(¢)(y"(¢))%, we have

() v
W'(¢) +619(5) (/{ A(s,g“l)ds> We(z(£)) <0, (3.13)
3

where 6; = (ck) € (0, 1). It follows from Lemma 2.1 (I) that the corresponding
differential Eq. (3.3) also has a positive solution, which is a contradiction.

Case 3: For y(¢) < 0, we consider

F@) = =y() = =x() — p1(Ox"(0(§) + p2(O)x*(0(§)) = p2(H)x* (0 (2)),

or,
5(0) \*
oe) = <p2(§)> ’
or,
1
MCaI(9)) )
Yo = (pz(cr‘l(s“))
and so,

@@ G @)% = q@)x" (x(¢))
q(¢) N1

= 7Y
K

(p2(0~1(x(0))))

(07" (©)) := QW)+ (h(D)).
(3.14)

From y”(¢) < 0 and for &, < u < v, it follows that

MOESEOESEOES —/ a%(S)(a(S)(ﬁ”(S)“))édS

u

> A, u)(—as ()5 ().
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In the above inequality, we let u = 7(¢) and v = 7 (), then

F'(t(@©) = A @), T (- aé(ﬂ(i)))fi”(ﬂ(é“)) (3.15)

According to [1, Lemma 2.2.3], a constant 83 € (0, 1) exists such that

I(@(©) = 637 (0)F ((0)). (3.16)

Combining (3.16) in (3.15), we have

J(@(£) = 03T () A(w (), T () (— aé(ﬁ(i)))f}”(ﬂ(é))- (3.17)

Using (3.17) in (3.14), we get

Y'(2) + 62778 (2) Q) AY* (m((), T(0)) Y ((2)) <0, (3.18)

where Y (¢) = —a(g‘)()?”({))a and 6, = (63)7/%. As a result of Lemma 2.1(I), the
differential Eq. (3.4) also has a positive solution, which is a contradiction.

Case 4: Clearly, we see that 3”(¢) > 0. In this case we have 3'(¢) > 0. From Case 3,
it follows that

s

(@@ G"@N%) = P@)3* (h*(0)). (3.19)

Integrating (3.19) from (&) to ¢, we have

¢
a@) (") — a(u(©) (5" 1 @)))" = / . P()5% (W*(s))ds
m
¢
(h*(1(0))) / P(s)ds.

(@)

x>

>y

Therefore,

1

¢ o
P(s)ds) .

57(2) = $aw (h* (@) (a = ©) </
wn(g)

An integration from . (¢) to ¢ yields
n A ¢ 1 u %
F(©) = 5% (0(0) / (W) ( f P(s)ds) du.
w(@) w(u)

Consequently, y(¢) is a positive solution of the advanced differential inequality

¢ _1 u o A
&’(;)—[ f (a¥ w) ( f P(s)ds) du}&w(p@))zo. (3.20)
(@) w(u)
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As a result of Lemma 2.1(II), the differential Eq. (3.5) also has a positive solution,
which is a contradiction. This completes the proof. O

Next, we have the following corollary that follows immediately from Theorem 3.1.

Corollary 3.1 Let (A1) — (AS) hold with v < 1 and k > 1. Furthermore, assume
that there exists a function b € C([{o, 00), Ry) such that condition (3.1), and
non-decreasing functions ((¢), n(¢) € C([¢o, 00), R) such that condition (3.2) are
satisfied. If

¢ (s) v
lim q(s) (/ Au, {1)du> ds =00 fory <a, (3.21)
§=00 Jg %
¢
glim O(s)T"/*(s)AY/* (rr(s), r(s))ds =0 fory < ak, (3.22)
— 00 {0

and

e[ el , u a
lim / (aT(u)) </ P(s)ds) dul|dl =00 for A >ak, (3.23)
{—00 Jg, w() p(u)

then every solution of Eq. (1.1) is oscillatory or converges to zero.

Proof Suppose x(¢) is a non-oscillatory solution of Eq. (1.1) with x(¢) > 0 and
lim;_, oo X(¢) # Ofor¢ > &o. Therefore, x(7(¢)) > 0,x(0(¢)) > Oandx(w(¢)) > 0
for { > ¢; for some {1 > go. Proceeding as in the proof of Theorem 3.1, we arrive at
3.13) for ¢ > &3, (3.18) for ¢ > ¢, and (3.20) for ¢ > ¢, respectively. Upon using
the fact that 7(¢) < ¢, and W(¢) = a(¢)(y"(¢))¥ is positive and decreasing, we have
W (z(¢)) = W(¢) and hence inequality (3.13) can be written as

() v,
W) +619(¢) (/ A(s,;“l)ds) We(¢) <0,
&3

that is,
y

w’ (%)
9O o) (/ A, mds) <0,
w %

“ (%)

which on integration from ¢4 to ¢ gives

¢ 7(s) Y Iz
/ q(s) / A(u,¢)du ] ds < l W—E}-“-)
&4 o3 91 1_ E

and letting ¢ — oo, we get a contradiction to (3.21). The reminder of proof follows
from the inequalities (3.18) and (3.20), and noting that 7 (¢) < ¢ and p(¢) > ¢,
respectively. Hence, we omit the details. O
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The following example illustrate the applicability of Corollary 3.1.
Example 3.1 Consider

(o2 (5) - (5))))

5 (¢ L
+x7 g —}—Zx 2¢)=0,¢>¢=1, (3.24)

o

wherea = 1,v =3,k =3y =3, 1> 3.a@) =¢. p(t) = p@) =
p2(0) = ¢, q@) = 1,0() = §,71(¢) = § and 0(¢) = 2¢. Also, h(;) =
5
h(¢) =4t Q) = W and P(¢) = (2‘“% . Letting b = 1, it is not difficult to see
i
that (3.1) holds. We let u(¢) = 3¢, then p(¢) = 9¢. Since A(¢, &) = [ L =Ing¢,
then all conditions of Corollary 3.1 are met. Indeed, from (3.21), (3.22) and (3.23),

’

B =

>

we have
¢ s/8 %
lim (/ Inu du) ds = 00,
—>00 1 1
. /5 1 (5)5/9 (s (1 s 1)>5/9d
im — = sin-— § = 00,
>0 Jj (%)5/9 4 8 2
and

et u (2g)3
lim / — / ds|du|dl =00
—>00 %0 % u STM s

respectively. Thus, every solution to (3.24) is oscillatory or else converges to zero.

Remark 3.1 We may note that [24, Theorem 2.1] is not applicable to (3.24) due to
the restriction that p;(¢) = 0 = p(¢) and 0 < « < 1. Apart from this, suppose
that p1(¢) = 0 = p(¢) in (3.24), then it is not difficult to see that Theorem 3.1
generalised/improved the results reported in [24]. A similar observation can be made
for the papers [11, 13, 23, 25, 39].

Now, we shall present some special cases of Theorem 3.1. First we consider the
case when p1(¢) = p2(¢) = 0, i.e., for the non-neutral equation

(@@ ")) +q@x" (1) + p)x*(w(2)) = 0. (3.25)

Accordingly, Theorem 3.1 can be expressed in the following form:

Corollary 3.2 Let assumptions (A1) — (AS) hold. If there exists a number 61 € (0, 1)
such that the first order delay differential Eq. (3.3) is oscillatory, then every solution
of Eq. (3.25) is oscillatory or converges to zero.
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Following that, we consider the case when p>(¢) = 0, i.e., the neutral equation

(@@ ((x©) + p1@©)x"(@@N))*) + q©)x” (x(©)) + p)x*(w(©)) = 0.
(3.26)

For the Eq. (3.26) with 0 < v < 1, we have the following new result:

Corollary 3.3 In addition to the hypotheses of Corollary 3.2, assume that
lim; o0 p1(¢) = 0. Then every solution of Eq. (3.26) is oscillatory or converges
to zero.

For complete oscillation criteria of Eq. (3.25), we have the following result.

Theorem 3.2 Let conditions (A1) — (AS) hold. Assume that there exists a non-
decreasing function 1(¢) € C([£o, 00), R) such that

&) =n(&) > ¢ m(8) =mm©@) with ¢) =m(r)) <& (3.27)

If there exist numbers 01 € (0, 1) such that the first order delay differential Eq. (3.3),
and

) () v

X(6)+4q() / A(n(s), s)ds | Xe(p(£)) =0 (3.28)
7(£)

are oscillatory, then Eq. (3.25) is oscillatory.

Proof Let x(¢) be a non-oscillatory solution of Eq. (3.25), say x(¢) > 0, x(z(¢)) > 0
and x(@(¢)) > 0 for ¢ > ¢; for some ¢; > &o. Hence, a(¢)(x”(¢))" is of one sign,
that is, there exists a £» > ¢ such that x”(¢) > 0 or x”(¢) < 0 for ¢ > ¢». We shall
distinguish the following two cases:

1.x(¢) >0, x"(¢) <0, 2.x(&)>0, x"(¢) > 0.

Case 1: Since x”(¢) is non-increasing and negative, a constant € > 0 exists for
¢ > &3 > {7 such that

a@)(x"(©)" < -€<o.

Integrating the last inequality from &3 to ¢, we get

¢
X (@) < x'(&) — el/“/ a1 (5)ds.
g3

Letting { — oo and then using (A5), we get x'(¢) — —oo. Therefore, x'(¢) < 0
together with x”(¢) < 0 implies that x(¢) < 0, a contradiction.
Case 2: For this case, we have following two subcases:
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Case?2; (x'(¢) > 0): This case can be follows from the proof of Case 2, of Theorem 3.1
and hence we omit the details.
Case 2, (x'(¢) < 0): One can easily see that x(¢) satisfies

-DixD@)y=0, i=1,2,3.

Therefore,

n)

X 2200 @) = [ aF 0)ds (aF 0@ 06)

¢

which implies that

—'(©) 2 A ©), ) (as @)

Integrate this inequality from ¢ to n(¢) yields

n()
x(©) = (a¥ @) 01)) ( f{ AW(s). s)ds) :

that is,

n(t(¢))

x(0(©) 2 (av E@ONF @) ( / A(n(s»s)ds) :

)

Using this inequality in (3.25), we have

(T () .
X'(©)+q©) /( : A(n(s), s)ds | X«(p(¢) =0,
(¢

where X(¢) = a({)(x”({))a. It follows that the rest of the proof is similar to those
mentioned above, so it is omitted. This completes the proof. O

Finally, we consider the case when p1(¢) = 0, i.e., the neutral equation

p q p .
(‘l(g)((f(é) 2(§ );CK(O (é ))) /) )/ (g )x (t(g )) (; );C (a)(é )) O

Now, we have the following oscillation result for Eq. (3.29).

Theorem 3.3 Let the hypotheses of Theorem 3.1 hold with p1(¢) = 0. Then every
solution of Eq. (3.29) is oscillatory or converges to zero.
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Proof Suppose x(¢) is a non-oscillatory solution of (3.29) with x(¢) > 0 and
limg 00 x(¢) # Ofor¢ > o. Therefore, x(7(¢)) > 0,x(0(¢)) > Oandx(w()) > 0
for ¢ > ¢ for some &1 > ¢o. Following the same procedure used for the proof of
Theorem 3.1, we obtain Cases 1 through 4.

If y(¢) = x(¢) — p2(&)x” (0’ (g‘)) is positive, then x(¢) > y(¢) and so, Eq. (3.29)
becomes

(@) (y"(©)*) < =gy (t(©©) — pOy* (@ (D))

and we may apply Corollary 3.2. For the case when y(¢) < 0, we apply the Theo-
rem 3.1 when the two cases, Case 3 and Case 4 hold. Therefore, we omit the details.
O

Remark 3.2 Theorem 3.3 improved or generalised the results reportted in [11, 23-25].

4 TheCaseWhenv< k<1
In this section, we present some oscillation criteria for Eq. (1.1) when v < « < 1.

Theorem 4.1 Let (A1) — (AS) hold with v < k < 1. Assume that all the hypotheses
of the Theorem 3.1 hold, and the condition (3.1) is replaced by

glim P)=0. 4.1)

Then the conclusion of Theorem 3.1 holds.

Proof Suppose x(¢) is a non-oscillatory solution of (1.1) with x(¢) > 0 and
lim; 00 x(¢) # Oforg > §O.Therefore,x(r(§)) > 0,x(a(§)) > Oandx(a)(;')) >0
for ¢ > ¢ for some ¢; > ¢p. Following the same procedure used for the proof of
Theorem 3.1, we obtain Cases 1 through 4.

First, we consider Case 1 and 2. Clearly, we see that y'(¢) > 0 for ¢ > &,. Itis not
difficult to see that

PO (0(0) = p2Ox* (0(O) = S p2(©) [x"(o@))ﬁ 28 —E(x”w(é)))q :
Setting n = £ > 1, X = x"(0(?)), Y = %(i;g;) and m = 55, in

[P1(D)x"(0(2)) — p2()x* (o (£))], we have

1
[P1(5)x"(0(©)) — p2(O)x*(0(9))] = %Pz({) [X‘é - ;DC”} :
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Applying (2.3) to [p1(£)x"(0(£)) — p2(£)x* (0'(£))], we obtain

A

1
(P13 (7)) = p2(©)F (0(©))] = = pa(©) (;9’">

K

=[] (e =P,
Vv

Thus, using the last inequality to x(¢) = y(¢) — pl(g“)x”(a ({)) + pa(g)x* (a (C)),
we see that

(@) = [ 8] ©). 4.2)

Due to non-decreasing of y(¢) > 0, we can find a constant C > 0 such that y(¢) > C,
therefore, we have

P
x(8) = [1 - %] y(©). (4.3)

Now, in view of (4.1), we can find € € (0, 1) such that

x(¢) = €y(0). 4.4)
It follows that the remainder of the proof is similar to Theorem 3.1. This completes
the proof. O

Remark 4.1 We may note that the results similar to Corollary 3.1-Corollary 3.2 can
also be extracted from Theorem 4.1. The details are left to the reader.

The following example illustrate the applicability of Theorem 4.1.

())

¢
(Z) Y =0¢>0=1 4.5)

Example 4.1 Consider

(G0 (3)-
: ¢ \2

1
2

N[V

NV

+—=x

wherea = 1,v = % K= % y = %,k > lLa(g) = %,Pl(f) ,6](5) lz = p(&),
p@)=1,00) = 5 ,T(8) = and w(¢) = 2¢. It is not dlfﬁcult to see that (4.1)

holds. We let 1(¢) = ZC’ then p(;) = %{. Since A(¢, ¢o) = ff sds ~ % then all
conditions of Theorem 4.1 are met, and thus every solution of (4.5) is either oscillatory
or converges to zero.

Remark 4.2 We may note that [24, Theorem 2.1] is not applicable to (3.24) due to the
restriction that p;(¢) = 0 and p(¢) = 0. Apart from this, suppose that p1(¢) =0 =
p(¢) in (3.24), then it is not difficult to see that Theorem 4.1 generalised the results
reported in [24]. A similar observation can be made for the papers [11, 13, 23,25, 39].
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5 Concluding Remark

In this paper, with the help of a novel comparison technique with the behaviour of
first order delay and/or advanced differential equations as well as an integral criterion,
several results for the oscillation and asymptotic behaviour of solutions of Eq. (1.1)
are presented. As an application of the main results, Corollary 3.1, as well as some
examples, are then presented. Articles [13, 16, 17,24,27,32,33,43—-45] are concerned
with the asymptotic behaviour and oscillation of solutions to third/odd order neutral
differential equations, which is a topic very close to our investigations but does not
compliment our findings. We present our findings in a way that is essentially new and
has high generality. Our findings are also easily applicable to higher-order equations
of the form

@@ (")) + g7 (x(©) + pOx* () =0, (5.1)

where n € Nand y(¢) = x(¢) + p1($)x"(0(0)) — p2(£)x* (0 (£)). The details are
left to the reader.

Secondly, in this work, we have considered third-order non-linear differential equa-
tions with mixed neutral terms in the sense of non-linearity of function, that s, sublinear
and superlinear neutral terms. Therefore, following the work [39], we raise the ques-
tion of whether it would be interesting to extend this work to third-order non-linear
differential equations with mixed neutral terms, that is, the neutral term contains both
retarded and advanced arguments. The details are left to the reader.

Acknowledgements The authors would like to thank the editor and the five anonymous reviewers for their
constructive comments and suggestions, which helped us to improve the manuscript considerably. J. Alzabut
is thankful to Prince Sultan University and OSTIM Technical University for their endless support.

Author Contributions All authors have equally and significantly contributed to this manuscript.

Data Availability Data sharing not applicable to this article as no datasets were generated or analysed during
the current study.

Declarations

Conflict of interest The authors declare that they have no conflicts of interests.

References

1. Agarwal, R.P,, Grace, S.R., O’Regan, D.: Oscillation Theory for Difference and Functional Differential
Equations. Kluwer Academic Publishers, Dordrecht (2000)

2. Agarwal, R.P,, Grace, S.R., O’Regan, D.: Oscillation Theory for Second Order Linear, Half-Linear.
Superlinear and Sublinear Dynamic Equations. Kluwer Academic Publishers, Dordrecht (2002)

3. Alzabut, J., Agarwal, R.P, Grace, S.R., Jonnalagadda, J.M.: Oscillation results for solutions of
fractional-order differential equations. Fractal Fract. 6, 466 (2022)

4. Agarwal, R.P, Grace, S.R.: Oscillation theorems for certain functional differential equations of higher
order. Math. Comput. Model. 39, 1185-1194 (2004)

5. Agarwal, R.P, Grace, S.R., Dontha, S.: On the oscillation of certain functional differential equations.
Commun. Korean Math. Soc. 19, 307-319 (2004)



Page 16 of 17 J. Alzabut et al.

10.

11.

12.

13.

14.

16.

17.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.
32.

33.

. Agarwal, R.P,, Bohner, M., Li, T., Zhang, C.: A new approach in the study of oscillatory behaviour of

even-order neutral delay differential equations. Appl. Math. Comput. 225, 787-794 (2013)

. Alzabut, J., Bohner, M., Grace, S.R.: Oscillation of nonlinear third-order difference equations with

mixed neutral terms. Adv. Differ. Equ. 2021, 3 (2021)

. Alzabut, J., Grace, S.R., Chhatria, G.N.: New oscillation results for higher order nonlinear differential

equations with a nonlinear neutral terms. J. Math. Computer Sci. 28, 294-305 (2023)

. Bainov, D.D., Mishev, D.P.: Oscillation Theory of Neutral Differential Equations with Delay. Adam

Hilger Ltd., Bristol (1991)

Baculikovd, B.: Properties of third-order nonlinear functional differential equations with mixed
arguments. Abstr. Appl. Anal. 2011, 857860 (2011)

Baculikovd, B., Dzurina, J.: Oscillation of third-order neutral differential equations. Math. Comput.
Model. 52, 215-226 (2010)

Baculikovd, B., Dzurina, J.: On the asymptotic behavior of a class of third order nonlinear neutral
differential equations. Cent. Eur. J. Math. 8, 1091-1103 (2010)

Baculikovd, B., DZurina, J.: Oscillation theorems for higher order neutral differential equations. Appl.
Math. Comput. 219, 3769-3778 (2012)

Chatzarakis, G., Grace, S.R.: Third-order nonlinear differential equations with nonlinear neutral terms.
Funct. Differ. Equ. 27, 3-13 (2020)

. Chatzarakis, G.E., Srinivasan, R., Thandapani, E.: Oscillation results for third-order quasi-linear

Emden-Fowler differential equations with unbounded neutral coefficients. Tatra Mt. Math. Publ. 80,
1-14 (2021)

Dosld, Z., Liska, P.: Comparison theorems for third-order neutral differential equations. Electron. J.
Differ. Equ. 2016, 38 (2016)

Dosl4, Z., Liska, P.: Oscillation of third-order nonlinear neutral differential equations. Appl. Math.
Let. 56, 42-48 (2016)

. Dzurina, J., Kotorovd, R.: Properties of the third order trinomial differential equations with delay

argument. Nonlinear Anal. 71, 1995-2002 (2009)

DZurina, J., Grace, S.R., Jadlovsk4, I.: On nonexistence of Kneser solutions of third-order neutral delay
differential equations. Appl. Math. Let. 88, 193-200 (2019)

Erbe, L.H., Kong, Q., Zhang, B.G.: Oscillation Theory for Functional Differential Equations. Marcel
Dekker Inc., New York (1995)

Feng, L., Han, Z.: oscillation of a class of third-order neutral differential equations with noncanonical
operators. Bull. Malays. Math. Sci. Soc. 44, 2519-2530 (2021)

Finizio, N., Ladas, G.: Ordinary Differential Equations with Modern Applications, 3rd edn. Wadsworth
Pub. Co., Belmont (1988)

Grace, S.R., Graef, J.R., El-Beltagy, M.A.: On the oscillation of third order neutral delay dynamic
equations on time scales. Comput. Math. Appl. 63, 775-782 (2012)

Grace, S.R., Graef, J.R., Tung, E.: Oscillatory behaviour of third order nonlinear differential equations
with a nonlinear nonpositive neutral term. J. Taibah Univ. Sci. 13, 704-710 (2019)

Grace, S.R., Jadlovskad, I.: Oscillatory behavior of odd-order nonlinear differential equations with a
nonpositive Neutral term Dyn. Syst. Appl. 27, 125-136 (2018)

Graef, J.R., Saker, S.H.: Oscillation theory of third-order nonlinear functional differential equations.
Hiroshima Math. J. 43, 49-72 (2013)

Graef, J.R., Tung, E., Grace, S.R.: Oscillatory and asymptotic behavior of a third-order nonlinear
neutral Differential equation. Opusc. Math. 37, 839-852 (2017)

Graef, J.R., Grace, S.R., Tung, E.: Oscillation of even-order advanced functional differential equations.
Publ. Math. Debrecen. 93, 445-455 (2018)

Graef, J.R., Beldjerd, D., Remili, M.: On the stability, boundedness, and square integrability of solutions
of third order neutral delay differential equations. Math. J. Okayama Univ. 63, 1-14 (2021)

Hale, J.K., Lunel, S.M.V.: Introduction to Functional Differential Equations. Springer, New York
(1993)

Hardy, G.H., Littlewood, I.E., Polya, G.: Inequalities. Cambridge University Press, Cambridge (1959)
Jiang, Y., Jiang, C., Li, T.: Oscillatory behavior of third-order nonlinear neutral delay differential
equations. Adv. Differ. Equ. 2016, 171 (2016)

Karpuz, B., Ocalan, O., Oztiirk, S.: Comparison theorems on the oscillation and asymptotic behaviour
of higher-order neutral differential equations. Glasgow Math. J. 52, 107-114 (2010)



Asymptotic and Oscillatory Behaviour of Third Order... Page 170f17 15

34. Kiguradze, I.T., Chanturia, T.A.: Asymptotic Properties of Solutions of Nonautonomous Ordinary
Differential Equations. Kluwer Academic Publishers, Dordrecht (1993)

35. Kitamura, Y., Kusano, T.: Oscillation of first-order nonlinear differential equations with deviating
arguments. Proc. Am. Math. Soc. 78, 64-68 (1980)

36. Koplatadze, R.G., Chanturiya, T.A.: Oscillating and monotone solutions of first-order differential
equations with deviating argument(in Russian). Differ. Uravn. 18, 1463-1465 (1982)

37. Ladas, G., Stavroulakis, I.P.: Oscillations caused by several retarded and advanced arguments. J. Differ.
Equ. 44, 134-152 (1982)

38. Li, T., Rogovchenko, Y.V.: On the asymptotic behavior of solutions to a class of third-order nonlinear
neutral differential equations. Appl. Math. Lett. 105, 106293 (2020)

39. Ozdemir, O., Kaya, $: Comparison theorems on the oscillation of third-order functional differential
equations with mixed deviating arguments in neutral term. Differ. Equ. Appl. 14, 17-30 (2022)

40. Padhi, S., Pati, S.: Theory of Third-Order Differential Equations. Springer, New Delhi (2014)

41. Philos, C.G.: On the existence of nonoscillatory solutions tending to zero at 1 for differential equations
with positive delays. Arch. Math. (Basel) 36, 168—178 (1981)

42. Saker, S.H., Alzabut, J., Mukheimer, A.: On the oscillatory behavior for a certain class of third order
nonlinear delay difference equations. Electron. J. Qual. Theory Differ. Equ. 2010, 67 (2010)

43. Thandapani, E., Li, T.: On the oscillation of third-order quasi-linear neutral functional differential
equations. Arch. Math. (Brno) 47, 181-199 (2011)

44. Thandapani, E., El-Sheikh, M.A.A., Sallam, R., Salem, S.: On the oscillatory behavior of third order
differential equations with a sublinear neutral term. Math. Slovaca. 70, 95-106 (2020)

45. Tung, E., Sahin, S., Graef, J.R., Pinelas, S.: New oscillation criteria for third-order differential equations
with bounded and unbounded neutral coefficients. Electron. J. Qual. Theory Differ. Equ. 46, 1-13
(2021)

Publisher’'s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under
a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such publishing agreement and applicable
law.



	Asymptotic and Oscillatory Behaviour of Third Order Non-linear Differential Equations with Canonical Operator and Mixed Neutral Terms
	Abstract
	1 Introduction
	2 Some Preliminaries Lemmas
	3 The Case When ν<1 and κ>1
	4 The Case When ν<κleq1
	5 Concluding Remark
	Acknowledgements
	References




