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Abstract

This paper is devoted to studying the half-linear functional dynamic equations of
second-order on an unbounded above time scale T. We present some Nehari-type
oscillation criteria for a class of second-order dynamic equations. The obtained results
show that there is a substantial improvement in the literature on second-order dynamic
equations. We include some examples illustrating the significance of our results.
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1 Introduction

In order to combine continuous and discrete analysis, Stefan Hilger [25] has proposed
the theory of dynamic equations on time scales. In many applications, different types
of time scales can be applied. The theory of dynamic equations includes the classical
theories for the differential equations and difference equations cases, and other cases in
between these classical cases. That is, we are worthy of considering the g —difference
equations when T =¢™0 := {¢* : A € Ny forg > 1} which has important applications
in quantum theory (see [271]), and various types of time scales suchas T =AN, T = N?,
and T = T,,, where T,, is the set of the harmonic numbers, can also be considered.

See [1, 9, 10] for more details of time scales calculus.
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Oscillation phenomena take part in different models from real world applications;
we refer to the papers [23, 30] for models from mathematical biology where oscillation
and/or delay actions may be formulated by means of cross-diffusion terms. The study
of half-linear dynamic equations is dealt with in this paper because these equations
arise in various real-world problems such as non-Newtonian fluid theory, the turbulent
flow of a polytrophic gas in a porous medium, and in the study of p—Laplace equations;
see, e.g., the papers [4, 7, 8, 12, 29, 37] for more details. Therefore, we are concerned
with the behavior of the oscillatory solutions to the half-linear functional dynamic
equation of second-order

[a®)ps (y2()]" + b()pg (y(k(1))) =0 1)

on an arbitrary unbounded above time scale T, where ¢ € [tg, co)T := [fg, o0) N T,

t0 >0, €T, pgu) = |u|ﬁ_1 u, B > 0, b is a positive rd-continuous function on

T, k : T — T is a rd-continuous function satisfying lim;_, o k(#) = 00, and a is a
_1

positive rd-continuous function on T such that a® > Osuch that ft(?o a P(t)At = 0.

By a solution of Eq. (1) we mean a nontrivial real-valued function y € Crld[ty, o0)T
for some #, > 1y with #p € T such that y2, a(t)¢p (y2(t)) € Chlty, 0o)1 and
y(¢) satisfies Eq. (1) on [¢,, 0o)T, where Cyq is the space of right-dense continuous
functions. It may be noted that in a particular case when T = R then

b b
w0 =0, 130 = '), / DAL = f n(ydr,
a a
and the equation (1) becomes the half-linear differential equation

[a)gp (v )] + b(t)dg (y(k(1))) = 0. (@)

The oscillation properties of special cases of equation (2) are investigated by Nehari
[32] as follows: every solution of the linear differential equation

Y'(®) +b@®)y(®) =0, 3)

is oscillatory if

1! 1
lim inf — / 2b(r)dr > -, 4)
t—>o0 t 0 4
We will show that our results not only extend some of the known oscillation results for
differential equations, but we can also perform these results on other cases in which

the oscillatory behaviour of solutions to these equations on various types of time scales
is not known. Notice that, if T = Z, then

b—1

b
k@) =1 0%0 = 0. [ nnar=Y g,
a t=a
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and (1) becomes the half-linear difference equation
Aa)gpg (Ay(0))] + b(t)pp (y(k(1))) = 0. Q)
If T =hZ,h > 0, thus

h) —
w6y = h, 020 = Apn(r) = TR = 1@

h )
b—a=h
b h
/ n(t)At= Y na+khh,
“ k=0
and (1) gets the half-linear difference equation
Ap [a()pp (Any(1))] + b(1)dp (y(k(1))) = 0. (6)
If
T=¢" ={r:1=¢* keNy, g > 1},
then
A Ay 2 YD =YD
w(t) = (g = Dr, n=(1) = Agn(7) Y
| nwar =3 nahuab,
fo k=ng

where typ = ¢"°, and (1) becomes the half-linear ¢ —difference equation
Aq [aDgp (Agy(1)] +b(D)Pp (y(k(1))) = 0. )
If
T =N} := (n? : n € Ny},
then

(VT + D) = n()
1+2J7 ’

and (1) converts to the half-linear difference equation

n(t) = 14+2v1, Agn(t) =

Ay [a()pp (Any )]+ b(1)pg (v k(1)) = 0. ®)
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If T = {H, : n € No} where H,, is the harmonic numbers defined by

n
1
Hy=0, H, = —, neN,

then

1
w(Hy) = ——, n®(t) = Ap,n(Hy) = (n + 1) An(H,),
n+1

and (1) becomes the half-linear harmonic difference equation
Ap, [a(Hy)pp (Am,y(Hy))] + b(Hy)dp (y(k(Hy))) = 0. )

For Nehari-type oscillation criteria of second-order dynamic equations, Erbe et al.
[20] examined the nonlinear dynamic equation

A
(62@)") " + byt =0, (10)

where § > 1 is a quotient of odd positive integers and k(¢) < ¢ for ¢ € T and showed
that every solution of (10) is oscillatory, if

o0
/ K (0)b(t)AT = 00 (1)
0]
and
S L k() \* . * (k@)\’ 1
— B+ 2207 B 7 __
lltﬂgft/th (U(‘L’)) b(r)At+11tng£ft /G(t) (G(‘L’)) b(t)At>lﬂ(ﬁ+1),
(12)

where/ := liminf,_, »f /o (t) > 0.Erbeetal. [21] investigated Nehari-type oscillation
criterion for the half-linear dynamic equation

A
(a0 (*®)") " + by k) =0, (13)

where 0 < B < 1 is a quotient of odd positive integers, a® > 0, and k(t) <t for
t € T and proved that every solution of (13) is oscillatory, if (11) holds,

/ma—%mm — oo, (14)
0]
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and

limi flft o <k(1)>ﬂb( )AT + lim fi/oo (k(t)yb( AT >

1500 1 n a(t) \o(r) Dar TS a(t) Jo@y \o () ¢ r>[/3(,3+1)’
15)

where [ := lim inf;_, 5ot /o (¢) > 0.

We refer the reader to associated results [2, 5-8, 11, 14, 16, 19, 22, 24, 31, 33—
35, 38] and the references cited therein. It may be noted that the contributions of
Nehari [32] strongly motivated research in this paper. The objective of this paper is to
conclude some Nehari-type oscillation criteria for Eq. (1) in the cases where k() <t
and k(¢) >t. Besides, we reference that, contrary to [20, 21], a restrictive condition
(11) is not needed in our oscillation theorems, and also, our results can function for any
positive real numbers 8. All functional inequalities deemed in the sequel are tacitly
supposed to hold eventually. That is, they are satisfied for all sufficiently large 7.

2 Main Results

We start this section with the following introductory lemmas.

Lemma1 ([12, Lemma 2.1]) Suppose that (14) holds. If y is a positive solution of
Eq. (1) on [ty, 00)T, then

YA() >0 and [a(t)ep (YA(t))]A <0
eventually.

Lemma2 ([12, Lemma 2.2]) If

Y >0, YA >0, [ands (y21)]* <0 onli, 00,

y(1)
t—1

then is strictly decreasing on (ty, 00)T.

t
In the sequel we will use the following notations / := lim inf;_, .o —— and

o(t)

1, k(t) > t,
— B
() = [@] , k@) <t.

Theorem 1 Suppose that (14) holds. If1 > 0 and

o a(t) B+l 1 (Bl
hmmf—/T m(p(r)b(t)At > BETDTI (1 — i 1) , (16)
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for sufficiently large T € [ty, 00)T, then all solutions of Eq. (1) are oscillatory.

Proof Assume y is a nonoscillatory solution of Eq. (1) on [#y, co). Then, let y(¢) > 0
and y(k(z)) > 0 on [tg, oo)T, without loss of generality. From Lemma 1, we see that

[a(t)¢,3 (yA(t))]A < 0 and yA(t) >0 forr > 1.
Define

a()pp (Y2(@))

O =00

a7)

By the rules of product and quotient, we get

B0 = (_“<f>¢ﬂ (yAm))A

yB (1)

— < [0 (> 0)]°

1 \2 o
+<W) [a()es (y*(1))]

ags (P 0)]° 0Pyt .
=[ yﬁ((;) ) By (o (1)) [adps (2 ®)]".  (18)

From (1) and the definition of x(¢), we have

A y (k(t)) OPanA
XA = b()( 0 ) ) x(a(1)).

A
t
Let ¢ € [ty, oo)T be fixed. When k(¢) < ¢, in view of Lemma 2, (t}’( 2 ) ~0on
— o
(10, 00)T, We obtain

YED) KO 70 for v s ke) > 10
y(@)

Then there exists t;,, € [tg, o0)T, for each 0 < A < 1, such that

k() = Aﬁym fort > 1,

If k(t) > ¢, then y(k(¢)) > y(t) > Ay(¢) for t > t,. In both cases, from the definition
of ¢(t) we have that

Y k(1)) = 2P (t)yP (1) fort > 1;.. (19)
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Therefore

0l

x8(0) = =APob() = =505

x (o)) fort € [ty, o0)T. (20)

Using the Potzsche chain rule to get

1
GPO)A =p ( /0 [y() + hu@)y* )] dh) YA()

1
=8 ( / [(1 —h) y(t) +hy (()]F! dh) yA(0)

ByP L e ) y2 @), 0<B <1,
ByP L)y @), B> 1.

If0 < g <1, then

A B
Ay 4P IR0 (y(a(r))) _
x2(1) < —=AP()b(r) ﬂy(a(t)) v x(o(®);

and if 8 > 1, then

YA ¥y (o)
A Y _
x2() = =ATe(t)b(1) ﬁy(o(t)) O x(o(1)).

N .
Note that y(¢) is strictly increasing and a y» is strictly decreasing, we see that for
B >0and? € [1,, c0)T,

A
220 < —2Peb(t) ﬂyy(a((?))x (o)
— P pOb(t) — Ba FDxF (@ (1)). 1)

B+l

t

Multiplying by W and integrating from T to o (¢) € [t;, 00)T, We obtain
a

ORI o) LB+ o0 [ ohyo ()1 F
/ (AT < —Aﬁ/ e(D)b(T) AT — /5/ [ } AT.
T a(T) T a(r) a(r)
(22)

Now for any ¢ > 0, there exists # > ¢, such that

R (X0 S .
a(t)Zl eandt (a(t) >a,—e fort €[t, 00T, (23)
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where
t—o00 o (t) t—00 a(t)

t H\’
[ = lim inf — and a, = lim inf P <x_()) .

It follows from (22) that

o(t) .L.ﬁ+1 o(t) .L.ﬂ+1
/ A(r)AT < —)»5/ e(D)b(t)AT
r a(r) r a(r)

10! B o
_ﬁﬂ—@m4/ t (T mﬂ)
T a(t)

Using integration by parts, we obtain

(B+1 o pp+l y [0 b
(W ()> < a(T)x(T)_A /T T(P(T)b(T)AT

a(t) B+l A
—i—/ ( ) x% (1) At
T a(t)

Bt
B

0 B o1 F
_ﬁ(z—e)ﬁ“/ t (—T x(t)) AT.
T a(r)

Utilizing the quotient rule and applying the Potzsche chain rule, we see

BN A (15+1)A A1 ()
(a(r)) T ety a(ma (o)

B+1)A
_ @

a’(7)

ﬂ o
<(/3+1)< <)>

B
< B+ ((s)

Hence

<Iﬁ+1 )U 7B+ y [0 ofH!
—x(@)) = x(T) — A / ——p(D)b(1)AT
a a T a(T)

o(t) B 4
+/ B+1) (—x(r))
T ()
Gt
—B( _g)ﬂ+1 [( T x(r)) } 1|A‘L',
a(t)

(24)

(25)

(26)

27

(28)
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Using the inequality
B+l lBﬁ BB+l
_ B = -
Bu—Au? < G P (29)
/3 o
. _ B+1 _ _ T .
withA=8(—¢) ,B=B+1landu = (ﬁx(r)) , We obtain
a(t
B+l o TB+1 8 o) B+l
—x(t)) < x(T) — A / ——e((D)b(T)AT
(a(t) a(T) r a(r)
1
+(l_€)w c@—-T). (30)
Dividing by ¢, we get
HD\° 1 [tPF! 7
P & < | —x®
a(t) t \a(@)
Th+1
—x(T) B po(t) B+l
a(T) A / T
< - - — —_— b(t)A
< ; ; a(0) p(v)b(r)At
1 o (t T
. _ ( 0 _)
(I — )PP+ ' ¢ t
Tﬁ+1
———x(T) B po(t) L+l
a(T) A / T
< - - — —_— b(t)A
< ; ; () p(v)b(r)At
n 1 1 T
(=Bt \l—¢ )
Taking the lim sup as t — oo to get
AP o Bt
B T AT
where
t o
R := lim sup ¢# (’ﬂ) ) (31)
t—00 a(t)
Since ¢ > 0and 0 < A < 1 are arbitrary, we get
1 o(t) .L.ﬁ+l
R < —liminf —/ e(T)b(t)AT + 32)

T a(t) [B(B+D+1"

t—>o0 f
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B+1

t

Multiplying both sides of (21) by W’ we obtain
a

g+l
l‘ﬂ+] A ﬂt5+1 lﬁ . B
mx () < —A %ﬂf)b(f) - B <mx (0)
B+l N
Y N (s @) > ’
< -—X a(t)(p(t)b(t) ,3<t (a(t) .

Using (23) gives

B N et
mx (1) < —A mfp(f)b(f) —Blax—¢) #

fort € [t;, o0)T.

Integrating (33) from T to o (¢) € [t;, 0c0)T, we obtain

o(t) rﬂH o () .L.f}+1
/ A (D)AT < —M“/ ——p()b(r)AT
r a(r) r a(r)

B+l
—Blas—¢e) P () =T).

By integrating by parts, we conclude that

A o B+l o) /oB+1N\2 ,
(m“”) = am“T”fT (T) oA

o (1) ¢+l el
—AP / ——9(b(T)AT — B (ax—¢) F (0 (1) —T)
r a(r)

By using (27) , we get

(B+1 o pp+ o) / P o
(mx(t)> < a(T)x(T) + B+ 1)'/; (mx (r)) AT

o(t) B+
—AB/T Z(—T)(p(t)b(r)At
Blas—0F 1) ~T)
T+ R+
wy D D

o(t) +f+1
Y. / L o(D)b(r)AT
r a(r)

Blas—o)F (1) -T).

A

&

(33)

(34)
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Dividing both sides by #, we have

B+1
o o _X(T)
’ ﬁ) 1(@ ) am m[G_@_Z]
! (a(t) = t a(t)x(t) = t +@E+D (I —e)b t t
AR o B 1 [o @) T
7). a@ P(T)b(T)AT — B(ax —¢&) P |:T - 7]
Th+1
x(T)
a(T) R+e [ 1 T
< #O— o 5 7]
AB o Bt

t Jr a(t)

Bl T
o(T)b(t)AT — B(a, —¢) F |:1 - 7] .

Taking the lim sup as + — oo and using (31) , we get

R )\ﬁ o(t) p+1 B+l
te T— lim inf — ! o(O)b(T)AT —B(ay —¢) F

R<(B+1) oy —limint - | 2

Since ¢ > 0and 0 < A < 1 are arbitrary, we have

1 o) Bl R 1 %
liminf /T PP = e (1 =) —pa G9)
Substituting (32) into (35) , we achieve
o 1 o(t) .L_ﬁ+1 1 lﬁ—H
htrgggf;/T e o(T)b(T)AT < BBIDT (1 — i 1) ,
which contradicts the condition (16) . The proof is completed. O
Theorem 2 Suppose that (14) holds. If 1 > 0 and
o 1 o) B+1 1 1B
largégf o ) mgp(f)b(r)Ar > BT (1 — i 1) , (36)

for sufficiently large T € [tg, 0o)T, then all solutions of Eq. (1) are oscillatory.

Proof Assume y is a nonoscillatory solution of Eq. (1) on [#y, co). Then, let y(¢) > 0
and y(A(?)) > Oon [tg, co)T, without loss of generality. From Lemma 1 , we see that

[a(t)pp (y2 ()] <0and y2(1) > 0 fort > 1.
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As shown in the proof of Theorem 1, (30) and (34) hold for sufficiently large ¢t €
[0, o). Dividing both sides of (30) by o (¢) , we obtain

8 (iﬁl)ﬁ
a(t)

ThA+1
x(T)

*_ a) W o) B
(a(t) (t )) = o (1) T o ) Jr a(t) p(T)b(T)AT

+ : .
(I — e)PBFD ( o (r))

Tﬂ+1
—x(T) B po(t) B+l
a(T) A T
o0 oWl am?MPOAT

+ ! g
(I — e)PBFD ( o (r)) '

Taking the lim sup as r — oo to obtain

IA

AB (oD B+
R < —liminf b(T)AT + ——————.
ggzﬂﬂ mﬂwﬁ)@)t+a—wﬁﬂn

Since ¢ > 0 and 0 < A < 1 are arbitrary, we get inequality

1 o(t) pB+1
R < —htrgggf s e )(p(r)b(r)At + = BBID

(37

Dividing both sides by of (34) o () , we obtain

4 (ﬁ))" B (zﬂx (z))"
a(t) - a(t)

TB+1

X

a(T) R+e¢ T

-7 1 1_

=T o0 +W+')a—wﬂ[ GOJ

2B o) B

o Jr  a)

Bt T
G(Ob(T)AT — B (ay —£) 7 [1 _ _}
o ()

Taking the lim sup as # — oo and utilizing (31), we see

A po@ B .
(_of MMt ) S ObOAT @) T

R=<(B+1

Since ¢ > 0and 0 < A < 1 are arbitrary, we have

o 1 o(t) T’B+] p ;‘37
1gg£f;?5 ’ a()¢mﬂbu)Ar<-—(ﬁ+—l—l) Ba.” . (38)
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Substituting (37) into (38) , we achieve

L 1 o(t) T’B+1 1 lﬁ
htrgggf o ) s, o(T)b(t)AT < BBTD (1 — i 1) ,

which contradicts the condition (36) . The proof is completed. O

Example 1 Consider the dynamic equations of second-order for ¢ € [#y, co)T,
¥R + 530 =0 (39)
and
¥ + 5y(@ 1) = 0. (40)

where | = liminf;_, f/0(t) > 0 and o > 0 is a constant. It is not difficult to derive
that all solutions of (39) and (40) are oscillatory if o > l% (1 — %) ora > llz (1- é)
by using Theorems 1 and 2 respectively.

Theorem 3 Suppose that (14) holds. If 1 > 0 and

S LY 1 18
htrgggf ?/T m(p(r)b(t)At > BBTD <1 — i 1) , 41

for sufficiently large T € [tg, co)T, then all solutions of Eq. (1) are oscillatory.

Proof Assume y is a nonoscillatory solution of Eq. (1) on [#y, co)T. Then, let y(¢) > 0
and y(k(t)) > 0 on [tg, co)T, without loss of generality. From Lemma 1, we see that

[a(t)¢,3 (yA(t))]A < 0 and yA(t) >0 forr > 1.

As shown in the proof of Theorem 1, (21) holds for sufficiently large ¢ € [fo, o0)T.
fan!

Multiply (21) by W and integrating from 7 to t € [f,, 00)T, we get
a

Bl
B

t /3+1 ¢ /3+1 ‘ ﬂ -
/ ; xB()AT = —Ng/ T—w(r)b(T)Ar - /3/ |:t al (T):| At
7 a(r) T .

a(r) a(t)

Bl oo BEL
< —Aﬂ/ t—(p(‘[)b(‘()A‘L’ —,3/[ |:‘L'/3 <@> :| ’ AT.
T a(r) T a(f)

Progressing as in the proof of Theorem 1, we arrive that

~
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B+l T8+1 t B+l

1
x(1) < x(T) — ,\ﬂfT o(D)b(t)AT + T oFE t—T).

a(t) a(T) a(t)

Dividing both sides by ¢, we obtain

Th+1
—x(T)
A\ B x( WB i B
#(H2) < <@ P T pmar
a(t) a(t) t t Jr a(r)
1 ! T
T orEn ' T T
ThA+1
——x(T) B pr p41
a(T) A T
<2 T p@b(m)A
< ; r /. a(f)w(r) (DAt
1 1 T
e T 7)
Taking the lim sup as r — oo, we see
AR Zan
R < —liminf — —_— b(t)A _
=-imut | e POPOAT T T e

Since ¢ > 0 and 0 < A < 1 are arbitrary, we get inequality

1 o B+ 1
R < —liminf —/ ——(@b(D)AT + ——

t—oo t Jr a(t) [BB+D
B+l
Again, multiplying (21) by ——, we get
a(r)
B+1
Lt N ﬁtﬁ“ Axo )\ 7
mx @) < -2 mﬁl’(f)b(l)—ﬁ( a() )
B+1
B+1 o\ H B+1
IRV L _ ﬁ’ﬁ) ) ’ (L)
A ﬂ<<t a(n) o))

Progressing as in the proof of Theorem 1, we arrive that

R=(B+1D

R )»ﬁ t . p+1
te lim inf — / T—(p(l’)b(‘[)A‘E.
(- 8)/3 t—oo t Jr a(r)

Since ¢ > 0and 0 < A < 1 are arbitrary, we get

1 [t B+l R
lim inf t/T a(r)go(t)b(r)Ar <5 (B+1-1°).

(42)

(43)

(44)

(45)
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Substituting (43) into (45) , we achieve

) ) 1 t .L.ﬂ+1 1 lﬂ
htniggf ;/; m(p(‘r)b(‘f)A‘C < BBTD (1 — B 1) ,
which contradicts the condition (41) . The proof is completed. O

Example 2 Consider a nonlinear dynamic equation of second-order for ¢ € [ty, co)T,

va(t)
[a(t)pp (yA(t))]A + Wqﬁﬁ k() =0, k@) <t, (46)

where y > Oisaconstantand/ = lim inf;_, ¢ /0 () > 0.Letb(¢) = ya(t)/(tkﬂ(t)).
Therefore,

1 [t eBHL T
lim inf —/ ——e@b(t)At =liminfy [1 — — ) = y.
t—oo t Jr a(r) t—00 t

Employment of Theorem 3 means that every solution of (46) is oscillatory if

e 1P
Y = BB+ CB+1)
Theorem 4 Suppose that (14) holds. If | > 0 and

o t B+l 1 1B+1
lltrg})gf o0 )y 2 o(T)b(T)AT > BT (1 — B 1) , 47)

for sufficiently large T € [tg, 0o)T, then every solution of Eq. (1) is oscillatory.

Proof Assume y is a nonoscillatory solution of Eq. (1) on [#y, co)T. Then, let y(¢) > 0
and y(k(t)) > 0 on [tg, co)T, without loss of generality. From Lemma 1, we see that

[a()pp (yA(z))]A <0and y2(t) >0 fort > 1.

As shown in the proof of Theorem 3, (42) and (44) hold for sufficiently large 1, €
[0, co)T. Dividing both sides of (42) by o (¢) , we obtain

a(T) B pY; I-L-ﬂ+1
o (1) o) Jr a(r)

IA

e(T)b(r)AT

1 t T
e <a t) o (r))
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TB+1
——x(T) B pt B+l
a(l) o .
o) om ) am?OAT

(- )
(I — 8)/3(/3+1) o))’

Taking the lim sup as t — oo we get

)\'ﬁ t .L,ﬁ-l—l
R(—¢) < —liminf —— b(OAT + ——— .
(—&) = —limin a(;)/t a(‘c)(p(r) (AT + ( — )BT

Since 0 < A < 1 and ¢ > O are arbitrary, we get inequality

t B+l

.. T 1
Rl < —htrgggf o /) m(p(r)b(r)Ar + BED (48)

Integrating the inequality (44) from ¢ to ¢ € [¢, oo)T to obtain

t .(/3+1
/ xA(r)Ar
T

t .L.ﬁ+l
—Aﬁ/T —)(p(r)b(r)Ar

<
a(t) - a(t
BU—f T @) (- 1)
r B+l
< —Aﬂ/ —o(0)b(r)Ar.
r a(7)

By integrating by parts, we obtain

A+l Th+1 1/ eBHINA
) x(T) +/ < ) x% (v) At
T

x(t) < —
a(t) — a() a(t)
t rﬂH
—,\5/ ——(1)b(T)AT.
r a(7)
By using (27) , we get
1B+l
—)\ﬂ/ ——(Db(1)AT
r a(7)
Th+! R+e¢
T 1 -T
< DB D =T

B+1
Y. /l L 4()b(r)AT.
T a(r)
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Dividing both sides by o (¢), we have

o B+1
rﬁ<x—(”) G—ey < 2Oy

a(t) o()a(t)
Th+1
x(T)
_ a(l) LB R+e|:t _T}
= o) (l—e)f o) o@)
Gy aEEIN
- o(T)b(T)AT
o) Jr a(r)
Tﬁ+l
x(T)
a(T) R+c¢ [ T }
<——+(B+1 1-—
o (1) @+ (I —e)f o (1)
Sy SN
- ——@(1)b(1)AT.
o) Jr a(r)
Taking the lim sup as ¢t — oo and utilizing (31) , we get
R+¢ hY:i e an
Rl < —i—l——liminf—/ T)b(T)AT.
(B )(l—s)ﬂ mut o ) a(f)w() (7)
Since ¢ > 0 and 0 < A < 1 are arbitrary, we see
o 1 r B+l R pi1
timinf o | s p@b@aT < i (,3 F1—1 ) (49)
Substituting (48) into (49) , we achieve
o 1 B+l 1 1B+
htrggéf o ) Tf)(p(r)b(r)At < BT <1 — i 1) ,
which contradicts the condition (47) . The proof is completed. O

3 Discussions and Conclusions

(1) In this paper, several new Nehari-type criteria are presented that can be applied to
Eq. (1) are valid for various types of time scales, e.g., T =R, T =Z, T = hZ
with & > 0, T = g™ with ¢ > 1, etc. (see [9]).

(2) The results in this paper are including the both cases and also we do not need to
assume k(¢) >t or k() < t, for all sufficiently large ¢.

(3) We note that Theorems 2 and 3 improve Theorem 4, namely, conditions (36) and
(41) improve (47) ; see the following details:
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1 o(t) 1-/3+1 1 ‘ 1-/34'1
G_(’)v/; a(t) $@DbDAT 2 G_(t)/r a(t) p(T)b(r)AT
1 [t B+
= ;/T %?’(f)b(r)Ar
and
1 18 1 B+l
— <1—
B+1 B+ 1

(4) It would be interesting to extend the sharp Nehari-type criterion that the solutions
of the second-order Euler differential equation y” (r) + tlz y(t) = 0 are oscillatory

1
when y > 1 to a second-order dynamic equation, see [32].
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