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Abstract

This work deals with the periodic orbit bifurcations of a T-periodic perturbed piecewise
smooth system whose unperturbed part has a generalized heteroclinic loop connect-
ing a hyperbolic critical point and a quadratic tangential singularity. By constructing
several displacement functions that depend on perturbation parameter ¢ and time ¢,
sufficient conditions of the existence of a homoclinic loop and a sliding generalized
heteroclinic loop (that is a generalized heteroclinic loop a part of which lies on the
switching manifold) are obtained. As the application, we give a concrete example to
show that under suitable perturbations of the generalized heteroclinic loop the corre-
sponding phenomena can appear.

Keywords Piecewise smooth system - T-periodic perturbation - Generalized
heteroclinic loop - Sliding periodic orbit - Bifurcation
1 Introduction

Problems in nonlinear dynamics have fascinated scientists for several hundred years.
With the development of nonlinear science, piecewise smooth systems sometimes are
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ideal mathematical models for the successful analysis of practical nonlinear problems
observed in many fields, such as, switching in electronic circuits, impacting motion in
mechanical systems, epidemic control in biology, hybrid dynamics in control theory
and non-smooth models in economics (see, for instance [1-9]). Although classical the-
oretical results and methods cannot be directly generalized to piecewise smooth system
because of the discontinuities of the vector field, fortunately, quite a few innovative
methods and theoretical results have been proposed and established, respectively, we
refer to the monographs [2—4].

Like for smooth systems, the study of bifurcation phenomena in piecewise smooth
system has been significantly increasing in recent years, and almost all of the main
research interest of bifurcation problems have focused on the bifurcations induced by
the discontinuity, which cannot exist in smooth systems. Except for Hopf bifurcation
and homoclinic bifurcation that can be obtained by generalizing the classical methods
for treating smooth systems to piecewise smooth cases, piecewise smooth systems
also can exhibit new and complicated phenomena, for example, grazing bifurcation,
sliding bifurcation, border-collision bifurcation and so on. It is worth mentioning that
a great deal of efforts have focused on the especial bifurcations, such as, general-
ized homoclinic bifurcation [10—13] and sliding homoclinic bifurcation [14—16]. The
generalized homoclinic loop is a closed curve containing generalized singular point
lying on the switching boundary [10] and the sliding homoclinic loop is a solution
homoclinic to a hyperbolic critical point with a part on the discontinuity boundary
[16]. In considering a closed orbit with some degenerate points or sliding points
(generalized singular points in [10]), more complicated calculations and parameteri-
zation techniques are needed. Fortunately, the Melnikov method is also the powerful
analytical tool enabling us to understand how the generalized homoclinic loop and slid-
ing homoclinic loop were affected by the perturbations. Naturally, heteroclinic loop
bifurcation is not a topic that can be circumvented. As early as 1988, the Melnikov
method has been extended to the analysis of heteroclinic bifurcations by Bertozzi
in [17]. Recently, many attempts have been made to generalized heteroclinic loop
[13,18-20], in which more complex phenomena of bifurcation can be exhibited than
homoclinic ones undergo. This is also the subject of our work.

Owing to the emergence of non-autonomous forces in many real applications,
the non-autonomous vector fields, which could be periodic, quasi-periodic, almost
periodic in time or without any periodicity in time, have become very active in the
development of dynamical system research. In smooth system, perturbing homoclinic
or heteroclinic loop with time periodical is an common route for the occurrence of
chaos in differential systems (see [21,22] and the references therein), thus many efforts
have been made to discuss how the non-smooth systems are so affected (see, for
instance [23-31]). In particular, by extending the classical Melnikov method to a class
of periodic perturbed planar piecewise smooth systems with two zones, [23] obtains
the persistence of the homoclinic loop transversally crossing the switching manifold,
moreover, the presented Melnikov functions are used to detect the chaotic dynamics for
a concrete oscillator. In [26], the authors consider a piecewise Hamiltonian system sep-
arated by y-axis with a heteroclinic orbit connecting two saddles and fully covered by
periodic orbits surrounding the origin, the existence of nT-periodic orbit under a small
periodic perturbation and the impact maps are obtained by the Melnikov method. [25]
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focuses on the reversible piecewise smooth system with a closed trajectory connecting
a visible two-fold singularity to itself. Under a periodic perturbation, by using the Mel-
nikov’s ideas and the geometric singular perturbation theory, the sufficient conditions
of the existence of sliding and crossing periodic solutions are obtained. Besides, the
Shilnikov loop, an important connection in describing complex behavior in 3 dimen-
sional applied model [32], was also considered for non-smooth systems [29-31]. To
our knowledge, few attentions have been paid to generalized heteroclinic bifurcations
in these systems, therefore, we shall work with this in our paper.

The purpose of this work is to discuss the T-periodic perturbation of the generalized
heteroclinic loop connecting a hyperbolic critical point with a quadratic tangential sin-
gularity of the upper vector field in a planar piecewise smooth system separated by the
x-axis. Among the various kinds of behaviours leaded by the non-autonomous pertur-
bations, we are mainly concerned with the global bifurcation related to the hyperbolic
critical point. More specifically, in terms of the continuous dependence on perturba-
tion parameter, we give some preliminary lemmas to look for the intersections with
the switching manifold of the invariant manifolds of hyperbolic critical point and of
the trajectory passing through the quadratic tangential singularity of the upper subsys-
tem. By measuring the distances of each pair of intersections and using the implicit
function theorem, the related function depending on perturbation parameter ¢ and time
t can be obtained to detect the existence of homoclinic loop of perturbed system. In
particular, when we deal with the existence of sliding generalized heteroclinic loop
(a generalized heteroclinic loop a part of which lies on the switching manifold), the
points p on the sliding region can be parameterized by the spending time ¢t of sliding
flow starting from the tangential singularity to p, therefore the sufficient conditions
can be obtained by taking the new variable 7 into account. Finally, an example is
given to illustrate how to use our main results to get the existence of the corresponding
phenomena of a concrete planar piecewise smooth system.

The rest of this paper is structured as follows. Section 2 is dedicated to the descrip-
tion of the piecewise smooth system involving time-periodic perturbation and basic
assumptions. In Section 3, we state and prove our main results in Theorem 1 by using
Melnikov’s ideas with perturbation techniques. Additionally, the analytic result The-
orem 1 is applied in a concrete planar piecewise smooth system in Section 4. Finally,
brief conclusions on our results are provided in Sect. 5.

2 Preliminaries

Assume that the switching line 2 = {(x, y) € R? : y = 0} divides the plane R? into
two zones as

Qt ={(x,y)eR?:y>0} and Q= {(x,y) e R?: y < 0}.
We consider the following non-autonomous piecewise smooth differential system

Xt(x,y)+e¥t(, x,y), if (x,y) € QT,

= {X—(x,y)+eY—(r,x,y), if (x,y) € 27, o
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Fig.1 The generalized fou
heteroclinic loop I'(¢)

————————————

where ¢ > 0 is a small parameter, X*(x, y) = (f]i(x, y), fzi(x, y)) with fijt €
C'R%,R) (i =1,2,7 >2) and YF(r, x,y) = (g (1, x, y), &5 (t, x,y)) with g €
(04 (R3, R) (i =1,2,r > 2) are T-periodic in t. Let the following assumption hold.

H1 System (2.1) |;=0 has a generalized heteroclinic loop I'(¢) (see Fig. 1), which
contains a visible quadratic tangential singularity (i.e. fold point) A = (x4, 0) of the
vector field X' and a real hyperbolic critical point S = (xy, ys) of the vector field
X, crossing the switching line 2 clockwise at point B = (x;, 0) in a transverse way,
where x, < xp.

Denote the solutions of system (2.1) |.—q restricted to QF by y*(t,x,y) =
(/i (1, %, ), v5- (1, x, y)), which satisty y£(0, x, y) = (x, y).

Remark 1 For ¢ = 0, the generalized heteroclinic loop I'(¢) can be expressed as
[(t) =L, (t) UL"(t) UL (r) (see Fig. 1), where

Ly (1) =SA =y, (t.A)={y (t. A) :1 <0},

LT (1) =AB:={y*(t,4): 0 <1 < 7},

Ly(t)=BS:=y, (t—710,B)=1{y (t,B) : 1 > 10}
and 79 > Oisthe flying time of ¥ * from A to B, moreover, ¥, (0, A) = y (0, A) = A,
¥ (0. B) = y* (19, A) = Bandlimy_, o0 ¥, (2, A) = im0 7, (t— 70, B) = .
Remark 2 From the assumption (H 1), for the points A = (x4, 0) and B = (xp, 0) we
have

+ + _ - + +
Xa < xp, fi (A) <0, f,7(A) =0, f,(A) >0, f,.(A) <0 and f;(B) < 0.

Moreover, for the hyperbolic critical point § = (x5, ys), wehave f; () =0, i =1, 2,

Ys <0 and f7(5) f3,(8) — f1,(8) f5,(5) <0,

where the subscripts x and y denote the partial derivative with respect to x and y
respectively.

In order to study the non-autonomous periodic differential system (2.1), we append
the time 6 = ¢ to the phase space and obtain the equivalent system in the extended
phase space as
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6=T
Bg
éxsl 6=0
Fig.2 The generalized heteroclinic manifold f(t)
(. 5) = XT(x,y)+e¥Yt(0,x,y), if (x,y) € QF,
Y TVX L) Y01, y), if (x,y) € Q7 (2.2)

6=1,

where (x,y,0) € R* x S, S! = R(mod T) is the unite circle of period T and
6 = t(mod T) € S!. The system (2.2) is also a piecewise smooth system with
switching plane Q = Q x S!. We denote d)i(t, x,y,0;¢8) = ((pi(t, x,y,0;¢8),t+0)
by the solutions of (2.2) restricted to QF x S! such that ¢i(0, x,y,0;¢8)=(x,y,0),
Whereq)i(t, x,y,0;¢) = ((pli(t, x,y,0;¢8), (péc(t, x,y,0;¢)) C R2 are the solutions
of system

XT(x,y)+e¥Yt(+0,x,y), if (x,y) € QF,

X~ (x,y) +eY~ (1 +0,x, ), if (x, y) € 2, 2.3)

()'c,y')={

with <pi(0, x,y,0;¢e) = (x,y) restricted to QF.

When e = 0, let Ag := {(A,0): 6 €S'}, Sy :={(S,0) :0 €S'}, By :={(B, 6) :
0 € S'}, and W9 (Sg) and W*(Sp) be the stable and unstable invariant manifold of Sy
respectively. Thus there exists a generalized heteroclinic manifold r ) :={T@®),0):
6 e S'} formed by the coincidence of three two-dimensional surfaces: a branch of
W9 (Sy), a branch of W¥(Sy) and a branch of Fg’(t) ={(yT(t, A),0):0<1t <
toand 0 € Sl}, see Fig. 2.

Proposition 1 Suppose that the assumption (H1) holds. Then for sufficiently small
& > 0, the system (2.2) has a curve A} (9) = (x;js (0), 0, ) consisting of visible folds
and nearing Ay of the field vectors in QT x S!, where

g1 (0, A)

2
P ) + O(e). (2.4)

X (0) = x4 —
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WH(5.(0))-

Se(8) =

Fig.3 (colour online) Under the small perturbation. Purple shaded area represents the local sliding region
near A;r(G)

and a hyperbolic critical curve S¢(0) = Sy + O(¢e) nearing Sy of the field vectors
in Q= x S'. Moreover, the stable manifold W*(S¢(0)) and the unstable manifold
W (Se(0)) of S¢(0) are e-closed to W*(Sg) and W"(Sp), respectively. (see Fig. 3)

Proof The calculation of the tangency singularities of system (2.2) is equivalent to the
discussion of the zeros of the vector field f2 (x,0) +eg, (6, x,0). Let

P(x,e,0) _f2 (x, 0)+8g @, x,0).

Noticing P(x,,0,60) = f5 (A) = 0 and 22(x,,0,6) = f51(A) # 0, by using the
implicit function theorem, there exists a function

+
8 (0, A)
x;r,s(e) =Xq — 8% + 0(52)

such that P(xaf £(0),¢,0) = 0. The remaindering results can be obtained by the
Theorem 3.6.4 in [21]. O

This paper allows the possibility of sliding motion. Firstly, we distinguish three
different subregions on the switching plane Q as crossing region Qe escaping region
Q and sliding region QA, respectively, where

{(x,0,0) € Q: (f2 (x, O)+€g 0, x, 0)) (f2_(x,0)+8g2_(9,x,0)) > 0},
{xO@)eQ fz(x 0)+8g2(9x0)>0>f27(x 0) +eg, (0,x,0)},
{

(x,0, G)GQ f2 (x, 0)+8g2+(0 x,0) <0< f, (x,0) +eg, 0,x,0)}.
2.5)

Q
Qe
Q
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In the crossing region, the orbits are concatenated in the natural way. Additionally,
by using the Filippov convention method [2], the local solution of system (2.2) on
escaping or sliding regions can be define by the sliding vector field

Z5(x.0.¢) = ((f2_+882_)(f1 +8g1)_(f1 +881 )(fz +882 0. 1)’

(fy +egy)— (fz + 582
(2.6)

where f; = fi(x,0)and g; = gi(0,x,0),i =1,2.

Since f;, (A) > 0 and S! is compact, for sufficient small ¢ > 0 and every 0 € Sl
fo (A) + g, (6, A) > 0. Accordingly, from (2.5) there has only sliding region Q
and crossing region Q on the sw1tch1ng plane Qof system (2.2) in a neighborhood of
Ag x S!. Similarly, by f5 (B) f2 (B) > 0,in anelghborhood of By x S! there has only
crossing region. Let Ql"‘ ={(x,0,0) € Q: x; 8(9) <x<x, 8(9)4—5} C Qs,where
8 > Oisasufficient small constant, denote the shdmg regionin asma]l neighborhood of
curve A} (0), see the purple shaded area in Fig. 3. Therefore, we can get the following
proposition.

Proposition 2 Under the assumption (H1), on the sliding region ﬁﬁ"" the orbits of
(2.6) will arrive at AT (0) and then enter into QF x S,

Proof Obviously, from (2.6) we have

(fy +eg) i +eg) — (T +8g1)(f2 +eg, )

. ZS 79’ —
(200,00 (s +egs) — (5 +e8d)

where f; = fi(x,0), g = gi(0,x,0),i =1,2,x],00) < x < x,(0)+ 8 and 7,
denotes the projection onto x-axis. Therefore, by f2+(A) = 0, we have

7 (Z¥ (x4, 0, €)) = f1 (A) + O(e).

Since f1+ (A) < 0and S' is compact, there exists g9 > 0 such that 7, (Z° (x4, 6, €)) <
0 for every 6 € S! and ¢ € (0, varepsilong]. In addition, since the set C =
{(x4,0,0) : 6 € S'} is compact, there exists a compact neighborhood U of C such
that 7, (Z%(x, 0, ¢)) < 0 for every (x,0,60) € U and ¢ € (0, ¢1]. By taklngs §>0
small enough, we can get Ql“ C U, accordingly, Z° has no singularities in Qloc nd
1w (Z%(x,0,¢)) < 0. This can prove the proposition. O

3 Periodic Solutions Bifurcated from Generalized Heteroclinic Loop

For 6 € S!, let A_ (0) and B, (0) be the intersections of W*(S,(6)) and W*(S,(6))
with @ = Q x Sl respectlvely, and assume that the flow of system (2.2) in Qt x

S! passing through point A (0) will reach the switching manifold Q=Qx§¢!
transversally at B*(@) Obviously, as 6 Varles in S, AZ(0), B () and B*(@) are
also three curves in switching manifold Q=QxS! (see Fig. 3) In order to discuss



29 Page8of27 F.Wuetal.

the periodic solutions bifurcated from the generalized heteroclinic loop I"(¢) under the
small periodic perturbations, several propositions are given to the presentations of the
curves B (9), A7 (0) and B; () firstly.

Proposition 3 Let (befa (0), 0) be the coordinates of Bj (0) on the (x, y)-plane and

w(o. 0) = exp ( fo i+ f{vds) /0 (fsFel — fited) exp (— fo it + fz*;df> ds,
3.1

where fi = fif(yt (@, A), [T = [Tyt A) and g = gt +6,y1 (@, A)),
i =1,2, z € {x, y}. For sufficient small ¢ > 0, we have

w(zo, )
5 (B)

X)L 0)=xp+¢ + 0. (3.2)

Proof Notice that ¢ (1, A1 (0); &) = (pT (1, AL (0); €), t +0) is the solution of (2.2)
restricted to Q7 x S! with initial point A} (9). For the sufficient small ¢ > 0, we can
expand ¢ (1, A} (0); ¢) as

ot (t, AT 0):e) = yT(t, A) +ept(t,0) + O,

9+ e
where p* = (p, p) = %|820 satisfying

%p*(t, 0) = DX (T, A)pTt,0) + YT +60,yT (1, A) (3.3)

+
and pT(0,0) = (— g;;g(’:)) ,0) by (2.3) and (2.4). The DX is the Jacobian matrix of

vector filed X and % denotes the partial derivative with respect to ¢. Let ¢ (¢) be
the spending time of trajectory ¢+ from A} () to B (9), that is

o (1T (), AT ) 8) =y, (1T (e). A +ep (17 (e).0) + O(*) = x,7,(0) (34)
and
o (tT(e), AT(0); 8) =y, (T (), A) +eps (17 (e),0) + O(e?) =0,  (3.5)

such that £+ (0) = 19, where T is the flying time of trajectory y ™ from A to B assumed
in Remark 1. Therefore, ™ (¢) can be expanded as

dtt(e)

le=o + O(e?). (3.6)
de

tTe)=1+¢
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Substituting (3.6) into (3.5), and comparing the coefficients of ¢ yields

dt*(e) Py (10, 0)
le=0 = —2——=

de SGOR

(3.7)

From (3.4), (3.6) and (3.7), we have

w(o, )
5 (B)

X O) =xp+e +0(?), (3.8)

where
w(z, ) = f5 (B)p{ (10,6) — fi7(B)p3 (10, 6).
Let
w(t, 0) = f5 (v (1, A))py ,0) — fi7 (v, A)py (2, 6).
By (3.3), it is not difficult to obtain that
%w(n 0) = (fLO @A) + 070 AD) w, 6)

+ @ ANgl @ +0,yT(, A)
— it @, Ag e +06,yt@, A)

and w(0, 6) = 0, thus the formula of constant variation implies
13
w(t,0) = exp (/ s, )+ LG, A))ds) :
0

t
fo(f;(yﬂs,A))gf(sw,y*(s,A))
— it ot  A)gy (s + 60,y T (s, A)) -

exp (_/0 T @A)+ LT A))dT> ds.

(3.9)

According to (3.8) and (3.9), the (3.1) and (3.2) can be obtained. O
For fixed 6y € (0, T, let
o = {(x,y,0) e R x S' : 6 = 6p)
and denote A (6p) = (x, (o), 0, 60) and B. (6p) = (%, (60), 0, 6y) the intersec-

tions of unstable manifolds W" (S, (0)) and stable manifolds W¥(S.(0)) with Qn PN
respectively, hence the following results hold.
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Proposition 4 Let
—00 s
k(0,60) = — /0 (fi & — & > )exp (— fo fie ¥ f;ydr) ds  (3.10)

with = = fi (v, (s, A), fi; = fi,(vy (t, A) and g; = g; (s + 60, ¥, (s, A)),
i=1,2z€{x,y}, and

+0o0 s
p (0, 60) = —/0 (f1 8 — & fy )exp (—/0 Jfix t f{ydf) ds (3.11)

with ;- = f; (ys (s, B)), fi; = fi; vy (t,B)) and g; = g; (s + 6o, y5 (s, B)),
i =1,2, z € {x, y}. For sufficient small ¢ > 0, we have

o x (0, 6) s
X,00) =x4 +¢ ) + O(&%) (3.12)

and
x, ¢ (60) =xb+eM + O(e?). (3.13)

1> (B)

Proof Let [, be the normal line of invariant manifold W (Sy) at (A, 6p) on the plane
>¢,- Hence there is a intersection of perturbed unstable manifold W*(S:(0)) with
I, at time t = 6, denoted by AE_ (6p). Define the solution passing through point
A7 (60) by (¢ (t, A7 (B0); &), t + 6) with ¢, = (¢, ¢,,), which lies in manifold
W"(S¢(0)). The continuous dependence on parameter implies that there exists a time
t, (6o, €) such that ¢, (¢, (6o, €), A;(@o); g) = (x;s(eo), 0) and#, (6p, 0) = 0. From
the Lemma 28.1.3 in [21] or Lemma 4.5.2 in [22], we know

o (1, A7 (B0); &) =y, (1. A) +epy (1,00) + O(e?), 1 € (—00, b + 1, (60, ©)],
_ - - Do e
where p, = (p,;, p,n) = %bzo satisfying

a
519,20, o) = DX (y, (t, A)p, (¢,600) + Y (t + 6.y, (1, A)). (3.14)

Therefore

o1t (B0, €), A7 (60); €) = .1 (ty (6o, €), A) + epy,, (1, (8o, €), 60) + O(e?)
= x; . (00) (3.15)

and

Oun(t (00, 2), A7 (00): £) = y,5(ty (B0, €), A) + £,y (1, (B0, €), 6) + O(e*) = 0.
(3.16)
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Expand #, (8p, ¢) in Taylor series as

at, (6o, €)

le—o + O(e?). (3.17)
de

t, (6o, e) =¢

Substituting (3.17) into (3.16) and comparing the coefficients of ¢ yields

P 0.8y, — L2 ) (3.18)
€ 1> (A)
From (3.15), (3.17) and (3.18), we have
0, 6

x5 o (B0) = xg + e’;(z_(AO)) +OGE?), (3.19)

where
€(0,60) = f, (A)p,;(0,60) — f1 (A)p,,(0, ).

Let

k(t,00) = fr (v, (t, A)p,,(t.00) — fi (v, (t, A)p,,(t.60),

which satisfies

0

(1,00 = (fru (0 (1 AD + o, O (1. 4))) k()
+ Sy O (1 ANy 6+ o,y (1, A))
— 70 (6 ADg5 €+ bo. v, (1. A))

from (3.14). By the formula of constant variation, we can get
t
K (t,600) = exp (/0 Jie W (8, ) + fo, (v, G, A))dS) :

t
[K(O, 6o) +/O [/ v (s, A))gy (s + 60, v, (5, A))
—81 (s +60, v, (s, ) fy (v, (s, 4))] -

exp (—/0 JieWu (@A) + 15, (v, (x, A))df) dS} .

Letting t — —o0, it follows from Lemma 4.2.2 of [33] that

t
K (t, 6o)exp <_/o Fix W (5. A) + fr, (v, s, A))dS> -0,
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thus

(0, 60) = — /0 A G (s A5 (5 + o, vy (5, A))
—g7 (s + 0. vy (5. AN f5 (v (5. A))] - (3.20)
exp (— /0 R @A) f (e A))dr) ds

According to (3.19) and (3.20), (3.10) and (3.12) are completed. Similarly, we can
derive (3.11) and (3.13) by the same manner. This ends the proof. O

Additionally, assume that the orbit starting from AL(0, &) = (x, (0, §),0,6) on
Q where x, .(6,&) = x 0)—&and 0 < & < g9 < & for some &g, can intersect
the switching manifold Q at point B.(6, &), the coordinates on (x, y)-plane denoted
by (xpr (8, &), 0), thus we have the following proposition.

Proposition 5 Let

1+ (e)
u(tt(e),0,¢) = exp (f (il +eef) + (S5 + eg;y)ds) :
0

t+(e) K
(/ V (s, 0, e)exp (—/ (fl'; + eg?'x) + (fzt + eg;'\,)dr> ds) ,
0 0 7 i

where fii = fii (@*(t, ALO);e)), g = g (t + 0,971, AT®); ), i = 1,2,
z € {x, y} and V(s 0, ¢) is expressed in (3.32). Thus we have

+
Xp e(0,8) —xbs(e)-q-l u(t™(e),0,¢)

+ O,
2 57 () 6),0) + eg3 (1 () + 6, x,,(0), 0)S )

(3.21)

P (10.0)
5B
A (O) to B} (9) and x;:b“ (0) is expressed in (3.2).

where tV(e) = 19 — ¢ + O(&?) is the spending time of trajectory ¢ from

Proof We denote the trajectory of the subsystem in Q1 x S! passing through
A(/:;(Qv ‘i:) = (xu/,é‘(ev é)’ 07 9)7 Where xa/,é‘(ev é) = x;g(e) - s WIth O < s < 80 < 8»
by ¢T(t, AL(0,§);e) = (pT(t, AL(0,&); €),t + ), the continuous dependence on
initial values implies that ¢ (z, AL(0, &); €) can be expended in Taylor series around
£E=0as

ot AL©B, &) e) = T (1, AT (0): ) + g7 (1,60, )€ + %k*(r, 0, e)&% + O,
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- le=o satisfying

2
where g = (g, g3) = % lezo and k™ = (& k) = S

d e
g, 0,e) = f“+ glx fQJr gU gt 6,8 (3.22)
ot f2x —i—sgzx yteg 2y

with ¢*(0, 6, ¢) = (—1,0) and

d
—kT(t,0,
o (@.0.)

(T
f3 +eg5, 1oy + e, o
((flfcx +egl ar + (U, Fegl e (i +egl e + U, + egfyy)qf)
(Frox T 880000 + (fagy +€820,)87 (fagy +€82,,)a0 + (f2y, +€85,,)45
gt 0,¢)

. _ . + _ ot + _
with k1(0,6,¢) = (0, O), respectively, and f;7 = f;7 (" (, A+(9) ), flZZ =

f,-erz (ot (1, AF(0): 9)), giz = glz(t + 0, §0+(l Af(9):¢)) and g,Zz = g,zz(l +
0,91 (1, AT (0);¢)),i = 1,2,z € {x, y}. Let s (&, ¢) be the spending time of trajec-
tory ¢ from AL (6, &) to BL(0, §), that is

o (s (&, 8), AL, £);€) = xpy (0, &) (3.23)
and
o) (sT(E, ), AL(0,8);6) =0, (3.24)

where s7(0, &) = 17 (¢) and 17 (¢) is the spending time of trajectory ¢ from A (6)
to B (9), see (3.5). Thus we can expend s* (&, ) around & = 0 as

19%s
5T, ©) —t+(8)+—§(0 ¢+ 5 e (0 £)E> + O(&). (3.25)

Substituting (3.25) into (3.24) and comparing the coefficients of & and &2 respectively,
we can obtain

ai(o o) = g5 (17(e), 0, ¢)
0k 0L 0).0) + eg3 (1H(e) + 6.3, ,(6).0)

(3.26)
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and

92t
982

©,8)

TR ), A O): (B 0,00 + 2845 (7). 0.0) B 0. 6) + k3 (1), 0. ¢)

1 (x,,; ©),0) + g5 (17 (e) + 6, x, 8(9) 0) ’

(3.27)
2+
where 3—2

;pz (tT(e), AT (0); ¢) also satisfies differential equation (3.22). According to
(3.23), (3.25), (3.26) and (3.27), one gets

xp (0,8 =x" (0) + v(tT(e),0,¢) ‘

b',e\U, — b, fz (XIS(Q),O)—}—gg;'(ﬁ-(g)_'_g’x;-g(g)’o)
u(tt(e),0,¢) , .

2 O, (3.28

2fz+<xb+,€<9>,o>+sg;(z+(8)+9,x;€(9)’0)é +0@E), (3.28)

1

where

vt (), 0,8) = (f; +e83)q, (1F(e). 0, 8) = (fi" +eg)ay (17(e),0,¢)

and

u(tt(e),0,8) = (f;" +egy)ki (tT(e), 0,¢) —

+ ,0,
% [y +ee)(f1s +egl)

(fit +egDky T (), 0, ¢)

—(fi" +egDN(foh +egy )] vt(e). 0, ¢)

with notations £, = f (T (1T (e), A (0); €)), f;r = fl_;(g0+(t+(g) AF(0); ¢)),
g = g (&) + 0,07 (), Af(0); ) and g = gL (1T (e) + 60,91 (1T (o),
AF(©);€)),i =1,2,z € {x, y}. Considering

v(t,0,8) = (fy +e8)q, (1,0,8) — (fi +eg)a) (1,6, ¢), (3.29)

we have

0

—o(t.0:6) = ((fif + ) + (f3, +e85,) ) v(t.6.0)
with v(0, 6; ¢) = 0, accordingly,

v(t,0;¢e)=0. (3.30)
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Moreover, from (3.22), (3.29) and (3.30), we can calculate that

gy (1,60, ) = —exp (fo A+ sgt) + (fh + eg) i ds) :

Sres (3.31)
a5 0.e) = fZJr—gZ )
f1 +é g
where fiT = f,-*(gow,Aﬂe) ). fif = [Tt AT 6):0)). g = g (1 +

0,97 (1, Af(0); 6)) and gi” = gt (t + 0,907 (1, AT (0); ), i = 1,2,z € {x y} In
what follows, considering
u(t,0,e) = (fs" +egHkf(t,0,¢) — (ff +egHk (1,0, ¢)

t,0,
- @—?)2 ((fy +eg) (i +egt)

_(fl + &g )(fzx + ngx)) v(t,0,¢),

one gets

a
u(t.0.8) = ((fif +e8f) + (S5, +e83,) ) ult.0.6) + V(1.6.e)
with u(0, 6, &) = 0, where

V(t,0,e) = (f, +eg) [(fit, +egl ) 1,0, €)?
F20f1, +egl g (1,6, 0aF (1,6, 6) + (f, + 28, (g5 (1,6, €)) ]
— (it +egD [(Sh, +egd )@ (1.6, 0))°

RS, + e )0 (160 (16, 0) + (f5, + e85, (a7 (1,6, )]
(3.32)

with £ = f;* <<p+<r AFO):e), fif, = f1 (0Tt Af0):e). g = gt +
0,9t (t, AT (0); ¢)), gZZZ = gltz(t + 0,07, AF©O);¢),i = 1,2,z € {x, y}, and
qf(t, 0; ¢) and q; (t, 0; ¢) are expressed in (3.31). The formula of constant variation
yields

(e, 0.0) = exp (3Ot + el + U3 + eg3,)ds)
(f5 @ Vis.0.00exp (= J5 (A5 + 28 + (1, +egd)dr) ds)
(3.33)

where fF = fiT (o (1, AT (0);¢)) and g% = g (1 + 0, 0T (1, AT (0);€)).i = 1,2,
z € {x, y}. By (3.28), (3.30) and (3.33), we can complete the proof. m]
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By using aforementioned results we able to obtain the sufficient conditions of the
periodic orbits of system (2.1) bifurcated from the generalized heteroclinic loop under
the influence of the small periodic perturbations.

Theorem 1 Let
M(©) = fy (Byw(w.0) — f,"(B)p(0.6 + 70)
and
R(®) = f5,(A)k(0.0) + f, (A)g; (0. A),
where w(to, 0), k(0,0) and p(0, 0 + t9) are expressed in (3.1), (3.10) and (3.11),
respectively. Under the assumption (H 1), if we suppose that there exists a 0* € (0, T']

such that M (6*) = 0 and de—(;*) # 0, then for sufficiently small ¢ > 0, the following
statements hold.

(i) When R(6*) > 0, the system (2.1) has a homoclinic loop connecting the hyper-
bolic critical point to itself;
(ii) When R(6*) < 0,

(A FHA) = HEAFA) = f7(A)) #0 (3.34)

and

(fy (5 gF +x0,0% ) — (fy — fDOROD) (¢ £ — &7 fiF) <0,
(3.35)

where fijE = fl.i(A), fl; = f;(A) and gf = g;r(é?*, A), i = 1,2, the system
(2.1) has a sliding generalized heteroclinic loop connecting the hyperbolic critical
point and the visible fold.

Proof For any fixed 6 € (0, T'], let

k(0,0) g5, A)
A A

£=x],00)—x,,00) =—¢ ( ) + 0. (3.36)

From Proposition 5, we can assume that the orbit ¢ starting from A, (0) can return
to the switching manifold €2 at point B; (0, &), and then define a distance between
B(0,&) and B (0 + st (£, ¢)) in the plane Xg4s+(e,e) as follows

d(0, ) == mx(B.(0,§) — B, (0 + 57 (5, ¢))),
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where sT (&, ¢) is the spending time of trajectory ¢+ from AL(0, &) to BL(0, §).
According to (3.2), (3.6), (3.13), (3.21), (3.25) and (3.36), we have

u(tt(e),0,¢)

.. _ 1 2 3
e0,8) =3 0) = 2f2 @), 0) +eg @) + 6,57, @,00 T O
= 0(e?)
and
4 - 4 _ w(To, 0) _ 00,6 4+ 1) 5
X (0) —x), (04578 8) =¢ ( 7FB) IR0 + O(e7).
Accordingly,

d(6, &) = me(BL(0,€) — BY (0) + BF (0) — B (0 +sF(€,¢)))
= xp,6(0,8) —x; . (0) + x,7,(0) — x; (0 + 5T (€, )

w(tg, 0) p(0,0 + 19) 2
- - +O®E).
’ ( B £ B ) e

Notice that the existence of homoclinic loops in system (2.1) is equivalent to the
existence of the zeros of d(0, £) when § > 0. From Remark 2 that f, (B) f2+ (B) >0,
we can denote

d(i’ ©) _ M©) +0),

F(0,¢):= f, (B)f, (B)
where

M©) = f5 (B)w(t0,6) — £, (B)p(0,0 + 19). (3.37)

Under the assumption that there exists a 6* € (0, T] such that M(#*) = 0 and
dM(e)| « #£ 0, that is F(#*,0) = 0 and BF(Q 8)|(9* 0) # 0, then we can find
a functlon 0(e) € S! such that F(O(e), &) = 0 equ1valent1y, d@(e),e) = 0, by
using the implicit function theorem, moreover, 6(¢) — 0* as ¢ — 0. Additionally,
R(6*) > 0 implies & > 0. This completes the statement ().

In what follows, we discuss the existence of sliding periodic orbits. To start with, we
define two distances between A" (0) and A (0) in the plane £y and B;" (9) and B (6)
in the plane Xy ,+ (), where t¥(¢) is the shortest spending time of the trajectory of
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¢ from AF(9) to B (9), as

di(0, ) = (AL (0) — A7 (9))
=x;,(0) —x; . (0)

+
S L
L A A

by (2.4) and (3.12), and

dr(0, &) =1 (BS () — B, (8 +1T(e)))
= xZE(O) —x, 0+ tT(e))

. w(:oﬁ) _ ,0(0,_9 + 70) +OED)
1,7 (B) /> (B)

by (3.2), (3.6) and (3.13), respectively. Next, consider the orbits on the sliding
region. Given a point p € S~2§”c, letting ¢°(7,0,¢) = (¢](7,0,¢),0,0%°(z, 0, ¢))
be a solution of sliding vector field (2.6) starting from A (9) and arriving p by spend-
ing time et < 0, where 6°(7,60,¢) = 0 + ¢t and ¢*(0,0,¢) = (xIS(G), 0, 0), and

expending ¢} (t, 0, ¢) as
011,60, 6) = x4 + ep(z. 0) + O,

where B(t,60) = %b:o satisfying

B _ 86,4
57 (1.0) = KB(x,0) + N(®) and B(0,0) = A
with
1
K=——(f, (AfitA) — LA (A = £7(A)) #0
15 (A)
and
1
N@©®) = ——(f, (A)gf (0, A) — g5 0, A)(fi (A) — fi7(A)),
(A
accordingly,
_ _N®) | (NO) g6, 4
B(z,0) = X + ( X R0 )exp(Kr).
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Set

d3(t,0,8) :=¢i(t,0,8) — x, . <0x(r, 0,¢)) = ¢e(B(1,0) — 2?&2) + O(e?).

The existence of sliding generalized loop will be proved if we can find a (8, ) such
that for sufficient small ¢ > 0, d;(0,¢) < 0, d>(0, ) = 0 and ds(t, 0, ¢) = 0. Since
(A (A <0, £, (B)f57(B) > 0and £, (A) > 0, we can denote

d; (0,
FiO.8) = — f5 (A) 51 () D) ?) _ RO+ O),
dr (0,
F2(0,¢) := f; (B) f;7 (B) == 2( 8) = M(0) + O(e),
F;3(t,0,¢) := fz_(A)@ =G(t,0) + O(e)

where
R©®) = £5.(A)x(0,0) + f5 (A)gy (6, A),
M (0) is expressed in (3.37) and
G(1,0) = f, (A)B(1,0) — (0, 0).

From M (6%) = 0, Y0 - 0, R(6*) < 0, (3.34) and (3.35), for this fixed 6%, there
exists a
I (f{(A)N(G*)JrK(O 0")K) foi(A)
K (LLAN®©O*) — g5 (0%, AK) £, (A)

such that G(t*, 6*) = 0 and d; (0™, &) < 0 for sufficient small £ > 0. Noticing

VF2(0.8)  OF2(0.8) IM®©)  IME©)
o 90 - | T e e e
IF3(1,0,6) dFy(r,0,6) | TN T\ a6 aGe | 10D

ot a6 ot 90
0 dMe*)
o
= Fo*.A
Jfy (AK (Mg ! gZﬁ—m))) exp(Kt*) #

_h@
£ (A)

dM (6*
(L (AN O =5 (07, AK) exP(Kr*)% £0,

hence by using the implicit function theorem, for sufficient small ¢ > 0, there exist
6(e) € (0, T]and t(e) < O such that F>(f(g), &) = 0 and F3(t(g), 0(¢e), &) = 0, that
is dr(0(¢e), &) = 0 and d3(t(¢), O(¢), &) = 0, moreover, t(¢) — t* and H(g) — O*
as ¢ — 0. This can conclude the statement (ii). O
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Remark 3 The case of R(0*) = 0 needs to approximate the calculations in Proposi-
tions 1-5 to the higher order, which seems to be a complicated process, we leave it for
future consideration.

4 Application

In this section, we give the following example to illustrate how to use our results in
Theorem 1 to get the exact periodic orbits.

x> ( 2y +n > (ozl sin t) .
.= +¢ , if y >0,
(y x+y—1 0 @1

X —1-4x -1y ap sint .
- 2 2V ) &
()’>_( —X ) 8( 0 » ify <0,

where n < O and «;, i = 1, 2, are real parameters with oy # 0.
When ¢ = 0, the upper subsystem (i.e., the subsystem in y > 0) has a real unstable

focus (=75 — 1, —7) with eigenvalues 2t = % + ig and a visible fold A = (-1, 0).
However, for the lower system (i.e., the subsystem in y < 0), there have an invisible
fold O = (0, 0) and asaddle S = (0, —2) with two eigenvalues 1| = % and A, = —1.
Moreover, the corresponding unstable manifold and stable manifold of S are

WH(S) ={(x,y):y<0and y = —2x —2} and W*(S) ={(x,y):y <Oand y =x — 2},

which intersect the x-axis at points A = (—1,0) and B = (2, 0), respectively. The
solutions in two subsystems of (4.1) can be expressed as

7 7
YTt x,y) = (:/—;(—2 +3n+8y — 2x)e%’ sin (%t)

n 1, \/7 n
+<1+§+X>62 COS TI —1——,

£( 8x+4y—2n—8)e2 sm( )

1
+§(n+2y)e5’cos<é—t> Z) y>0

1
y (t,x,y)= (g(e’(y +2x +2) — e%’(y —x+2)),

and

4.2)
1
—3(e ’(y+2x+2)+2eéf(y—x+2))—2), y <0,
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2 T T T T T
T / |
1F -
05 .

> 0
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Ak .

A5k iy

2 1 1 1 1 1
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2 25

Fig.4 A generalized heteroclinic loop I"(¢)

respectively. Accordingly, the orbit of the upper subsystem passing through point
A=(—1,0)is

YT, A) = (ge%’ (cos (?t) + ¥ sin (?t)) —1- g,

N AR N AN
Ee Ccos 7 —TSIH 7 —5 .

Therefore, there exists a 7y ~ 3.4177, which is the smallest positive root of equa-

tion cos(gt) — 4sin(4t) = e_%’, such that y* (19, A) = (2,0) = B for

n = %e_%mﬁ ~ —0.7320. Namely, the system (4.1) has a generalized
sin(%5" 10

heteroclinic loop I'(#) (see Fig. 4) connecting the saddle S = (0, —2) with the fold
A = (—1,0) and crossing the x-axis at B = (2,0) when n = %e_%m \lﬁ ~

sin(*5~70)
—0.7320. So that the assumption (H 1) is established.

Clearly, by (4.2) the solutions of the lower system on the unstable and stable man-
ifolds are

(4.3)

Yo (1, A) = (—e%’, ¢! —2), 1 € (—o0, 0], (4.4)
and
v =0, B) = (267070, 207070 —2) | rer, 400),  (45)

respectively. Moreover, from (4.3), (4.4) and (4.5), the corresponding w (7, 6), « (0, 8)
and p (0, 0 + 19) in Propositions 3 and 4 can be calculated as
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1
32T w0 7
w(tg, 0) = —e—al / ¢ 2% sin (s 4+ 6)sin <£s)ds,
sin (410) 0 2

—00
k(0,0) = ay [ e* sin (s + 0)ds,
0

oo
00,0 + 1) = —2052/ e 2%sin (s + 0 + 19)ds.
T

0

By Theorem 1, we have

bl 70
; ) /0 e ~39 sin (s + 6) sin (fs)ds
2
+00
— 6ap / s1n(9+9+ro)dv
3 (Zxﬁeéf‘)(cow +5sin0) — 3+ v/7) cos <(f > D 6))

W7-21 9>
2

Mo = sin (

B 4sin (%7:0)

+(3—f)cos(

+(1 — /T sin ((“ﬁ;z)m +e>)

12
— —e_%roaz [(2cos (21g) + sin(21p)) cos O + (cos (21g) — 2 sin(21p)) sin O]

(f+ 270 +9)+(1+f7)sin(

(4.6)

and

—00
R() = —ozz/ e’ sin (s + 0)ds = —%(cos@ —sinéh), “@.7
0

it follows that

dM(0)
do

— MO+ 2
= M@+2).

Observe that M (0) is 2 -periodic in 0, if there exists a6 € (0, 2w ] suchthat M (6) = 0

then ¥4@ = 0.
In what follows, based on both theoretical analysis and numerical simulations

we will discuss the existence of the sliding generalized heteroclinic loop and the
homoclinic loop in system (4.1) by using our main results Theorem 1
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Without loss of generality, we assume oy < 0, the case of oy > 0 can be discussed
similarly. From (4.7) we have

>0, if 6€(0,%)uU(E,2n],
RO){ =0, if 0e{Z,2
<0, ifee(

(4.6) can be rewritten as

3 12 1
M) = ————a1A200) — —e 20 A1 (), 4.8
4sin(4r0) 5 (4.8)

where

A1(0) = (2cos (21g) + sin(21g)) cos € + (cos (21g9) — 2 sin(27p)) sin O,

Ar(®) = 2/Te7™ (cos 6 + sin0) — (3 + +/7) cos <@ _ 9>
+ (3 =7 cos <(ﬁ#+9>
rae (52 0] - i (522 1),

By (4.8), if there exists a 6* such that A(6*) = 0, then M (6*) = 0 is equivalent to
A1(6%) = 0, however, it is impossible since that A1(#) and A,(0) have no common
zeros in (0, 2] (see Fig. 5). Therefore, we can suppose A2 (6) # 0. The zeros of M (6)
in (0, 27r] has a one-to-one correspondence to the zeros of the following m(g—;, 0) in
0, 2m].

o1 o
m(—,0) = — — A3(0),
(%) (%)

where

A3(0) = ?e—%w sin (gro> 222

Noticing

16 7 YA1(0
n1 = A30) = A3(m) = A3(2m) = ?e_%fo sin (%To) 10 ~ —0.0448,

5 16 7 A (T
o= A3(%) = As(Tn) = ?e_%"’ sin <§r0> 1 (3) ~ —0.0228,



29 Page24of27 F.Wuetal.

40 T T T T T T

A,(®)

1.5

Fig. 6 (colour online) The blue and green lines represent the curves m(%, 6) = 0 and n(%, 0) =0,
respectively

from Fig. 6, we can found that for any fixed %, there always exist two 0 € (0, 27],
denoted by 0 and 05 with 0 < 6] < 65 < 2, such that m(g—;, 0¥) =0,i =1,2,
equivalently, M(07) =0,i =1, 2.

Additionally, by some simple calculations (3.34) is clear. When R(8) < 0, that is
0 e (%, 57”), from Theorem 1, we must take the condition (3.35) into consideration.
Let

CO) :=[f (fy 85 +xO.0f) —(f7 — ADORO] (g £ — &5 £i})

=— (Oll sinf — (1 + 3«/76_%“’ Yoy (cos @ — sin9)> o sin .

sin(*4’ 1)
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Clearly, if sinf® = 0, that is 6 = m, then C(6) = 0. However, when 6 # m, we can

denote
aj
<—, 9) = — — A4(0)
o) 2
where
As0) = [ 143727 ] < L _ 1)
sin(gro) tan 6
thus

sign(C(0)) = —sign (n < 9)) sign(op sin 6).

Noticing A4(w) = A4(57”) = 0, from Fig. 6, for 6 € (%, ST”) there exist two intersec-

tions (61, i4) and (62, Mg)ofm(%, 0) = Oandn(g—;, 0) = 0,where6; € (£,2.2393),
0 € (m, %)aﬂdu4>0>uz > U3 > [

From aforementioned analysis, considering the two zeros 6] and 65 (9] < 65) of
M (0) and o < 0, we have the following cases.

(@) If & > puy, then 6f € (61,2.2393), 65 € (3F,5.3810), R(6}) < 0, R(63) > 0
and C(0f) > 0;

(b) If &L = py, then 0 = 01, 05 € (5%,5.3810), R@®) < 0, R(7) > 0 and
C(@) =0;

) If up < z—; < 4, then 0] € (%,2.2393), 05 € (5%,5.3810), R®) < 0,
R(63) > 0and C(6]) < 0;

(@) If & = py, then 6f = %, 65 = . ROF) =0and R(65) = 0;

() If 3 < & < puy. then 60 € (0. %), 05 € (62, 5F). R(6}) > 0, R(63) < 0 and
C(Q*) <0

(f) If 5 "“ = u3, then 0§ € (0, ), 05 = 62, R(O]) > 0, R(5) < 0and C(¥5) = 0;

(g) If /1,1 < g—; < u3, then 6} € (0, %), 05 € (m,62), R(6f) > 0, R(H3) < 0 and
Cc®y) > 0;

(h) If 5, “' = 1, then 0f =, 6] =27, R(6) < 0, R(65) > 0 and C(0) = 0;

@) If —2 < w1, then 0f € (2.2393, ), 05 € (5.3810, 27), R(O}) < 0, R(H5) > 0
and C(0]) > 0.

Below, we summarize the dynamical behaviours of system (4.1).

(i) When "‘—1 > g 01 & ' < 3, there exists a homoclinic loop;
P

(i) When ,l,L3 < % < ,uz or Uy < % < g4, there exist a homoclinic loop and a

sliding generalized heteroclinic loop.
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5 Conclusions

In this paper, an autonomous planar piecewise smooth system having a generalized
heteroclinic loop connecting a hyperbolic critical point and a visible fold is perturbed
by the small non-autonomous periodic functions. With the aim to study the dynamics
behavior near the unperturbed generalized heteroclinic loop, the Melnikov's ideas are
used to obtain the existence of homoclinic and sliding generalized heteroclinic loops.
It can be noticed that unlike the autonomous perturbation, except for perturbation
parameter ¢ the displacement functions here also depend on time #, which makes the
analysis more complicated. In addition, the appearance of the tangential singularities
increases the degeneracy of the system, which also directly leads to the generation of
the sliding generalized heteroclinic loop in our paper .
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