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Abstract

In this paper, several types of reiterative distributional chaos are concerned in
discrete dynamical systems. Some implications between distributional chaos and
reiterative distributional chaos are obtained. It is further shown that an equicontin-
uous non-autonomous system (X, f1.0), where f1.o0 = {fi}i>1 is a sequence of
self-maps of a metric space X, exhibits reiterative distributional chaos of type i
(i e {1,1%,2, 2%, 2%—}) if and only if its kth iteration fl[f{;o exhibits reiterative
distributional chaos of type i for any k > 2.

Keywords Reiterative distributional chaos - Distributional chaos - Invariant -
Non-autonomous systems

Mathematics Subject Classification MSC 54H20 - 37B55 - 37D45

1 Introduction

The chaotic dynamics of discrete systems has been extensively concerned over the
past decades. The first description of the term “chaos” in discrete systems with strict
mathematical language was proposed by Li and Yorke [17], where the asymptotic
behavior of pairs was investigated. In [22], Schweizer and Smital introduced the notion
of distributional chaos for interval maps, as a natural strengthening of Li-Yorke chaos.
They proved that distributional chaos is equivalent to positive topological entropy for
a self-map of a compact interval, by considering the dynamics of pairs with certain
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statistical properties. Thereafter, distributional chaos was divided into several types,
DCI1, DC2, DCZ% and DC3, see [3,12]. Following this way, several other concepts
of chaos were developed to characterize the complexity of dynamical systems, such
as distributional chaos in a sequence [31], dense chaos [26], Li-Yorke sensitivity [1],
(F1, F»)-chaos [27], etc.. For the relations between Li-Yorke chaos, distributional
chaos and positive topological entropy of compact dynamical systems, we refer to
[9,16,20] and the references therein.

As a young branch of topological dynamics, infinite-dimensional linear dynamics
has turned into an active research area. Particularly, the hypercyclicity and chaos
of continuous linear operators on Banach spaces or Fréchet spaces has been widely
investigated and many beautiful and interesting results on this topic have been well-
developed [11]. Due to the absence of compact structure, some dynamical results of
linear operators are different from that of classical compact systems. For instance, a
topologically transitive operator must be Li-Yorke chaotic; the full space could be a
distributionally scrambled set of some operators [18]; the dynamics of an operator
with infinite topological entropy could be very trivial [38] and so on. Among others,
Bernardes et al. [6,7] showed that DC1 and DC2 are equivalent for linear operators on
Banach spaces and there exist DC2 operators which are not mean Li-Yorke chaotic.
For more results on Li-Yorke and distributionally chaotic operators, see [4,5,33,35—
37]. Recently, Bonilla and Kosti¢ [8] observed that the orbits of a Li-Yorke chaotic
operator on a Banach space has additional statistical properties. To further investigate
the relations between Li-Yorke chaos and distributional chaos, they proposed the
concepts of reiterative distributional chaos of types 1, 11 and 2 for linear operators on
Banach spaces and showed that a topologically mixing and RDC17 linear operator may
not be RDC2, that there exists a RDC1 and RDC2 operator which is not RDCI1T, see
also [14]. Itis therefore meaningful to find the difference of the dynamical properties of
reiterative distributional chaos within the setting of infinite-dimensional linear systems
and of compact dynamical systems.

On the other hand, the classical results of autonomous discrete systems has been
extended to the non-autonomous case, since non-autonomous discrete systems are
more flexible than the autonomous ones for the investigation of real world problems and
such systems have been widely applied in physics, engineering, mathematical biology,
economics, etc.. Some results on topological entropy, sensitivity, mixing properties,
chaos of non-autonomous discrete systems can be seen [2,10,13,19,21,23-25,32]. In
[2], Balibrea and Oprocha showed that the weak mixing is stronger than Li-Yorke
chaos, but positive topological entropy is not sufficient to imply Li-Yorke chaos for
non-autonomous systems. Shao et al. [24] proved that Li-Yorke 8-chaos and distribu-
tional 8’-chaos in a sequence are equivalent for non-autonomous discrete systems on
compact spaces, they also provided sufficient conditions for non-autonomous discrete
systems to be distributionally chaotic. It is known that Li-Yorke chaos, DC1, DC2,
DCZ% are iteration invariants for autonomous systems (see [10,12,30]), nevertheless,
the existence of a DC3 pair is not preserved under iteration. For the non-autonomous
case, it was further shown [23] that the properties of DC1, DC2 and DCZ% can be
preserved under iteration if the family { f; };>1 is equicontinuous, which weakens the
condition provided in [28,29,34]. Motivated by [23], we would like to further inves-
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tigate the iteration invariance of reiterative distributional chaos in non-autonomous
discrete systems.

The present paper is organized as follows. In Sect. 2, some basic concepts of discrete
dynamical systems are given. In order to adapt the setting of infinite-dimensional linear
systems and of compact dynamical systems, we unify the notations of Li-Yorke chaos,
distributional chaos and reiterative distributional chaos of types 1, 1t,2, 2% and 2% —
in a very general framework. It is shown that reiterative distributional chaos of type
2% and type 2 are equivalent for linear operators on Banach spaces; that reiterative
distributional chaos of type 1 and type 2%— are equivalent for linear operators on
Banach spaces. Moreover, there are no implications between reiterative distributional
chaos of type 1 and type 2 for linear operators. Nevertheless, reiterative distributional
chaos of type 1 and type 2%— are not equivalent for continuous maps on compact
spaces, and the equivalence between reiterative distributional chaos of type 2% and
type 2 does not hold for general continuous self-maps of a metric space. The obtained
results complement the ones of [14].

Section 3 deals with the iterative invariance of various types of reiterative distribu-
tional chaos in non-autonomous discrete systems. Itis shown that for an equicontinuous
family f1.0o = (fi)i>1 on a metric space X, the non-autonomous system (X, f1.cc)
is reiteratively distributionally chaotic of type i (i € {1, 1T, 2, 2%, 2%—}) if and only
if its kth iteration (X, fl[’kgo) is reiteratively distributionally chaotic of type i for any
k > 2. It is worth noting that there exists a DC3 equicontinuous non-autonomous
system (X, fi,00) such that fl[?go has no DC3 pairs. This situation is different from
the case of autonomous systems [10].

2 Preliminaries and Reiterative Distributional Chaos

Let (X, f1,00) be a non-autonomous discrete system, where f1. = {fi}i>1 1s a
sequence of self-maps of a metric space (X, d). In the case that f; = f, Vi > 1 for
some f : X — X, it reduces to an autonomous discrete system (X, f). (X, f1,00)
is called equicontinuous if the sequence {f};>1 is equicontinuous on X, that is, for
any t > 0, there is ' > 0 such that d(f{'x, f{'y) < t,V¥n € Nforany x,y € X
with d(x, y) < t'. Moreover, we say that f] ~ is uniformly Lipschitz continuous if
there exists L > 0 such that d( fix, fiy) < Ld(x,y) forany x,y € X and anyi > 1.
Clearly, uniform Lipschitz continuity is stronger than equicontinuity.

Given xo € X, the orbit of xo under f] ~ is denoted by orb(xg, f1.00) =
{f] (x0)}iz0. where f{ := fio fi-io---o fiforanyi > 1and f) = idy is the
identify map on X. For the sake of convenience, let f,; := fy4i—10 fuyi—20---0 fn
and f,? = idy forany n,i > 1. For each k € N, the kth iteration system of (X, fi )
is given by (X, fl[{(go), where fl[,ko]o = {fi];”_1)+l}i21. It is easy to see that the orbit

orb(xp, fl[ko]o) is contained in orb(xg, f1,00)-
A pair of points (x, y) € X x X is said to be asymptotic if d(f{'x, f{'y) tends to
zero as n tends to infinity; proximal if lim inf,, . o d(f{'x, f{'y) = 0 and syndetically
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proximal if the set

Ny (fioon 1) =i = 0:d(fix), fi(y) <1}

is syndetic for any ¢ > 0. Recall that a set A C N is syndetic if there is k € N so that
ANTi,i +k]#@foranyi € N. (x, y) is called a scrambled pair of (X, f1 o) if it
is proximal but not asymptotic. The system (X, f1,~) is called Li-Yorke chaotic if it
has an uncountable scrambled set D C X, namely, any distinct points x, y of D form
a scrambled pair.

Given A C N, its lower and upper densities are given by

¢ |[ANI[L,n]
n

AN,
d(A) := limin AN, all
n—oo

, d(A) := limsup

n—o0

respectively, where | M | denotes the cardinality of the set M. Moreover, the lower and
upper Banach densities of A are given by

AN 1
Bd(A) 1= lim liminf A0 Lm

n—>00 m—oo n

and

- AN 1,
Bd(A) = lim limsup At Lm+nll

=0 m—oo n

respectively. Denote by

Fx,y(fl,om t) = Q(Nx,y(fl,OOv t)), F;,y(fl,om t) = a(Nx,y(fl,oo» t))» vVt > Oa

the lower and upper distributional functions of (x, y), respectively.

A pair (x, y) is called DCI of fi « if F;y(fl,oo, t) = 1land Fy y(f1,00,0) =0
for some § > 0; DC2 if F;“y(f])oo, t) = land Fy y(f1,00.8) < 1 for some § > 0;
DC2% if Fyy(fl,00.1) < ¢ < F;“,y(fl,oo,t),‘v’t € (0, 6), for some §, c > 0; DC3
if Fry(fl,00,1) < F;‘,y(fl’oo, t) for all 7 in an interval. For i € {I, 2, 2%, 3}, a set
S C X is called a distributionally scrambled set of type i of fi o (simply, a DCi set)
if any distinct point x, y € S forms a DCi pair. Furthermore, S is called a strong DC1
(DC2, DCZ%) set of f] o if thereis § > O so that any x, y € S(x # y) forms a DC1
(DC2, DC21, respectively) pair with respect to the same 8.

Definition 1 Fori € {1, 2, 2%, 3}, asystem (X, f1,00) is called distributionally chaotic
of type i (or simply, DCi) if it has an uncountable DCi set S. In additional, (X, f1,00)
is called uniformly DCi (i € {1, 2, 2%}) if S could be a strong DCi set.

Inspired by the concepts of reiterative distributional chaos of linear operators intro-
duced in [14], we use the following versions of reiterative distributional chaos of types
1, 17,2, 2% and 2% — for general non-autonomous discrete systems by modifying the
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upper (or lower) density in the definitions of different types of distributional chaos
(DC1, DC2, DCZ%) with upper (or lower) Banach density.
Let

BFy y(f1,00,1) = Bd(Nx y(f1,00, 1)), VI >0,
BF;(,y(fl,OOvt) = Bd(Nx,y(fl,oo,t)), vVt > 0.

A pair (x,y) € X x X is called RDC1% of fi  if F;’y(f]’oo,t) =1,Vt >0
and BFy y(f1,00,6) = 0 for some § > 0; RDCI if F;"’y(flgoo,t) >c, VYVt >0
and BFy y(f1,00,0) = 0 for some ¢,§ > 0; RDC2 if BF;"y(fl,oo,t) = 1,
vVt > 0 and Fy y(f1,00,9) < 1 for some § > 0; RDCZ% if Py y(fl,00,1) < ¢ <
BF;’y(fl,oo, 1), vVt € (0,9), for some §,c > 0; RDCZ%— if BFy y(fl,00,1) <€ <
F;“,y(fl,oo, t),Vt € (0, 6), for some §, ¢ > 0.

A set § C X is called a reiterative distributionally scrambled set of type i (i €
{1,17,2,23,21—}) of fi « (or simply, a RDCi set) if any distinct point x, y € §
forms a RDCi pair. Moreover, S is called a strong RDCi set of f] o if any x,y €
S(x # y) forms a RDCi pair with respect to a constant § > 0 which is independent
on x and y.

Definition 2 Giveni € {1,17,2, 2%, 2%—}, asystem (X, f1,o0) is called reiteratively
distributionally chaotic of type i (or simply, RDCi) if it has an uncountable DCi set
S. In additional, (X, f1 o) is called uniformly RDCi if § is a strong RDCi set.

According to Definition 1 and 2, it is easily seen that DC1 implies DC2, DC2
implies DCZ% and DCZ% implies Li-Yorke chaos; that a RDCi system is Li-Yorke
chaotic for any i € {1,1+,2,21,21—}. Also, the following implications hold:
DCI = RDCIT = RDCI = RDCZ%—; DC2 = RDC2 = RDCZ%; DCZ% =
RDCZ% and RDC2% — . Generally, these types of distributional chaos and reiterative
distributional chaos given in Definition 1 and 2 are not equivalent to each other even
for the autonomous case. In the context of infinite-dimensional linear systems, some
interesting implications between different notions of chaos were obtained recently. For
instance, DC1 and DC2 were proved to be equivalent for a linear operator acting on a
Banach space, and there exists DC2 operators which are not mean Li-Yorke chaotic
[7]. There is a topologically mixing and RDC1™ linear operator which is not RDC2;
a RDC1 and RDC2 operator which is not RDCI1™ [8].

In the following, we focus on some implications of RDCZ% and RDCZ% — within the
framework of infinite-dimensional linear systems and of compact dynamical systems,
respectively. Let us begin with an example of RDCZ% linear operator which is not
RDCI.

Example 1 Let v = (v;);>1 be a sequence of positive numbers given by:

o {zi-”-f-f, i € 1P, 0)). 0
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where Py = 1, 01 =4 and Pryy = (k+ 1)* + 21;:1 Jb Okt = Pry1 + 2k + 3 for
any k > 1. Let 111) (N) = {(x)i>1 1 ) ;=1 IXilvi < o0} be aweightedll-space with the
norm || (x;)i>1ll = Y ;- |x;|v;. Consider the forward shift F acting on /! (N), namely
F i (x1,x2,x3,--+) = (0, x1,x2,x3,---). Itis easy to see that F' is a continuous
linear operator. We show that F is RDCZ%, but it is not RDCI1.

Let ¢;, i > 1 be the usual standard basis on lll) (N). Then || F"e;|| = ll€i+nll = Vitn
for any n,i > 1. It follows from (1) that liminf,_  |[|[F"e;|| = O and the lower
density of the set {n > 1 : || F"¢;|| > s} equals to one for any s € (0, 1). So (e, 0)
is a RDCZ% pair of F and span{e}is a RDC2% set. However, for any nonzero vector
y= (i) € lll)(N) (assume y, # 0 forsomer > 1),itiseasytosee | F"y| > ||[F"e,|
for any n > 1. Therefore F:,O(F, s) = 0 for any s € (0, 1). This shows that F has no
RDCI1 pairs.

The next result obtains a basic relation between RDC1 operators and RDCZ% oper-
ators, whose proof follows from the argument of [14, Theorem 3.16].

Theorem 1 Let f : X — X be a continuous linear operator on a Banach space X.
Then f is RDCI if and only if it is RDC21 —.

Proof Ttsuffices to show that RDCZ% — implies RDC1. Suppose that f is RDCZ% —and
(x,y)is aRDCZ%— pair of f. Then there exist > 0, ¢ > Osothat BFy y(f1,00.1) <
c< F;‘)y(f],oo, t)forallt € (0,68).Letz = x—yandY = span{orb(z, f)}. Clearly Y is
invariant under f and the limitation g := f|y on Y is also RDCZ% — and thus Li-Yorke
chaotic. According to [ 14, Lemma 3.15], there exists a residual set of vectors u on Y for
which there is B C N with d(B) > 0 such that lim,c ||g"u|| = 0. By [5, Proposition

5], g has a residual set of vectors w € Y satisfying lim sup,,_, ., |g"w| = co. Hence,
there exists v € Y so thatlim,cp || f"v]| = Oand lim sup,,_, o, || f"v|| = oo. It follows
from [14, Theorem 3.16] that f is RDCI. O

Theorem 2 Let f1.oo = {fi}i=1 be uniformly Lipschitz continuous on a metric space
(X, d). Then (X, f1,00) is RDC2 if and only if it is RDCZ%. In particular, a continuous

linear operator f acting on a Banach space X is RDC2 if and only if it is RDC2%.

Proof Since {fi}i>1 is uniformly Lipschitz continuous, there exists L > 1 such
that d(fix, fiy) < Ld(x,y) for any x,y € X and any i > 1. It suffices to
show that any RDC2% pair of f1 0 is also a RDC2 pair. Suppose that (x, y) is a
RDCZ% pair of fi ., that is, there are §, ¢ > 0 such that Fy y(f1,00.7) < ¢ <
BF;"y( floo,t) for all t € (0,6). Pick an increasing sequence (ny)x satisfying
d(f"*x, f{'*y) < L7, Denote A = (J;-[nk, nx + kI(\N. Then Bd*(A) = 1
and d(f]'x, fl'y) < Lkd(f"x, f{*y) < L7F for each n € [nk, nx + k]. Therefore
lim;, . 00,nea d(f'x, f{'y) = 0. This indicates that BF;’y(fl,oo, t) = lforany ¢ > O.

O

It is worth mentioning that contrary to what happens in Theorem 1, the notions of
RDC1 and RDC2%— for compact dynamical systems (namely, a continuous self-map
of a compact metric space) are not equivalent to each other, as showed in the next
example.
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Example 2 Let 2, = {0, 1} be a symbol space equipped with the metric p(w, y) =
2~ mintneN:wa#ya} for any distinct @ = (wp)k, ¥ = (Y)r € 2. The shift map o :
Qo — Qp is given by (0 (w)); = wi+1, ® € 3. A nonempty closed set X C 3 is
called a subshift provided o (X) C X. Consider a hereditary shift X C €2 (namely,
if o' € Q satisfies ), < wy,, Vn € N for some w € X, then o’ € X). Kwietniak [15]
showed that X is DCI if and only if X is not proximal, and that X is DC2 if and only
if itis DC3, if and only if it has positive topological entropy, if and only if there exists
o = (wr)r € X such that {i € N : w; = 1} has positive upper Banach density.

By [20, Theorem 14], if X is proximal, then any (x, y) € X x X forms a syndetically
proximal pair (i.e., for any ¢ > 0, the set {j € N : p(6/x,0/y) < &} is syndetic),
particularly, BF y(o, ) > 0 for any ¢ > 0. Therefore, every RDC1 hereditary shift
X is not proximal and so it is DC1 and RDC1%. On the other hand, if there exist
x = (x))i,y = (¥i)i € X suchthat BF, y(0,s) < 1forsomes > 0, then it is easy to
show that the set {j € N : x; # y;} has positive upper Banach density. Thus, either
Bd{i e N:x; =1} > 0orBd{i € N: y; =1} > 0. In this case, X is DC2. Therefore
it follows that both RDCZ% and RDCZ% — are equivalent to DC2 for hereditary shifts.
By [15, Theorem 5.6], there exists a DC2 hereditary shift which is not DC1 and hence
not RDCI.

Unfortunately, we do not know whether or not RDC2% and RDC2 are equivalent

for compact dynamical systems. We end this section with a RDCZ% continuous map
on a noncompact metric space, which is not RDC2.

Example 3 Let H be an infinite-dimensional real Hilbert space with a basis {e;};>o.
Denote Ay = {k! +2,k! +4,--- , k! 4+ 2k} forany k > 3 and A := U;>3A;. Let

Xo=|{Je:az=kie A}y | Ulei:h=1,i>0,i¢ A}
k>3

be equipped with the following metric,

d(kel,,ue])Z{l)L_Ml’ 1fl:.]7 (2)

Al A+ lpel, ifi 7 .

Define the map f : X — X by: f(he;) = (wir1M)eit+1, Yrie; € X, where the
sequence {w;};>1 of positive numbers is given by

, if j =k!42iforsomek >3and 1 <i <k,

1

k

wj=1k, ifj=4k!+2i+1forsomek>3and]1 <i <k, 3)
1, otherwise.

It is not hard to see that f is continuous. We check that {aep : a > 1} is a RDC2% set
of f1.oc-Indeed, givena > b > 1. Foranyn > 1,

d(f"(aep), " (bey)) = d(wy - - wpae,, wi - - wyae,) = wi --- wy(a — b).
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It follows from (3) that d(f" (aeo), f" (beo)) = =2, if n = k! + 2i for k > 3 and
1 <i < k; otherwise, d(f" (aeqy), f"(bey)) = a — b Thus BF;EO beo(f, 1) =3 L and
Faeg,beo (f,1) =0foranyt € (0,a — b).

We further show that f7 o has no RDC2 pairs. Given distinct ae,, be; € X. In the
case of p = g and a # b, it follows that

la — bl
Baepheft)_Baeoheoft)_ Vte(O » .

In the case of p # ¢ (assume p > q), then
d(f"(aep), f"(beg)) > awpy1 -+ Wppn = d(f"(aep), f"(2aep))

foranyn > 1. Therefore BF deybe, (f,1) < BF;e 2ae, (f,1)= %foranyt € (O, %)
In both cases, BF*

dey.be, f, t) < 1f0r some t > O so (aep, bey) is not a RDC2 pair
of f.

3 Iterative Property of Reiterative Distributional Chaos

This section deals with the iteration invariance of reiterative distributional chaos.
In [23], the properties of DC1,DC2,and DC2% were showed to be invariants under
iterations for an equicontinuous system (X, fi o0). In particular, they obtained the
following lemma.

Lemma 1 ([23]) Let (X, f1.00) be equicontinuous and x,y € X. Let fl,oo be the Nth
iteration of f1.00. Then for any s > 0, there is ty > 0 such that for any t € (0, t,],

() Fry(fioo:$) = Fry(fico i
(i) Ff(froo.$) = FEy(floos )
(i) Ffy(floo: 1) < Ffy(fiic0r 8):
(V) Fry(fl.oo: 1) < Frey(fi.00: 5)-

For convenience of notations, denote S)?,y(ﬁ,oo, t) = ng’v(fl,oo, t)=0,

& (froe D) =10 i < nd(Fl, flom <)
and

My (Froo ) i= |0 = < nd(f (), f]

for any t > 0 and any n > 1. It is not hard to check the following properties.

Lemma2 Let fi oo = {fi}i>1 be equicontinuous on X. Given k € N and t > 0. Then
there is t' > 0 such that for any x, y € X, the following relations hold:
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@ BF: (A1) < BFE (fioo 0);
k
(b) BFcy(fi.cont') < BFyy(fi'h. ;i
k
(©) BFf(fi.o.t) < BF; (f1*, 1)
GDBBﬂﬁ&JUSBEﬂﬁmJ)
Proof We only show the relation (a) and leave the others to the reader, since these
proofs are similar.

Since f1,00 = {fi}i>1 is equicontinuous, for ¢ > 0, there exists # > 0 such that for
any x,y € X andanyi € N,

d(ffix, iy <t = a(ff™x 1y <0, j=0,1, k=10 (@)
For any n, m € N, it follows from (4) that
k(g tln =g L 0) = 8555 (e ) = 65 (frioe D
< sp {E15 1 foon 1) = £ o 0}

Then

1
—wﬂ@“%ﬁgm—gyﬁ&fﬂ_k up (£ e 1) = €Ly Uroei )|

which further implies BF} ('L, 1) < BF} (fi.00. 1). o
Theorem 3 Let f1.0o = {fi}i>1 be equicontinuous on X and k € N. Then

(i) (X, fl.00) is RDCI (RDC1) if and only if (X, f{XL) is RDCI (RDC1*),
(1) (X, f1.00) is RDC2 if and only if (X, f1 Oo) is RDC2.
(i) (X, fl.00) is RDCZ% (RDC2 if and only if (X, f[k] ) is RDC2 (respectively,
RDC21-).
Proof We only prove the case (i) of RDCI. The rest cases can be followed similarly.
(1) (Necessity). Suppose that S is an uncountable RDC1 set of f] . Given (x, y) €
$2 (x # y). There are ¢, 5 > 0 so that F;’),(fl,oo, t) > cand BFy y(f1,00,6) =0
for any r > 0. For § > 0, it follows from Lemma 2 (d) that there is 8’ > 0 such that
BFX )(fl[kgo, 8 < BFy y(f1,00,6) = 0. Given & > 0, there exists ¢’ > 0 satisfying
(f1 oo &) = F} y(f1,005 ¢’) > c. Therefore (x, y) is a RDCI1 pair of fl[)kgo and S
is a RDCI set of f[k]
(Sufficiency). Assume that (u, v) is a RDC1 pair of fl[f‘go, thatis, there existc, § > 0

so that l’f,jiv(f[kl 1) > c, BF,M(f[kl 8) = 0 for any r > 0. By Lemma 2 (b), for

1,00° 1,00°
8 > 0, there is 8’ > 0 such that BFy,u(f1,00.8") < BFyu(fi'.8) = 0.Givene > 0,
there exists &’ > 0 satisfying F; ,(f1,00,€) = Fy (fl[kgo, 8’) > ¢. So (u,v) is a

RDCI pair of fi . This 1nd1cates that any RDCl set § off is also RDC1 of f1 0.
Therefore f1 o is RDCI. O
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The results of Theorem 3 extend those of distributional chaos obtained in [29] and
[23]. From the proof of Theorem 3, it indicates that S C X is strong RDCi for f
if and only if it is strong RDCi of f, (K1 under the equicontinuity of {f;}i>1.

1,00°

Corollary 1 Let fi.oo = {fi}i>1 be equicontinuous on X and k € N. Let i €
{1,17,2, 2%, 2%—}. Then (X, f1,00) is uniformly RDC i if and only if (X, fl[’kgo)
is uniformly RDC i.

In [10], Dvotédkova showed that if a continuous self-map f of a compact space has
a DC3 pair, then so does its k-th iteration £, for any k > 2. Actually, this result is true
for continuous maps acting on general metric spaces. However, this property does not
hold for non-autonomous discrete systems.

Example 4 Consider the maps fj(x) = a;x on R, where ¢; = 1ifi = 2ori €
[Qk+D!+1, 2k+2)! fork > 1;a; =2ifi = loriisevenin [(2k)!+ 1, 2k+1)!]
for k > 1; otherwise, let a; = % Then for any x € R, fli (x) = x for any odd integer
i €[(2k)!+1, 2k+1!],k > 1,and f](x) = 2x forotheri > 3. Givenx, y € R with
x # y,leta = |x — y|. Itis easy to see that F y(f1,00.1) =0 < F;‘,y(fl’oo, t) = %
for any t € (a, 2a]. Thus, R is a DC3 set of f] ~. However, fl[’zgo has no DC3 pairs,
since 12:‘ (x) =2x foranyi > 1 and any x € R.
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