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Abstract

This article is concerned with the existence of positive ground state solutions for
an asymptotically periodic quasilinear Schrodinger equation. By using a Nehari-type
constraint, we get the existence results which improve the ones in Shi and Chen
(Comput Math Appl 71:849-858, 2016). Moreover, we give an application of our
results, which extends the results in Li (Commun Pure Appl Anal 14:1803-1816,
2015).
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1 Introduction and Main Result

We are concerned with the existence of solutions for the following generalized quasi-
linear Schroédinger equation

—div(f2)Vu) + fF@) f' )| Vu)> + Vu = g(x, u), x € RV, (1.1

where f € C'(R, Rt) iseven, f'(s) > 0 forall s > 0, the potential V (x) is positive.
Solutions of (1.1) are related to the solitary wave solutions for quasilinear Schrodinger
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equation of the form

0
ia—f = =AY + W)Y — g, ¥) — Ap(ly o (¥ Py, (1.2)

where W : RY — R is a given potential, and p is a real function. The form of
(1.2) have been derived as models of several physical phenomena corresponding to
various types of p(s), see [14, 15, 18] for an explanation. Seeking solutions of the
type stationary waves, namely, the solutions of the form ¥ (z, x) = exp(—i Et)u(x),
E € R and u is a real function, equation (1.2) can be reduce to the corresponding
equation of elliptic type

—Au+V@u— Ap)p wu =g, u), xeRY, (1.3)
24712
where V(x) = W(x) — E is the new potential function. If f2(u) = 1 + M,
equation (1.3) turns into equation (1.1) (see [19]).
If we take p(s) = s, i.e., f2(u) = 1 4 2u?, we get the superfluid film equation in
plasma physics

—Au+V@u— Awu = g(x,u), x e RV, (1.4)

If we set p(s) = /1 +s,ie., f2(u) =1+ #2‘42) we get the equation

—Au+V@)u— #/WA(\H Tu) =g, u), xeRY, (15

which models the self-channeling of a high-power ultrashort laser in matter (see [5]).

Problem (1.4) has been studied by many authors. To the best of our knowledge, the
first existence results for problem (1.4) due to [18], where the authors obtained the
existence results by using a constrained minimization argument. Since then, there are
many results for problem (1.4) depending on the different assumptions on the potential
V, such as radially symmetric potential, coercive potential, periodic potential, and so
on (see [4, 11, 12, 14, 15, 17, 22, 23] and references therein).

The results of problem (1.5) are not too many, one can see references [2, 3, 6, 7, 20]
for details. Under some appropriate assumptions on the nonlinear term, some results
are obtained by different methods, such as a change of variables (see [2, 3, 7, 20]) and
a perturbation method (see [6]). Especially, Chu and Liu in [3] studied problem (1.5)
for the case g(x,u) = ng(u), u > 0 is a parameter. They proved that (1.5) has at
least a positive solution by using the monotonicity trick and a priori estimate. It is a
little surprising that no condition is assumed on the nonlinear term g(u) near infinity.

We point out that problem (1.4) and (1.5) are special cases in equation (1.1). A
natural question is whether there is a unified method to research equation (1.1) with
general functions f (#)? Fortunately, Shen and Wang in [19] have given an affirmative
answer and obtained the existence of positive solution for (1.1) with a general function
f(u). Since then, some results on general equations have appeared, such as [5, 9, 21].
In [5], they found the related critical exponents for equation (1.1) and obtained the
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solitary wave solutions by using a change of variables and the variational argument. In
[9], by employing the minimax theorems, they got the existence results of the positive
solution. Moreover, they gave two applications of their results, which improved the
resultsin[1]. Reference [21] established the existence of positive solutions for equation
(1.1) with asymptotically periodic potential. The methods they used are the mountain
mass theorem and the concentration compactness principle. In this paper, we will use
the variable replacement in [19] to study equation (1.1) with asymptotically periodic
potential, which is different from that in [21].

Denote G (x, 5) := fos g(x, t)dt, we observe that the natural variational functional

J(u) = 1/ fz(M)IVulzdx+lf V(x)ude—/ G(x, u)dx
2 RN 2 RN RN ’ ’

corresponding to equation (1.1), may be not well defined in the space H!(RY). To
find a suitable functional space to obtain the critical point corresponding to J (u), we
can use a change of variable constructed by Shen and Wang in [19], as

v:i=F(u) = /u f(t)dte.
0

After the change of variable, we get a new variational functional
1
[(v) = -/ (Vv]? + V) F ) P)dx —/ G(x, F'(v))dx.
2 JrN RN

Then I(v) = Jw) = J(F~'(v)) and I is well defined in H'(RV), I €
CY{H'(RM), R) (see [5, 19]).
If u is a weak solution of problem (1.1), then it should satisfy

/R , [ﬁ(u)w Vo + fa) f @) VulPe + V(x)up — g(x, u)w}dx =0, (1.6)

for all ¢ € CSO(RN). Let ¢ = Y then it can be checked (see [19]) that (1.6) is

Jw
equivalent to the following equality

F~!(v) A G2 F~'(v)
fEZY) ™ fFTH ()

1/f>dx =0.
1.7)

(I'w), ¥) = / <Vv VY + Vi(x)
RN

Therefore, in order to find the solutions of problem (1.1), it suffices to study the
existence of solutions of the following equation

F ') g, Fl(v) N
fF(FYw)  f(F )’

— Av+ V() e RV (1.8)
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In the following, we consider the existence of ground state solutions for problem
(1.8) with asymptotically periodic condition. Denote

Fo = {k(x) : Ve >0, lim meas{x € Bi(y) : [k(x)| > €} =0},

|y|—>00

F =1{h(x,s) : Ve >0, ‘ llim meas{x € Bi(y) : |h(x,s)| =€} =0
y|—>o0

uniformly for |s| bounded}.

Then, we give some assumptions on the function f(¢), the potential V (x) and the
nonlinear term g(x, 7).

f) f € C'(R,RT)iseven, f'(r) = 0forallz >0, f(0) =1, lim; 400 f(t) =a
for some a > 1.

(V)0 < Vipin < V(%) < Vp(x) € L¥@RY), V(x) = Vo(x) € Fo, and V) satisfies
Vo(x 4+ z) = Vp(x) forall x € RN and z € ZN.

The function g € C(RY x R*, R) satisfies

(g1) lim,_, o+ g(f’t) = 0 uniformly for x € RV,

(g2) lim;_ % = 0 uniformly for x € RV,

(g3) t f%(;c;()[) is nondecreasing on (0, 4+00).

(g4) there exists go € C(RY x Rt R*) such that

(1) g(x,1) = go(x,t) forall (x,7) € RN x Rt and g(x,1) — go(x, 1) € Z.

(2) go(x +2z,1) = go(x, 1) forall (x,r) € RN x RT and z € ZV.

3) t f(ot));zz) is nondecreasing on (0, +00).

Go(;,f)
t

4) lim;— o0 = 400 uniformly for x € RV.

Because we are searching for the positive solution, we can assume that g(x,t) =
go(x,t) =0forall (x,¢) € RY x R~. Now we state our main results.

Theorem 1.1 Suppose that conditions (f), (V) and (g1) — (ga) are satisfied, then prob-
lem (1.1) possesses a positive ground state solution.

In the particular case: V(x) = Vp(x), g(x,t) = go(x, 1), we can get a solution for
the periodic problem from Theorem 1.1. That is, considering the problem

— div(fz(u)Vu) + f(u)f/(u)WuI2 + Vo(x)u = go(x,u), x € RN, (1.9)

under the hypothesis:

(Vo) the function Vp(x) satisfies 0 < inf gy Vo(x) < Vo(x) € L>®@RN) and
Vo(x +2) = Vo(x) forall x € RN and z € ZN.

We can obtain the existence result for the periodic problem.

Corollary 1.2 Suppose that (f) and (Vo) hold, go(x, t) = g(x, t) satisfies (g1) — (g4).
Then equation (1.9) possesses a positive ground state solution.

Remark 1.3 As far as we know, there are no other results concerning problem (1.1)
where the potential V (x) is asymptotically periodic except reference [21]. Here, we
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consider a new reformative condition which unify the asymptotic processes of V, g at
infinity, which means .# and .% contain more elements than those in [21]. Moreover,
in [21] the authors obtained the existence of nontrivial solutions for problem (1.1) by
using the mountain pass theorem. Here, with the aid of a Nehari-type constraint, we
consider the ground state solution, which has great physical interests.

Remark 1.4 To the best of our knowledge, even for the periodic case, our result for
problem (1.1) is new. In [10], Li et al. studied the existence of infinitely many geo-
metrically distinct solutions for problem (1.1). Our result is different from the result
there.

Now, we give an application of Theorem 1.1.

For f2(u) = 1+ by a direct calculation, we know f () satisfies condition

u
2(1+u?)’

(f) witha = \/g , we can get the following results directly.

Theorem 1.5 Suppose that conditions (V) and (g1) — (ga) are satisfied, then problem
(1.5) possesses a positive ground state solution.

As a by-product of our calculations we can obtain a weak solution for the periodic
problem.

Corollary 1.6 Suppose that (Vy) holds, go(x,t) = g(x, t) satisfies (g1) — (g4). Then
equation

u
—Au~+ Vo(x)u — ————AW14+u?) = go(x,u), x e RV,
241 4+ u?

possesses a positive ground state solution.

Remark 1.7 It is worth pointing out that there is no result for equation (1.5) when the
potential is asymptotically periodic. For the periodic potential, there are references [7,
8], they discussed the following equation

au

_ _ N M L
Au+ Vo()u — [A( + u?) ]2(1 REEETTE

= go(x, u), (1.10)

where « is a parameter. Jalilian [7] considered equation (1.10) with 1.36 < @ < 2 and
proved that (1.10) had infinitely many geometrically distinct solutions. Li [8] proved
the existence of a ground state solution for equation (1.10) with 1 < o < 2 if gg
satisfies some conditions and

(85) 9(x, 1) i= gzgo(x, N1 — Go(x, 1) > 0, [go(x, N)|° < arg(x, H|#|”, for some
a; > 0,0 > max{l,a — 1} and for all (x, r) € RN x R with ¢ large enough.

In fact, (gs5) plays a crucial role in getting a bounded (P S) sequence. Here, we do
not need such condition. Even for the periodic case for equation (1.5), our result is
also new.

Notation: In this paper, we use the following notations.
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o H'(RY) is the usual Hilbert space endowed with the norm

llul%, =/ (|Vu|2+u2>dx.
RN

e L*(RY) is the usual Banach space endowed with the norm
fleells =/ lul*dx, Vs €[l, +00).
RN

e |[ullooc = esssup,rn |u(x)| denotes the usual norm in L®(RN),
e E={uecH'®RY): fRN V (x)uldx < oo} is endowed with the norm

lul®> = fRN <|W|2 + V(x)u2)dx.

B,(y) :={x e RN : |x —y| <r}.

ut = max{u, 0}, u~ = max{—u, 0}.

|€2| denote the Lebesgue measure of the set 2.

C, Cy, C3, - - - denote various positive (possibly different) constants.

2 Some Preliminary Results

Lemma 2.1 The functions f(t), F(t), g(x, 1), G(x, t) enjoy the following properties
under the assumptions (f) and (g3).

(1) F(t) is uniquely defined and invertible, F(t) and F~Y1) are odd:;

@) L& > 0forallt e R;

(B) 1< f(t)<aand L <F~'(t) <t forallt > 0;

“) @—) last — 0;

—1
(®)) o éast — 00,

t
(6) £EDED —2G(x, 1) = 0 forall t > 0;

(7) The function W is strictly decreasing for all t > 0.
Proof The proof of the items (1) and (2) follow from the definition of F and the

assumption (f) directly.
(3) By the mean value theorem, we know

t
F(1) Z/o fls)ds = f(&)r,
for some & € [0, t]. Note that, f is nondecreasing and F'(¢) is increasing, then

t=f0)y <F@) = f(&rt < at,
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sothat £ < F~1(r) <1.
The items (4) and (5) can be obtained by the L'Hospital rule immediately.
(6) Let L(x,1) := geDF@) 2G(x, t), by the condition (g3), one has

f@)
0 0 t
O ren=roll 80D 1o
ot ot | fOF (1)
whent > 0. Then, L(x, t)isnon-decreasingin (0, +00). Hence, L(x, t) = %—

2G(x,t) > L(x,0) =0forallt > 0.
(7 Letl(t) = W Since f(¢) is nondecreasing in (0, +00), one has

t
0=<F@) :/ f($)ds < 1f (). 2.1
0

Then using item (2) and (2.1), we obtain

F()—1f (1) — LOF @) _FO -~ 1) _
F@)F2(1) T f(OF ) T

') =

The above inequality proves item (7). O

Lemma 2.2 ([13]) Suppose that condition (V) holds. Then there are two positive con-
stants dy and d» such that d; ||u||%{ < |lul? < d2||u||%1f0r allu € E.

Remark 2.3 From the above Lemma 2.2 and the Sobolev embedding, we get that the
embedding £ — L¢ (RN is continuous for any o € [2,2*].

Lemma 2.4 Assume that (f), (V), (g1) — (ga) hold. If {u, } is bounded in E and u,, — 0
in LY (RN) for a € [2,2*), one has

loc

Ay = / <V<x) — vo(x)>|F—1<un>|2dx = 0,(1). (22)
]RN

App = / [G(x, F~ ) — Golx, F‘(un»}dx =o0,(1).  (23)
]RN

Proof Firstly, we give some useful inequalities which can be deduced by conditions
(g1), (g2), (ga) directly. For any § > 0, there exist rs > 0, Cs > 0 and @ € (2, 2%)
such that

0 < go(x, 1) < g(x, 1) <8lt], V(x,1) € RN x [—r5,r5], 2.4)
0<go(x,t) < glx,t) <8|t| +Cslt|* ", V(x,1) e RN xR, (2.5)
0 < go(x,1) < g(x,1) < Cslt] +8171* 71, V(x,1) e RN xR, (2.6)

0<golx,r) <glx,r) <8(r]+ 1>~ + Csle[*~L, ¥(x,1) e RY xR,
2.7
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(i) The proof of (2.2).
When k(x) € %, for any € > 0, there exists R > 0 such that

/ uldx < CO/ uldx + C1e?Nu|%, VYu € E, (2.8)
k()| ze Bp+1(0)

where Cy, C; are positive constants and independent on €. Inequality (2.8) has already
been proved in [13], we omit it here.

Let k(x) := V(x) — Vp(x) € Fy, then, |k(x)| < 2|Vo(x)| < 2[|Vblleo, by using
Lemma 2.1-(3) and (2.8), we have

An| < / kCOIE ™ () Pelx < / kGO |dx
RN RN

= / |k (x)up |dx + f |k (x)u; |dx
[k(x)|=€ [k(x)|<e

2
2 Volloe CO/ W2dx + Cre +e[ g Pdx
BRre+1(0) RN

on(1) + Cae ¥ + Cae.

IA

Lete — 0, (2.2) is proved.
(ii)The proof of (2.3).
Set h(x,s) := g(x,s) — go(x,s) € Z.Forany € > 0, there is R > 0 such that
meas{x € Bi(y) : |h(x,s)| > €} <€, V[y| > Re, |s| <1/e.
Covering RY by balls B|(y;), i € N, in such a way that each point of R is contained
in at most N 4+ 1 balls (see [24]). Without loss of generality, we suppose that | y;| < Re,

i=1,2,---,ncand |y;| > Re,i = ne + 1,ne +2,---, 400. By the mean value
theorem, there exists t, € [0, 1] such that

G(x, F~ up)) — Go(x, F~ un)) = [g(x, ta F 1 () — go(x, tn F~ ) 1F " (u).
Set

Qb= (x € Bi(n) : 1h(x, t, F N (un))| < €},
QY= {x € Bi() : |ta F un)| < 1/€, |h(x, t,F " (un))| = €},
Q= (x € Bii) : 1t F )l > 1€, |h(x, t,F " (un))| > €}

Then we have
A < /R gl F ™ ) — 2o 0 F )1 F )

= /H; i Ih(x, 2 F ™ ) F " (un) dx
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Ne

IA

/ (e, ta F ™)) F~ () |dx

i=1 By (yi)

+o00

+ Z/ PGt F " ) F ™ () |dx
i=n+1 Bi(yi)

Ne

= Z/ |h(x7tnF_l(un))F_l(un)ldx
Bi(yi)

i=1

+00
-1 -1
£y fg e, 00 F ) F~ 1)l

i=ne+1

+00
b3 e ) P
QZ

i=ne+1

+00
b3 e ) P
Q3

i=ne+1
=L+ L+ 1+ 14

It follows from (2.6) and Lemma 2.1-(3) that

I <(N+1) Ih(x, tn F () F () dx
BRre+1(0)

<(N+1) 2[Cs1ta F~ )| + 8160 F ) > 11 F = (un) ldx
Br.+1(0)

<2(N+ 1)C5/

lun|2dx + 2(N + 1)8 / lun|? dx
BRre+1(0)

BRre+1(0)
= 0y(1) + C4é

Let

QU= (x € Bi(yi) ¢ 1h(x, tu F un))| < €, |t F ™ un)| < 15},
Q2= {x € Bi(y) : 1h(x, tn F N un))| < €, 1t F N un)| > 13}

By using (2.4) and Lemma 2.1-(3), we obtain

+00
L= ). /Q e, 10 F ! ) P~ )| dx

i=n¢+1

+00
+ ) /Q A, 0 F ™" ) F ™ ) dx

i=ne+1
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+o0 T €
Z/ 280tn F~ () F~" (un) |dx + 2/ —|F~ () Pdx
Qll Ql2 rs

=<
i=ne+1 i=ne+1
+o00 € 400
2 2
52812 /;2“ [ty dx—i—ghz /;212|u,1| dx
i=ne+1 i=ne+1
N+1
<2(N + 1)3/ un2dx + u/ |un|2dx
RN rs RN
< Cs56 + Cge.

It follows from (2.6), Lemma 2.1-(3), the Holder and Sobolev inequalities that

+00
L= ). f 2[Ca|F—1<un>|2+8|F—1<un>|2*]dx
. Q2
i=ne+1
+00
<y [2@ [ P2 [ P dx]
i=ne+1 @ @
oo ) 5
<2C Y |92|N</ ity |2 dx> +2(N+1)6/ | dx
i=ne¢+1 @ RY
2 =
<2Csev Y c/ (IVu > + lupHdx + C78
. Q2
i=ne+1

< 2Cs5e N (N + 1)c/ (| Vin|? + |un|>)dx + C78
RN
= CgeV + Cr6.
Thanks to (2.7) and Lemma 2.1-(3) that

+00

= ) /32[6|F—1(un>|2+8|F—1<un)|2*+Ca|F—1(un>|“}dx
; 125
i=ne+1

+00
<> fm 2[6|un|2 + 8lun” + cs|un|“}dx

i=ne+1
~+00
< 28(N + 1)/ (Junl® + lun|* )dx +2Cse* Y / lun) > dx
RN . Q3
i=ne+1
< Cob + Crpe? ™.

Hence we have

[An2| < 0, (1) + C46 + Cs58 + Cee + CSG% + C78 + Co8 + C]()Ez*_a,
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Let ¢ — 0 and then § — 0, we complete the proof of (2.3). O

Lemma 2.5 Assume that (f), (V), (g1), (g2) and (1) of (g4) hold, {u,} C E is bounded,
|zn| = +o00. Then for any ¢ € C(C)’O(RN), one has

F~ (uy)

m(ﬂ(x — zp)dx = on(1) 2.9

B :=/ V() = Volx))
RN

- L)) — Ny LX)
Bnp == /RN[g(X,F (un)) — go(x, F (un))]f(F*I(u,,))dx = on(1)
(2.10)
Proof (i) The proof of (2.9).
Since ¢ € C{° (RV), we get that
f lp(x = z0)Pdx = 0, (1). (2.11)
Bre+1(0)

Let k(x) := V(x) — Vo(x) € F, by using Lemma 2.1-(3), (2.8), (2.11) and the
Holder inequality, we have

k(x)F~ (uy) / k(x)F~ (uy)
Buil < S o —z)ld e o(x — z)ld
| "</|k|ze'f<F—1<un)> P maldxt | Ty ¢ Tl

< 2||vo||oo/ o (x — za)ldx + e/ e (x — 20)ldx
|k|>€

lk|<e

1/2
< 2||Vo||oo||un||2(/k lp(x _Zn)|2dx> +ellunl2llell2
|k|>€

1/2
<Cp (Co / lp(x — z,)1%dx + cleZ/anu%{) + Cize
BRre+1(0)
= 0,(1) + C13¢'/N + Cpze.

Lete — 0, (2.9) is proved.

(i1)The proof of (2.10).

Set hi(x,s) := g(x,s) — go(x, s) € Z. As the proof of Lemma 2.4, we can cover
R¥ by balls B (y;). Let

Q= {x € Bi() : |h(x, F~ ' (un))| < €},
Q%= {x € Bi() : |F Y un)| < 1/€, |h(x, F~ (un))| > €},
Q0= {x € Bi(y) : [F (un)| > 1/e, |h(x, F~ ()| = e).

Then, one has

o(x —zp)

—|d
FOE T

| B2 sf |h(x, F~ (uy))
RN
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<Zf e, F )20

B1(yi) f(F l(”n))
Ly / e, F )28 g
X, Up))—————|ax
i1 I BIGD FFE ()

h ,F_l . o(x —zp) d
gf&(y,)' x (v ))f(F*‘(un))l *

(P(X Zn)
h F~ (u,
* Z / I, B4 ) s

i=ne+1
Py / e, ) 22
= T

h Fl i, o(x —zp)
+Z_HZH/ e B ) Ty

=L+ 1+ 17+ Is.

It follows from (2.6), Lemma 2.1-(3), (2.11) and the Holder inequality that

I N+1 h ’F—l " M d
s= VD BRGH«))' 8 (v ))f(F*I(un))| !
< ) — [ sIF™ (un)| + 01 F ™ (uy)] l—f(F—l(un))l x

<2(N + 1)|:C5/ lun@(x — z)|dx + 8/ lun > Vo (x — zn>|dx]
BRre+1(0) BRre+1(0)

1/2 i
<2(N + 1)|:C5||un||2</ lp(x — zn>|2dx) + 5||Mn||§*1||§0||2*}
BRre+1(0)

= on(1) + C146.

Thanks to Lemma 2.1-(3), we obtain

ox — Zn)
Io = h(x, F~ (u,
¢ Z / I, ))f(F Ty 4

i=ne+1

e(N + 1)/ lo(x — z,)|dx
RN
Cise.

IA
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It follows from (2.6), Lemma 2.1-(3) and the Holder, Young and Sobolev inequalities
that

+o00
—1 1 2% _1 o(x —z)
17§i_§1/§252[C5|F ()| + 81 F ()| }|—f(F—1(un))|dx

IA

+00 +00
> / 2Csung(x — z)ldx + / 28unl” o (x — z,)ldx
Q5 Q5

i=ne+1 i=ne+1
+00 N2

IA

i=ne+1

+00 2% . 2% N
<2Csen Y (/ Ll ot~ 2l )dx) + Cigd
QS

) 2 2
i=ne+1
= 1 5
2 N=2 0%
< 2CseW | Z 2% [(E/Qs [t dx)
i=ne+1

N-2

+ = lp(x — z,)|” dx + Ci6d
2 QS

< 2C5e N (N + 1>c[/ (IVin|* + |un|*)dx
RN

+ A;{ LVt — ) + o - zn>|2>dx} +Cie8

= C17€% + Ci60.

By using (2.7), Lemma 2.1-(3) and the Holder inequality, one has

“+o00
_ _ *_ _ _ <P(X—Zn)
Iy < f 2[8|F Y + 8IF M) =" + Cs1 F~ () |® 1}|—
,-=n2€:+1 o ! " " FF ()
“+o00
< > f62[8|un|+6|un|2 —1+Cs|un|“—l}|go(x—zn)|dx
. Q
i=ne+1

IA

28(N + 1)(/ lunp(x — zn)|dx +/ > Lo (x — Zn)IdX)
RN RN

+o00
265 3 [P ot =zl
i=n¢+1

< 28(N + 1)<||un l2llgll2 + ||un||§:1||<p||z*> +2Cs€X " un 13 gl

= Cgd + Cjoe> .

2 N *_
265 ) |95|~(/5|un¢(x—zn>|mdx) +2(N + D8 llunllz " llgllor
Q

|dx



67 Page 14 0f23 Y.-F. Xue et al.

Hence we obtain
2 *
|Bua| < 04 (1) + C1a8 + Cis€ + C17€ ¥ + Ci68 + Ci88 + Croe” .

Let ¢ — 0 and then § — 0, we complete the proof. O

3 Proof of Theorem 1.1
Define
N ={ueE:(I'(w,u)=0,u#0}, M ={uckE: (Iju),u) =0,u#0},
= inf I(u), co = inf Io(u),
¢= mnf (), co uler.l/%) o(u)
where
I(u) = lf [|Vu|2+V(x)|F—1(u)|2]dx—f G(x, F~ ' (w)dx
2 JrN RN ’ ’

mwr=%AQ[Wuﬁ+vmme%wF}u—14NGMLF“%MML

Lemma 3.1 Suppose that conditions (f), (V) and (g1) — (ga) hold, then for each u €
E, u # 0, there is a unique t, > 0 such that t,u € .. Moreover, the maximum of
1(tu) fort > 0is achieved at t,,.

Proof By the inequality (2.5), Lemma 2.1-(3), one has

C * *
2+ 222 3

8 C(S *
—1 —1 2 -1 2
G(x, F (tu))SEIF (tu)] +2—*|F (r)]” = >

| &

It follows from Lemma 2.1-(3), (3.1) and the Sobolev inequality and Lemma 2.2 that

1
h(t) = I(tu) = —f |:|V(tu)|2 + V(x)|F_1(tu)|2:|dx —/ G(x, F~ ' (tu))dx
2 ]RN RN
12 12 ) = .
_ |Vu|2dx + —/ V(x)uzdx — —/ uldx — 5 / u* dx
2 JrN 2a% Jpn 2 JrN 2% JrN

ol = 2l = ol
— llull* = —=Cillull® — > Callu|*,
2a? 2

v

v

for some positive constants C1, C». We choose § > 0 small enough, such that 231—2 —

%Cl > (. Therefore, we can get £(¢) > 0 whenever ¢ > 0 is small enough.
By Lemma 2.1-(3) and G (x, s) > Go(x, s), we have

M”<l/|me+%/NwmﬁM—/N%uf”mmm
R R

) RN
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< u’dx

1l _/ Gotx, F~ (1) |F~'(rw)>
w0 IF 1) (t0)?

N =

Thanks to (4) of (g4) and Lemma 2.1-(5), we can deduce that the last integral on the
right-hand side above tends to infinity with ¢. Hence, h(t) — —oo ast — oo and &
has a positive maximum.

The condition /’(r) = 0 is equivalent to

/ |Vu|2dx—/ |:g(x,F_1(tu)) — V(X)F_l(m)i|u2dx
RN " Jugo Ltuf (F=Yw)  f(F~1(u))tu

Let

g(x,s) V(x)s
Z(s) := — .
FF(s)  f()F(s)

By (g3) and Lemma 2.1-(7), s + Z(s) is strictly increasing for s > 0, so there
is a unique #, > O such that 4'(z,) = 0. The conclusion is true since h'(t) =
U (tu), tu). o

As the argument in [24] (Theorem 4.2), we obtain the following lemma.

Lemma 3.2 Suppose that (f), (V) hold, g satisfies (g1) — (ga), then
= inf I(u) = inf I(tu) = inf I(y (1)),
€=l 100 = Jnlmay [0 = I m, [ @)

where I’ = {y € C([0, 1], E) : y(0) =0, I(y(t)) < 0}

Remark 3.3 The conclusions of Lemmas 3.1 and 3.2 are also suitable for the periodic
functional Ij.
Next, we will give the boundedness of the Cerami sequences.

Lemma 3.4 Suppose that (f), (V) and (g1) — (g4) hold. Let {u,} C E be a (C),
sequence for the functional I. Then {u,} is bounded in E .

Proof Suppose by contradiction that {u,} C E be a sequence such that ||u, || — oo,
I(uy) — cand (1 + ||u, DI (un)|| — 0. Set v, := ﬁ, then, there is a v € E such
that v,—v in E, v, — vin L} (RY) and v,(x) — v(x) ae. in RV If v # 0, let
Qi = {x € RN : v(x) > 0}, then |Q24] > 0. For a.e. x € ., one has

uUp(x) - 400 as |uy| - +oo,

un(x)
lln |l
that F~! (1) is strictly increasing, we can deduce that for a.e. x € 2,

since v, (x) = — v(x) > 0 for a.e. x € Q,, from Lemma 2.1-(5) and the fact

F~ Y (u,) — 00 as lun || — +oo0.
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It follows from Lemma 2.1-(3)(5) and (g4) — (1)(4) that

1
0 = lim sup (&n)

n—oo |litn ||2

Munll® = fon Golx, F~ up))dx

< lim su

=y HE
L fQ Go(x, F~ (uy))dx

= — — limin x 5
n—00 llos |l

1 Go(x, F~! F-! 2

_1 —liminf/ o(x (un)) . | ()| ~v5dx
n—oo Jo |F71(un)|2 M,%

= —o0.

A contradiction, thus v = 0. Define

B :=limsup sup / v,zldx.
B1(2)

n— 00 ZERN

If B8 = 0, by the Lions lemma [24] (Lemma 1.21), we get v, — 0 in L*(R") for
a € (2,2%). It follows from (2.7) and Lemma 2.1-(3) that

) ) *
/ G(x, F~ (tv))dx < —f |F =Y (tvy) Pdx + —/ |F~ ! (tv,) | dx
RN 2 JrN * JrN

2
c 5
22 F v %dx < -ﬂ/ v, 2dx
o RN 2 RN

3 * * C
+—12 / lon|? dx + —%“/ v, |“dx
2% RN o RN

= 0,(1)(8 = 0).

Especially, set r = 4./c, we obtain
/ G(x, F_1(4¢Evn))dx = o0,(1). (3.2)
RN

By Lemma 2.1-(4), one has F~'(4/cv,) — 4./cv,, since 4/cv, — 0 a.e.in RV,
Then, we can deduce that

f V@) [@veu)? = F7 4w [ dx = 0,(1). (3.3)
RN

Setting

glx, F~(s)) F~'(s)

S I M TV O)

+ V(x)s,
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and
: -1 1 1,2, L 2
K(x,s) = / kix,t)dt =G(x, F~ (s)) — EV(x)|F )"+ EV(x)s .
0
Then, thanks to (3.2) and (3.3), we can obtain that

/ K(x,4¢2vn)dx=/ G(x, F~ (4/cv,))dx
RN RN

1 _

+5 / V@ [@ven)? = Faden)? [ dx = 0,(1).
R

By the continuity of 7, there exists #, € [0, 1] such that I (#,u,) = maxo<;<1 I (tuy,).

. 4 .
Since ||u,| — oo, we have ﬁ < 1 when n is large enough. Hence, one has
n

NG

llaen

I(tquy) +o0,(1) = 1 ( un) +o,(1) = 1(4«/21),,) + o, (1)

=8c||vn||2—/ K (x, 4/cvp)dx + 0,(1)
RN
= &c¢.

Note that I (u,) — ¢,300 < t, < 1 and (I'(t,uy), tyu,) = 0 when n is large enough.
By (g3) and Lemma 2.1-(7), the function

k(x,s) g, F~'(s)) Fl(s)
= e~ VO TV ™

is strictly increasing for s > 0. Since {u,} is a Cerami sequence of / and the Mono-
tonicity of k(); ) we can conclude

c=1(u,) +o0,(1)
— Tuy) - %u’(un), tn) + o(1)

= [ (lk(x,un)un —K(x,un)>dx+0n(1)
RV \ 2

> / <lk(x, taity) ) tatty, — K (x, lnun))dx +on(1)
RN 2

= I(tyu,) — %(1/(tl‘lui‘l)v talty) + 0, (1)
= [(tquy) + 0,(1)

> 8c,

which is a contradiction.
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If B > 0, by the definition of 8, there is z,, € RV such that

B
- <

vidx.
2 JBiGw

If z,, is bounded, there exists R > 0 such that

B
- <

v,zzdx,
2 JBro)

which is a contradiction with v, — 0in L _(RM).
If z,, is unbounded, up to a subsequence, |z,| — o0. Let w, (x) := v, (x + z,) =
—”"‘(l); :FHZ”) , we have

E < wﬁdx. 3.4
2 o

There is a function w € E such that w,—w in E, w, — w in leoc (RN) and wy, (x) —

w(x) a.e. in RV, Moreover, by (3.4), one has w(x) # 0. Define Q4 = {x € RV :
w(x) > 0}, then |Q4.| > 0 and for a.e. x € Q,,, we have

Uy, (x) - 400 as |uy| = +oo.

Since F~1 (1) is strictly increasing for ¢+ > 0, by Lemma 2.1-(5), we can conclude that
fora.e. x € Qux,

F*I(un) — 400 as |u,l| — +oo.
Then, one has

Jpv G(x, F~1(uy))dx

lim inf
n—00 llun |12
-1
> lim inf Jan Golx + 2, F 2(un()c + z,)))dx
1—00 lloan |
o Go(x + 2z, F~ ' n(x +20)) [F~ a(x + 22D 5
> liminf 0 5 >— W, dx
= Jo., |F~ (un(x + 20)) (un(x +24))
= +o00.
Hence
0 = lim sup (an
n—oo |linll
| 1 —1
< — —liminf —— G(x, F~ " (uy))dx
2 =0 flugll? Jry
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— —OO’

this contradiction finished the proof. O

Lemma 3.5 Suppose that conditions (f), (V) and (g1) — (g4) are satisfied. If u € N
and I (u) = c, then u is a ground state solution of problem (1.1) (see [13, 16]).

Proof of Theorem 1.1. From Lemma 3.1, we see that I satisfies the mountain
pass geometry. Then, we can get a Cerami sequence on level ¢, where ¢ =
infy, e max;ejo,1] I (y (t)). We invoke Lemma 3.2 to get ¢ = inf,,c_4 I (u). Applying
Lemma 3.4, the (C). sequence is bounded. Then, we may get, up to a subsequence,
up—u in E, u, — uin LY (RY) and u,(x) — u(x) ae. in RV. By using the
Lebesgue dominated convergence theorem, through the standard discussion, we can
get that

0= (I"(un), ¢) + 0n(1) = (I'(w), $),

for any ¢ € C§° (RM), i.e. u is a weak solution of problem (1.1).
(i) The case u # 0. Since u is a weak solution of problem (1.1), /(u) > c. By
Lemma 2.1-(6), (2.1) and the Fatou lemma, one has

n—o00

.1 _ F~'(uy)
= lim inf [5 /RN V(x)[|F Yun)? = mun]dx

g(x, F~ (up)) 1
+, (m SO <”"”>d"}

-1
> 1/ V(x)[|F—1(u>|2—F—(”) }dx
2 Jry

¢ = liminf (1(un) — %(1/(%), Mn))

FETw)"
gx, F'(w) 4
+/]RN (WM - G(x, F (u)))dx
1
=1I(u) - 5(1/(u), u)
= I(u).

Hence, I(u) = ¢ and I'(u) = 0, which implies that u is a ground state solution of
problem (1.1).
(i1) The case u = 0. Define

B :=limsup sup / uidx.
Bi(z)

n—o00 ZERN
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If B = 0, by the Lions lemma [24] (Lemma 1.21), we get u, — 0 in L¢ (RN) for
a € (2,2%). Itis implied by (2.1) and condition (f) that

0<p tFO

< m — 0t — 0). 3.5)

Combining (3.5) with (2.7) and Lemma 2.1-(3), we obtain

1
c = I(uy) — E(I/O/tn)» up) +0,(1)

_ ! S e F ) / 1 g0, F~'(up))
= Z/RNV(X)[IF ()| f(F_l(un))un}dH N2 P Ty

—/ G(x, F~ (u,))dx
RN

1 —1 -1 21 -1 a—1
SOn(1)+2 - SIF™ (up)| +81F~ (un)|” = + Cs|F™ (un)] undx

) ) * C

< on<1>+—/ |un|2dx+—/ 0 dx+—8/ g |dx
2 RN 2 ]RN 2 ]RN

= 0,(1) + Cyd

— 0(8 — 0).

A contradiction, thus 8 > 0. By the definition of 8, up to a subsequence, there exist
R > 0and z, € Z" such that

/ u,zl(x + z,)dx = / u%(x)dx > é
Br(0) BRr(zn) 2

If z,, is bounded, there is R’ > 0 such that

/ uﬁdx > / uﬁdx > é,
By (0) Br(zn) 2
which contradicts with u, — u = 0 in L?

1OC(RN ). Thus, z, is unbounded, going if
necessary to a subsequence, |z,| — 0o. Let w,(x) := u, (x + z,), then there exists a
function w € E\{0} such that w,—w in E, w,, — w in L%OC(RN) and w, (x) = w(x)
a.e.in RV,

It follows from (2.9) and (2.10) that, for any ¢ € C3° (RM),

0= (1/(’411)7 @(x —zp)) + 0, (1)
= / Vu, - Vo(x — z,)dx +/ V(x)
RN RN

[ s E )
Ry S (F ()

F~(uy)
FFTun?

(x — zp)dx + 0, (1)

(x — z)dx
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F_l(un)
SF~N(up))

o(x — zp)dx + 0,(1)

_ / Vit - Vo(x — zn)dx + / Vo(x)
RN RN

B / go(x, F~'(un))
BV f(F 7 un)
F_l(wn)

— /RN Vw, - Vodx + ./RN Vo(x)—f(F_l(wn))godx
B / go(x, F~1(wy))
]RN

FF~Hwy))
F~(w) / go(x, F~(w))
= | Vw-Ved KUC Y e v e Sl Wy e L
/]RN weve x_i_./RN O(X)f(F_l(w))w P ey fE Ty Y

i.e. w is a weak solution of the periodic equation (1.9).

On the one hand, by Lemma 3.1, for any u € E\{0}, there exists a unique ¢, > 0
such that t,u € 4. Moreover, the maximum of I (fu) for t > 0 is achieved at ¢,.
Thanks to V(x) < Vp(x) and G(x, s) > Go(x, s5), we obtain

o(x — zp)dx

@dx + 0, (1)

c < I(tyu) < Ip(tyu) < max To(tu),
>

hence ¢ < inf, cg max,~q Io(tu). It follows from Remark 3.3 that ¢ < c¢g.
On the other hand, by (2.2), (2.3), V(x) < Vp(x), g(x,s) > go(x,s), Lemma 2.1-
(6), (2.1) and the Fatou lemma, we get

c=I(u,) — %(1/(14,,), up) + 0, (1)

_ 1 —1 2 _l F_l(un)

= 2./RN V() F~ (up)|“dx > A@N V(x)—f(F—l(un))undx
/ 180, Flw)
’Y 2 f(F~(up))

-1
> 1 / Vo) F~" () Pdx — + / Vo) —lm)_ g
2 RN N

2 Jr f(F_l(un))
1 goCx, F~(uy)) .
+/R~ - /R Gox, F~ (un)dx + on(1)

. l —1 2 F_l(wn)
"2 /R VO(X)['F o)l f(F—l(wn»w”]dx

go(x. F~'(wn)) »
i /;@N [mw" — Golx, F <wn)>]dx +0n(1)

1 SN2 F~(w)
z/RN VO(X)['F )l f(F—l<w>>w]dx

go(x, F~'(w)) .
+/RN |:—2f(F—1(w)) w— Gox, F (w))]dx

adx —/ G(x, F Y uy))dx + o, (1)
RN

=
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1
= Io(w) — E(lé(w), w)

= Ip(w) > co.

Hence Ip(w) = ¢y = c. Lemma 3.1 implies that there is a unique #,, > 0 such that
tyw € A . Then, we get

¢ < I(tyw) < Ip(tyw) < Ih(w) =c,

i.e. c is achieved by t,, w. It follows from Lemma 3.5 that 7, w is a ground state solution
of problem (1.1).

From (i), (ii), we can obtain that problem (1.1) has a nonnegative ground state
solution # € E. Furthermore, the maximum principle implies # > 0, this ends the
proof. O

Data Availability No data, models, or code were generated or used during the study.
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